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1 Introduction

Fractional calculus is an important branch in mathematical analysis. However, after Leib-
niz and Newton invented differential calculus, it has been a topic of interest among math-
ematicians, engineers, and physicists. It is known that fractional calculus has numerous
applications in different sciences such as mechanics, electricity, biology, control theory,
signal and image processing (for example, see [1-4] and the references therein). In re-
cent years the fractional differential equations and inclusions, in two type differential and
q-differential, have been developed intensively (for more details, see [5-27] and the refer-
ences therein).

It is given that the existence results of fractional differential equation of all articles are
presented in a single interval. So, there exists a question as follows: “What is the solution,
if the fractional differential equation is defined on a piecewise function or even piecewise
multi-function?” In this research, we investigate the positive solutions of fractional dif-

ferential equation with two pieces in chain interval and simultaneous Dirichlet boundary
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conditions as follows:

Sfilt,u(t), “DPru(t), I u(t)), 0<t<t,
‘D%u(t) =
fZ(t» u(t),CDﬁzu(t),]Vzu(t))’ h=<t=< 1,

1)
1(0) = hy (to, u(to), ‘D u(to), I ulto)),

(1) = hy(to, ulto), ‘D u(to), " u(to)),

where 1 < o < 2, and °D*, I* denote the Caputo fractional derivative and Riemann—
Liouville integral of order «, respectively, ¢ eJ=1[0,1],t, €] = (0,1), Bi €(0,1), y; € (0,00),
here i = 1,2,3,4, and the functions f; and #; map J x R? to R for j = 1,2 such that
Silto,) =falto, )

In 2009, Su and Zhang presented analysis of the boundary value problem for the frac-
tional differential equation involving more general boundary condition and a nonlinear
term dependent on the fractional of the unknown function

CDE.u(t) = T(t,u(t), “Df. u(t)),

a1u(0) — au’(0) = A, and b u(1) + byu'(1) = B for all £ € (0,1), where « € (1,2], 8 € (0,1],
ai,b; >0, for i = 1,2, with a;by + aiby + asb; >0, T : [0,1] x R> - R is continuous
and “Dg, is the Caputo fractional derivative [5]. In the next year, Ahmad and Sivasun-
daram proved the existence of solutions for the nonlinear fractional integro-differential
equation “D*u(t) = T(¢, u(t), (p1u)(), (p1u)(2)) for each t € (0,1), with boundary values
u'(0) + au(ny) = 0 and bu'(1) + u(ny) = 0, where @ € (1,2], 0 <y <y <1, a,b € (0,1),
the map T :[0,1] x X3 — X is continuous and for the map y; maps [0, 1] into R=% with
some properties, the map ¢; is defined by (¢;u)(t) = fot vi(t,s)u(s) ds [6]. In 2011, Agarwal,
Regan, and Stanék investigated the singular fractional mixed boundary value problem

D (x) + T (x,f (x).f (), °D"f (x)) = O,

f(1)=f"(0) =0 forall £ € [0,1], where u € (0,1), °D* is the Caputo fractional derivative of
order o with « € (1,2), the positive function T is a scaler L“-Carathéodory on [0.1] x E
with E = (0, 00) x (0,00) x (0,00), and « > ﬁ such that T'(¢,x1,x,,x3) may be singular at
the value 0 in one dimension of its space variables x;, x5, x3 [7].

In 2013, Baleanu, Rezapour, and Mohammadi discussed the nonlinear fractional dif-
ferential equation °D*x(t) = f(¢,x(t)) with the integral boundary condition x(0) = 0, and
x(1) = fon s(s)ds for 0 < t, n < 1, and « € (1,2], where °D* denotes the Caputo fractional
derivative of order « and f maps [0, 1] x X into X is a continuous function [8]. Also, they
studied the existence of solutions for the singular nonlinear fractional boundary value

problem

‘D*y(x) = T(x,y(x),y (%), °DPy(x)),
y0)=ay(1),  y(0)=bDPy(1),  y'(0)=y"(0)=y""1(0)=0,

where number # more than or equal to three is an integer, ¢ in (n—1,1),0< 8 <1,0<a<1,
0<b<I'(2-p), T isan L1-Carathéodory function, g(e — 1) > 1, and T(¢, y1, y2,y3) may be
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singular at value 0 in one dimension of its space variables y;, ¥,, and y3 [9]. In addition to
that, in the same year, Baleanu, Nazemi, and Rezapour studied the multi-term nonlinear

fractional integro-differential equations

Df(t) = T(t,f(2), (@) (2), (Wf)(2),“DP1f (2),°DP2f (t),...,“DPrf (1)),
u(0) + au(1) =0, u'(0)+bu/(1) =0,

for each t € (0,1), where @ € (1,2), B; € (0,1), wheni=1,...,nwitha - 8;>1,a,b ¥ -1,
function f maps J x R”*3 into R is continuous, and the mappings ¢ and ¥ with the same
characteristic as Agarwal in 2010 [10]. One year later, in 2014, Agarwal et al. analyzed
the fractional derivative inclusion ¢D7x(t) € F(t, x(t),°DPx(t)) for all ¢ € J, with conditions
x(1) +x'(1) = fon x(s) ds and x(0) = 0, where 8,17 € (0,1), g € (1,2] with g— B >1 and F:
J x R? — 2R denotes a compact-valued multifunction [11].

In 2016, Bachar, Maagli, and Réddulescu studied the fractional Navier boundary value
problem D*(Dfu)(x) = u(x)f (x, u(x)) = 0 for x € (0,1) with conditions lim,_, ¢+ D?~1u(x) =
0, lim,_, o+ D* Y(DPu)(x) = n1, u(1) = 0, and DPu(1) = —ny, where o, 8 € (1,2], D* and D?
stand for the standard Riemann-Liouville fractional derivatives and 5, € [0, c0) are some-
how that n; + 1, € (0,00) [28]. Also, in the same year, Zhang and Zhong founded the
multiplicity of positive solutions for the nonlocal singular fractional differential equa-
tions D% f(¢) + T(t,f(£)) = 0, with boundary value £(0) = D.,f(0) = 0, and D5,f(1) =
> EiD§+f(ni) for almost all ¢ € (0,1), where a € (2,3], B € [1,2], 0 < &, n; < 1 with
> Sm?iﬂ*l < 1, f belongs to C((0, 1) x (0, 00), [0, 00)), and D, is the standard Riemann—
Liouville fractional derivative of order « [12]. Then, in 2017, Rezapour and Hedayati in-

