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1 Introduction
Almost periodic and almost automorphic functions are widely studied and applied in the
literature, and there have been several natural and powerful generalizations of classical
almost automorphic functions (see [1-4]). In [5-7], the authors introduced the concept
of pseudo almost automorphic functions, which generalizes both the classical concept of
almost automorphy and that of pseudo almost periodicity. Moreover, they proved that
the space of pseudo almost automorphic functions is complete, which solves a key fun-
damental problem on this issue and it paves the way for further study and applications
of pseudo almost automorphic functions. For other contributions concerning pseudo al-
most automorphy, we refer the reader to [8, 9] and the references therein related to ap-
plications (see [10-17]). In [18], N’Guérékata and Pankov introduced another generaliza-
tion of almost automorphic functions, i.e., Stepanov-like almost automorphic functions.
This notion was, subsequently, used to study the existence of weak Stepanov-like almost
automorphic solutions to some parabolic evolution equations. In addition, Diagana and
N’Guérékata studied the existence and uniqueness of almost automorphic solutions to
some evolution equations on Banach spaces with Stepanov-like almost automorphic co-
efficients; we refer the reader to [19, 20] and the references therein for more contributions
concerning Stepanov-like almost automorphy.

Almost periodicity and almost automorphy of functions were extended to time scales
and were studied with the development of the time scale theory initiated by Hilger in 1988
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(see [21-24]). Various types of time variables can be unified and applied to dynamic equa-
tions to obtain many results for almost periodic and almost automorphic solutions (see
[25-27]). For example, one can obtain difference equations by taking a regular discrete
type of time variable like T = hZ, h > 0, or differential equations by taking a continuous
type of time variable like T = R. Time scales #Z and R have some very nice properties
so that the dynamic change of functions established on them can be described well be-
cause of the closedness for the translation of time variables. Periodic time scales have a
nice closedness for the translation of time variables (see [28]). For example, consider the

following periodic time scale:
T= U [k(a+b),k(a+b)+u], a,beR,keZ. (1.1)
k=—00

We can take its periodicity set [Ty = {n(a + b), n € Z} as the translations number set for time
scale (1.1). Under the translation of any number from [Ty, the time scale T will coincide
with itself, and in this case, we say T is with “complete closedness”. Further, the time scale
T also includes the classical time scales sinceifa =1,b=0,then T =R;ifa=0,b=h,h >0,
then T = hZ. A time scale with such a type of “complete closedness” assists in conquering
the difficulties of defining and studying functions on time scales.

In 2014, Wang and Agarwal introduced the concept of almost periodic time scales to
describe that a time scale is with “almost complete closedness” (see [29, 30]). For example,
consider the following time scale:

Let a > 1 and consider the following almost periodic time scale:

00
Pa,\sinﬁtﬂinﬁtl = LJ[F)WI’('Z +le]’

m=1

where

m-1
Pm=m-1a+ Z|sinx/§(ka + |sin«/§a + sinﬁa|
k=1

+ |sinv/3(2a + | sinv/3a + sin v/7a|)
+sinv/7(2a + | sinv/3a + sin v/7al )|

-+ [sin+/3((k - 1)a + | sin v/3a + sin v/7al)
+sinv/7((k = 1)a + | sinv/3a + sinv/7al) )

k terms

+ sinv/7(ka + | sinv/3a + sin v/7a|

+[sin+/3(2a + | sinv/3a + sin v/7a|)

+sinv/7(2a + | sinv/3a + sinv/7al )|

+-- + [sin/3((k - 1)a + | sinv/3a + sin v/7al)

+sinv/7((k = D)a + | sinv/3a + sinv/7al ) |) |- (1.2)

k terms
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Then we have

o(t) = ’ if € Ufno:1 ([Dms @ + Pin),
t+|sin/3t +sin/7¢t|, ift e {a+pm)

and

0, ift e U, i [om a+pm)

He |sin/3t +sin/7¢], ift € U {a+pm).

This type of time scales can describe the “double almost periodicity” of an object with
almost periodic dynamic behavior in the real world. We can take its almost periodicity
set I1, = E{e, T} as the translations number set for time scale (1.2). Under the translation
of any number from I7,, the time scale T will almost coincide with itself when ¢ > 0 is
sufficiently small, and in this case, we say T is with “almost complete closedness” This
type of time scales is more general and comprehensive than periodic time scales.

Therefore, “complete closedness” and “almost complete closedness” of time scales under
translations are significant and pivotal when introducing and studying functions on time
scales. To solve the closedness of an arbitrary time scale, in 2015, a completely new concept
called “changing-periodic time scales” was proposed in [31], which provides an effective
method to decompose an arbitrary time scale with the bounded graininess function p
into an accountable union of periodic time scales, that is, there exist accountable periodic
sub-timescales with “complete closedness” so that they can cover an arbitrary time scale
with the bounded graininess function . This new idea may be difficult to be understood
if we adopt the concept of periodic time scales introduced by Kaufmann and Raffoul (see
[28]) because all the periodic sub-timescales with “complete closedness” in [31] are with
“translation direction” which was not considered in [28]. For example, consider

