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under zero-flux boundary conditions in a smooth bounded domain §£2 C R"(n > 2),
with parameters r > 2, € (0, 1] and the parameters x >0, & > 0, i > 0. The diffusivity
D(u) is assumed to satisfy D(u) > du™, D(0) > 0 for all u > 0 with some o € R and

8 > 0. Itis proved that if o < % then, for sufficiently smooth initial data

(U, Vo, Wp), the corresponding initial-boundary problem possesses a unique
global-in-time classical solution which is uniformly bounded.
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1 Introduction

Chemotaxis is the motion of cells moving towards the higher concentration of a chemical
signal. A classical mathematical model for chemotaxis was proposed by Keller and Segel
[9]. In the recent 40 years, a large quantity of the Keller—Segel system were proposed and
have been extensively studied; see Hillen and Painter [15] for example.

Another important extension of the classical Keller—Segel model to a more complex cell
migration mechanism was proposed by Chaplain and Lolas [4, 5] in order to describe pro-
cesses of cancer cell invasion of surrounding healthy tissue. In addition to random motion,
cancer cells bias their movement toward increasing concentrations of a diffusible enzyme
as well as according to gradients of non-diffusible tissue by detecting matrix molecules
such as vitronectin adhered therein. The latter type of directed migration toward immov-
able cues is commonly referred to as haptotaxis. Apart from that, in this modeling context
the cancer cells are usually also assumed to follow a logistic growth competing for space
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with healthy tissue. The enzyme is produced by cancer cells and it is supposed to be in-
fluenced by diffusion and degradation. The tissue, also named extracellular matrix, can
be degraded by enzyme upon contact; on the other hand, the tissue might possess the
ability to remodel the healthy level. In [10, 21, 28, 29, 46], authors studied the following
parabolic—parabolic—ODE chemotaxis—haptotaxis model:

u, =V - (D(u)Vu) — xV - (uVv)
—EV - (uVw) + pu(l —u-w), x€2,t>0,
V= Av—v+u, xe2,t>0,
(1.1)
Wy = —vw, x€,t>0,
D(u) 3% - xulr —Eul” = 3 =0, x€082,t>0,
u(x,0) = up(x), v(x,0) = vo(x), w(x,0) = wy(x), x€ $2,

in smoothly bounded domain 2 C R”, n > 2, where x >0, £ >0, u > 0 are parameters,
the variables #, v and w represent the density of cancer cells, the enzyme concentration
and the density of the extracellular matrix, D(x) describes the density-dependent motility
of cancer cells through the extracellular matrix, x and & represent the chemotactic and
haptotactic sensitivities, p is the proliferation rate of cells.

For the special case D(u) = 1 in (1.1), Tao and Wang [19] proved that model (1.1) pos-
sesses a unique global-in-time classical solution for any x > 0 in one space dimension, or
for small ﬁ > 0 in two and three space dimensions. Later, Tao [17] improved the result of
[19] for any u > 0 in two space dimensions. Hillen, Painter and Winkler [6] studied the
global boundedness and asymptotic behavior of the solution to (1.1) in one space dimen-
sion. Tao [18] proved that the model has a unique classical solution which is global-in-time
and bounded in two space dimensions. Cao [3] proved that the model has a unique clas-
sical solution which is global-in-time and bounded in three space dimensions. Tao and
Winkler [26] claimed that if # < 3 and (&, v, w) is a bounded global classical solution, then
under the fully explicit condition w > £ the solution (u, v, w) approaches the spatially uni-
form state (1, 1,0) as time goes to infinity. Then Wang and Ke [30] proved that the model
possesses a unique global-in-time classical solution that is bounded in the case 3 <n <8
and u is appropriately large.

When D € C2([0, 00)), D(0) > 0 and D(u) > §u® for all # > 0 with some § > 0, the global
existence of a unique classical solution to (1.1) was proved by Tao and Winkler in [21]
under the assumption that either # < 8 and o < :{:fn orn>9and o< (8ulm+1)-n? -
n —2)/(n? + 2n). When D € C%([0,00)), D(u) > su~® for all u > 0 with some § > 0 and
a <0, Zheng et al. [46] studied model (1.1) and found that (1.1) possesses a unique global

classical solution which is uniformly bounded in the case of non-degenerate diffusion (i.e.
D(0) > 0) and possesses at least one nonnegative global weak solution in the case of de-
generate diffusion (D(0) > 0) in two space dimensions. Li and Lankeit [10] proved that for
sufficiently regular initial date global bounded solutions exist whenever o < % -1 in two,
three and four space dimensions. When D € C%([0,00)), D(u) > §(u + 1)™ for all # > 0
with some § > 0, Wang clarified the issue of the global boundedness to solutions of (1.1)
without any restriction on the space dimension with o < i_TZ in [28, 29].