vestigated the existence of solutions for the Caputo fractional differential inclusion
‘Dx(t) € T(t,x(t), "D’ x(t), %' (t))

for each ¢ € [0,1] via the integral boundary value conditions x(0) + x'(0) + DPx(0) =
Jo x(s) ds and x(1) + &'(1) + “DPx(1) = [, x(s) ds, where T : [0,1] x R® — 2¥ is a compact-
valued multifunction and °D” is the Caputo differential operator of order « € (1,2] [13].
In the same year, Denton and Ramirez consider integro-differential initial value problems
DIu(t) = f(t, u(t), Tu(t)) + g(t, u(t), Tu(t)) with u(t)(t — a)?|s, = u°, where t € J = [0,1], the
functions f, g belong to C[J x R%,R], Tu(t) = fot K(t,s)u(s)ds here K € C(J>,R) and D?
Riemann-Liouville fractional derivatives and the forcing function is a sum of an increas-
ing function and a decreasing function [29].

In 2018, Aydogan et al. gave a new method to investigate some fractional integro-
differential equations involving the Caputo—Fabrizio derivation [14]. In addition, in the
next article, Baleanu, Mousalou, and Rezapour extended fractional Caputo—Fabrizio
derivative for the existence of solutions for two higher-order series-type differential equa-
tions [15]. Besides that, Chidouh and Torres proved some generalizations of the Lyapunov

inequality for the following discrete fractional boundary value problem:

AY+qt+a-1)f(yt+a-1)=0, ae(l,2],
ya-2)=y(e+b+1)=0, b e [2,00),
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where b € N and A“ is an operator with some properties [30]. Also, in 2019, Samei and
Khalilzadeh Ranjbar discussed the fractional hybrid q-differential inclusions

DY (xlf (62, 1'%, ..., I"x)) € F(t,, 1'%, ..., IFx),

with the boundary conditions x(0) = x9 and x(1) = x;, where 1 <« <2, g € (0,1), x0,%; €
R,a;>0,fori=1,2,...,m B;>0,forj=1,2,....,k, n,k e N, CD‘; denotes Caputo type q-
derivative of order «, 1,’; denotes Riemann-Liouville type g-integral of order 8, f : J x
R”" — (0, o0) is continuous, and F maps J x R¥ to P(R) is multifunction [16]. Liu presented
a new method for converting boundary value problems of impulsive fractional differential
equations to integral equations and gave the method for applications [31].

2 Preliminaries
Here, we recall some basic notion, lemmas, and theorems which are used in the subse-
quent sections.

Definition 1 The Riemann-Liouville fractional integral of order « > 0 for a function y is
defined by

1y = ﬁ [ -9 iytsyas

In particular, I§y(£) := I*y(t).
Definition2 LetneN,n—1<a <n,y € AC"[a,b], where 0 <a < b < oo and

d"y(t)

dt”

AC”[a,b]:{y:[a,b]aR: eAC[a,b]}.

(i) If o # n, then the Caputo fractional derivative of order « is defined by

1 t
cDZy(t) _ m / (t - S)n—ot—ly(n)(s) ds = Ig_ay(n)(é‘).

(ii) If a = n, then the Caputo fractional derivative of order # is defined by
“Dy(e) = y"(0).
In particular, *DJy(t) = y(£), °D§y(t) = *D*y(¢).

Lemma3 ([3]) LetneN,n-1<a <n,andy e AC"[a,b]. Then one has

L(DE)y®) =y@) + Y et —a),

where co,c1,...,¢,-1 € R.

Lemma 4 ([3]) LetneN,n—1<a <n,andy e Cla,b]. Then one has D% (I)y(t) = y(¢).
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Lemma 5 ([3]) Let o € (0,1). Then, for each y € ACI0, 1], I*D*y(t) = y(¢) for almost every-
where t € [0,1], where

Duy(t)—r(l a)ﬂ( / (t—s) y(s)ds)

The following fixed point theorems are used in the next section.

Theorem 6 ([32] Banach contraction principle) Let X be a Banach space. IfA: X — X is
the contraction map, then there exists x € X such that Ax = x.

Theorem 7 ([32] Krasnoselskii’s fixed point theorem) Let C be a closed convex and
nonempty subset of a Banach space X. Suppose that Fy and F, are two maps of C into
X such that Fix + Fyy € C for each x,y € C. If F; is a compact and continuous map and F,
is a contraction map, then there exists x € C such that x = Fix + Fox.

3 Mainresults

In this section, we examine the existence of solution for boundary value problem (1).
Lemma 8 The unique solution of the fractional differential equation *D*u(t) = v(t) with

the boundary conditions u(0) = hy (ty, u(to), “DP u(ty), I3 u(ty)), u(1) = hy(to, u(ty), ‘D u(ty),
1" u(ty)) is

u(t) = T )f (t-s)*" lv(s)ds+h1(to,u(t0) DB u(ty), IV3u(to))

+ |:h2(t0, u(to), “DP*ulty), 1" u(to)) — % /0 (1-s)*""v(s)ds
- I (to, M(to),CDﬁgu(to)JmM(to))}t» 2)

where v e L'(J,R) and u € AC%(J,R).

Proof Assume that u(t) is a solution of equation ‘D*u(t) = v(t). By using Lemma 3
and properties of the operator I%, we obtain u(t) = I*v(t) + ¢o + c1t, where ¢y, ¢c; € R
denote arbitrary constants. Now, by applying the boundary conditions, we get ¢y =
1 (to, u(ty), “DP3u(ty), I3 u(ty)) and

c1 = ha(to, ulto), “DP*ulto), 1" u(to))

1
- % ,/0 (1 - )" v(s) ds — hy (to, ulto), "D ulto), I ulty)).

Conversely, by simple check, we conclude that equation (2) satisfies the boundary condi-
tions

1(0) = hy (to, u(to), ‘D u(to), I ult)),

u(1) = ha(to, u(to), “DP*ulto), " u(to)).
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It is obvious that Lemmas 4 and 5 imply that
‘Dx(t) = P (& () = I (I"***v(t)) = % (D**v(t)) = v(¢).
This completes our proof. O

Consider the space X = C'(J,R) with the norm ||, = |lx| + |||, where |x| =
sup{|x(¢)|,t € J}.

