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1 Introduction

In this paper, we investigate the following mixed fractional differential system:

DP (@, (“D*1u(2))) + fi(t, u(t), (1)) = O,

DP2 (g, (CD*2v(¢))) + fo(t, u(t), v(£)) =0, 0<t<]1,

W) =u'(0) = =u"D0)=0,  u(l)=pif,als)v(s)dA(s),
V(0)=v"(0) = --- =v"1(0) =0, (1) = pa f, b(s)u(s) dAs(s),
D*1(0) =0, Dy(1) = e1°D* u(n1),

cD*v(0) = 0, ‘D*2y(1) = £2°D*2v(n),

(1.1)

where 1< 8, <2, 1<nm-1l<a; <m1l<m-1<ay<m,n,m>2, D is the Riemann—
Liouville derivative operator, D% is the Caputo derivative. u; > 0 is a constant, ; € (0, 1),
&; > 0and satisfies 1 — & bl 50, @y, is the Laplacian operator defined by ¢, (s) = [s|/i"%s,
(0p) " =0y, Pii + é =1,pi>1, fol a(s)v(s) dA(s), fol b(s)u(s) dA,(s) denote the Riemann—
Stieltjes integrals with a signed measure, that is A; : [0,1] — [0, +00) is the function of
bounded variation. a, b : [0, 1] — [0, +00) are continuous, f; : [0,1] x [0, +00) x [0, +00) —
[0, +00) is a continuous function, i = 1, 2.

Compared with the integer order systems, fractional differential systems are regarded
as a better tool in the description of some problems in science and engineering. Arafal et
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al. [1] presented a fractional order model for infection of CD4* T cells:

D*(T) =s—KVT —dT +bI,
D () = KVT — (b + 8)I,
D*(V) =NSI-cV,

where a1, a3, o3 > 0. In the mathematical context, many mathematicians and applied schol-
ars have studied the fractional differential equation or system in recent years [2—15]. In
addition, by applying the functional analysis methods such as the lower and upper solu-
tions, monotone iterative techniques, fractional integro-differential equations or singular
equations are researched by Dumitru et al. [16], Denton et al. [17], Lyons and Neugebauer
[18], Ambrosio [19], Zhou and Qiao [20]. There are also related books [21, 22].

Cabada and Wang in [23] studied the following factional differential equation:

D%u(t) + f(t,u(¢)) =0, O0<t<l, 12)

u)=w/(0)=0,  u(1) =2 [ uls)dA(s), '
where 2 <@ <3, 0< A, A #«, D* is the Caputo fractional derivative, and f : [0,1] x
[0, +00) — [0, +00) is a continuous function. By the use of Guo—Krasnosel'skii fixed point
theorem, the authors in [23] obtained the positive solution to Eq. (1.2). Cabada and Wang
also discussed the solution of Eq. (1.2) when D* is the Riemann-Liouville fractional
derivative [24].

The p-Laplacian equation is the second order quasilinear differential operator, it arises
in the modeling of various physical and natural phenomena. Fractional differential equa-
tion with p-Laplacian operator can describe the nonlinear phenomena in non-Newtonian
fluids and establishes complex process models; for some related articles, see [25-31]. Via
variational methods, Li and Wei [32] dealt with fractional p-Laplacian equations, the exis-
tence and multiplicity of nontrivial solutions were obtained. Wu et al. [33] researched the
following fractional differential turbulent flow model and obtained the iterative solutions

of the equation:

-D*(gp (=D u(t))) = g()h(u), O0<t<1, (1.3)
u(0) =0, D"u(0) =D"u(1) =0, u(l) = fol u(s) dA(s),
where 1 < «, y <2, D% DY are the Riemann-Liouville fractional derivatives, % : [0, +00) —
[0, +00) is a continuous and increasing function.
Fractional differential systems with p-Laplacian operators have also attracted tremen-
dous attention [34—40]. Among them, applying the monotone iterative approach, the au-

thors in [34] got the extremal solutions of the following system:

D (g, (DB ult))) = fi(2, v(2)),
D& (pp, DPVD)) = folt, u(d)), 0<t<1,
u(0)=Du(0)=0,  Dju(l) = Y5 ay Dy uln) = 0,

W(0) =Dv(0)=0,  Diw(l) =Y "> ayDv(n) =0,
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where 0<a;, v, <1, 1< B; <2, Dy, DgiDgi are the Riemann—Liouville fractional deriva-
tives, i =1, 2.