+00

T=|Jlk@+b),ka+b)+a], abeR" ke (1.3)
k=0

A time scale of the type (1.3) should be regarded as a periodic time scale in [31]. However,
according to the concept of periodic time scales from [28], (1.3) is not a periodic time
scale. In fact, for any ¢ € T, we have t + (a + b) € T, but there exists £y = 0 € T such that
to — (a + b) = —(a + b) ¢ T. Nevertheless, (1.3) has nice closedness in translation for time
variables if the time scale is only translated towards the positive direction, because for any
t € T, we have t + (a + b) € T. In 2016, Wang, Agarwal, and O’Regan attached time scales
under translations with “translation direction” and introduced several new concepts of
periodic time scales to improve the results from [31, 32] (see [33, 34]), Moreover, Agarwal
and O’Regan provided some key notes and comments on changing-periodic time scales
(see [35]). Based on these fundamental works, we find a feasible and plausible way to solve
the closedness under translations for arbitrary time scales with bounded graininess func-
tion u, which paves the way for introducing some new well-defined functions on periodic
sub-timescales with “complete closedness” Therefore, it is possible to investigate almost
periodicity and almost automorphy of solutions for dynamic equations on an arbitrary
time scale based on these basic works.
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Motivated by the above, we first propose the concept of local almost automorphic func-
tions and investigate their relative properties. Then we introduce the concept of a local
pseudo almost automorphic function and deduce some important relative properties on
time scales. Finally, as applications, using the concept of a IT-semigroup that was intro-
duced in 2016 for time scales (see [36]), we obtain some new sufficient conditions for the
existence of local pseudo almost automorphic solutions for a class of semilinear dynamic
equations on time scales.

The organization of this paper is as follows. In Sect. 2, we introduce some notations and
definitions and state some preliminary results needed in the later sections. In Sect. 3, we
propose the concepts of local almost automorphic functions on time scales in a Banach
space. Based on these, the concept of local pseudo almost automorphic function is also
introduced and some basic properties are investigated. In Sect. 4, as applications of our
results, by using the concept of a IT-semigroup that was introduced in 2016 for time scales,
we establish the existence of the local pseudo almost automorphic solutions for a class of
semilinear dynamic equations on arbitrary time scales.

2 Local semigroup on changing-periodic time scales
Based on the knowledge of changing-periodic time scales in the literature [31, 35], we will
present some basic properties of semigroups induced by changing-periodic time scales.

Definition 2.1 ([31, 33]) Let T be an infinite time scale. We say T is a changing-periodic
or a piecewise-periodic time scale if the following conditions are fulfilled:

(@) T= (U= T:)UT, and {T;};ez+ is a well-connected timescale sequence, where

T, = Ule [@;, B:] and k is some finite number, and [«;, ;] are closed intervals for
i=12,....kor T, =0;

(b) S;is a nonempty subset of R with 0 ¢ S; for each i € Z* and IT = (7, S;) U Ro,

where Ry = {0} or Ry = ¥;

(c) forallt e T; and all w € S;, we have t + w € T}, i.e.,, T; is an w-periodic time scale;

(d) fori#j, forallteT;\ {t{;} and all w € S;, we have t + @ ¢ T, where {tf;} is the

connected points set of the timescale sequence {T;};cz+;

(e) Ro =1{0}if and only if T, is a zero-periodic time scale and Ry = ¥ if and only if T, = &;
and the set I7 is called a changing-periods set of T, T; is called the periodic sub-timescale
of T, and S; is called the periods subset of T or the periods set of T;, T, is called the remain
timescale of T and Ry the remain periods set of T.

Theorem 2.1 ([31,33]) IfT is an infinite time scale and the graininess function . : T — R*
is bounded, then T is a changing-periodic time scale.

Theorem 2.2 (Decomposition theorem of time scales, [31, 33]) Let T be an infinite time
scale and the graininess function p : T — R* be bounded, then T is a changing-periodic
time scale, i.e., there exists a countable periodic decomposition such that T = (J;2, T;) UT,
and T; is an w-periodic sub-timescale, w € S;, i € 7, where T}, S;, T, satisfy the conditions
in Definition 2.1.

Definition 2.2 Let T be a changing-periodic time scale, i.e., there exists an index function
7, forall t € T such that ¢t + 7, € T. The set S;, :={tv :t + v € T,,,Vt € T,,} is called the
invariant translation number set of the sub-timescale T;,.
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Definition 2.3 If S}, := S;, N[0, +00) ¢ {{0}, ¥}, then we say S}, is a positive-direction semi-
group induced by the changing-periodic time scale T; if S, := Sy, N (-00,0] ¢ {{0}, 7}, then

we say S, is a negative-direction semigroup induced by T.

Example 2.1 Let a changing-periodic time scale be the following:
2 2. 2
T={2k —k+1:keZtui | J|Zizi+1|¢.
11 ~ 13”3
The time scale can be easily decomposed into the sub-timescales as follows:
2 )
T={2k:keZ), T,= {ﬁm 1 :keZ}, Ts :Ho[gi,gn 1].
Obviously, T = T; U T, U Ts, and hence there exists an index function ; as follows:
1, te Tl,

=432, teTy,
3, tETg.

According to Theorem 1.2 (decomposition theorem of time scales) from [34], we have

Si={t:t+te€eT,VteT}={2n:neZ},
Su=1Sa={r:t+1e€T,VteTo}={Zn:nel}
Sg={‘L'It+TGTg,Vt€T3}={§n2ﬂ€Z}.