When the second PDE in (1.1) is replaced by 0 = Av—v+u and D() = 1in (1.1), Tao and
Wang [20] proved that model (1.1) possesses a unique global bounded classical solution for
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any u > 0 in two space dimension, and for large p > 0 in three space dimensions. Tao and
Winkler [23] proved that model (1.1) possesses a unique global smooth solution for first-
order compatibility conditions in two space dimension. For all # > 1, Tao and Winkler [24]
proved that model (1.1) possesses a unique global bounded classical solution for u > x. In
particular, the global solution (i, v,w) approaches the spatially uniform state (1,1,0) as
time goes to infinity under an additional assumption on the size of 1 and the initial data

uo and wy. Later, Tao and Winkler [25] studied global boundedness for model (1.1) under

the condition u > % x . Furthermore, in addition to the explicit smallness on w = 0,
they gave the exponential decay of w in the large time limit.
Zheng [41] considered the following chemotaxis—haptotaxis model with generalized lo-

gistic source:

u, =V - (D(u)Vu)— xV - (uVv)

—EV - (uVW) + u(l—u —w), x€82,t>0,

Ve=Av—v+u, x€82,t>0,
(1.2)

Wy = —VW, xe2,t>0,

du v _dw x€082,t>0,

v~ v v

u(x, 0) = uo(x), v(x, 0) = vo(x), w(x,0) = wy(x), x€ 82,

in smoothly bounded domain £2 C R”, n > 3, where x >0, £ >0, r > 1 are parameters.
Zheng [41] proved that model (1.2) possesses a unique global classical solution which is
uniformly bounded in £2 x (0, 00) in the case of D(u) > §(u + 1)7 for all u > 0 with some

§ >0 and some

<2_1, if1<r< 2
n n
R R e e e
<0, ifr>”—;2.

For the special case D(u) = 1in (1.2) and the logistic source replaced by u(a—uu'' —w),a €
R, n>1, u >0, Zheng [43] has shown that, when r > 2, or

_1
(-2 © 5l

> M* - n g+’
is appropriately large, ifr=2andn>5,

ifr=2andn <4,

1
the problem (1.2) possesses a global classical solution which is bounded, where C le isa
2

positive constant which corresponds to the maximal Sobolev regularity. When D(u) = 1

in (1.2) and the logistic source is replaced by u(a — uu"! —Aw),a € R, n>1, 4 >0, 1 >0,
1

Zheng [44] has shown that when r > 2, or r = 2, with p > u* = @(X + Cﬂ)ijll the
2
problem (1.2) possesses a global classical solution which is bounded, where Cg and Cy .,

are positive constants.
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Many authors considered the following Keller—Segel system:

ur =V -DW)Vu) =V - (SW)Vv) +f(u), xe $2,t>0,

ve=Av—v+g(u), xe2,t>0,

t g(u) (1.3)
g_u:ﬂ:(), x€082,t>0,

v v

u(x, 0) = uo(x), (%, 0) = vo(x), xe,

in a smoothly bounded domain £2 C R”, n > 2. Here the positive function D(u) represents
the diffusivity of the cells, and the nonnegative function S(#) measures the chemotactic
sensitivity. The functions f(#) and g(u) are the growth of i and the production of v, re-
spectively.

For D(u) = (1 + u) (e € R), S(u) = u(1 + u)?1(B € R) and g(u) = u"(n > 0), Tao et al.
[16] proved that model (1.3) possesses a uniform-in-time boundedness of solutions in the
caseof f=0,ne€(0,1]anda+B+n<1+ % orinthecaseof f(u) =yu—puu’,y eR,r>1
and B+n<rorB+n=r, > for some py > 0; Wang et al. [27] found that model (1.3)
possesses a unique global-in-time classical solution for 0 < o + 8 < % when f(u) = yu—puu’,
g(u) =u, y €R, r>1; Zheng [39] proved that model (1.3) possesses a unique global-in-
time classical solution that is bounded in the case 0 < o + 8 < max{r - 1 + «, %}, n>1,
or B =r—1and u is large enough. Afterwards,Wang and Liu [31] improved the previous
results on the boundedness of solutions to (1.3). When f(u) = u(1 — u), g(u) = u, n > 3,
Zheng [42] shown that model (1.3) possesses a unique global-in-time classical solution
that is bounded in the case O < @ + B < %. When f(u) = yu — uu?, gu) = u, D(u) > Su™,
Suf <S(u) <8,uf a, B R, 8, >8>0, u> uywith some uy > 1, Cao [2] proved that model
(1.3) possesses a unique global-in-time classical solution that is bounded in the case 8 < 1.
For research on the corresponding quasilinear parabolic-elliptic problems, we refer to [37,
40] and the references therein.