Inspired by the above articles, in this article we discuss the mixed fractional differen-
tial system with p-Laplacian operators under integral boundary value conditions. To the
best of our knowledge, there is very little research on mixed fractional differential sys-
tems, especially if the system has p-Laplacian operators. Through the application of the
Guo-Krasnosel’skii fixed point theorem, the existence of multiple positive solutions of the

system is achieved.

2 Preliminaries and lemmas
Definition 2.1 ([41, 42]) The Caputo fractional order derivative of ordera >0, n—1 <« <
n, n € N is defined as

co _ 1 ! _ a1 (n)
D u(t)_—l“(n—a)/(; (t—s) u(s)ds,

where u € C"(J,R), R = (-00, +00), N denotes the natural number set, #n = [«] + 1, and [«]

denotes the integer part of «.

Definition 2.2 ([41, 42]) Let o > 0 and let u be piecewise continuous on (0, +00) and in-

tegrable on any finite subinterval of [0, +00). Then, for ¢ > 0, we call

o _L ! _ el
IPu(t) = F(a),/o(t 8)* " u(s)ds

the Riemann-Liouville fractional integral of u of order «.

Lemma 2.1 ([41,42]) Letn—1<a <n,uc C"[0,1]. Then
¢ (”D“u)(t) =u(t) +co+Crt+ ot + -+ cyat™ Y,

where c; € R (i =1,2,...,n— 1), n is the smallest integer greater than or equal to o.

Let @, (DU u(t)) = 1(t), @p,((DL2v()) = W(t), then 7(0) = 0, (1) = &/ u(ny), ¥(0) = 0,

(1) = 6‘[2)2711_/(7}2), we now consider the following system:

DA(t) + y1(8) = 0, DP2U(t) + y5(t) =0, O<t<1,
#W0)=0)=0, @)= u(m), (2.1)

(1) = &5 ().

Similar to [43], if y; € C[0, 1], then the system (2.1) has a unique solution,

a(t) = [, Hit,s)y1(s)ds,
V(1) = [ Ha(t,s)ya(s) ds,
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where

_ _ Sf’i_ltﬂi—l
Hi(t,s) = hi(t,s) + lp%l,
1-¢&" nfit
(2.2)
(tQ-s)fi-t—t-s)Pi"!

E(t )_ F(ﬁi) ) OSSStEL

ne (ta-s)Pit O<t<s<l1

re) St=s=

For y; € C[0, 1], consider the system

DPH @y, (CD*1u(t)) + 71(£) =0, D@, ("D(1)) +32(t) =0, 0<t<1,

W) =u'(0)=---=u©0) =0,  u(l)=p [y als)v(s)dA(s),

V(0) =v"(0) = --- = v (0) = 0, v(1) = uy fol b(s)u(s) dAy(s), (2.3)
cD*1(0) =0, D" y(1) = £:°D* u(n,y),

¢D*21(0) = 0, ¢ DY2y(1) = £,°D*2v(n;,).

Through calculation, we conclude that system (2.3) is equal to

D ult) + ¢, (fy Hi(t,)y1(s)ds) = 0,

“D2y(t) + @, (fo1 Hy(t,s)y2(s)ds) =0, 0<t<1,

W) =u'(0)=---=uD0) =0,  u(l)=p [y als)v(s)dA(s),
V(0) =v"(0) = --- =1 (0) = 0, v(1) = uy fol b(s)u(s) dAy(s).

Lemma 2.2 was obtained by the author herself and her collaborator in [44]

Lemma 2.2 Assume the following condition (Ho) holds.
(Ho)

1 1
ki = / a(s)dA:(s) >0, ky = / b(s)dAy(s) >0, 1-puiuzkiks >0.
0 0
Let h; € C(0,1) N L(0,1) (i = 1,2), then the system with the coupled boundary conditions