Hence, the positive-direction semigroup induced by T is

Si={reZ :t+7veT,VteTi}={2n:neZ*},
St =1Si={reZ it+teTyVteT)={2n:nel),
Si={reZ :t+teT3,VeeTs}={3n:necZ}.

Moreover, the negative-direction semigroup induced by T is

Si={reZ :t+veT,VteT}={2n:neZ},
Su=1S;={teZ it+t1eTo,VeeTy) ={Zn:nel},
S;={reZ :t+1eTs,VteTs}={3n:nel}.

Example 2.2 Some changing-periodic time scales may only possess one-way semigroups.
Let

Page 5 of 24
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The time scale can be easily decomposed into the sub-timescales as follows:

“rf 1 3 I 2 2 1
T; = —k,=k+ -1, T, = -——k,——k—-=|.
! U[s 3 +4} 2 U[ 137713 7}
k=1 k=1
Obviously, T = T; U T, and hence there exists an index function 7, as follows:

1, tETl,
2, tETz.

T =

According to Theorem 1.2 (decomposition theorem of time scales) from [34], we have
+ + + 1 +
St =Si={reZ't+71eT,VteT}= FninelZly,

2
S;:S;:{IGZ_:t‘FTeTZ,VtGTZ}:{1—3;1:”62_}.

Note that for T;, ST = {0}; for Ty, S; = {0}. Hence, there exist only one-way semigroups
for this changing-periodic time scale.

By using the basic knowledge of IT-semigroup introduced in the literature [36], we
can introduce the concept of local /T-semigroup attached with translation direction on
changing-periodic time scales.

Definition 2.4 Let T be a changing-periodic time scale, and {7} be a family of bounded
linear operators on a Banach space X. If for all 71, 75 € §7, (or S;,) the following holds:

T11+1:2 = Trl thx (21)

then {7, : 7 € S} } (or {T; : T € S.,}) is called a local one-parameter operator semigroup; if
(2.1) holds for all 7 € S;,, we call {T; : T € S, } a local one-parameter operator group.

Definition 2.5 Let T be a periodic time scale, and {7 : T € S} } (or {T; : T € S.}) be an
operator group on a Banach space X, i.e.,

+ _
TyTy =Triey, TLT2E Srt (or T1,Ty € Sn), To=1.

If, for every 1o > 0 (or v < 0) and any ¢ > O, there is a neighborhood U of 7y (i.e., U =
(to=38,70+8)NS;, (or U = (19 - 8,70 + ) N S;)) for some § > 0) such that

|Tx— Tpyxll <& forall T el

then we call {T; : 7 € S;,} (or {T; : T € S }) the local strong-continuous operator semi-
group or the local IT-semigroup.

Definition 2.6 If S] ¢ {{0},#}, then we say the IT-semigroup {77, : 7; € S} } is a positive-
direction local /7-semigroup on the changing-periodic time scale T; if S, ¢ {{0},#}, then
we say the I7-semigroup {7, : 7, € S, } is a negative-direction local /7-semigroup on T.
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Remark 2.1 Note that local IT-semigroups on changing-periodic time scales are opera-
tor semigroups on the sub-timescale T, so the semigroups induced by time scales and
IT-semigroups on time scales are completely different concepts through comparing Defi-
nitions 2.3 and 2.6.

Remark 2.2 In fact, the IT-semigroup for time scales proposed in [36] is more general
than the Cy-semigroup on time scales proposed in [37] since the condition V#;,t, € T,
t1 £ ¢, € T is not required for the IT-semigroup, i.e., the condition that T is closed for
addition and subtraction can be removed. Since changing-periodic time scales can be de-
composed into countable sub-timescales with the properties of CCTS, all the properties
of the IT-semigroup on CCTS can be naturally extended to its sub-timescales when the
decomposition of theorem of time scales is applied.

3 Local pseudo almost automorphic functions on sub-CCTS
In this section, we introduce the new concept of local pseudo almost automorphic func-
tions on changing-periodic time scales and obtain some basic properties.

Definition 3.1 Each sub-timescale of a changing-periodic time scale is called the com-
plete-closed sub-timescale, short for sub-CCTS.

Definition 3.2 Let X be a Banach space and T be a changing-periodic time scale.

(i) Letf:T — X be a bounded continuous function. We say that f is local-almost
automorphic if, for every adaption factor sequence {s},}7°; C S;,, we can extract a
subsequence {7} }°; such that

g(t) = lim f(t + rn’) (3.1)
n— 00
is well defined for each £ € T and

f)= n]Lrgog(t + rn’) (3.2)

is well defined for each ¢ € T. We shall denote by LAA(T, X) the set of all such
functions.

(i) A continuous function f : T x B — X is said to be local-almost automorphic if f (¢, x)
is local-almost automorphic in ¢ € T uniformly for all x € B, where B is any bounded
subset of X or B = X. We shall denote by LAA(T x X, X) the set of all such functions.

Definition 3.2 also has the following equivalent form.

Definition 3.3 Let X be a Banach space, T be a changing-periodic time scale, and f :
T — X be a bounded continuous function. We say that f is local-almost automorphic if,
for every adaption factor sequence {s;},2; C S;,, we can extract a subsequence {7}/,
(t/ # 7 for i #j) such that

f(@®=lim lim f(t+7] + 1)

m— 00 n— 00

is well defined for each ¢ € T.
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Definition 3.4 If S} ¢ {{0}, 0}, then we say f is positive-direction local-almost automor-
phic; if S7, ¢ {{0},0}, then we say f is negative-direction local-almost automorphic; if

Sf; ¢ {{0}, 9}, then we say f is bi-direction local-almost automorphic.