For the special case f =0, g(u) = u in (1.3), Winkler [32] found that if % grows faster
than u# as u — oo and some further technical conditions are fulfilled, then there exist
solutions that blow up in either finite or infinite time. Afterwards, Tao and Winkler [22]
proved that solutions (1.3) remain bounded under the condition that % <cu® witha < %
and ¢ > 0 for all u > 1, provided that £2 is a convex domain and D(u) satisfies some other
technical conditions. Then Ishida et al. [8] generalized the result obtained in [22] to non-
convex domains.

For the special case D(u) = 1, S(u) = u, f(u) = 0 and g(u) = ©" in (1.3), Liu and Tao [11]
shown the global boundedness of solutions when 0 < 77 < % As to the case D(u) = 1, S(u) =
X, f(u) = u — pu” and g(u) = u(u + 1)"! in (1.3) for all » > 0 with some x >0, r > 1,
n > 0, Zhuang et al. [47] proved that model (1.3) possesses a globally bounded classical
solution if r>n + 1, or r =n + 1 and p is large enough. When D(u) = 1, S(u) = xu, f(u) =
yu — uu?, g(u) = u, Osaki et al. [14] proved the solutions of (1.3) are globally bounded in
two space dimension regardless of the size of 1 > 0. Later, Winkler [33] found that model
(1.3) possesses a global solution that is bounded under the condition # < 3, §2 convex, and
> 0 sufficiently large.

When the second PDE in (1.3) is replaced by 0 = Av — ﬁ f_Q u+uand D(u) =1, S(u) =
xu, f(u) = yu — pu’, in (1.3) for all u > 0 with some x >0, y € R, u >0, r > 1, Winkler
[34] found that model (1.3) possesses a local-in-time solution of (1.3) that blows up in
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finite time for r < % + ﬁ in dimension # > 5. When the second PDE in (1.3) is replaced
by0=Av-v+uand D(u) =1, S(u) = u, f(u) = yu — pu’, g(u) = uin (1.3) for all # > 0 with
some y € R, u >0, r > 1, Winkler [36] shown that model (1.3) possesses a corresponding

solution of (1.3) blows up in finite time for r < % in dimension # = 3,4 or forr < 1+ TI—Z in
dimension # > 5. When the second PDE in (1.3) is replaced by 0 = Av — ﬁ fg g(u) + g(u)
and D(u) = 1, S(u) = u, f(u) =0, g(u) = »" in (1.3) for all # > 0 with some 1 > 0, Winkler
[35] proved the global boundedness of solutions when 0 < 7 < % Moreover, it is presented
in [35] that if €2 is a ball and then there exists initial data such that the corresponding
radially symmetric solution blows up in finite time if 1 > %, hence n = % is critical. In
addition, for the studies on the parabolic-elliptic version, we suggest the reader to read
the recent papers [7, 12, 38, 45].

Motivated the above papers, we consider the boundedness of solutions to the following
quasilinear chemotaxis—haptotaxis model of parabolic—parabolic—ODE type:

u, =V - (D(u)Vu)— xV - (uVv)
—EV - (VW) + pu(l —ut —w), x€,t>0,
vi=Av—v+u', xe2,t>0,
(1.4)
Wy = —vw, x€,t>0,
D(u)g—C’—XMg—:—éug—’::g—Z:O, x€082,t>0,
u(x,0) = up(x), v(x,0) = vo(x), w(x,0) = wy(x), x€ $2,

under zero-flux boundary conditions in a smooth bounded domain 2 C R"(n > 2), with
parameters r > 2, n € (0,1] and the parameters x > 0, £ > 0, i > 0. This paper mainly
aims to understand the competition among the nonlinear diffusion, the haptotaxis, the
nonlinear logistic source and the nonlinear production.

The functions u, vo, wp are supposed to satisfy the smoothness assumptions

ug € C(2) with #y > 0 in £2 and uy # 0,
vp € Wh®(2) withvy>0in £, (1.5)

wo € C2*7(2)  for some @ € (0,1) with wy > 0 in §2 and % =0on 4.
We furthermore assume that
D e C*([0,00)), D(0)>0 (1.6)
and
D(u) > 6éu™ forallu>0 (1.7)

with some @ € R and § > 0.
The main result of this paper reads as follows.