D" u(t) + hi(t) = 0, cD2y(t) + hy(t) =0, O0<t<l,
W) =u'(0) = =u"D0)=0,  u(1)=p [, als)v(s)dA(s), (2:4)
V(0)=v'(0) =--- =" D(0) = 0, (1) = pa [ b(s)u(s) dAx(s),

has a unique integral representation,

ult) = [ Ki(t,s)h(s)ds + [,y Hi(t,5)ho(s) ds,

: : (2.5)
v(t) = [y Ka(t, s)ha(s) ds + [y Ha(t,$)hi(s) ds,

Page 4 of 17
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where
1ok !
Ki(t,s) = m / G1(t,8)b(t) dAy(t) + Gi(t, s),
— ppakiky Jo
M1 !
Hits) - — P / Galt,5)a(t) dA: (1),
1 — pypakiks Jo 26)
pap1ks ! '
Ks(t,s) = m / Ga(t, s)a(t) dA1(t) + Ga(t,s),
— ppzkiky Jo
2 !
Hots) - — 12 / G (£,9)b(6) dAs(0),
1 — pypakiks Jo
and
(173)0‘1'}1(%(373%‘*1, 0<s<t<l,
Gi(t7 S) = wi—1 i i = ]., 2- (2.7)
A 0<t<s<l,

Lemma 2.3 The Green function H(t,s), Gi(t,s) (i = 1,2) defined separately by (2.2), (2.7)
has the following properties:
(i) Hit,s), Gi(t,s):[0,1] x [0,1] — [0, +00) are continuous,
(ii)
(1 —S)“i_l(l _ th,‘—l) (1 —S)“i_l

() < Gi(t,s) < W;

t,s €[0,1].

Proof Obviously, (i) holds, we only prove (ii). From the definition of G;(¢,s), for 0 < ¢ <
s < 1, it is obvious that (ii) holds.

ForO<s<t<1,wehavet—ts>1t—s, then

Q-4 (t—s)% > (1—s)%t = (£ —ts)4?
> (1 _ S)oz,-—l _ tai—l(l _ S)a,'—l

— (1 —g) (1),

=11 _poi—1 . .
so, we know % < Gi(t,s). It is also defined by G;(t,s), and we obtain G;(¢,s) <
(1-s)%i

Fay Thus, (ii) holds. The proof is completed. d
Similar to the proof in [35], Lemma 2.4 was obtained.
Lemma 2.4 Fort,s € [0, 1], the functions K(t, s) and H;(¢,s) (i = 1,2) defined as (2.3) satisfy

Ki(t,5), Ho(t,s) < p(1 = )7, Ky(t,s), Hy(t,s) < p(1 —s)*27, (2.8)

I<l(t, S);HZ(trs) Z Q(l - S)al_l, I<2(t>s);H1(t, S) Z Q(l _S)th_l: (29)
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where

Hapoky M2
0 = max I(ag)(1- Mlltzklkz fO (£)dA,(2) t Ty I'a1)(1- uwzklkz fO b(t) dAx(t),
(t) dAq1(¢t),

w1 moky
I () (1=p1 ki ka) fO (£)dA, t)+

11 poky fo b()(1 - t“l_l) dAy (1),

I(o1)(1~p1 ki ka) .
w _
I(oq)(1- Mzwzklkz fO h(t) - 117) dAy (1),

7 () (1= P«ll’-zklkZ fO

0 = max

1 paks 1

TG 1-1uakiF) fo —7) dA; (0),
-1

T ki) Jo a1 - 271 dA; (8).

Remark 2.1 From Lemma 2.4, for t, 7,s € [0, 1], we have

I<i(t! S) > C()I([(T, S)’ Hl’(tys) > wHi(tls)’ i= 1: 2;
I(l(t’ S) = a)H2(T¢S); HZ(t’ S) = wl(l(f’s);

Ky(t,5) > oHy(T,s),  Hi(t,s) > 0Ky(1,s),
where w = %, 0, p are defined as Lemma 2.4, 0 < w < 1.

Let X = C[0,1] x C[0,1], then X is a Banach space with the norm

|G, )| = max{lull, 1vIl}, llaell = max vil = tren[g?l(}|1/(t)|«

Let

K= {(u,V) e X :u(t) > w”(u,V)H,v(t) zw”(u,

0,11},

where o is defined as Remark 2.1. It is easy to see that K is a positive cone in X. For any

(u,v) € K, we can define an integral operator T': K — X by
T(”: V)(t) = (Tl(u’ V)(t), TZ(M’ V)(t))r 0 <t=< 1,
1
Ty (u,v)(t) = /0 Ki(,8)pq (/ Hi(s, )fi (v, u(r), (r))dr) ds
+ /0 Hi(t,5)¢4, (/0 Hy(s,T)fa (7, u(r), v(7)) dr) ds, 0<t<l, (2.10)
1 1
To(u,v)(t) = / Ky (2, 8)@q, </ Hy(s, 7)fa (7, u(r), v(1)) d‘L’) ds
0 0

1 1
+ / Hy(t,8)pq, </ Hi(s, T)fi (T, u(r), (1)) dr) ds, 0<t<l.
0 0

We know that (1, v) is a positive solutions of system (1.1) if and only if (i, v) is a fixed point
of Tin K.

