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1 Introduction
We consider the quadratic pencils of Sturm—Liouville operator L(p, ¢; i, H; a) of the form

Ly:=—y" + [ZAp(x) + q(x)]y =A%y, x€l0,m/2U(n/2,7], (1.1)

with the boundary conditions

¥'(0) - hy(0) =0,

(1.2)
y' () + Hy(m) = 0,
and with the discontinuous conditions
7/2+0)=ay(m/2-0),
¥( ) = ay( ) (L3)

Y (@/2+0)=aly(x/2-0),

where X is the spectral parameter, p(x) € W, [0, 7], g(x) € L,(0,7) are real-valued func-
tions, i, H € R, and a € R*/{1}.

Differential equations with potentials depending nonlinearly on the spectral parameter
appear frequently in various models of classical mechanics and quantum (see [5-7, 11, 18,
22] and the references therein). For instance, the evolution equations which are used to
model interactions between colliding relativistic spineless particles can be reduced to the
form (1.1), here the parameter A2 can be regarded as the energy of this system (see [5, 11,
18]).
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Boundary value problems with discontinuity inside the interval often appear in mathe-
matics, physics, geophysics, mechanics, and other branches of natural properties (see [1,
3,4, 8,10, 13—17, 20] and the references therein). The well-known work [4] is the first re-
sult about discontinuous inverse eigenvalue problems for the Sturm—-Liouville problems,
i.e., p(x) =0 in (1.1). Direct and inverse problems for differential pencils with impulse on
a finite interval have been investigated in [2].

Inverse spectral problems consist in recovering operators from their spectral character-
istics. The interior spectral data used for reconstructing the differential operators contains
the known eigenvalues and some information on eigenfunctions at some interior point in
the defined interval. The similar problems for the Sturm-Liouville operators and differ-
ential pencils were considered in [12, 19, 21].

The aim of this paper is to recover the pencils L(p, ¢; 1, H; a) uniquely from some eigen-
values and information on eigenfunctions at the interior point b € (0,7). As far as we
know, the inverse problem for interior spectra data of quadratic pencils with impulse has
not been considered before. Note that the obtained results here are new and they are a
generalization of the well-known one for the classical Sturm-Liouville operator, which
was studied in [12], for a special case that p(x) = 0 and a = 1. The results in this paper are
also a generalization of theorems in [21], where the authors considered the special case
that 4 = 1 and assumed either p(x) or g(x) is known a priori, which is unnecessary. The

technique we used is similar to those used in [12, 19, 21].

2 Main results
Itis known [2] that the spectrum of the pencils L(p, g; h, H; a) consists of simple, real eigen-

values A, n € Z under the additional assumption that

fo (Y @] +q@|y®)[*} dx >0

for all y(x) € W2[0,71/2) U (r/2,7] such that y(x) # 0 and y’(O)}W — ¥/ (m)y(w) = 0. The
sequence {1,}*  satisfies the classical asymptotic form [2]

w 1
An:n+—+O(—), || — oo, (2.1)
b n

where

W= / p(t)dt + (=1)" arcsin A4,
0

_ 1 T
A:a “ 1sin(/ p(t)dt).
a+a” /2

Denote by y,(x) the eigenfunction corresponding to the eigenvalue A,. Together with

L(p,q; h, H; ), let us consider another differential pencil L(p, §; 1, H; a) of the same form
but with different coefficients (p(x), g(x); h, H). 1t is assumed in what follows that if a certain
symbol § denotes an object related to L, then § will denote an analogous object related to L.

The main results of this paper are as follows.
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Theorem 2.1 [f, foranyn e Z,

Y(x/2-0,h,)  §(x/2-0,1,)

)\,,,:5»,,, == ’
y(w/2-0,1,)  Y(/2-0,Ay)

then p(x) = p(x) on [0, 7], g(x) = g(x) a.e. on [0, 7], and h = h H=H.

Remark 2.2 Note that if y(x) and z(x) are two continuously differentiable functions on
[0,77/2) U (r /2, ] and satisfy the same discontinuous condition (1.3), then a direct calcu-
lation yields that

(Yz-y2)(7/2-0) = (yz—yZ) (/2 +0).

