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1 Introduction
Fractional calculus provides powerful tools to deal with complex phenomena occurring in
various areas of applied and technical sciences such as control theory, optical and thermal
systems, rheology, materials and mechanical systems, robotics, etc. Numerous researchers
have investigated different aspects (existence, uniqueness, stability, etc.) of fractional dif-
ferential equations involving Caputo, Riemann—-Liouville, Hadamard type derivatives, for
instance, see [1-10]. For some recent results on Riemann—Liouville fractional differen-
tial equations, we refer the reader to the articles [11-15] and the references cited therein.
Fractional p-Laplacian boundary value problems also received considerable attention, for
example, see [16—26]. The literature on fractional differential equations equipped with
integral boundary conditions also contains a variety of interesting results [27-32].
Monotone iterative method is found to be an important and efficient method to ob-
tain sequences of monotone solutions for initial and boundary value problems. For some
applications of this technique to nonlinear fractional differential equations, see [15, 33—
43]. In 2017, Jarad et. al. [44] proposed a new fractional derivative, which is known as
fractional conformable derivative (see definition (2.4)). To the best of the authors’ knowl-
edge, the fractional p-Laplacian problem involving fractional conformable derivatives is
yet to be investigated. In this paper, we apply monotone iterative method to prove the
existence of extremal and uniqueness of solutions for the following nonlinear fractional
p-Laplacian problem involving fractional conformable derivatives and nonlocal integral
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boundary condition:

gD"‘(q&p(gD"‘h(t))) =f(t,h(t),y D*h(t)), te(0,d],d>0,

t%gD"‘h(t)h:O = [ a(©)h(s)ds, g(h(0),h(d)) = 0,7 € (0,d), .
where 0 < a,y,8 < 1, $,(t) = |tIP7%t, a € C([0,d],[0,00)), f € C([0,d] x R:LR), g €
C(xR%R), ¢p, p > 1, denotes the p-Laplacian operator and ¢;1 = Py, 1% + % =1, 51(0) =
()], B(d) = t*Vh(E)|,~g, and §D* is the fractional conformable derivative of
order y.

We emphasize that the results obtained for problem (1.1) are new and significantly con-
tribute to the existing literature on p-Laplacian problems with fractional conformable
derivatives. In order to establish the desired results, we prove two comparison theorems
related to the problem at hand, which are presented in Sect. 2. The main results are pre-
sented in Sect. 3.

2 Preliminaries and lemmas
For o,y €(0,1), we denote by Cy(1-,)([0,d],R) a Banach space

{heC(0,d,R):**he C([0,d],R)}, (2.1)

endowed with the norm ||4lic,,_,, = SUp;cfo =1 ().
Let

Y = {h(®) € Catr_y)(10,d), R) : ; D*h(t) € Ci([0,d), R) and £} Dh(t) ;0 = £}, (22)

a(1-B)
p-1
1]l y = max{sup,o 4 £ |h(t)], supyejo g1 o D (E)]}.

whereO<a,y <1,k = ,€= for a(s)h(s) ds, be a Banach space equipped with the norm

Definition 2.1 ([44]) The Riemann-Liouville type fractional conformable integral of or-
der y € C, Re(y) = 0 is defined by

wrn 1 [H(E-a)—(s-a)*\" ds
ZI h(t)— F(V)L ( o ) h(S)m (23)

Definition 2.2 ([44]) The fractional conformable derivative of Riemann-Liouville type of
order y € C, Re(y) > 0 is defined by

YD*h(t) = 2T (L7 T*)h(2)

ZTa t((t _ d)a _ (S _ a)a )"—7—1 ds (24)
= h(s) ———>
I'n-vy) Ja o (s —a)l-
where
n=[Re()]+1,  IT%=,TT* T (2.5)

7 times
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and , 7 is the conformable differential operator [45]
JTh(t) = (t—a) ™l (2). (2.6)
Lemma 2.1 ([44]) Let 0<Re(y) <1, n=-[-Re(y)],f € L((0,d),R). Then

5" D"h(a)

Z]a (ZDah(t)) = h(t) bl m

(t - a)?r .