Corollary 1 A function u € X is a solution of problem (1) if and only if

1

“0= T

ft(t —s5)*7If (s, u(s), *DP1u(s), In u(s)) ds
0
+ hy (o, u(to), ‘D ulto), I ulto)) + Au(to)ts

whenever 0 < t < ty, and

u(t) = ﬁ /Oto (t-s)1h (s, u(s),”Dﬁlu(s),Iylu(s)) ds
+ 1 /t(t—s)“_lf (s u(s), “DP2u(s) Inu(s)) ds
r(@) P ’

+ hy (o, u(to), ‘D u(to), I ulto)) + Ay(to)t,
whenever ty <t <1, here
Aulto) = ha(to, ulto), “DP*ulto), I ulty))

IR T P b .

- F(a)/o 1-5s) 1(s,u(s), DFP y(s),I” u(s)) ds

b /1(1 —s)“_lfg(s u(s), *DP2u(s) Inu(s)) ds
I'(a) Jy T '

— Iy (t0, u(to), “DP ulto), I ulty)).

Theorem 9 Problem (1) has a unique solution whenever there exist k belonging to (0, — 1)
and y;, u; in € Lt (J,(0,00)), C(J, (0, 00)), respectively, for i = 1,2, such that

’

3
[fi (8,51, %0,3) = fi (8,61, %5, 85) | < pa(8) )|y — &
j=1

3

[fat, 21, 20,3) = fo (£, %5, 25) | < 2 ()Y |y — ]
j=1

’

3

|1y (8, 21, 20, 63) = Iy (6,57, %5) | < va(8) D |y — ],
j=1
3

|Fa (2,21, 60, 23) — o (8,67, 65, 25) | < va(8) ) "oy — ],
j=1

Page 6 of 23
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and

3||M1||% 1 1 1—k\*
A= ') [1+F(Z—ﬂ1)+F(1+V1):|(0l—k>
3||M2||% 1 1 1—k\1*
" T [“ r2-pg) F(1+yz)}<a—k>
1
+3”‘“”[1 TT@-p) T+ yg)}
1
+2”v2”[1+1“(2—ﬂ4)+I“(1+y4):|
||M1||% 1 1 1-k 1-k
+F(a—l)[1+F(2—,31)+F(1+y1)i|<a—k+1>

||Mz||% . 1 1 1—k \'*
+1“(01—1)[ +F(2—,32)+F(1+y2)j|<a—k+l>

<1

forallte], x,»,x]f eR(i=1,2,3), here ||L||, = (fol |L(s)|? ds)l%for all L belongs to LP(J, R).

Proof Define the operator N : ¥ — X by

Nu(t) = ﬁ ‘/Ot(t —s)*! 1(5, u(s),‘Dﬂlu(s),I”lu(s)) ds

+ hl (toy I/l(t()), CDﬂsu(tO):Imu(tO)) + Au(tO)tr

whenever 0 < t < ¢, and

Nu(t) = % /Oto(t —8)* i (s, u(s), D uls), I uls)) ds
1 t
I (o) to

+ (t—s)""f, (s, u(s), CDﬁzu(s),Iyzu(s)) ds

+ hy (to, u(to), “DP ulto), I u(to)) + Au(to)t,

whenever £, <t < 1. It is easy to check that problem (1) has solutions if and only if the
operator equation Nu = u has fixed points. Let u,v € X. If 0 < ¢ < £y, then we obtain

1

/t(t —s)*7If (s, u(s), “DPru(s), IN u(s)) ds
0

+ 1 (to, ulto), ‘D> ulty), I ult)) + Aulto)t

1

) /Ot(t - 8)* i (s, v(s), “DP1v(s), I v(s)) dis

= h1(to, v(to), “DP*v(t0), I f (to)) — Ay(to)t

R T,
S]"(oz)/o(t s) [ﬁ(s,u(s), DPus), I" u(s))

Page 7 of 23
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~fi(s,v(s), “DPr(s), " v(s)) | ds

+ 2| (to, ulto), “DPute), P u(to))
— h1(to, v(to), “DP3v(to), I v(to)) |

+ |y (to, ulto), ‘DM ulto), I ulto) )

= ha(to, v(to), “DP*v(to), " v(to) ) |

1"( )/ 1-9)* [fl(s,u(s) cDP1y(s), I”‘u(s))

-fi (s, v(s), CD‘slv(s) m v(s)) | ds

+ (a) (1 8)*” 1%(s u(s), Dy ()Iyzu(s))
—fa(s,v(s), CDﬂ2 v(s), 1v(s))| ds
1 ! a-1
< i [ =9 m ) - v

+[“DPuls) - “DP1v(s)| + | u(s) — I v(s)|) ds
+2v1 (£0) (| u(to) — v(to) |

+ [“DPulty) — “DP*v(te) | + [P (ko) — I v(to)|)
+ va(to) (|uto) — v(to)| + |“DP*u(te) — “DP*v(to)|

+ |IV4M(t()) - IV4V(t0)|)

fo (1= 9 (5) ([uls) - vs)|

+[“DPuls) — “DP1v(s)| + | u(s) — I v(s)|) ds

I'(a)

1
T ), (1= 8)* o) (|uls) - v(s)|

+ |CD’32u s) —CD’gzv(s)| + |I”1u s) —I”v(s)|)ds

LN / (-5 lm(S)(Iu(S) Vo)

IA

I'(x

/31
F(l 5 /(s 7) |u (r) - V(‘L’|d7,'

+ T)’l) /0 (s— )" Hu(r) - v(z)| df) ds

+ 2v1(t0)(|u(to) — v(to)|

# K — YB3 () —
+F(1—,33)/(; (to—1) |u(r) v(r)!dr

1 to . i )
+ i | o= ) - vt e

+ Vz(to)<|u(fo) - V(t0)|

Page 8 of 23
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1 [
_ —Bal,, )
+ 71“(1—,84)_/0 (to — 7) 4| (r) =V (v)| dt

+ %}/) /to(to - r)V4’1|u(r) - v(r)| dr>

a)/ 1-9)" /,Ll <’u

/(s T) ’31|u (u) — v(u){dr

v(s)|

ra —,31)

F(y)/ (s— )" Hu(r) - v(t)|dr>ds

1
"Tw ),

U-WVAMJQOM@—V@”

/32
- ,32 /(s T) |u (r) - V(r|dt

T)/z)/o (s— 1) Y u(z) —v(r)|d1> ds

1 ! a-1
m/ (£ =) 11(s)
X (1

+ 2l)1(t0) (1 +

1
re-p) "
1
r2-ps) "
1
I'(2-pBs

1

0
+
I'(1+y1)