Theorem 1.1 Letn>2, x >0, >0, 4 >0,r> 2 and n € (0,1], and let D be a function
satisfying (1.6) and (1.7) with o < % Then, for any initial data fulfilling (1.5), the
problem (1.4) admits a unique classical solution which is global and bounded in 2 x (0, 00).
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Remark 1.1
(i) From our results, it is worth to point out that the nonlinear production affect the
nonlinear diffusion to guarantee the global boundedness of the solution to (1.4).
(ii) Obviously, since (1.6) and (1.7) are equivalent to D(u) > §(u + 1), for r = 2 and
n =1, Theorem 1.1 agrees with Wang [28, 29], who proved the boundedness of the
solutions in the case n > 2.

This paper is structured as follows. In Sect. 2, we collect basic facts which will be used
later. Section 3 is devoted to proving global existence and boundedness by using some L”-
estimate techniques and Moser—Alikakos iteration (see e.g. [1] and Lemma A.1 in [22]).

2 Preliminaries
We first state one result concerning local-in-time existence of a classical solution to model
(1.4).

Lemma 2.1 Let x >0, & >0 and p >0, and assume that uy, vy and wy satisfy (1.5). Then
the problem (1.4) admits a unique classical solution

u € CO2 x [0, Tinax)) N C*1(82 x (0, Tax)),
v e CO2 x [0, Tinax)) N C*1(82 x (0, Trax)) (2.1)
w € C*(2 x (0, Trmax)),

withu>0,v>0and 0 <w < ||wo|lzoe) for all (x,t) € §2 x [0, Tax), where Tiax denotes

the maximal existence time. In addition, if T, < +00, then
”M(, t) ”Loo(g) — 00 as t / Tmaxo (22)

Proof The local-in-time existence of classical solution to model (1.4) is well established by
a fixed point theorem in the context of chemotaxis—haptotaxis systems. By the maximum
principle, it is easy to obtain # > 0 and v > 0 for all (x,£) € 2 X [0, Thax). Integrating
the third equation in (1.4), it follows from (1.5) and v > 0 that 0 < w < ||wg||Lx(g) for
all (x,£) € 2 x [0, Thax). The proof is quite standard, for details, we refer the reader to
[46]. O

For reference, we begin with Young’s inequality, which states, for any positive numbers
p and g with % + %1 =1, that

a? b1
ab< —+—, Va,b>0.
p

This immediately yields the so-called Young inequality with €.

Lemma 2.2 (Young’s inequality with €) Let p and q be two given positive numbers with
i + %1 = 1. Then, for any € > 0,

ab <ed’ + , Va,b>0. (2.3)

(ep)fg’ q



Lei and Li Boundary Value Problems (2019) 2019:138 Page 7 of 18

In the proof of main result, we will frequently use the following version of the Gagliardo—
Nirenberg inequality, for detail we refer to the reader to [10].

Lemma 2.3 (Gagliardo—Nirenberg inequality) Let 2 C R” be a bounded smooth domain
andr>1,0<q <p <00,s>0 be such that

Then there exists ¢ > 0 such that

letlloey < (VUG lllbalo + lullis)  forallu e W(2) NLI(2),

where
1_1
a_p
a= .
.
Proof This can be found in [10, Lemma 2.3]. O

The following lemma provides the basic estimates of solutions to (1.4).

Lemma 2.4 Let (u,v,w) be the solution of (1.4). Then there exists C > 0 depending on
m, |vollp1 gy and \luoll 1oy such that

””("t)”Ll(m =G lve.0) ”LI(Q) =G
|| VV("t)”LZ(.Q) <C forallte (0, Tna)

Proof (i) Integrating the first equation in (1.4) with respect to x € §2, we have

i fesn [ [
—u<pu| u-pn | .
dt Jo 2 2

Then

%/ﬂu+/gui(,u+1)/;2u—li/9”rr (2.5)

since w > 0 by Lemma 2.1. Moreover, by Young’s inequality (2.3), we get

d ~
pr Qu+/ﬂu§C1,

where C; > 0, as all subsequently appearing constants C,>0and C; >0 are depending on
1, Ivollp1() and [luoll11(e)-

Upon ODE comparison, we can prove that [|u(-, £)|/;1(o) < C.

(ii) Integrating the second equation in (1.4) with respect to x € §2 yields

il e e
— v+ | v=] u".
dt Jo 17 2
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Moreover, if n € (0, 1), by Young’s inequality(2.3), we get

fu”S/ u+(1-n)2|<C.
2 2

If n =1, we get

AR
— V+ V= u<CcC.
dt Jo I?) I?)