Let us first consider the problem

(2.7)

oD% (¢p (b D (L)) = £ (£, h(8), } D*h(®)),  t € (0,d],
£ D) o = [ @) s, (0) =17 € (0,d).

Applying Lemma 2.1 to problem (2.7) with [(¢) = d)p(g D*h(t)) and h(0) = r, we obtain

oy 1 Lo _ge\Y ds
h(t) = re*t 1)+F(y) /0 ( - ) 9q(19) 1 = BI®) (2.8)
and
6, (¢ 71 L Dh(e)) = 0P, (2 D7 h(t)) = £20-PU(). (2.9)

Thus problem (2.7) takes the form

‘gmzu) = f(t, BI(t), (1)), te (0,d], (.10

D) o = L als)h(s)ds), T € (0,d).
If (2.10) has a solution I(£), then we get a solution /(t) of Eq. (2.7) after inserting I(¢) in
Eq.(2.8). This shows the existence of a solution for problem (2.10).

In the following lemma, we use [|/||. = sup,c(o 4 A(2)].

Lemma 2.2 Suppose that f € C([0,d] x R%,R), 0 < a, B < 1, and there exists a nonnegative
bounded integrable function M on [0, d] such that

f (& 1, o) = f (8,1, 1) < M(0)| () — ¢ (12)

, te(0,d].

Then problem (2.10) has a unique solution I(t) € Cy1-p)([0,d], R), if

da(ﬂ—l)%-p—an—Z T & y-1 Md*P
—_— — s+ ———— <1, 2.11
oo “5) e -

where & takes the values between for a($)5 1 ¢4 (h(s)) ds and fOT a(s)5 I ¢4 (U(s)) ds, the values
of n remain between h(u) and l(u), and M = sup, (o 5 |M(£)|.
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Proof According to Lemma 2.1 and t*YPI(£)|,-9 = ¢, ([, a(s)h(s)ds), problem (2.10) is

equivalent to the following integral equation:

(6) = ¢y |:/T a(s)Bl(s) ds:| (2B
0

ds

t g _ g B-1
. %ﬁ) /0 (t aS) S(5,BUs),64(169))) 5

= Alle). (2.12)

For any 7,1 € Cy(1-5)([0,d], R), we have

AR - Al|l.

< sup ta(ﬂ—l)

Sup op |: /0 a(s)Bh(s) ds] - [ /(; a(s)BI(s) a’s]
1 o — g2\ P1 ds
+t:%€l]Tﬂ)/ ( - ) [f(s,Bh(s),qbq(h(s))) —f(s,Bl(s),q')q(l(s)))|S1_a
o s@ -y \v ! du
< o] [ ﬂ@(’s e (L) w))«]
T u® 1
o [l s (55 )y (s ) o
1 ¥ —s*
o | (77) o
< sup D I:/ra(s)(rso‘(yl)) ds
te[0,d] 0
T 1 S /g%y y-1 du p-1
+/0 a(s)F(y)/o ( « ) [#a(h)| ]
T e ay v-1
Lpmese o2
|:/0 a(s rs s+‘/0 a(s / o }(bq u))
_gan Al
" lom T F(ﬁ ( )
u* y-1
_ P2 (r-1
(p-1¢& [/ a(s)(rs )ds+/ a(s)F(y) < )
X ¢q(h(u))d—ds fra(s)(rs «=1) ds

[ [ (7)o e

M 2\ ?
—_— h=1|.
’ Sod] F(ﬁ+1)( ) | ”

1 S /g% _ @ y-1 du
[0 [(F55) @000) -0, 100) 55 s

e

< sup ta(ﬂ_l)
tel0,d]

=d -1
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Md*P
Y -1,
Y TErar
T 1 s o 0 y-1 d
a0 - e -0 [ a0 [(TLE) S s,
0 r'(y)Jo o u
b
TR
Y TFEear

a(B-1) gp-2.,g-2 T o V-1 af
_ u/ a2 ass M N\
Ty +1) 0 o r'(B+1)ab

which, in view of (2.11), implies that the operator A has a unique fixed point by the Banach
fixed point theorem. In consequence, problem (2.10) has a unique solution. O

Lemma 2.3 IfO<a,y,B <1, ¥ € Cyu_p)([0,d],R), and M is a nonnegative bounded inte-

grable function on [0,d), then the following problem

b7 pe ; (2.13)
t U o D*h(t)|i=0=c, h(0)=r,

{gmwp(gmh(t)» + MOB,GDHD) =y (0, te(©,d),
has a unique solution h € Y, provided that Md*? < I' (8 + 1)a’.