)nu—vn*ds

1

F(“yg))nu—vn*
1

4 F(“m))nu—vn*

/ (1= 1 (s)

! +
r2-p)

+ vz(to)(l +

" T()

X (1 +
1
o i (1-5)"" a(s)

x(l+

llu =Vl
I'(x)

1
I'(1+y)

)IIM—VII*dS

1

1
r@—p) T+ 7/2)) 4=Vl ds
1 1

(1 "Te—p) T+ m))

t o ﬁ 1-k t % k
X [/0 ((t—s) ) ds] [/0 (/Ll(S)) ds]
+ [2||v1||<1+ L + 1 )
r2-ps I'(1+ys)
1 1
+ ||V2||(1+ 2B + F(1+y4)>}llu—vll*

(7 * Fae)

r@-pg) I+

llu— vl
I'(a)
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f . 1-k L Tk
L] T[]
lle — vl 1 1
" T (“ re-pgy " F(l+7/z))
1-k k
X I:/tl((l —5)0‘_1)ﬁ ds:| I:/t (nals)) :|
<|:2||,U«1||%(1+ 11 >(1—k>1‘k
L I re-g) rad+n)/\e-k
||Mz||% 1 1 1—k\ 'k
" T() (1 "Te-p) T+ n))(a—k)
+2||v1||<1+ 1 + 1 )
re-pg) I(1+ys)

+||v||(1+ t 1 )]nu—vn 3)
2 r2-p) T+ *

i

and

! ! 1 ! o—
Ny (0 - (W) <t)}=‘m/0(t—s> :

x f(5,u(8), D" u(s), I u(s)) ds + A (to)

1 ! _Q)a—2
-1 /0 t=s)
X fi (s, w(s), “DP1y(s), IN v(s)) ds — A, (tp)
||M1||% 1 1 1
[r(a_ 1)< "Te-p) T +y1))
1_k \!k
x (oz —k+ 1)

||M1 I

<1 k

liaaly )
* P(a)( r(z 52) F(1+y2>)

1-k
(a k)
1 1
' ”””'(“ re—p) ' Ta +y3))

+||v||<1+ r ! )}uu—vn @)
2 F2-p) T'Q+y) -

IA

1
( F(2 A1) F(1+V1))

Page 10 of 23
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If ty <t <1, then we have

|Nu(t) - Nv(0)| = ‘%a) /0 to(t —8)* i (s, u(s), ‘D uls), I uls)) ds

+ @ ). t(t —8)* 7o (s, u(s), “DP2u(s), £ (s) ) ds

+ Iy (to, ulto), D ulto), I ulto)) + Au(to)t

— L /to = s)"‘—lf(s, v(s), <DP1y(s), I V(S)) ds
0

T@ /t:“ =)o (5 (6), “DP¥(s), 17v(s)) ds

= hy(to, v(t0), “DPv(to), I v(to)) — Ay(to)t

<[2|I/¢L1II;(1+ 11 ><1_k)1-k
| IMNa) re-g) r'+y)/\a-k
2||M2||% 1 1 1_k\1*
i (“ re-g)" r(1+y2>)(a—k)
+2||v1||<1+ ! + ! )
r'2-pgs) I'(1+ys)

+||v||(1+ 1 1 )]nu—vn (5)
2 F2-ps) T'A+y) :

and
/ / 1 10 -
|(z\fu)(t)—<z\fv)<t)|:|mf0 (-9
><f1(s, u(s), “DPru(s), N u(s)) ds

1 ‘ -2
+4F(a_1)A)(t—s)

x fo (s, u(s), “DP2x(s), I u(s)) ds

+ Au(to) — I (to, ulte), ‘DB ulto), I ulto) )

1 fo _ a-2
_F(a—l)/o (t-9)

x fi (s, v(s),“DP1v(s), I"' v(s)) ds
1 t

a-2
TTa-n ), Y

xfz(s, w(s), D2 v(s), 1" v(s)) ds — A,(t)

- ||M1||% ) 1 1
—[F(a—l)( +F(2—ﬁ1)+F(1+y1)>

o 1—k \'*
a—-k+1

Page 11 of 23
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. llwally (1+ 1 L1 )
I'a-1) r2-6) TI'l+y)
x( 1-k >1k
oa—-k+1
+||M1II;(1+ 1 . 1 )
I () re-g) ra+mn)

1-k 1-k
X(a—k)
leay 3 1
" T ( +F(2—ﬁz)+F(1+Vz))

1—k\ 1K
(=)

1 1
" ””l”(l "Te-p)  TQ +y3)>

+||v||<1+ r ! )}nu—vn ©)
: r2-gs) I'(l+y) -

By (3), (4), (5), and (6), we have

Nt~ Nv|. = [INu~ Nl + || Nu) — ()|

3 [snmg <1+ 11 )(1—k>1‘k
| ') re-pg) ra+yn)/\a-k
3llually 1 1 1-k\'*
* I' (@) (1+ r2-p) ’ F(1+y2)>(a—k>
+3||vl||(1+ o, 1 >
r2-ps) TI'(1+y)

1 1
+2””2"(1 "Te-py T+ 7/4))

laaly . . Lg NI
* rm—n(“ r@-p) " r<1+y1)>(a—k+1)

il . | Lk
* F(a—1)<1+ r2-p) " F(1+yz)><a—k+l> ]

Xl = vl

= Allu—vl..

Thus N is a contraction mapping, because A < 1. Therefore, N satisfies the Banach con-
traction principle, and so does a unique fixed point which is the unique solution of problem

(1) by applying Corollary 1. g
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Corollary 2 Problem (1) has a unique solution whenever there exist Iy, Iy, I3, and 1, € R*
such that

3
[fi(t 21,50, %) = fi (£ 5], x5, 25 ) | DY | —
]

j=1

’

3

fa(t, 1, %2,3) = fo (£, %5, 0) | < Do Y |y —

Jj=1

’

3

|h1(t1xl,x2,x3) - hl(t,x,px,z,xéﬂ = 13 Z|x] - x]/|,
j=1

3

(o (t,301, %0,3) = B (1,6, 2, 43) | <L Y o — ]
j=1

and

3L 1 1
F(a+1)( "Te-p) " F(1+y1))

+ 3L (1+ 1 + 1 )
(o +1) r2-p4) I'(l1+y)
+3L3(1+ 1 + 1 )
r2-g) I'(1+ys)
+2L4<1+ L + 1 )
I2-pBs) I'(1+ys)
+ = (1+ ! + ! >
I'(a) re-pg) ra+n

+ Lz (1+ 1 + 1 ><1
(o) r2-p4) rd+y)

foreacht €] and xj,xl’. eR.
Our next existence result is based on Krasnoselskii’s fixed point theorem.