Definition 3.5 Let f,g € C(T x D,E") be uniformly local-almost automorphic and T be
a changing-periodic time scale. We say f and g are synchronously local-almost automor-
phic if f, g are almost automorphic on the same periodic sub-timescales of the changing-
periodic time scale T.

Remark 3.1 Throughout this section, we always assume that all the functions on the same
changing-periodic time scale are synchronously local-almost automorphic, i.e., all the

functions satisfy Definition 3.5.

Definition 3.6
(i) The set of bounded continuous functions with local vanishing mean value is defined

as

1 to+T
LAA(T,X) = {q&eBCrd(T,X): Jim - / |#(s)| Ars =0,
— 00 t

wheretp € T, T € S,t0 }

(ii) Similarly, we define LAAG(T x X, X) to be the collection of all functions
f € BCu(T x X, X) satisfying

to+T
lim — f |[f(s, x) || Ars=0, wheretyeT,Te S%,
to

uniformly for x in any bounded subset of X.

Remark 3.2 In Definition 3.6, for any ¢ € T, if Srizo ¢ {{0},0}, i.e., S:to =Sy, N [0, +00) ¢

{{0},4} and S;to =Sy, N (~00,0] ¢ {{0},0}, then Ty, is a bi-direction periodic sub-

timescale. Hence, we obtain

T— +00 T £ T—+00 —T

1 to+T 1 to-T
lim / l66©)|Ans=0,  lim = f [6(5)] Ans =0,
0 to

SO,

) 1 to+T ) 1 to
dm ar ], ls0lsus=0 i o [ Jow]ass=o

Thus we obtain

to+T

li ! A
Tﬁuzlooﬁ to-T H¢(S)|| o

) 1 to+T ) 1 to
= Jim s [ 1@l auss im [ o] acs=o
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Therefore, if T, is a bi-direction periodic sub-timescale, then the space LAA, is as fol-
lows:

LAA(T,X) = {qb € BCu(T,X): lim

1 to+T
1 / |6()]| Ars =0,
to-T
whereto € T, T € Sno }

Now, we introduce the set LPAA(T, X) and LPAA(T x X, X) of local pseudo almost au-
tomorphic functions:
LPAA(T,X) = {f =g + ¢ € BC,a(T,X) : g € LAA(T,X) and ¢ € LAA((T, X)};
LPAA(T x X, X) = {f =g+¢ € BCY(T x X,X): g€ LAA(T x X,X)

and ¢ € LAAo(T x X,X)}.
From the definition of LPAA(T, X), one can easily show the following theorem.

Theorem 3.1 Foranyt €T, let 2 C T, f =g+ ¢ be a local pseudo almost automorphic
function. Then we have

lgv):te)c{f):te} (3.3)

Proof We claim that LAA((T, X) is a closed sub-space. In fact, for any {¢,,} C LAAy(T,X)
and ¢,,, — ¢, m — +00, we obtain

1 to+T 1 to+T
7 180180 < tim 2 [T 0,6 - 66| Aus
t —00 t

lim
T—oo T
) 1 to+T
* YJLmoo ? to Hd)m(s)H Ars =0,

which implies that LAA((T, X) is a closed sub-space. Hence, LAA((T, X) is a Banach space.
Therefore, we have LPAA(T,X) = LAA(T,X) & LAA((T,X), which implies that (3.3)
holds. This completes the proof. d

Corollary 3.1 The decomposition of a local pseudo almost automorphic function is
unique.

Proof Suppose that f € LPAA(T, X) has two decompositions, that is, f = g1 + ¢1 =2 + P2,
where g1,8, € LAA(T, X) and ¢, ¢, € LAAG(T,X). Then (g1 — &) + (1 — ¢2) =f —f = 0.
Using Theorem 3.1, we know (g3 — £)(¢) = O for each ¢ € £2. Thus, g1 = g&. Therefore,
¢1 = ¢,. Hence, the decomposition of f is unique. This completes the proof. O

In the following, using the knowledge of A-measurability on time scales, we can obtain
the following lemma.

Lemma 3.1 Letf € BCy(T,X). Then f € LAAW(T, X) if and only if, for any ¢ > 0,

!
Jim —pay, (Mr(f)) =0

Page 9 of 24
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and

Mr(f) = {t € [to,to + T)r,,_: |f(®)] = &,80 €T, T €Sy, },

Tfto

where |4 A, (-) denotes the A-measurability on the periodic sub-timescale thg of the time

scale T.

Proof Without loss of generality, we assume that, for ¢y € T, S;O ¢ {{0},0}, i.e,, T% isa
positive-direction periodic sub-timescale.
() Necessity. By contradiction suppose that there exists gy > 0 such that

1
Jim = pean, (Mr.e () #0.

Then there exists § > 0 such that, for everyn e N, T, € S% ,

1
EMATLO (MTn,a()(f)) = )

for some T, > n. Thus we have

1 to+Ty
[ rolas
n 0

1 1

[ Volause g | )] Acs
Ty stz o) T Jitoto+Tyry, \My 0
1 &0
> A;s> — AL.s > g0f.
T Mr,,60 () ”f(S) H W= T, Mty,60(f) W=

This contradicts the assumption.
(ii) Sufficiency. From the statement of Lemma 3.1 it is clear that ||f|| <M, M is some
constant. For any ¢ > 0, there exists Ty > 0 such that, for T > Ty,

1

€
THag, (MT,s(f)) < T

Then

1 to+T
i olas

1
([ wonas [ fola.s)
Mre(f) [00,00+T) T, \MT,¢ ()

1
M+1

M 1

< T M, (MT,s(f)) + ?<T— Mg, (MT,s(f))) .
Me 1

M+1 M+1

=<

Hence,

T—o0 J,

to+T
lim |V(s) || A s=0.
0

That is, f € LAA((T, X).