Proof Letting [(¢) = ¢,({, D* h(t)), we have

(2.14)

yD*h(t) = ¢, (It), te(0,d],
h(0) =r,

and

(2.15)

PDoI(t) + M()I(t) = ¥ (£), te(0,d],
P20 = By o).

Let f(t, BI(t), p,(U(2))) = ¥ (t) — M(t)I(t). For I, I, € Cy1-p)([0,d], R), we have

If (¢, BL1, ¢4(h)) —f (£, Bla, ¢q (o)) | = |M(®)| 1l — h| < Ml — 1y

Thus, problem (2.15) has a unique solution / € Cy1-p)([0,d],R) by Lemma 2.2, and
vD*h e Ca(l—lﬂ) ([0,d], R). Moreover, problem (2.14) has a solution / € Cy(1-1)([0, 4], R) by

Lemma 2.1. By inserting / in /1, we get a unique solution /# € Y of problem (2.13). g

Definition 2.3 If € Y is a lower solution of (1.1), then

£ D (g, (L D h(t))) < f(&,h(),; D*h(t)), te (0,d],d>0, 016

£ YD) 0 < [ @) ds,  g(i(0), h(d)) < 0,7 € (0,d). '
If [ € Y is an upper solution of (1.1), then

ED(¢,(E DUEY) = £ (&, 1), L D*I(D),  te (0,dl,d>0, o1

YD) o = [T alsh(s)ds, ¢(1(0),1(d)) = 0,7 € (0,d). '
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Lemma 2.4 (Comparison theorem)
(C1) Let M be a nonnegative bounded integrable function on [0,d]. If m € Co1-p)([0,d], R)

satisfies

ED*m(t) + M(O)m(t) = 0, t€(0,d],
t“CPm(t)]r-0 > 0,

then m(t) > 0, t € (0,d].
(C) Assume that n € Cy1-,)([0,d], R) satisfies

tD%n(t) >0, te(0,d],
I n(t)] 29 > 0.

Then n(t) >0, t € (0,d].

Proof Assume that m(t) > 0 is not true. Then there exist ¢;, £, € (0,d] such that m(z,) <0,
m(t;) = 0 and m(t) > 0 for ¢t € (0,¢) and m(¢t) < O for ¢ € (¢1,£,). Since M(¢t) > 0, Vt € [0,d],
we have gD“m(t) >0, Vt € (t1, ).

According to

d
gD"‘m(t) = tl‘“aé_ﬂlo‘m(t),

we obtain that é_ﬁlo‘m(t) is nondecreasing on (t;,£,). Hence (l)_ﬂlam(t) - (l)_ﬂl"m(tl) >0,

t € (t1, ). On the other hand, we have

P m(t) - S mty)

1 trge _g@\7P ds 1 nope e\ P ds

- F(l—ﬂ)/o ( o ) e - F(l—ﬂ)/o ( o ) e

1 t tot _ Sot -B tla _ sot -B dS

- F(l—,B)/o [( o ) _< o > ]m(s)sl—u
1

t Y — g% -B dS
+F(1—ﬁ)/tl( o ) ) e

<0, Vtel(t, k),

which is a contradiction. Therefore, m(t) > 0, Vt € (0,d].
Obviously, the conclusion of (C;) holds. It follows from (2.8) that n(t) > 0, V¢ € (0,d]. O

3 Main results
Theorem 3.1 Assume that
(L1) ho,ly € Y are lower and upper solutions of (1.1), respectively with ho(t) < ly(t), t €
(0,d];
(Ly) there exists a function M € C([0,d],R), t € [0,d] such that