Theorem 10 Equation (1) has at least one solution on [0, 1], whenever there exist ju;,v; €
C(J, [0,00)) and nondecreasing functions ; : R* — R*, for i = 1,2, such that

3
[fi (8,51, %2,3) = fi (8,61, %5, 85) | < pa(8) )|y — &
j=1

’

3

[fat, 21, 20,3) = fo (£, %5, 25) | < 2 ()Y |y — ]
j=1

’

3
[Py (2,51, %0, %3) | < v1 ()Y (Z |xj|)»

j=1

3
| (8,21, %2,x3)| < V2 ()Y (Z |xj|) )

j=1
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and

| 1 1
A= [F(a) (“ r@-p) " F(1+J/1))

+ 2l (1+ 1 + 1 >]<l+1>
I'a) r2-6) TI'l+y) a

<1,

for almost all t € ] and xj,%; €R.

Proof Consider the set of all # € X somehow that ||| <r, and denote by S, where

1 1
3||V1||1//1(<1+ r2-gs) F(1+y3))r)
1 1
+2||V2||‘/f2<(1 + T'2- By " ra +V4)>r>

ro(2 . . 1 1 .
F(a)(E““ )[”’“”( +F(2—/31)+F(1+y1))+f1]

ro(2 . . 1 1 0
r(a)<_+‘“ )[”’“”( +F(2—52)+r(1+y2))+’3]

<r.

Clearly S is the closed convex and nonempty subset of a Banach space X'. We define the

operators A and Bon S as
Au(t) = hy (to, u(to), “DP*ulte), I ulto)) + Au(to)t

forall0 <t <1,and Bu(t) = =~ f (t—s)*"Lf1(s, u(s), “DPru(s), " u(s)) ds whenever 0 < t <

t();

Bu(t) = % /to(t —s)%! 1(3, u(s),cDﬂlu(s),Iylu(s)) ds

a-1 cnb2
1"( )/ (t-s) z(s,u(s) DP2u(s), P’Zu(s))

whenever to <t <1.Letu,v e S. For each 0 < ¢ < ty, we have

’Au(t) + Bv(t)| =

Iy (to, ulto), “DP ulte), I ulto)) + Au(to)t

a-1 cnb1 1
F( )/(t s) ﬁ(s, (), DPry(s), I” V(s))

< 21 (b)Y (|ulto) | + |“DPulto)| + |1 ulto)|)

+ o (to) W (|ulto) | + | "D ulto)| + |17 ulto)])

1 10 a-1
+ m/o (1 —S)

Page 14 of 23
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x (11()[w(s) + D u(s) + I (s)| + f7) ds

1
(1 _ S)oz—l

+

1
I'(a) to
x (u2(9)|us) + D2 u(s) + Iu(s)| + £7) ds

e
+F(a)/0(t s)

X (/,Ll(S)|,LL(S) +°DPYy(s) + I V(s)| +f10) ds

1 1
52”“”‘“((1 "Te-p ' Tax m))’)
+ ||V2||1/f2(<1+ 1,1 )r)
re-pgs) I'(1+ya)
r 1 1 0
"T@+1) [2”L1" (1 "re-py " F(1+V1)) +2h

1 1 .
¥ ”“2”(“ r@—p) " F(1+Vz)) ”3]

and

[(Aw)' (2) + (BV)' (2)| = |ha(to, u(to), “DP*ulto), I u(to) )

L o _ -l e .
_F((X)/o (1-39) 1(s,u(s),D u(s), 1" u(s))ds

b /1(1 —5)*71f; (s u(s), * D2 u(s) I”u(s)) ds
r@) ), BT ’

— Iy (t0, u(to), “DP* uto), I u(ty))

1 ‘ a-2
* F(a—l)/o (-9

X fi (s, w(s), °DP1y(s), IN v(s)) ds

1
S||U2||1ﬁ2(( re- ,34 F(1+V4)))

+||v1||W1(<1 (2 5 T T 1+y3 ) )

rla +1) 1 0
* I' (@) |:“M1”( F(2—/31) F(1+V))+fl]

r 1 1 1 ) 0
+1"(oc+1)|:”'u2”< "TC=p) " TU+m) +f2].

Also, if £y <t <1, we have

|Au(t) + Bv(t)| < 2v1(to) ¥ (|ulto)| + |“DPulto)| + [ ulto)|)

+va(to) W (|ulto)| + |“DP*ulto)| + [ ulto)|)

Page 15 of 23
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1 0 -1
+ F(a)/o (1-53)

x (11(9)|u(s) + D ua(s) + " (s)| + f) ds

1 ! a-1
+ mlo (l—S)

X (Mz(s)|u(s) +DP2y(s) + P’Zu(s)| +f20) ds

L e
+F(a)/0 (t—3s)

X (,ul(s)|v(s) +°DPLy(s) + I V(S)‘ +f10) ds

T ),

(t _ S)oz—l

X (,uz(s)‘v(s) +°DP2y(s) + I v(s)‘ +f20) ds

1 1
< 2||v1||1//1<(1 + r'(2-8s) * F(1+)/3))r>
1 1
+ ||V2||W2(<1+ Q2 - Ba) " F(1+V4))r>
2r !