Lemma 2.5 T : X — X is a completely continuous operator and T(K) C K.
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Proof By a routine discussion, we see that T : X — X is well defined, so we only prove
T(K) C K.Forany (u,v) € K,0<¢,t <1, by Remark 2.1, we have

1 1
Tl(u,v)(t):/ I(l(t,s)w,h(/ Hﬂs,r)ﬁ(t,u(t),v(r))dt) ds
/ HltS(pq2</ Hy(s,T f2 ru( ), v(t )) )ds
_/ wKi(t,$)0q, (/ Hi(s,T)fr (7, u(x), (1)) dr) ds
0
1
+/ a)Hl(t’,s)qu(/ ﬁg(s,r)fg(t,u(r),v(r))dr)ds
0 0

>w (/01 1(1(1:’,3)‘/7!11 <f01]71(8,t) 1(T,u(r),v(r)) dt) ds

1 1_
+/ Hl(t/’s)‘/’qz (/ Hz(S,f)fz(T,u(r),v(t)) dr) ds>
0 0

> Ty (u,v)(¢), (2.11)

1 1
Ty (u,v)(t) > / wH, (t’,s)<pq1 < Hi(s, ‘L’)fl(‘[, u(t), V(‘L’)) dt> ds
0 0

+ /lez(t/,S) </1ﬁ2(5,r) Q(I,M(T),V(‘C)) dr) ds
0 0
1 1
>w (/ Hy(t,5) g, (/ Hi(s, r)fl(r,u(r), V(1)) dr) ds
0 0
1 1
+/0 Ky(t,s) </0 Hy(s, 7)fa (7, u(r), v(1)) dr))

> wTo(u,v)(t). (2.12)
So we have

T (u, v)(2)

ie.,
T1(,v)(t) = o||(T1(w,v), Ta(u,v)) |-

In the same way as (2.11) and (2.12), we can prove that
T(u,v)(t) > | (T1(,v), To(u,v)) ||

Therefore, we have T(K) C K.
According to the Ascoli—Arzela theorem, we see that T: K — K is completely continu-

ous. The proof is completed. d

Lemma 2.6 ([45]) Let K be a positive cone in a Banach space E, §2, and $2, are bounded
opensetsinE, 0 € §2, R21C 2, T:KNQ2\21 > Kisa completely continuous operator.



Wang Boundary Value Problems (2019) 2019:144

If the following conditions are satisfied:

17x] < |lx|l, VYxe KNas2, | Tx| > |lxll, VxeKNas2,,
or

[7x] = ||x|l, VYxe KNas2, 1 Tx| < |lxll, VxeKNas2,,
then T has at least one fixed point in K N (£25\$2;).

3 Main results

Denote
L%, : t,x,
fo=timinf inf DG 0 s qp AGEY
x—>0" telablcO) @p, (x) 20t tefo1] P (x)
y€[0,+00) 7€[0,400)
L%, , t,%
fo=liminf inf 202 £ =limsup sup hbxy)
y—>0t telablc(0,1) @p, ()/) y—0*  tel0,1]  Ppo ()/)
x€[0,+00) xe[0,100)
t,x, . t,x,
fooztliminf inf TEED o o sy ABEY)
x—>+00 te[ab]C(01) Pp, (x) ioroe 0] Do (x)
y€[0,+00) ye[0,400)
t,x, . t,x,
Jfr0o = liminf  inf il y)’ £2° =limsup sup Sl J’),
y—+0 telablCO1) @p, (y) yoi0o 1] P ()/)

x€[0,+00) x€[0,+00)

1 1 1_ -1
L;= <—/ o(1 —s)“i‘lwqi (/ H,-(s,r)dt) ds) ,
2 Jo 0
1 1 b_ -1
I = <§/ o(1 —s)“i‘lgoqi (/ H,(s,r)dr) ds) , i=1,2.
0 a

In what follows, we list the conditions to be used later:
(H1) fo € (9, (1), +00], fino € (9, (1), +00].
(Hy) f? €[0,¢,,(L)), [ € [0, 0y, (L))
(H3) There exist constants d; € (0,L;) and r; > 0, such that
ﬁ(t,x;J’)f(ﬂpi(dirl); Oftflxofx;yirl
(H4) There exist constants d} € (I;, +00) and R; > 0, [a, b] C (0, 1), such that

fi(t.%,9) = ¢, (diR1), a<t<bwR <xy<Ri.