In summary, upon ODE comparison, we can prove [|[v(-,)[|;12) < C.
(iii) Multiplying the second equation in (1.4) by —Av and integrating over £2, and using

Young’s inequality, we find

1d 1
- R NINRY N R PO N
2dt Jo 2 2 2 2 4 Jg

and thus

d 1
—/ |Vv|2+2/ |Vv|2§—/ u?.

Combining this with (2.5), we obtain

d 1
— (|Vv|2+u)+2/(|Vv|2+u)§—/u2”+(u+2)/u—M/ u'.
dt Jo I7) 2Jo @ 2

Moreover, by Young’s inequality (2.3), we get

i/ (|VV|2+M)+2/ (IVV? + u) < Cs.

Upon ODE comparison, we can prove || Vv(-,£)|l;2(g) < C. a

Lemma 2.5 Let (u,v,w) be the classical solution of (1.4) in 2 x (0, Tyax). Then, for any
k>1,

—/ u"lv.(qu)gcl</ uk+/ ukv+kf uk1|Vu|> (2.6)
2 2 2 2

with constant c; > 0 independent of k.

Proof Firstly, we follow the well-known precedent in [18] and give the estimate for Aw.

Since the third equation in (1.4) is an ODE, we have

L
w(x, t) = wo(x)e o ),

t
Vw(x, t) = Vwo(x)e’fé vixs)ds _ wo(x)e’fé "("’S)dsf V(x,s) ds,
0
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as well as

. t
Aw(x,t) = Awo(x)e_fﬂt vws)ds _ o= [ ) AS\7 0 (x) - / Vv(x,s)ds
0

/t Vv(x,s)ds

0

2

t
" ¢
+ wo(x)e Jovies)ds . — wo(x)e Jovws)ds / Av(x,s)ds
0

and
t
Aw(x, t) > Awg(x)e” Jo sy ds _ g f vws) BV wo(x) - / Vv(x,s)ds
0

t
- wo(x)e_fot V(’"S)dS/ Av(x,s)ds. (2.8)
0

Note that % =0and % =0, (2.7) shows that %’ = 0. Therefore, the zero-flux boundary
condition in (1.4) becomes

0 0 0
_uz_Vz_Wzo, x€082,t>0.
dv  dv  Jv

Hence, for any k > 1, integrating by parts and using (2.8), we obtain
- / WV - (uVw) dx
2

= (k- 1)/ WV Vwdx
2

k-1
=— / u Awdx
k 0
k-1
<
-k

t
/ uk <—Aw0(x)e’ Jovisyds 4 o= f vws) BV wo(x) - f Vv(x,s)ds
o) 0

ot 4
+ wo(x)e Jo V@) ds / Av(x,s) ds) dx
0

=Nh+h+]s (2.9)
where
k-1
Ji= % W Awg(x)e” Jo vns) ds dx,
Q
2k -1 - t
= g/ uke_ﬁ)t"("’s)dSVWo(x) / Vv(x,s)dsdx
k 2 0
and
k-1 t
Jo= | ufwo(x)e fovissds / Av(x, s) ds dx.
k Jo 0

Now, since v > 0 leads to

—Awp(x)e o759 < || Awg |10y forall (x,£) € 2 x (0, Thnan),

Page9of 18



Lei and Li Boundary Value Problems (2019) 2019:138 Page 10 of 18

we have
T < I Awole(ey / i d, (2.10)
1?)
2k-1
b= —7( 3 ) / Uk Ve Joveds Vwo(x) dx
17)

=2(k - 1)/ W1y . Vwo(x)e_ﬂ)t vis)ds o
Q

. 2(/( - 1) / ukAWO(x)e—fév(x,s)ds dx
kJa

§c1k/ uk‘IIVuldx+01/ uF dx, (2.11)
7 @

and

Skl
3= k o

k-1 £
< - X / ukwo(x)e‘ftf v(x.s)ds (V(x,s) —1o(x) + / v(x,s) ds) dx
fo) 0

t
WFwo(x)e Jo vios)ds f (vs (x,8) + v(x,8) — u'(x, s)) dsdx
0

§c1/ ukvdx+c1/ uF dx (2.12)
fo) fo)

for all (x,¢) € £2 x (0, Tmax), where we have used the facts that ze™ < % for all z € R and
0 < e Jovwsds <1 thanks to v > 0. Inserting (2.10)—(2.12) into (2.9) yields