1 0
" T+ [”’“”(1 "Te-p) ' Ta +m)> +h

1 1 o
¥ "““2”<“ r@-p) " F(1+J/z)) ”3]

and

|(Au) () + BY)'(0)| =

1 0 -2
Ay(to) + m/o (t—s)

X fi (s, w(s), “DP1y(s), IN v(s)) ds
1 t

-2
+ —F(oc—l) i (t—3s)

x f3(s, v(s),“DP2v(s), I v(s)) ds

1 1
< ||vzlllﬂz((1+ r2- By " F(1+V4))r>

1 1
+ ||v1||¢1<(1+ r2—pg) F(1+V3)>r)

r(a +1)
T

1 1 0
x [Ilmll(l "Te-p) "Ta+ J/1)> +fl]

ro +1)
" I'(a)

1 1 0
X [H,U«2||<1+ rTe-pg) " 1"(1+)/2)) +f2]’
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where f = sup,; Ifi(£,0,0,0)| for i = 1,2. Thus

[ Aue + Bvll, = || Au + Bv|| + || (Aw) + Bv) |

1 1
< 2||V1||1/f1(<1 "Te-p) T+ VB))r)

1 1
+ ||V2||‘/f2<<1+ I'(2-Ba) * F(1+V4)>r>

2r 1 1
+ m[”#l”( + I—v(z_ﬂl

1

1
il (1 "Te-p)  Tax

Vz)) +f20]

+||v2||1//2< 1

T )
F2-B) T'(+y)
1

(
+|IV1II¢1<<1+

1
r2-ps) * r(+ Vs))r>

. (“(+)1) ||m||(1+ :

+1)

F(Z—ﬁl)

1 0
+F(1+J/1)>+fl]

||u2||< F(Z Al

1 0
ria+ )/2)> +f2]

=3||v1||1/f1(<1+F(2 ﬂ3> i

)
+¥3)

+2||V2||1p2<< re- /34 F(11+J/4)>r>

F(oc)( +a+1)

1

1 0
X |:||M1|| (1 "Te-p) T+ )/1)> A :|

r 2 1
+F(a)<;+a+ )

1

1 0
X |:||M2||(1 + T2-B) * 1+ )/2)) +f2]

<r.

Hence, for each u,v € S, Au + Bv € S. On the other hand, for each u € S, we get

1 1
||Au||*§3||v1||1/f1(< ra_py " Tam

))

1 1
+2IIv2||1ﬂ2((1 "Te-p) T+ V4))r>

2r

1 1 .
* F(oz+1)|:”'u1”<1+ r2-p) * F(1+V1)) +h

1 1
+ ||M2||(1+ 5 + F(1+yz)>

+f§)i|

1 0
) F F(1+y1)> +h

Page 17 of 23
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Thus, A is uniformly bounded on S. Also, for any u € S and ¢ < 7 € ], we have |Au(t) —
Au(t)| = A,(t)(T — t), which is independent of u and tends to zero as ¢t — t. Thus, A is
equicontinuous. Hence, by the Arzeld—Ascoli theorem, A is compact on S. Now, we show
that B is a contraction map. Let u,v € S. If 0 < t < £, then we have

|Bu(t)—Bv(t)| T )/ (t-5)""'A (s, (s), “DP1u(s), P’lu(s))

_ oz 1 cnb1 1
I"(oz)/ (t - 5)* " fi (s, v(5), “DP1v(s), " v(s)) dis

. ||m||<+ 1,1 )HM_V”
TTe+D\T@-p) T+n) '

and

l l _ 1 ! a-2
(B (&) - (Bv) “”‘\mf (t-9)

x fi(s,u(s), "D u(s), 1" u(s)) ds

1 ! _ Qa2
_F(a—l)/o(t 9

X fi (s, w(s), “DP1u(s), I”lv(s)) ds

ll e l 1 1
< 1+ + [|2£ = V|| 4.
' (a) re-g) ra+y
Also, for ty <t < 1, we obtain

|Bu(t) Bv(t)| N (t—9)*f (s, u(s), DM u(s), I u(s)) ds

‘F( ) Jo
T () ) cpb2
F(“)/to(t 9)* o (s, u(s), ‘D u(s), I"x(s)) ds

_L 0 _ -1 b1 "
I'(«) /0 (t-3s) fl(S, v(s), “DP1(s), I v(s)) ds
_ ﬁ t:(t—s)a—IfZ( !V(S);CDﬁZV(S),InV(S)) ds

I 1 L
= HM_V”*[F(a 1) <1 "Te-p) T+ yl))

L el (1+ L. )]
I(e+1) Ir'2-p) I'(l+y)

and

(B () - (B (0)] = ‘ el A

x fi (s, u(s), “DP u(s), 1" u(s)) dis

a-2
+ —F(a—l) t (t—5s)
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X fa (s, u(s), °DP2u(s), I”Zu(s)) ds

1 fo a-2
- F(a—l)/o (t=9)

x fi (s, v(s),“DP1v(s), I"' v(s)) ds

1 ! a—-2
T T(-1) /t -9

0

x f3(s, v(s),“DP2v(s), I v(s)) ds

I 1 1
< ””_V”*[F(a) (1 "Te-p) " F(1+)/1))

, <1+ 1 1 )]
I' () r@-g) ra+yw/J]

Therefore,

||Bu-Bv||*g[”“1”<1+ LI )
I'(a) re-pg) ra+yn)

+ 2l (1+ L + 1 )](l+1>llu—vll*
I'(a) F2-6) TI'(l+y) a

< Allu =Vl

Since A < 1, therefore B is a contraction. Hence, all the conditions of Theorem 6 are sat-
isfied, and there exists x € S such that Ax + Bx = x. Thus, equation (1) has a solution on J.

This completes the proof. O

Example 1 Consider the following fractional differential equation:

2ele-d el
100 [u(t) + tan™ (°D3 u(2))

, + sin(lﬁu(t))],

4 P —

D2u(t) = tZNET“t—%[ o) (7)
100 . 1+|x(2)]

N D% u(t)+1V3u(t)|
1+|”D%u(t)+1‘/§u(t)|

o
IA
~
IA
M

BN
IA
=~
IA
=

with boundary conditions

u(0) = (8)

e_[ ju(}) +<D5x(3) + IV5u(})| }
100 1+|u(%)+CD%u(%)+If5u(%)|

and

i) ((3) ()
()]
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Here,a:%,l%:%,ﬁz:%,,33:%,,34=%,Vl=\/§,V2=\/§,V3=\/§y)/4=«/ato=%,

2+ip_1
Sit,x1, %0, %3) = #(xl +tantxy + sinxg)’
V2-1 2
fo(t,x1, %0 x3)2t2+( 2 )t_% o1 | |ov2 + %3]
1 X1,%2, 100 1+|9C1| 1+|x2+x3| )

'

e |%1 + %9 + %3]
hl(t’xl’xZ’xZS) = )

100 \ 1 + |x1 + X + X3

1
By (t, %1, %3, %3) = 00 sin(£)(cos(x1) + sin(xy) + tan™" (x3)).
Clearly,

1 3
0,00, 2,00) = i (1, 65,5) | < 10 D= ],
j=1

%(trxlrx%xf)') _.f2 (t’x/l’x;’xé) | =

j=1
3
’hl(t,xl,xg,xg) - (t,x’l,x’z,x’g) <—e Z|x} -
j:

1
| o (8,21, %, 3) — ha (8,7, %5, %5 ) | < 100 sin(1) ;!xj—x’,‘

7 / 1 o _20v2 g 1 - L
forall t € J and %), X} € R. Hence, [y = 155, 2 = 55575 13 = 155 l4 = 755> and

3L [1+ 1 . 1 ]
e+ I'2-p) Id+yp)

+ 3b2 [1 + L + 1 ]
(o +1) I2-p4) TI'(l+y)
+ 313 [1 + 1 + 1 ]
-6 TI'(l1+ys)

1 1
' 21”‘[1 "Te-p) T+ 7/4)]

+ L |:1 + ! + ! :|
I' (@) re-pg) ri+n)
+ L |:1 + ! + ! }
I () r2-p) I'(l+y)

~04872<1.