Page 10 of 24
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A similar argument can be supplied for the case S;to ¢ {{0},9}, ie, Ty, is a negative-

direction periodic sub-timescale, and the case Srit0 ¢{{0},%},ie, Ty, isa bi-direction pe-

riodic sub-timescale, and one can easily obtain the same result (we omit the details). This
completes the proof. d

Theorem 3.2 Let f = g + ¢ € LPAA(T x X,X) with g € LAA(T x X,X), ¢ € LAAH(T x
X, X). Assume:

(i) g(¢,%) is uniformly continuous on any bounded subset uniformly for t € T.

(ii) There exists a nonnegative function o* € L?(T,,) (1 < p < 00) such that

f&x) -f &9 < o*@lx -yl

forallx,ye XandteT,,.
Ifx € LPAA(T, X), then f(-,x(-)) € LPAA(T, X), where

LP(T%) = {Q* :T,, > R :/ [Q*(s)]pAfss < oo}
Ty,
and

lo* HLI’('JI‘T[) = (/T [Q*(S)]pATSS)p.

t

Proof Without loss of generality, we assume that, for £ € T, S7, ¢ {{0},4}, i.e, Ty, is a
positive-direction periodic sub-timescale.

Since f € LPAA(T x X, X) and x € LPAA(T, X), we have by definition that f = g + ¢ and
x=a+f,whereg € LAA(T x X,X), ¢ € LAA(T x X, X), o € LAA(T, X), B € LAA((T, X).
Thus the function f can be decomposed as

F(tx(0) =g(t, @) +f(6:x0)) —f (£, () + ¢(, ().
Let
G(1) = g(t,a(0); (1) =f (6,x(2)) —f (£, (1)) + P (, (2)).

From g(¢,x) € LAA(T x X, X), then for every sequence of real numbers {s}};°; C S;,, we

n=1

can extract a subsequence {r;}5°; such that
g (t,x) = nlir&g(t +1T,0,%)

is well defined for each ¢ € T and
g(t,x) = lim ¢* (t+77,x)

is well defined for each ¢ € T. In view of assumption (i) and « € LAA(T, X), one can extract
{r/152, C{rf}122, such that

lim g(¢+1,,a(t+1,)) = lim g(¢ +1,,0"(2)) = g* (£, a™(1))

n—00 n—00
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and

lim g* (t + ry’,,a*(t + r,’l)) = lim g* (t + r,/,,a(t)) :g(t,a(t)).

n—00 n—00

Hence, G(t) € LAA(T, X). To show that f(-,x(-)) € LPAA(T, X), it is sufficient to prove that
@(t) € LAA((T, X).

First, we prove that f(¢,x(¢)) — f(¢,a(t)) € LAAo(T,X). Clearly, f(¢,x(t)) — f(t,«(2)) is
bounded and rd-continuous. We can assume ||f(,%(t)) — (¢, x(¢))|| <M, Vt € T,,.

Since x(t), a(t) are bounded, we can choose a bounded subset B;, C T;, such that
x(T,,),2(T,) C By,, where x(T;,), «(T,,) denote the value field of x, « under T,,. Under
assumption (ii), for given ¢ > 0, ||x — y|| < e implies that

Hf(t, x) —f(t,y) || <eo*(t) forallteT,,.

Since B(t) € LAAo(T, X), Lemma 3.1 yields that

A, %MAQ (Mr:(B(®)) =o0.

Thus, forany o € T,,, T € S% , we obtain

to+T
7| W) -seaw)lan
-2 I (62(0) ~f (b @) | At
Mt (B(£)
+ 1 If (& x@®) - f (£ (®) | Art

T Juotor 1z, \Mr,: (B(0)
M P to+T
<M, (Mre () + & / 0 ()AL,
T T ),

Case 1. If p = 1, we obtain that

£ to+T

& ello*llwe(ry,)
— )ALt < — ALt < ————,
Pl cwsasg [ cwsa="g

Case 2. If p = oo, we obtain that
to+T
° )ALt <e|o”
T , o*(At <¢leo ”LOO(T,t)'

Case 3. If 1 < p < o0, then

1 1
P to+T P to+T . » to+T 7 SHQ* ”LP(’]TT )
o RO —( [l (t)]”Af,t) ( [ Ant) < elvay
T to T to to T 4

where g = p(p — 1)7. Hence, we obtain

) 1 to+T
tim / I (6.(0) ~f (t.(®) | At = .