_/ IV (uVw)dx < 61/ ukdx+c1/ ukvdx+clk/ W \Vul dx. O
2 2 2 2
m_m
Lemma 2.6 Letn>2,1n € (0,1], a < nfjml, 01 = 2(1]1;1)» 0, = 2(];112)::’1_1) and K; = mz—;il’
n

i = 1,2. Then, for all sufficiently large k > 1, there exists a large m > 1 such that thefoflowmg

inequalities are valid:

n-2 .
0;>2, m > 2—9,-, 2m > max{fx;, k + 1} fori=1,2. (2.13)
n
Proof Since 2m > 0;k; is equivalent to m > % - %, it is sufficient to show that if @ < %,
then, for all sufficiently large k > 1, there exists a large m > 1 satisfying m > % -2(i=1,2)
and 2m > k + 1, which can be achieved by the fact that m > % - %(i =1,2) is equivalent to
lle 2 m< (k+)(m+2) 2 O
- n 2nn n

3 Proof of Theorem 1.1

In this section, we are going to establish an iteration step to develop the main ingredient
of our result. The iteration depends on a series of a priori estimates. Firstly, based on the
estimates in Lemma 2.3, we use test function arguments to derive the bound of % in L¥(£2)
and Vv in L?"($2) for all sufficiently large k,m > 1, which is the main step towards our

proof of Theorem 1.1.
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Lemma 3.1 Assume that D satisfies (1.6) and (1.7) with o < % Then, for all large
numbers m > 2, k > 1 as provided by Lemma 2.6, there exists C > 0 such that

”u(-,t) ”Lk(.(Z) <C, H Vv(.,t) ||L2m <C forallte (0, Tnax)- (3.1)
Proof Multiplying the first equation in (1.4) by kz*~! and integrating over £2, we get
fwmﬁ +k(k=1) [ " 2D@)|Vul* + kp | !
' @ Q o Q
<-kyx f V- V)it - kE/ V- uVw)uk ! + k/L/ uk. (3.2)
2 2 2
By (1.7), we have
8k(k - 1) / W'\ Vul® < k(k-1) / w* > D(u)|Vul’. (33)
2 2
By Young’s inequality, the first item on the right side of the inequality (3.2) becomes
—kyx / V- uVv)ul!
2
:kxf uVv - V!
2
=k(k—-1)x / WV Vv
2

Skk -1 2k(k -1
< D [ g LD [ g (34)
2 Q 248 2

The second item of the right side of the inequality (3.2), combining with (2.6), yields
—ké/ WY - (uVw) < clk§/ uk + clkéf ukv+c1k2§/ WV
2 2 2 2

Sk(k-1) o £k
< ik k k / k / k2av 2 1 k+a. 3.5
<q é/ﬂu +c1kE qu+—4 Qu |Vu| +5(k—1) Qu (3.5)

Hence, inserting (3.3)—(3.5) into (3.2) yields

d k=) [ 0 s
2l +—/ WV +kM/ o
dt’ @) 4 Jg p

2k(k -1
SM/ uk+°‘|Vv|2+c1k§/ uk+c1k5/ uky
26 o) o) o)

25273
Clg k k+o / k
+ u ¥+ k u". 3.6

sk—1) Jo " e 30

Removing the nonnegative number on the left of the inequality (3.6), we have

d 2k(k—1
—||M||]Zk(9)+kM/ Wkt < M‘/ uk+°‘|Vv|2+c1kE/ uk+clk5/ uFv

25213
ik k+a / k
+ u "+ k u”.
sk-1) Jg "o
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Furthermore, using Young’s inequality, we can find

d 2k(k -1
ol g + <2 /Q i < CKEZD /Q T2 4 ¢ /Q A g, (37)

where ¢; > 0, as all subsequently appearing constants cs,ca, ..., 16 possibly depend on %,
m, 1, &, r,n, |$2| and 8.
Differentiating the second equation in (1.4), we obtain

d 2 2

%|Vv| =2Vv-VAv-2|Vy|* +2Vu" - Vy,
and hence, according to the identity

AIVV]> =2V VAv + 2| D[,
we obtain

d 2 2 2. |2

E'W = A|Vv]> = 2|D*|" +2Vu" - V.
Testing this by m|Vv|?"2 yields

d 2m 2m—4 212

— | V" +m(m—-1) | |Vy| }V|Vv| ‘

dt Jo 2

+2m/ |Vv|2”’_2|D2v|2+2m/ [Vy2"
2

a|vV|2

<2m/ [V 2vyn . vV+m/ — | VyP2, (3.8)

On the other hand, based on the estimate of Mizoguchi—Souplet [13], the Gagliardo—
Nirenberg inequality and boundedness of Vv in L%(£2), we can conclude that