Therefore, all the conditions of Corollary 2 are satisfied and equation 7 with boundary
conditions (8) and (9) has the unique solution on J.
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Example 2 Consider the following fractional boundary value problem:

n(t+3) ¢ |u(e)+°D 5 u(e)+13 u(t))
1

,  0<t<}

" 2+ 242 1+|u()+¢D5 u(t )+1é u(t)\ )

D2u(t) = 62+1 (£ - 12[x(t) + cos(*D3 x(t))
+sin(3x(2))], ist<l,

with boundary conditions

1 1 3 (1 e (1
u(0) = et |:u<—> +°D5 u(—) +13u<—):|
4 4 4

and

=
[
D‘ilm
St
[
=

3
a5 s) In(z + %) ( |61 + %o + %3] )
1\, ¥1,X2,%3) = )

26+ w2+ 2\ 1 + |x1 + %o + %3]

1 1\?
folt, x1,%0,%3) = 211 (t— 1) (%1 + %2 + x3),

(8, %1, %0, %3) = € (x1 + %2 + x3),

N\'—‘

ho(t, %1, %0,%3) = sin(£) (w1 + %2 +%3)2.

1"‘” is Lipschitz. Hence, it is clear that

In(t +

|_2t+ﬂ2+22’ a

(1) le,

lfl(trxlerrxl%) .fl (t xl’x2’x3)

jl

[ty 21,22, %3) = fo (£,%7, 5, %5) <

jl

3
|h1(tyxlyx21x3)| = et Z |x]|:

j=1

1
3 2
’hz(t,xl,xz,xs)‘ < sin(¢) |:Z |xj|:|

-1

forall £ € J and %), %, € R. By choosing

ln(t+%) 1 1\?
)= —————, f) = t—— )
m) 2+ +2 #a(0) e2+1( )

(10)

(11)

(12)

Since each function with boundary derivative has a Lipschitz condition, the map f(x) =

Page 21 of 23
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Vi(2) = €, va(t) = sin(t), ¥1(2) = ¢, and Y (8) = £2, we get

[ el 1 1
A= [F(a) (“ r@-pg) ra+ n))

+ lrmics | (1+ 1 + 1 )]<l+1)
I () r2-pg) I'(d+y) o

~0.9484 < 1.

Therefore, all the conditions of Theorem 10 are satisfied and equation (10) with boundary

conditions (11) and (12) has a solution on J.

Funding
Not applicable.

Availability of data and materials
Not applicable.

Ethics approval and consent to participate
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Consent for publication
Not applicable.

Authors’ contributions
All authors contributed equally and significantly in this manuscript, and they read and approved the final manuscript.

Author details

' Department of Mathematics, Azarbaijan Shahid Madani University, Tabriz, Iran. ?Department of Mathematics, Shahid
Mehrab Madani Educational Institution, Hamedan, Iran. *Department of Mathematics, Faculty of Science, Bu-Ali Sina
University, Hamedan, Iran.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 11 July 2019 Accepted: 13 August 2019 Published online: 28 August 2019

References

1. Kilbas, A.A, Srivastava, H.M., Trujillo, J.J.: Theory and Applications of Fractional Differential Equations. Elsevier,
Amsterdam (2006)

2. Samko, S.G, Kilbas, A.A., Marichev, O.l.: Fractional Integrals and Derivatives: Theory and Applications. Gordon &

Breach, Philadelphia (1993)
. Podlubny, I.: Fractional Differential Equations. Academic Press, San Diego (1999)

4. Kac, V., Cheung, P: Quantum Calculus. Universitext. Springer, New York (2002)

5. Su, X, Zhang, S.: Solutions to boundary value problems for nonlinear differential equations of fractional order.
Electron. J. Differ. Equ. 2009(26), 1 (2009)

6. Ahmad, B, Sivasundaram, S.: On four-point nonlocal boundary value problems of nonlinear integro-differential
equations of fractional order. J. Appl. Math. Comput. 217(2), 480-487 (2010).
https://doi.org/10.1016/j.amc.2010.05.080

7. Agarwal, RP, O'Regan, D, Stanék, S.: The existence of solutions for a nonlinear mixed problem of singular fractional
differential equations. Math. Nachr. 285(1), 27-41 (2012). https://doi.org/10.1002/mana.201000043

8. Baleanu, D, Rezapour, S, Mohammadi, H.: Some existence results on nonlinear fractional differential equations.
Philos. Trans. R. Soc., Math. Phys. Eng. Sci. 2013, 371 (2013). https://doi.org/10.1098/rsta.2012.0144

9. Baleanu, D, Mohammadi, H., Rezapour, S.: The existence of solutions for a nonlinear mixed problem of singular
fractional differential equations. Adv. Differ. Equ. 2013, 359 (2013). https://doi.org/10.1186/1687-1847-2013-359

10. Baleanu, D, Nazemi, S.Z,, Rezapour, S.: Existence and uniqueness of solutions for multi-term nonlinear fractional
integro-differential equations. Adv. Differ. Equ. 2013(1), 368 (2013). https://doi.org/10.1186/1687-1847-2013-368

11. Agarwal, R.P, Baleanu, D, Hedayati, V., Rezapour, S.: Two fractional derivative inclusion problems via integral
boundary condition. Appl. Math. Comput. 257, 205-212 (2015). https://doi.org/10.1016/j.amc.2014.10.082