Thus, we can replace the condition y'(77/2 — 0, 1,,)/y(7w /2 — 0, 1,,) = ¥ (/2 = 0, A,)) /(7 /2 —
0,2) by ' (/2 + 0, Ay)/y(7w /2 + 0, 1,r) = ¥ (/2 + 0, 1) /5(7w /2 + 0, A,y) in Theorem 2.1.

For the case b # /2, the uniqueness of (p,q; s, H) can be obtained from a part of the
second spectrum. We denote by u, the eigenvalues of the pencils L(p, q; h, H1;a), H1 # H,
H; € R. Let I(n), r(n) be sequences of integers with the properties

)= =1 +e,), 0<o1<le,—0, (2.3)
o1
n

r(m)=—1+e,), 0<oy<1e,—0. (2.4)
02

Theorem 2.3 Let [(n), r(n), and b € (7 /2, 7) be such that

2b 2b
O'1>——1, O’2>2——. (25)
g T

If, foranyn € Z,

. y/(b,kr(y,)) _ 5/,(19; }‘-r(n))
¥(b, ki) ¥y hry)

(2.6)

then p(x) = p(x) on [0,7], q(x) = q(x) a.e. on [0, 7], and h = h H=H.

3 Preliminaries
We shall first mention some results which will be needed later.

Let the function ¢(x, 1) be the solution of equation (1.1) with the initial-valued condi-
tions

@(0,1) =1, @' (0,1) = h, (3.1)
and the discontinuity conditions (1.3). It is shown in [2] that there exist functions A(x, £)
and B(x, t) whose first order partial derivatives are summable on [0, 7] for each x € [0, ]

such that

w(x,k):gao(x,)\)+/ A(x,t)cosktdt+/ B(x, t) sin At dt, (3.2)
0 0
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where
cos(Ax — B*(x)), x€(0,%),
Po(x, 1) = 2 (3:3)
atcos(ix — B*(x)) + a” cos(A(m —x) + B~ (x)), x€(5,m),
and
1 X X
at = E(d +al), B (x) = / p(t)dt, B~ (x) = / p(t)de. (34)
0 /2

It follows from (3.2) and (3.3) that the characteristic function of the pencil L(p, g; h, H; a)

can be reduced to A()1), where

A() =¢'(m, 1) + Ho(m, 1)
= A[a”sin(B7 (7)) — a* sin(Aw — B*(7))] + O(e!™*). (3.5)

Denote by Gs = {A: |A —n—w/x| > §,n € Z} with fixed § > 0. Then there exists a constant
Cs > 0 such that

|A()| > Cs|Alexp(|ImA|z) for A € G. (3.6)
Moreover, for the solutions ¢(x, 1) and ¢(x, 1) of the operators L and L, respectively, using
(3.2)—(3.4), and by extending the range of A(x, t), Alx, £) evenly with respect to the argu-
ment ¢ and B(x, £), B(x, £) oddly with respect to the argument ¢, and by some straightfor-

ward calculations, we infer that there exist functions R; (x, t) and R (x, t) whose first order

partial derivatives are summable on [0, 7] for each x € [0, ] such that, for 0 < x < 77/2,
- 1 _
@, A)P(x, 1) = 5 [cos (2Ax -6 (x)) + cos(@1 (x))]
+ / [Ri(x, )e*™ + Ry(x, t)e ] dt, (3.7)
0

and for m/2 <x < 7,

a+)2

[cos(2hx — 67 (x)) + cos (67 (x))]

(a™)?

(6, )3, 2) =

+ [cos(2A(r — %) + 65 (x)) + cos (65 (x))]

-

d [cos(k(Zx —7)— Bt (x) - E‘(x)) + cos(kn - B*(x) + 5‘(x))]

+ -

a [cos(r(2x — ) = B~ (x) - ﬁ*(x)) +cos(Am + B (x) - ﬁ*(x))]

o
+

o
+

X
+ / [Ri(x, )e*™ + Ry(x, t)e > ] dt, (3.8)
0
where

O = B* ) £ (),  65(x) =B () £ p () (3.9)

Page 4 of 21
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4 Proof of Theorem 2.1
In this section, we give the proof of Theorem 2.1.