3|V b
m/ lelzm_z < 03</ ’VIVVV”’Z) +c3 (3.9)
e Ov Q

with some b € (0, 1). Therefore, combining (3.8) with (3.9) and applying Young’s inequality,

we have
d ~1
—/ |VV|2’”+M/ V24| V| vy
dt 0 2 Q
+2mf |Vv|2m’2|D2V}2+2m/ | Vv 2"
2 2

<2m / VY22V u - Vv + ¢y (3.10)
2

dueto [, [Vv[>"*|V|Vy2|2 = & [ |V|Vy|™ %
Hence, due to the pointwise identities V|Vv|?"~2 = (m — 1)|Vv|?"*V|Vv|? and |Av|? <
n|D?v|?, and together with an integration by the right part in (3.10) and using Young’s
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inequality, we have
2m / V|22V y" . Vy
fo)
=—2m(m—1)/ un|VV|2m74VV-V|VV|2—2Wl/ W VP2 Ay
2 o)
-1
M/ |VV|2m’4|V|VV|2|2+4m(m—1)/ u2 |V P2
4 0 2
+ Z/ |VV|2m_2|Av|2+mn/ u?|Vy| P2
nJe Q
-1
L(m )/ |VV|2""4|V|VV|2’2+(4m(m—1)+mn)/ u?|Vy| P2
4 0 2
+m/ |VV|2m_2‘D2V‘2. (3.11)
2
Hence, inserting (3.11) into (3.10) yields
d 2m m|2 2m
— [ VP s m=1) | |VIVV| +2m [ VY
at Jo 2 o)

< (4m(m -1)+ mn)/ u? |\ VP2 4 ¢y (3.12)
Q2

Hence combining (3.7) with (3.12) and using Young’s inequality, we can find

i/ (Mk+|VV|2m)+65/ (|V|VV|’”|2+|VV|2’”)+C5/ uk+!

2
§c6/ uk“"IVV|2+c6/ u2”|Vv|2m‘2+c6/ V4 e
2 2 I7)
Cs5
<=2 | ! +c7/ (IVV™ + [Vv|*2) +06/ VL 4 e (3.13)
2 Je I?) Q

with 6; (i = 1,2) as shown in Lemma 2.6. According to the Gagliardo—Nirenberg inequality,
(2.4) and Lemma 2.6, we have

0
¢ / IV = e Vw7,
2 Lm

9;

< (V19 g IO 19017 )

%
< oo VIVY" | 5 + 00

< %5||V|Vv|’” 220 + €10- (3.14)

Due to the boundedness of [|[v|| y12(g) (see Lemma 2.4) and Lemma 2.6, and by the Sobolev
inequality and Young’s inequality, we can find

1 kel kel
CG/ vl < eullvilzsee) < 612||V||L:§+1(_Q) +C12
2

Cs
< Cl3||V||]L(§y}1(Q) o= / VY + cra. (3.15)
2
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Hence substituting (3.14) and (3.15) into (3.13) yields

d c
P /Q(uk + |Vv|2”‘) + 55 /Q(uk*l + |VV|2’”) <c1s,

by Young’s inequality, we can find

d c
pr /Q(uk + |Vv|2’") + 55 fg(uk + |Vv|2”’) <ci

for sufficiently large k > 1, m > 1. Consequently, y(¢) := fg(uk + | Vv|?™) satisfies y/(t) +
Fy(t) < ce.

Upon an ODE comparison argument, we have y(£) < max{y(0), %} for all £ € (0, Tyax)-

The proof of Lemma 3.1 is complete. d

Due to [lu(:,t)|| ko) < C is bounded for any large k, by the fundamental estimates for
Neumann semigroup (see [8, Lemma 2.1]) or the standard regularity theory of parabolic
equation, we immediately have the following corollary.

Corollary 3.1 Let x >0, & >0 and u > 0, and assume that (ug, vo, wo) satisfy (1.5). Then
there exists C > 0 such that the solution (u, v, w) of (1.4) satisfies

”v(-,t)H wieo(g) = C forallt e (0, Tax)- (3.16)

Now we can prove our main result. The derivation of following statement can be ob-
tained by a well-established Moser—Alikakos iteration technique (see e.g. [1] and Lemma
A.1in [22]). We choose (3.6) as a starting point for our proof.