12. Zhang, X, Zhong, Q.: Multiple positive solutions for nonlocal boundary value problems of singular fractional
differential equations. Bound. Value Probl. 2016, 65 (2016). https://doi.org/10.1186/513661-016-0572-0

w


https://doi.org/10.1016/j.amc.2010.05.080
https://doi.org/10.1002/mana.201000043
https://doi.org/10.1098/rsta.2012.0144
https://doi.org/10.1186/1687-1847-2013-359
https://doi.org/10.1186/1687-1847-2013-368
https://doi.org/10.1016/j.amc.2014.10.082
https://doi.org/10.1186/s13661-016-0572-0

Hedayati and Samei Boundary Value Problems (2019) 2019:141 Page 23 of 23

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

. Rezapour, S, Hedayati, V.: On a Caputo fractional differential inclusion with integral boundary condition for

convex-compact and nonconvex-compact valued multifunctions. Kragujev. J. Math. 41(1), 143-158 (2017).
https://doi.org/10.5937/KgJMath1701143R

. Aydogan, M.S,, Baleanu, D.,, Mousalou, A., Rezapour, S.: On high order fractional integro-differential equations

including the Caputo-Fabrizio derivative. Bound. Value Probl. 2018(1), 90 (2018).
https://doi.org/10.1186/513661-018-1008-9

Baleanu, D, Mousalou, A, Rezapour, S.: The extended fractional Caputo-Fabrizio derivative of order 0 <o < 1 on
¢ [0, 1] and the existence of solutions for two higher-order series-type differential equations. Adv. Differ. Equ.
2018(1), 255 (2018). https://doi.org/10.1186/513662-018-1696-6

. Samei, M.E, Khalilzadeh Ranjbar, G.: Some theorems of existence of solutions for fractional hybrid g-difference

inclusion. J. Adv. Math. Stud. 12(1), 63-76 (2019)

Ahmad, B, Ntouyas, S.K,, Purnaras, LK. Existence results for nonlocal boundary value problems of nonlinear fractional
g-difference equations. Adv. Differ. Equ. 2012, 140 (2012). https://doi.org/10.1186/1687-1847-2012-140

Ahmad, B, Nieto, J.J.: Riemann-Liouville fractional integro-differential equations with fractional nonlocal integral
boundary conditions. Bound. Value Probl. 2011, 36 (2011). https://doi.org/10.1186/1687-2770-2011-36

. Baleanu, D, Hedayati, V., Rezapour, S., Al Qurashi, M.M.: On two fractional differential inclusions. SpringerPlus 5(1), 882

(2016). https://doi.org/10.1186/540064-016-2564-z

Agarwal, R.P, Belmekki, M., Benchohra, M.: A survey on semilinear differential equations and inclusions involving
Riemann-Liouville fractional derivative. Adv. Differ. Equ. 2009, 981728 (2009). https://doi.org/10.1155/2009/981728
Baleanu, D., Agarwal, R.P, Mohammadi, H., Rezapour, S.: Some existence results for a nonlinear fractional differential
equation on partially ordered Banach spaces. Bound. Value Probl. 2013, 112 (2013).
https://doi.org/10.1186/1687-2770-2013-112

Anastassiou, G.A.: Principles of delta fractional calculus on time scales and inequalities. Math. Comput. Model. 52,
556-566 (2010). https://doi.org/10.1016/j.mcm.2010.03.055

Agarwal, R.P, Ahmad, B.: Existence theory for anti-periodic boundary value problems of fractional differential
equations and inclusions. Comput. Math. Appl. 62, 1200-1214 (2011). https://doi.org/10.1016/j.camwa.2011.03.001
Liu, X, Liu, Z.: Existence result for fractional differential inclusions with multivalued term depending on lower-order
derivative. Abstr. Appl. Anal. 2012, 24 (2012). https://doi.org/10.1155/2012/423796

Abdeljawad, T, Alzabut, J, Baleanu, D.: A generalized g-fractional Gronwall inequality and its applications to
non-linear delay g-fractional difference systems. J. Inequal. Appl. 2016, 240 (2016).
https://doi.org/10.1186/513660-016-1181-2

Ragusa, M.A.: Local Holder regularity for solutions of elliptic systems. Duke Math. J. 113(2), 385-397 (2002)

Ragusa, M.A.: Cauchy-Dirichlet problem associated to divergence form parabolic equations. Commun. Contemp.
Math. 6(3), 377-393 (2004). https://doi.org/10.1142/50219199704001392

Bachar, I, Maagli, H., Radulescu, V.D.: Fractional Navier boundary value problems. Bound. Value Probl. 2016(79), 14
(2016). https://doi.org/10.1186/513661-016-0586-7

Denton, Z, Ramirez, J.D.: Existence of minimal and maximal solutions to RL fractional integro-differential initial value
problems. Opusc. Math. 37(5), 705-724 (2017). https://doi.org/10.7494/OpMath.2017.37.5.705

Chidouh, A, Torres, D.: Existence of positive solutions to a discrete fractional boundary value problem and
corresponding Lyapunov-type inequalities. Opusc. Math. 38(1), 31-40 (2018).
https://doi.org/10.7494/OpMath.2018.38.1.31

Liu, Y.: A new method for converting boundary value problems for impulsive fractional differential equations to
integral equations and its applications. Adv. Nonlinear Anal. 8(1), 386-454 (2019).
https://doi.org/10.1515/anona-2016-0064

Smart, D.R.: Fixed Point Theorems. Cambridge University Press, New York (1980)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.5937/KgJMath1701143R
https://doi.org/10.1186/s13661-018-1008-9
https://doi.org/10.1186/s13662-018-1696-6
https://doi.org/10.1186/1687-1847-2012-140
https://doi.org/10.1186/1687-2770-2011-36
https://doi.org/10.1186/s40064-016-2564-z
https://doi.org/10.1155/2009/981728
https://doi.org/10.1186/1687-2770-2013-112
https://doi.org/10.1016/j.mcm.2010.03.055
https://doi.org/10.1016/j.camwa.2011.03.001
https://doi.org/10.1155/2012/423796
https://doi.org/10.1186/s13660-016-1181-2
https://doi.org/10.1142/S0219199704001392
https://doi.org/10.1186/s13661-016-0586-7
https://doi.org/10.7494/OpMath.2017.37.5.705
https://doi.org/10.7494/OpMath.2018.38.1.31
https://doi.org/10.1515/anona-2016-0064

	Positive solutions of fractional differential equation with two pieces in chain interval and simultaneous Dirichlet boundary conditions
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Funding
	Availability of data and materials
	Ethics approval and consent to participate
	Competing interests
	Consent for publication
	Authors' contributions
	Author details
	Publisher's Note
	References