Theorem 3.1 Assume that (Ho), (H1), (Hs) hold, then system (1.1) has at least two positive
solutions (u1,v1) and (4o, v2) such that 0 < ||(u1, v1)|| < r1 < || (42, 2)].

Proof (I) By (Hs), there exist constants d; € (0,L;) and r; > 0, such that

filt,x,9) < @p(dir1), 0<t<1,0<uxy<r. (3.1)

Page 8 of 17



Wang Boundary Value Problems (2019) 2019:144

Let K, = {(#,v) € K : ||(4,v)|| < r1}. For any (u,v) € 9K,,, by the definition of || - ||, we know
that

w(t) < |u@®)] < llull < |(w,v)]| <1,

(3.2)
vt) < v@)| < vl < ||(wv)| <=, 0<t<L
Thus, for any (u,v) € 9K,,, by (3.1) and (3.2), we can obtain
filt, u@®),v(8)) < @y (dir1), 0<t<1. (3:3)
Hence, for any (¢, v) € 0K, by Lemmas 2.3, 2.4 and (3.3), we have
1 1
T1(u,v)(¢) = / Ki(t,5)¢q, (/ Hi(s,1) 1(T,M(T), V(‘L’)) dT) ds
0 0
1 1
+ / Hi(t,9)¢4, (/ Hy(s,T)fa (7, u(z), (7)) dr) ds
0 0
1 1
< /0 o(1 —s)"‘l_l(pq1 (/0 Hi(s, T)fl(‘L', M(‘E),V(T)) dr) ds
1 1
+ f p(1- s)"‘z_l(pq2 (/ Hy(s, 'E)fz(l’, u(r),v(t)) dr) ds
0 0
1 1
5/0 p(1 =8 g, (/0 Hl(s,f)wpl(dﬂﬂdr) ds
1 1
+/0 p(1-9)*" g, (/0 ﬁz(s,r)wpz(dzrl)dt> ds
1 1
_ -1 g
<n (Ll/o p(1—=5)"" ¢4 </0 Hl(s,‘[)dt) ds
1 1
+ L2A ol - s)"‘2’1<,061,2 (/0 Hy(s,7) dr) ds)
=r = H(u, V) || (3.4)
Similar to (3.4), for any (u,v) € 9K,,, we also have
| ot w)| <1 =[]
Consequently
|| T(u,v) || = max{” T1(u,v) |, | To(u,v) H} <r= || (w,v)|, (u,v)€dK,. (3.5)

(IT) With the first inequality of (H;), fio € (SDpi(%), +00], there exists a real number r €
(0,771), such that

l
Silt,%,9) < @p (X)@p, (—1> a<t<b0<x<ry=>0,
w
(3.6)

/
folt,x,y) < ‘ppz(y)‘ppz(_z)» a<t<b0<y<rx>0.
w

Page9of 17
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Let K, = {(u,v) € K : ||(u,v)|| < r}. For any (u,v) € 0K,

r= H(u, V) || > u(t) > a)|| (u, V)|| > wr, 57
r=|@v)|=v@®) > o|wv)|=eor, 0<t<l '

By Lemmas 2.3, 2.4 and (3.6), (3.7), we have
1 1
Ty (u,v)(t) = / Ki(2,8)@q, </ Hi(s, )fi (7, u(r), v(1)) dr) ds
0 0
1 1
+ f Hi(,8)@q, (/ Hy (s, ‘L’)fz(t, u(t), v(r)) dr) ds
0 0
1 1
> /0 o(1 -5, (/0 Hi(s, T)fi (7, u(z), (7)) dr) ds

1 1
+ /0 o1 —5)02—1¢q2 </(; ﬁz(s,‘[)fz(‘t,u(‘[),V(T)) dl’) ds

1 b I
> /0 o(1-9)1"" gy, (/a Hi(s, D)y (u(0)) 9, (;1) dr) ds
1 b /
+ /0 o(1-5)""g,, </ﬂ Ho (5, T)@p, (V(T)) 0y (;2) dr) ds
1 b
>r (ll / o(1 —s)"‘l’l(,oq1 (/ Hi(s, 1) dr) ds
0 a
1 b
+ lz/ o(1 —S)az_lqﬂqz (/ Hj(s,7) dr) ds)
0 a