Lemma 3.2 Under the same assumption of Lemma 3.1, there exists C > 0 such that the
solution (u,v,w) of (1.4) satisfies

||u(~, t) ||Loo(m <C forallte (0, Thax)- (3.17)
Proof We begin with (3.6)

d Sk(k —1) k-2 2 k+r-1
“ulke, o+ 4/‘ U Y| V| +kp¢/ ur
dr' @) 4 o o

2k(k-1
< M/ uk+“|Vv|2+c1k§/ uk+clk.§/ uky
28 2 2 2

252713
Clgk / k+a / k
2 k ,
+2(S(k—1) QM + Kl QM

which, along with (3.16), implies that

d Sk(k—-1) o 2 Kr1
gk +—/ L vy +k,u/ oo
de' @) 4 o o

k k C% K k k
<cirklk -1 U veprk | u+ ——— | " +k us,
< c17k( )/Q 17 fg 28k-1) Jo M./;z

where ¢;7 > 0, as all subsequently appearing constants cig, c19, ... are independent of k.
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Due to @ < 1,7 >2 and u# > 0 and by Young’s inequality, we can find

d o
—/ uk+c18/ |VukT|2+/ ukfclgsz uk (3.18)
at Jo fo) 2 o)
We now recursively define
2 ,
ki=bj=--bii1+a, i>1, (3.19)
s
2b;(1 - a) .
PP 3.20
T bi-ba-a) T (.20
and
M;:= sup / ubi, ieN. (3.21)
te(0,7) J 2
Note that (b;);cn increases and
2\’ 2\
Co3 - (—) <b;<cy- <—) foralli e N, (3.22)
s s

where we chose s € (0,2).
Now invoking the Gagliardo—Nirenberg inequality (Lemma 2.3), we find ¢y > 0 inde-

pendent of &, such that
= b e ba e (-a) =
J IR Ui [ 7 i P e PR A CED
2 L bi—a
for all ¢ € (0, Thnax), With
1_ 1 n_ _n
s T 2y PR
bj—a bj-a
4=t 1o1=7 - €(0,1). (3.24)
s n 2 2
so we havi ) with (3.23) and using

Assume b; > max 2 )T a},

Young’s inequality, we obtain
2b;

((1-a) bi—a

2b;
sty o=a) \ Bi-aba ) sthi-) \ G-
— u it '<021b +cnb; u 2 .
2

2b; , and thus

—a) bi—a
> )

: bi—a—b,ﬂ

—a)

To simplify this, we observe that 2 b

b oz

Inserting (3.19)—(3.22) into (3.25) yields

d [, [ , 4
ELM +/;2M §625'<S—2>

2b;(1-a)
s bl—ot s(bj—a—b;a)
) . (3.25)

i
€
M.
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Upon invoking an ODE comparison argument, we have

b; 4 ! €;
M; < max ||M0||Lo<>(9),625 2 Mt
We easily deduce from (3.19), (3.20) and (3.22) that

2bil-a) 2 b(l-a) 2 ‘
i = = — . - . 1 ), Z 1 326
¢ stbj—ba-a) s bi—ba-a s 1+e), i ( )

holds with some ¢; > 0 satisfying

o Co6 S i
= < e (2 3.27
¢ bi—bia—a - i =67 (2) ( )

for all i > 1 and appropriately large ¢y > 0 and cy7 > 0.

Now if ||u0||i"oo(9) > o5 - (%)i ~Mfi1 for infinitely many i > 1, we get (3.17) with C =
le£0 || oo (2 for all £ € (0, Trmax).

Otherwise

4\
M; <co5 - <—) M, foralli>1.
s !
By a straightforward induction, this yields

]—Iézl €j
-M,

=2 i
14502 l—[i e 4 HZ,":Q(“]—I)‘H}:,;/‘E[
M;<cy, TS

L —="25 2

N

for all i > 2, and hence in view of (3.22) and (3.26) we obtain

) . o i L8y L2 )8y LT (L
B Eés(%)"f‘czla‘zflg(%)'*’*l'lI}:ifj(l‘fsi) 4\ ‘a3 3 5 Lj=0(-D() I=ij(1+20)
M"* <c x| =
i — 725 52

= ‘I—I;:l(l*Si)

€23
x M,

for all i > 2. Since In(1 + z) < z for z > 0, from (3.27) and the fact that s < 2 we get

i i
c
ln(]_[(l B 8:’)) <> as - =,
=1 =1 2
so that using Z;:g(i —j=1)-($)7 <35 h($)" < 00, from this we conclude that also in
this case ||u(-, £)||1o(s) is bounded from above by a constant independent of ¢ € (0, Tmax).
This clearly proves (3.17). O

We are now in a position to pass to the proof of Theorem 1.1.

Proof of Theorem 1.1 First we see that boundedness of # and v follows from Lemma 3.2
and Corollary 3.1, respectively. Therefore the assertion of Theorem 1.1 is immediately
obtained from Lemma 2.1. O
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