F(& U0, s D*U(0)) —f (& 1), § D*h(8)) = -M(t)[ ¢ (5 D*1(2)) — ¢ (3 D Ii(2)) ]

Jor ho(t) < h(t) < I(¢) < lo(2), ¢ € (0,d];
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(Ls) the function g satisfies
g(my, ny) — g(my, n1) > my —my

for ho(0) < my < my <15(0), ho(d) < ny < m < lo(d), if M(t)d*? < ' (B + 1)a’.
Then there exist sequences {hy},{l,,} € Y such that (1.1) has extremal solutions m(t), n(t)
in [ho,lo) ={h € Y : ho(t) < h(t) < lo(t),t € (0,d]} satisfying

ho()) <m(t) <+ <hy(@®) <+ <m(t) <nt) <--- <1,() <--- <h(2) <lo(2),
VD% <§Dhy < <UD, < <D m<{D'n< -
<Dl <--- <DL <D,
bp(6 Do) < dp((DM1) < -+ < (G D) < -+ < dp(GD*m) < Pp((Dm) < - -
<#p(gDL) < -+ < ¢p(GD* 1) < ¢, (5D ly),

forte(0,d],n=1,2,3,....

Proof Let F(h(2)) :f(t,h(t),(};D"h(t)). Forn=1,2,..., we define

0D (3, (3 DI, (£))) + M(£) b, (s DIy (£))
= F(h, 1 (2) + MO (} D1 (0)), £ € (0,d],

e (3.1)
£ D (Ol = [ a($Vhor () s,
s(0) = 1 0) = g1 (0), T (), 7 € (0, ),
and
£ D (9 (LD 1,(0))) + MOy (D1 (1))
= Fll1(0) +M(t)¢p(VDa - 1< ), ted), )

£ DL (O)co = [ @) (5) s,
1,(0) = 1,1 (0) —g(ln_l(O),ln_1(d)), T €(0,d).

Notice that the functions 4, [; are well defined in Y by Lemma 2.3.

Now, we prove that ho(t) < () < L(t) < lo(t), § D%ho(t) < I Dhy(t) < I DL(¢) <
0D lo(2), ¢ € (0,d], and /10(0) < /11(0) < 11(0) < lo(0). Let .(2) = (5 D" 1 (£)) ~ b (5 D" hro(£)).
From (2.9), (3.1), and (L;), we have

SDY(E) + M(DA(E) = F(ho(t)) ﬂD&(qs,,(VD“ho(t))) >0,
tUBIA(E)]ez0 = Pp(t EEN yDahl(t))h 0= p(t EEN yDaho( H)l¢=0
> [y als)ho(s)ds — [y a(s)ho(s)ds = 0.

By (C1) of Lemma 2.4, we obtain A(¢) > 0, ¢ € (0,d], which means ¢, Dh;(¢)) >
qbp(gD"‘ho(t)). The monotone increasing property of ¢,(¢) ensures that oDy () >
¥ D*ho(t). Thus, § D*(hy (£) — ho(t)) > 0. According to /1, (0) — /19(0) = —g(719(0), 71o(d)) > 0,
we have /1 (£) > ho(t), ¢ € (0,d] by (C;) of Lemma 2.4. In a similar manner, we can obtain
that £, (¢) < lp(t), § D* 1y (t) < § D*ho(t), t € (0,d], and 1,(0) < Iy(0).
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Setting 1(t) = ¢, (§ D*11(2)) — ¢ D1 (¢)) and using (L), we have

6D n(£) + M(E)n(t) = F(lo(2)) - F(ho(£)) + M(8) (¢, D*o(£)) — (s D*ho(8))] = 0,
o a(l

(1-8) -B)
t*CPnt)|1z0 = ¢p(t 71 § DL (8))|1=0 — Pp(t 7T § DNy (8))]1=0 > O.