0
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Next, we show that ¢ (¢, «(t)) € LAAo(T, X). Let ¢ > 0. Since g(Z, x) is uniformly continuous
in any bounded subset uniformly for ¢ € T, there exists § > 0 such that ||g(¢,x) —g(t,y)|| < e
for all %,y € B, with ||x — y|| <. Let 8, = min{e, §}. Then

|p(t,%) - p(r,x) | < |[f(&,0) —f(&.9)| + |, %) — g(t,9) | <e(0*(®) +1)
for all w,y € B, with ||x — y|| < &.

Setl=a([to,to + T)t,,), where T € S;,. Then I is compact in R since the image of a com-
pact set under a continuous mapping is compact. Therefore, one can find a finite number
of open balls Ok (k = 1,2,...,m) with center x; € I and radius §, small enough such that
Ic U, Ok and

||¢(t’a(t)) - d’(t:xk) || < S(Q*(t) + 1)1 O[(t) € Okrt € [t01 tO + T)Tft~

Suppose ||¢(t,x,)|l = maxi<x<mill¢(t, %) [}, where p is an index number among (1,2,...,
my}. The set B’;[ ={t€lto,to + T)1,, : () € Ok} is openin [to, 2o + T)1,, = Ui, B’r‘[. Let

k-1
E, =B, E =B\|JB, @<k=zm).
j=1

Then Eiz ﬂE’;t =@ wheni#j,1<i,j<m. Observe

to+T
i Isaw)la:

1
o O

= % ;/Bk (lo(t. () - ot 0| + [ D620 [) Aryt

=<

N

1 1y
)+ 1) Agt+ — / L) || Art
;/ng(g 0 +1)A,, +Tkz:1: B%”(p( x| A,
e [fo+T 1 [T
<e+ ?/to Q*(f)An”?/to |6t Avt.

Using the same discussion as above, we obtain

1 to+T
lim f l6(6a(®)] Ant =o.
to

That is, ¢(t,a(t)) € LAA(T,X). Hence, G(t) € LAA(T,X) and &(t) € LAA(T, X). This
means that f(-,x(-)) € LPAA(T, X).

A similar argument can be supplied for the case S ¢ {{0},0}, i.e,, Ty, is a negative-
direction periodic sub-timescale, and the case Srit ¢ {{0},4}, i.e,, Ty, is a bi-direction peri-
odic sub-timescale, and one can easily obtain the same result (we omit the details). This
completes the proof. O
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4 Applications to semilinear dynamic equations
In this section, we discuss local almost automorphic mild solutions for dynamic equations
on changing-periodic time scales. We use our recent new concept of a IT-semigroup (for
more details on a IT-semigroup, see [36]).

Consider the following differential equation:

x™(t) = Ax(6) + f(t,%(2)), teT, (4.1)

where A is the infinitesimal generator of a IT-semigroup for the periodic sub-timescale
Tyx: T, > X, f:T,, x X=X

Definition 4.1 A local mild solution to (4.1) is a continuous function x(¢) : T;, — X sat-

istying
t
x(t) = 7,5, x(to) +f ﬁy(s,x(s))Arss
to

for all £ > £y and all £ € T,,, where .7}

11, 18 the moving-operator on T+,.

Remark 4.1 Note that from Definition 3.20 in the literature [36], one can obtain ZTEO =

e}, (t, ), where e} (£, £y) is the exponential function generated by A on T,.

Now, we investigate the existence and uniqueness of a pseudo almost automorphic so-
lution to (4.1). We need the following assumptions:
(H;) Let A be the infinitesimal generator of a IT-semigroup {T% : T € S;,}. The moving-
operator family {,tho 1tk € Ty, t > to} is exponentially stable, that is, there exist
K >0, w > 0 such that
[ Tt | <Kel,(t,to) forallteT,,.

(Hy) f:R x X — Xislocal pseudo almost automorphic.
(Hs3) There exists a nonnegative function o € L?(T,,,R*) (p = 1,2) such that

If (&%) = £(&9)] < 0o@®)llx -yl
forallx,y e Xand t € T,,.

Lemma 4.1 Letv e LAA(T,X). If S;, ¢ {{0},0} and u: T, — X is the function defined by
t
)= [ Tdus tzs
-00
then u(-) € LAA(T,X). If S;, ¢ {{0},0} and u : T, — X is the function defined by
+00
u(t) = / T V() Ars, t=s,
t

then u(-) € LAA(T, X).
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Proof Obviously, u(¢) is a continuous functions on T+,. Let {s}};2; C S;, be an arbitrary
sequence of real numbers. Since v is local almost automorphic, there exists a subsequence
{tp )00, C {sh}i2, such that A(z) :=lim,_, o V(¢ + 7, ) is well defined for each ¢t € T.

Now, we consider

t+1, t
u(t+1)) = / Tier V() Args = / Tv(s+10)Ags

(o¢] (o¢]

t
- [ e

o0
where v,(s) =v(s+ 7)), n=1,2,.... We have
t
Jue+27)| < / |76 Aus = [ KL (65l Aus

t
§K||V||LAA(T,X)/ eg,(t:8) Ags

—00

IA

o]

K / * (o)A
1% e ,O\S S
1+ Ea) LAA(T,X) - Sw

K1 +wp)

- el (t,—00)—¢eX (t,0)|v
a)(1+&a))( ool ) — e, (&) IVl Laarx)

—IVllLaa(rx),
®

where p = infser,, 112 (s) and [|VI|Laacrx) = supger,, V().