=r= || (u,v) H (3.8)
Therefore, we obtain

” T (u,v) ” = max{ ” Ty (u,v)

)|} =r=@wv)

, forany (u,v) € 9K,. (3.9)

’

(III) With the second inequality of (H1), fiso € (¢, (g), +00], there exist real numbers r;,

ry*, such that

L

fl(trx’y)z(ppl(x)wpl <;>1 ﬂftfb;xzri,yzo,

l (3.10)
L6%9) = 0p,(0)0p, (i) a<t<by>rix>0.

Choose ry = max{2ry, o }. Let K, = {(u,v) € K : ||(4,v)|| < r2}. For any (u,v) € 3K, by

w0 wf

the definition of || - ||, we have

r= @) zu@®) 2 0|w)|zwrn>r;, 0<t<1,
(3.11)
r=|@v| =ve) = o|wv)| zon=r* 0<t<1.

Page 10 of 17
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Thus, for any (u,v) € 9K,,, by (3.10), (3.11), we have

I l
fl(tru(t)’v(t)) = Yp (M(t))(ppl (;1) > ¢p (wrZ)(ppl (;1)7 a<t=<bh,
(3.12)

! !
L& u(®),v(8)) = @, (V) 0p, (52) > @p, (0F2) @y, <£) a<t<b.

So, for any (u,v) € 0K,,, by Lemmas 2.3, 2.4 and (3.12), we know

1 1_
Ty )(t) = / g(l—s)‘“-%oql( / Hl(s,rm(r,u(n,v(r))dr)ds
0

0

1 1
+ /0 o(1 —s)“2—1¢q2 </0 ﬁz(S,r)fz(r,u(t),v(r)) dl’) ds

> /01 o(1-9"""g, </ab171(s, )@, (4(7)) 0, (g) dT) ds

+ /01 o(1-9""g, </ﬂbﬁ2(s, D)p, (V(0))0ps (%) dr) ds
= -9, ( / s D @r, (%) dr) ds

. /0 (-5 g, ( / " Fals, )@ (g) dr) ds
> <11 /01 o(1-s)""p, (/abﬁl(s,r)dr) ds

1 /0 o1 - sy, ( / bﬁz(s,t)dr) ds)

=ry= H(u, %) || (3.13)
Hence, we obtain

|| T(u,v) || = max{ || T:(u,v)

To(u,v) |} = ra = | (u,v)

, forany (u,v) € 0K,,. (3.14)

’

It follows from the above discussion, (3.5), (3.9), (3.14), Lemmas 2.5, 2.6, that T has
fixed points (u1,v1) € ?,2 \K;, (t2,v2) € R,\K,l, that is to say, system (1.1) has at least two
positive solutions (u1,v1), (42, v2), satisfying 0 < |[(u1,v1)|l < r1 < ||(#62,v2)||. The proof is

completed. O

Theorem 3.2 Assume that (Hy), (Hy), (H4) hold, then system (1.1) has at least two positive

solutions (u1,v1) and (uy,v2) such that 0 < ||(u1, v1)|| < Ry < |[(42, )]

Proof (I) By (Ha), there exist constants d} € (/;, +00) and R; > 0, such that

fit.%,9) > @, (diR1), a<t<bwRy<xy<R. (3.15)
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Let Kz, = {(#,v) € K : ||(4,v)|| < R1}. For any (u,v) € 0Kg,,

Ri= @) =z u) = o] (,v)| = @Ry,

(3.16)
Ri=|@wv)|=v(t) = 0|wv)|=wR;, 0<t<L.