By (C;) of Lemma 2.4, we obtain n(¢) > 0, t € (0,d]. Then ¢,(; D*11 () > ¢, D" (1)),
and § D01 (t) > § D"y (t). By (L3), we have
11(0) = 11 (0) = 1o(0) — g(10(0), lo(d)) — 11(0) + g(h10(0), 10(d))
=16(0) - 710(0) + g (710(0), Iro(d)) — g(1o(0), lo(d))
> 1o(0) — 1(0) + /10(0) — 1(0) = 0.
Thus, [1(¢) > i (t), t € (0,d] by (Cy) of Lemma 2.4.
Next, we show that /3, /; are lower and upper solutions of (1.1), respectively. By (3.1)
and (L,), we obtain
6D (¢ (DI (8)))
= F(ho(8)) = M(®)[ (5 D* 11 (2)) = ¢ (5 D*ho(2)) | = F(h1(2)) + F (h(2))
< M(8)[¢, (3 D11 (2)) = ¢ (§ D o (2)) | — M(2) [ (5 D 111 (£))
= ¢p(0D"ho(8) ] + F(hu(2)
= F(m(2)).

By (L3), we have

0 = g(h0(0), hio(d)) — g(111(0), 11 (d)) + g (111(0), 11 (d)) + b1 (0) - F10(0)
> T19(0) = 71(0) + g (711(0), 7ty (d) ) + 11(0) = /1 (0)
= g(In(0), I (d)),

and

Y D)o = / " a(shols) ds < / " sy (s) ds, (3.3)
0 0

which imply that /1, is a lower solution of (1.1). Analogously, we can verify that /; is an
upper solution of (1.1).
Using the mathematical induction, we have
ho(£) < hy(8) < -+ < hu(t) < My (£) < Lya () < (@) < -+ < L(8) < bo(8),
0Dy < gDy <+ <qDhy < §D* By < gD by <GDly <o
< SD‘”ll = SD"lo,

o(0) < 711(0) < -+ < 11,(0) < 11,41(0) < 1,41(0) < 1,(0) < --- < 11(0) < [p(0)

forte(0,d],n=1,2,3,....

Page 8 of 12
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By the standard analysis, we can get that the sequences {t*=")1,,} and {t*1~)1,} are uni-
formly bounded and equicontinuous. Thus, in view of Arzela—Ascoli theorem, we obtain

lim #,,(t) = m(¢), lim [,,(¢) = n(t), te€(0,d],
n—00 n—00
lim ! D*h,(t) = ) D*m(t), lim [ D*L,(t) =} D*n(t), te(0,d].
n—00 n—00
Hence, ho(t) < m(t) < n(t) < lp(t) on (0,d] and m(t), n(t) are solutions of (1.1).
Moreover, we show that m(z), n(t) are extremal solutions of (1.1). Let % € [y, ly] be any
solution of (1.1). Let /4, (¢t) < h(t) < 1,(¢), ¢t € (0,d] and that

](t) = ¢p((};Dah(t)) - ¢p (gDahnH(t))) k(t) = ¢p(();Daln+1(t)) - ¢p(gDah(t))-

By (L), we obtain

a-g
p-1

EDRj(E) + M()i(t) = E(h(8)) — E(n(2)) + M(D)[,C, D h(8)) - by (, D"hn(£))] = O,
B0 o = Byt P Y DR 0 — Byt P L D s ()]0 = O,

and

a(l o

-B) (1-p)
ta(liﬁ)k(t)ltzo = ¢p(t p-1 ();Daln+1(t))|t:0 - d’p(t p-1 (};Dah(t))h:() = 0.

‘gD“k(t) + M(6)k(t) = F(Iu(2) = F(h(2)) + M0 (o D*1n(1)) — dp (o D*(£))] = 0,

Thus, by (C;) of Lemma 2.4, we have j(£) > 0, k(¢) > 0. Then @(gD"‘h(t)) > %(gD"‘hml(t)),
¢p(gDaln+l(t)) = ¢p((};Dah(t))' Hence, gD“(h(t) - hn+1(t)) = 0, gDa(erl(t) - h(t)) = 0.
By (L3), we have
1(0) = 111(0) = 1(0) = 11,(0) + g(71,(0), h1,(d)) — g (1(0), h(d))
> 1(0) - 11,(0) + 1,(0) - 1(0)

=0
and

1+1(0) = 1(0) = 1,(0) — h(0) — g(1,(0), 1,(d)) + g(h(0), h(d))
> 1,(0) — h(0) + h(0) — 1,,(0)

=0.