By the continuity of the moving-operator {.7,7 : t, £, € T, t > t,} it follows that
Vu(s) = T 5h(s), asn— oo,

for each s € T, fixed and any £ > s, and we get

lim u(t+ 7, / Tih(s)Ars

n—00

by the Lebesgue dominated convergence theorem. Furthermore, if S;t ¢ {{0},0}, ie, Ty,
is a positive-direction periodic sub-timescale, analogously to the above proof, we can also

obtain
lim u(t+ 7, / TEh(s)Ags.
n—00 ’

This shows that u(¢) is a local almost automorphic function. The proof is complete. [

Lemma 4.2 Let f = g + ¢ € LPAA(T,X) and {7 tio - Bto € Tyt > o} be exponentially
stable. If S;, ¢ {{0},0}, then F(t) := f_oo Tof (s)As € LPAA(T, X). If S}, ¢ {{0},0}, then
F(t):= [ Z,f(s)As € LPAA(T, X).
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Proof Let F(t) = G(t) + @(t), where

0= [ Ziaus and o0 [ T

Then, by Lemma 4.1, G(t) € LAA(T, X). Now we show that @(¢) € LAA((T, X).

Infact, for S, ¢ {{0}, 0}, i.e., T, is a negative-direction periodic sub-timescale, we obtain

_/ }(D(s)HAIXS——/t i

where

1 to+T
1122 ——u/
T Jy

/ Tp®(0)A,0

ATSS < Il + [2,

to+T

THGO) A0 || Ags

—00

and

1 to+T

[2::?

/ T6(0) Ay
to+T

’Ans

One can obtain

to+T

TP O0) A0

—00

1 to+T

I: Ars

fln
|

to

1 to+T
< [ 17l 80 )50
0 —

I< to+T to+T
=7 </ e’ew(s,9)||¢(9)||Af€9> Ays
—00

K(l + Ew) to+T . )
_W||¢”LAAO(T,X) /[0 (5, (5,—00) — €5 (5, t + T)) Ay

K1 + jiw) to+T
< T||¢||LAAO(T,X)/ el (to+ T,0(s))Ags
1

0
- K1+ iw)
- Tw
- K1+ piw)
- Tw

1l aaomx0 (€5 (Eo + T to) — €5 (to + T, to + T))
1l anomx (€5t + T tp) — 1).

Since | @l Laayrx) = SUp;er,, lp(s)] < o0, let T — —00, then lim7_, _o I; = 0. Also

to+T
fai= / Te‘»b( JA ‘A,Ss
to+T
= [ 1aliomlans )a.s
I( to+T
5?/ </ eew(S,O)Am@)||¢(s)HATSS
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K(1+pw) [T

_W i (eLo(s,to+ T) — €5, (5,9)) [ d(9)]| Arys

K(1 + wjl K [T
< ELEOM 1ty Tot) et + Tt + 1)) + / [65)] Ars.
Since ¢ € LAAy(T,X), then lim7_, o 7 ft°+T lp(s)l|Ags = 0. Hence limy_, o I = 0.

For §7 ¢ {{0},0}, i.e,, T, is a positive-direction periodic sub-timescale, we obtain

1 to+T 1 to+T +00
T /t |®(s)] Ars = 7 /t / T d(0)A,0 ‘Afsssll +5,
0 0 s
where
to+T
/ / ? bP(O) A, 0 ‘Azss
and

to+T

f T560)Ae,6| As

Similar to the above discussion for the case S; ¢ {{0}, 0}, we also obtain lim7_, ;oo /1 = 0

and lim7_, ;o Ir = 0. Therefore, we obtain the desired result. This completes the proof. [

Through Lemma 4.2, we can obtain the following theorem to guarantee the existence of

a unique local pseudo almost automorphic mild solution for (4.1).

Theorem 4.1 Under assumptions (H1)-(Hs), if S;, # {0} or S, & {{0}, 8}, then (4.1) has a

unique local pseudo almost automorphic mild solution.

Proof For the case S, ¢ {{0}, 0}, we consider the nonlinear operator .7, given by

t

(FO= [ T (sx6)Aus

—00

By Lemma 4.2, we see .%; maps LPAA(T, X) into LPAA(T, X).
Case 1: 0o € L'(T,). Let x,y € LPAA(T, X) and observe

| Fox — Feyll < sup /_ |- ZE1f (s, %(5)) = £ (s:7(5)) ||| Arys

teTy, 00

t
< sup / 172 |00 () = ¥() | Aeys

€llgy J-

t
<Kl —ylle €60 (t,5)00(8) Ars

—00

t
<K|x-yl / 00(s)Ays,
—00
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and
t
|72 725 <K | a0 Fx(9) - Foy9)| A
-0
t s
<K=yl [ o) [ eua,0a.s

K? ! g
= 5 eyl 00(s)Ars ) .
—00

Induction on # in the same way gives

1(;4 t n
| Zix - Zly| < — lx-yll ( / @o(smrxs) :
n! 0o
Therefore,
(Klleollz1(r,,)"
|72 - Fiy] <« —— 251l
n!
_ (Klleol1 gy, )" ’ ‘
For sufficiently large n, ———— < 1. From the Banach contraction mapping theorem,

the mapping .%; has a unique ﬁxed point x € LPAA(T, X), and this fixed point satisfies the

integral equation
t
x(t) = / Z;f(s,x(s))Arss forallt € T,,.
Case 2: 0o € L*(Ty,). First, put

A(t):/ 0%(s)Ays.