Thus, for any (u,v) € 9Kg,, by Lemmas 2.3, 2.4 and (3.15), (3.16), we get

1 1
Ty (u,v)(t) = /0 Ki(t,8)¢q, <f0 Hl(s,r)fl(r,u(r), V(r)) d‘L’) ds
1 1
+/ Hi(t,8)@q, (/ Hy(s, 7)fa (7, u(1),v(7)) dr) ds
0 0
1 1
2/0 o(1-9"g, (/0 Hi(s, )fi (v, u(r), v(1)) dr) ds
1 1
+ /(; o(1 —s)o‘z’l(,oq,2 (/0 ﬁg(s,r)fz(r,u(r),v(r)) dr) ds
1 b
> /0 o(1-9)"g, (/a H (s, 7)¢p, (diRo) d‘() ds

1 b
+ / o(1- s)°‘2_1goq2 </ Hy(s, T)¢p, (d;Ro) dl') ds
0 a

1 b
>R, (h/ o(1 —s)‘)‘l_lwq1 (/ ﬁﬂs,t)dr) ds
0 a
1 b
+1 /0 o(1-s)2"g,, ( / Hz(s,r)dr) ds)

=R = | @) (3.17)

So, we have

” T(u,v) ” = max{ H T (u,v)

N TG w)] )
> Rl = ||(M, V)

, forany (u,v) € 0Kg,. (3.18)

(II) With the first inequality of (Hy), f° € [0, ©p;(L;)), there exists a real number R, €
(0,R;), such that

fl(t,x;J’) < (ppl (xLl) < (ppl (RZLI); 0 < t < 1,0 <x= RZ;y = O;

(3.19)
L(t%,9) < 0p,(VL2) < @p,(RaLs), 0<t<1,0<y<Ry,x>0.
Let Kz, = {(u,v) € K : ||(&s, v)|| < Ry}. For any (u,v) € dK,,
u(t) < [u@®)| < llull < |, v)] <R,
(3.20)

v(t) < v@)| < vl < || v)| <R, 0<t=<1.
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Therefore, for any (i, v) € 9Kg,, by Lemmas 2.3, 2.4 and (3.19), (3.20), we have

1 1
T1(u, v)(t) :/0 Ki(t,8)¢q, (/0 Hl(s,r)fl(r,u(r),v(r))dr> ds
1 1
+/0 Hl(t,s)goq2</o ﬁz(s,r)fz(r,u(r),v(r))dr) ds
1 1
5/0 p(l—s)"‘l_lwa(/o ﬁl(s,t)fl(t,u(r),v(t))dt) ds
1 1
+f0 p(l—s)“2_1¢q2<fo ﬁg(S,t)ﬁ(t,M(t),V(t))dt)ds
1 1
5/0 p(1 =38 g, (/0 ]TII(S’T)(/)pl(R2L1)dT) ds

1 1
+ / p(1- S)Dlz—lqu (/ Ho(s, T)@p, (RoLs) dr) ds
0 0

1 1

<R, (LI/O p(1 -5 g, (/0 ﬁl(s,r)dr)ds
1 1

+L2/0 p(l—s)"‘21<pq2</0 Hz(s,r)dr)ds)

=Ry = ||(w,v). (3.21)
By a similar proof to (3.21), for any (1, v) € 3Kx,, we also have
|26} < Re = | )]
Thus,

’

|| T(u,v) || = max{ || T1(u,v)

TZ(M’ V) H } = RZ = || (u: V)

. (,v) € 0K, (3.22)
(IIT) With the second inequality of (Hy), £ € [0, ¢,,(L;)), there exists R* > 0, such that

fl(hx;y) S(ppl(xLl)v OStS LxZR*,J’ZO,

(3.23)
L%y <@p0Ly), 0<t<1l,y>R"'x>0.
Now there are two situations.
Case 1. f; is bounded on [0, +00), then we choose R > 0, such that
fit,%y) <@p(RL), 0<t<Lxy>0,i=12. (3.24)

Let Rz = max{2Ry, R}, Kz, = {(u,v) € K : ||(14,v)|| < R3}. For any (u,v) € 0Kg,, we know

1 1
Ty () < / p(l_s)au%( / Hl(s,t)ﬁ(r,u(r),\/(r))dr)ds
0

0

1 1
+/0 ,o(l—s)"‘z_lgoq2 (/0 HQ(S,T)fQ(T,M(T),V(T)) dr) ds
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1 1
< / o(1 —s)oq—l(pq1 (/ Hi(s, 1)@y, (R3L1)dr) ds
0 0

1 1
+ / p(1 - s)orz—lq)qz (/ Hy(s, T)@p, (R3L5) dr) ds
0 0

1 1
<R3 (Ll/o o(1 —S)O‘l_lgoq1 </0 ﬁl(s,r)dt) ds
1 1
_ o)1 Fag
+L2‘/0 p(1—35)"" @ <f0 Hz(s,r)dr) ds)