Hence, 71,,,1(2) < h(t) < l,41(¢), t € (0,d] by (Cy) of Lemma 2.4, which, on taking the limit

n — 00, yields m(t) < h(t) < n(t). Therefore, m(t), n(t) are extremal solutions of (1.1). [

Theorem 3.2 If the hypotheses of Theorem 3.1 hold, a(t) = 0, and there exists a function
L(t) > 0 such that

L)y (4 D10 = ¢, (5 D*h(0))] <f (&, h(e), 5 D*(e)) - £ (&, L(8),; D*L(£)) (3.5)
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Sor ho(t) < h(t) < I(t) < lo(2), t € (0,d] and hy(0) = 1o(0), then (1.1) has a unique solution in
[ho, Lo].

Proof 1t follows by Theorem 3.1 that m(¢) and n(t) are extremal solutions such that
m(t) < n(z), t € (0,d]. Then we just need to prove m(t) > n(t), t € (0,d]. Letting A(¢) =
¢p(5 D*m(¢)) — ¢p(5 D*n(t)), ¢ € (0,d] and using (3.5), we obtain

O DA(E) = F(m(2)) - ( ()) LO[#p(aDn(t)) = ¢p (o D*m(D)] = ~L(£)A (D),

a(l- (36)
OB o = Gyt 7T L Dm0 — Gyt P LD n(E))] o = O.

Then, by (C;) of Lemma 2.4, we have A(¢) > 0. Thus, ¢p(gD°‘m(t)) > ¢p(gD°‘n(t)). Since
¢,(t) is nondecreasing, we have vD*m(t) > §D*n(t), t € (0,d]. Then, by (C,) of Lemma 2.4,
we obtain m(t) > n(t). Furthermore, we have 71(0) = 7(0) by /10(0) = Ip(0) and (3.4). There-
fore, we have m = n. The proof is completed. d

4 Example
Consider the following problem:

DY (s (EDINW)) = f(t, h(e), EDYR(E),  te (0,1],

b ) P @.1)
gDzh(t)|t 0= [y als)h(s)ds, h(0) — 3k(0)(1) = 0,

th %

1
wherea:%,y:% 5_2 d=1,p=3,a(t)=0,t =1, and f(¢, h(t),; D2 (t))=1t+h(t)
20D2h(t) glm,n) = —m 3mn. Let ho(t) = 0, lo(2) = F( )t2 Then we have02D2h0(t)—
nglo(t)zﬁﬂ,and

I—

D} (3 (2D o(0))) = 0<—t = F(6hole), 2D (), e (0,1],

1
(52D ho(O)liso =0, g(f0(0), io(1)) = 0
-2

1 1\ 1 3.1
. —t+F(—>t2 —23%t1
F(g) 2 2

=f(tlo(®), DZlo(t))

tiz(% % O(t)|t 0= g(.l'()(o) 20(1) =

Thus, 4y and /y are lower and upper solutions of (4.1), respectively, and /1y < [y on [0, 1].
In addition, for iy < h <1 < [y, we have

(6,10, DEh(®)) — £ (6, 1(6), 2 D))
= h(t) - I(e) — 22 DY h(z) + 22 D (e)
<2[ID}u(e) - { DIh(e)]
< M(O)[¢s( D2 1(0) - 5 (( DFh(0) ),

where M(¢) = 2.
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For /19(0) < my < my < 1o(0), hig(1) < ny < my <Ip(1), we have
1 1
g(my, ny) — g(my, ny) = 51’7’11 - 3myn; - Emz + 3myn;y
= E(ml —my) < my — my.

Hence, assumptions (L1), (L;), and (L3) hold. According to Theorem 3.1, there exist mono-
tone iterative sequences {/,}, {,} such that lim,_, o, /,, = m, lim,. . ,, = n on (0, 1] and m,
n are the extremal solutions on [/, [y] of (4.1).
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