(o¢]

Since 0 < A(f) < ff;o 03(t) At < +00, A(t) is bounded. We let Aq = sup;er,, A(s). Then we

define an equivalent norm over LPAA(T, X) as follows:

”f”C,to = ere)L (t()r C)”,f”’
0

where ¢, ty € T-,, ¢ > t, are fixed positive numbers. We have
| Fex — Foyll

< swp [ T (309) £ 536)]|Ans

teTy, 00

< sup / 00(8) | T5% | [(5) - 3(9)] Avs

tely, 00

t
<K / 5 (6,0 (10, €) A5l — e

o0

= K(/ (€7, (to, c)]zQ(z)(s)Afss> ’ </ [eZ.(t, S)]2ATSS> ’ % = Yllero-

o] o0

Page 18 of 24
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Therefore, one has

t t
/ [eéw(t,S)]ZAISSS/ e6o(t8)Ars

o] (o]

1 t
< / eéw(t,o(s))ATss

- 1+&a) NS

1 1
< —— (el (t,—-00)—eL (1)) <—.
< 6D(eew( ) — €5, ( ))_w

Furthermore,

t

t
2
/ [¢f, (t0, )] 03(6) Arys < / €L (€ 0)0R() Ars < hoely, (6 10).

o0 —00

As a result, we obtain

1
|

1\2. 1
Fex = Fyllesy < K(;) 15 (€50 (6 20)) 2 1% = Ylleg = & 116 = Yl

where § = K (%)%)\é (e’exo(c, to))%. Hence, it is easy to observe that one can take sufficiently
large ¢ > o such that & < 1. Thus .%; is a contractive mapping. We get a fixed point x €
LPAA(T, X) by the Banach fixed point theorem.

For the case S7, ¢ {{0}, 4}, we consider the nonlinear operator Z. given by

(Fa0= [ T ox00) s

By Lemma 4.2, we see .%,; maps LPAA(T,X) into LPAA(T, X). A similar argument can be
supplied for the case S:to ¢ {{0}, 0}, so we omit it here. This completes the proof. O

Example 4.1 Let xlA = —xy and xZA = %1, then one can easily calculate that x; = cos; (¢, £o)
and x, = sin; (¢, £y). Consider two time scales as follows:

T, = {4k, (4k +2)m :k e Z*} U (U[(4k - 1)n,4k7r]>

k=1

U ]P)a,l sin v/3t+sin /7t

and

T, = U[5k, 5k +4]UTy,, where Ty, ={H,:n<c Ny}
k=0

and H,, is harmonic numbers.

Since T4, T, are changing-periodic time scales, according to the decomposition theo-
rem of time scales, one can obtain the periodic sub-timescale which is included in T; as
{4k, (4k + 2)7r : k € Z*} U (U, 21 [(4k — 1)7r,4k7]) and the periodic sub-timescale of T, as

roo[5Kk, 5k + 4]. By Theorem 4.1, there are local almost automorphic solutions on these
periodic sub-timescales, see Figs. 1-6.
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Figure 1 The local almost automorphic solution x; on the sub-periodic time scales
{4k, (4k + 27 <k € Z*) U (UF 14k - 1), k)

140

120 -

100

80

60

20+

_60 L L L L J
0 5 10 15 20 25

Figure 2 The local almost automorphic solution x; on the sub-periodic time scale UZSS[SK 5k +4]

5 Conclusion

In this section, we introduce the concept of local almost automorphic functions on
changing-periodic time scales and obtain some new results on local almost automorphic
solutions for a class of semilinear dynamic equations by using the IT-semigroup for time
scales. Based on changing-periodic time scales, we are able to study almost automorphic
problems on an arbitrary time scale. Before we could only discuss almost automorphic
problems on the time scales with “complete closedness” For example, in the past, it was
impossible to study almost automorphic problems on the following time scale:

o0
Ppet = U[pm,a +pm), a>Lt>ateT,
m=1

Page 20 of 24
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Figure 3 The local almost automorphic solution x, on the sub-periodic time scales
{4k, (4k + 27 <k € Z*) U (UF 14k - 1), k)
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Figure 4 The local almost automorphic solution x, on the sub-periodic time scale UZf(ﬁ[Sk,Sk +4]

where
m—1
Pm=(m—-1a+ Z exp{-[ka + exp(-a) + exp(~(2a + exp(-a))) + - --
k=1
+exp(—((k - Da + exp(-a)))]}.
k terms

Then we have

ifte Ui:l [pm’a +pm),

o(t) = ~
t+et, iftell, {a+pml
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Figure 5 The local almost automorphic solutions x;, x, on the sub-periodic time scales
{4k, (4k + 27 <k € Z*) U (UF 14k - 1), k)
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Figure 6 The local almost automorphic solutions x;, x, on the sub-periodic time scales UZSS[Sk, Sk + 4]

and

0) lft € U;ozl[pm,a +pm)r

wey=y , .
e, iftel,, {a+pm}

However, by using the knowledge of changing-periodic time scales, through the decompo-
sition theorem of time scales, we are able to study almost automorphic problems on such
a type of time scale. For example, from Theorem 4.1, we see that (4.1) has a unique local
almost automorphic solution on the time scale P, ... Moreover, we can consider periodic
or almost periodic problems for dynamic equations on an arbitrary time scale through this
effective tool in the future.
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