=Rs = ||(u,v)]. (3.25)
Similar to (3.25), for any (1, v) € dKz,, we have
| T2 )| = Rs = ||,
Thus,

|| T(u,v) || = max{ || T1(u,v)

TZ(I"’ V) H } =< R3 = || (Mr V)

. (u,v) € 0K, (3.26)

’

Case 2. fi and f; have at least one unbounded function, assume both f; and f; are un-
bounded. (If f; or f; is unbounded, the proof is similar.) Choose R3 = max{2R;, %*}, such
that

filt,x,y) <fi(t,Rs3,R3), 0<t<1,0<xy<Rs3i=12. (3.27)

Let Kg, = {(u,v) € K : ||(1,v)|| < Rs3}. For any (u,v) € 0Kg,, by (3.24), (3.27), we have

T1(u,v)(t) < /01/0(1 - )" gy (/Olﬁl(s,tm(t,u(r),v(r)) dr) ds
+ fol p(1-s)2g, (folﬁg(s, 'K)fz(l’,u(l’),v(t)) dr) ds
< /01 o(1 —s)"’rlgoq1 (/OIITII(S, ‘c)ﬁ(r,Rg,Rg)d‘L'> ds
+ /01;0(1 -8 g, (/Olﬁz(s,r)fz(r,Rg,Rg)dr> ds
< /Olp(l -9 gy (/Olﬁl(s,r)wpl(Rng)dr) ds

1 1
+f p(1 -5, (/ Hj (s, T)@p, (R3L>) dr) ds
0 0

1 1
<R3 (L1/ ,o(l—s)"‘l_lqoq1 </ ﬁﬂs,t)dr) ds
0 0
1 1
_ o)1 g
+L2/(; p(1—35)"" @, (/(; Hz(s,t)dr) ds)

=Rs=|@wv)|. (3.28)
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Similar to (3.28), for any (u,v) € 0Kg,, we have
7.0 < Ra = )],
Thus,

” T(u,v) ” = max{ ” T (u,v)

Tg(lzt, V) H } =< RB = ” (u7 V)

, (u,v) € 0Kp,. (3.29)

’

Through the above discussion, (3.18), (3.22), (3.26) (or (3.29)), Lemmas 2.5, 2.6, T has
fixed points (u1,v;) € 1_<R1 \KRr,, (2,v2) € FRB\KRU that is to say, system (1.1) has at least
two positive solutions (u1,v1), (i, v2), satisfying 0 < || (s1, v1)|| < Ry < ||(#42, v2)||. The proof
is completed. g

4 An example
Consider the following fractional differential system:

D3 (D3 u(t)) + fi(t, u(®), v(t)) = 0,

D2 (D3v(t)) + folt, u(t),v(t) =0, 0<t<1,
W(0)=u"(0)=0,  v(0)="(0)=0,

u(l) = %fol $2v(s) ds3, v(1) = fol su(s) ds,
D3u(0)=0,  °Diu(l) = 1D*u(d),
DIV0)=0,  Div(l)=1Duy(l),

(4.1)

(SIS, T

1
Whereﬂlzﬁzz%,alzazz%,Ml:%,/1,2:l,Al(t):tg’Az(t):t,gl:(gzzi’nl:nz:
a(s) = s%, b(s) = s, p1 = p» = 2. Then we have

=

1 1
k1:/ a(s)dAl(s):/ 2dst=1s0
0 0 7

1 1
1

k2=/ b(s)dAg(s)zf sds=—>0,
0 0 2

27
1— pipokiks = 38> 0.

Condition (Hgp) holds. Through calculation, L; = L, = 2.43299, 1 = I, = 6.80274, w =
0.01953. Choose
fi(t,x,y)=107° (x2 + yz) cost + 350sinw,

falt,x,y) = 10_4t(x2 + y2) +350siny,

hL
fio =350 > 348.32258 = ¢, ( = ),
w

b
f20 =350 > 348.32258 = ¢, | — |,
w
hL
inO =400 > 348.32258 = (ppl DR K
w

!
fao = +00 > 348.32258 = @,,, <—2)
w
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Take di = dy = 2, r; = 180, we have

fi(t,x,y) <350.648 < 360 = d;r1,

folt,x,y) <356.48 <360 =dyr;, 0<t<1,0<xy<180.

Then, by Theorem 3.1, system (4.1) has at least two positive solutions (u1,v1) and (u3, vo)
such that 0 < ||(z1, v1)]| < 180 < |[(z£2, v2) ||
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