Proof of Theorem 2.1 Let ¢(x,A) be the solution of equation (1.1) satisfying the initial-

valued conditions (3.1) and the discontinuity conditions (1.3). Let ¢(x, A) be the solution
of the equation

—@" (%, 1) + [24p(x) + G(x) |§(x, 1) = A*G(x, 1) (4.1)
with the initial-valued conditions

(;B(Or)‘) =1, (ZJ,(O;)\) =h (42)

and the discontinuity conditions (1.3). Multiplying (1.1) by ¢(x, 1) and (4.1) by ¢(x, A),

respectively, and subtracting, we get

d
o [@(x, Mg’ (%, 1) = @' (x, Mp(x, 1)] = [20(p - P)(*) + (7 - D) *) | (x, D)p(x, A).  (4.3)

Integrating the above equality from 0 to /2 with respect to x, using the initial conditions
at x = 0, we have

/2 B
/O (240 = 5) + (q - D)](0@) . 2) dx + (h— )

ol Z o) (Z-on)-d(Z-0x)o(Z -0,

Ao+ eoh v
Denote

P(x) = p(x) - p(x), Q) = q(x) — g(x)
and

» /2 /2
H(A):h—h+2k/ Px) (@) (x, 1) dx+/ Q) (p@)(x, 1) dx. (4.4)
0 0

It follows from (3.2)—(3.3) and (3.7) that H(A) is an entire function of exponential type,
and there are some positive constants C; and C, such that

|[H()| < (C1 + ColAl) exp(|ImA|wr)  forall 1 € C. (4.5)
From assumption (2.2) we have

w(% —am)d(% —o,xn) —¢’(g —o,xn)w(% —o,xn) -0,
which means

H(,) =0, neZ. (4.6)
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Define

_HQ)

W()") - m’

(4.7)

which is an entire function from the above arguments, and it follows from (3.6) and (4.5)
that

for sufficiently large |A|, A € Gs. Thus, by Liouville’s theorem [9], we obtain for all A € C
that

W) =C,
where C is a constant, this together with (4.7) further gives that
H()=CA(\) forallaeC. (4.8)

Let us show that the constant C = 0. Based on (4.7) and (3.5), we can rewrite the equation
H(\) = CA()) in the form

- /2 /2
pehan [ P@epwndes [ QW) b
0 0
= CA[a”sin(B7 (7)) —a* sin(Am — B*(7))] + O(e! ™),
that is,

h—h 12 Q(x)

/2
+2 / P@ed) ) der [ 2 (0d) 1) dx
0 0 A

= Cla~sin(~(m)) — " sin(arr — B (7)) ] + O<elhj\m )

By use of Riemann—Lebesgue lemma [9], we see that the limit of the left-hand side of the
above equality exists as A — 00, A € R. Thus we obtain that C = 0. So we have from (4.8)
that

H(A)=0 forallAeC. (4.9)
Substituting (3.7) into (4.4), we get
" /2 /2
HO)=h-Te 2 [ Peim R [ Qeh)n ) ds
0 0
- 1 /2
=h-h+ 5 / Qx) [cos(ka -6 (x)) + cos(@f (x))] dx
0

/2 x
+ / Qx) / [Ri (%, )€*™ + Ry (x,t)e > ] dt dx
0 0
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/2
+A / P(x) [cos(ZAx -6 (x)) +CoS (Of(x))] dx
0
+ 24 /0 P(x) /0 [Rl(x, £)e*™ 4 Ry(x, t)e’m‘] dtdx
/2 /2
“h-h+ % /0 Qx) cos(@f(x)) dx + A /0 P(x) cos(@f(x)) dx

1 /2 vint 1 /2 i
+ —/ Qi(t)e™ dt + —f Qx(t)e "t dt

2 Jo 2 Jo

/2 ) /2 )
+ A / Pi(t)e¥  de + / Py(t)e 2 dt,
0 0
where

Qi) = 1QWe™ D +2 [ Qx)R, (x, 1) dx,
Q) = LQWE @ + 2 [T Q)Ry (x, £) dx,

Pi(t) = 1P(0)e™1® + 2 [T P(x)R; (x, 1) dx,

Py(t) = 1P(6)e @ 1+ 2 [T P(x)Ry(x, £) dx.

(4.10)

Moreover, by use of the Riemann—Lebesgue lemma as A — 00, A € R, we obtain from the
fact H(A) = 0 that

/2
/ P(x) cos(6; (x)) dx = 0.
0

Thus, the function H(A) can be reduced as

- 1 /2
HMN=h-h+ —/ Q(x) cos (6 (x)) dx
2 Jo

1 (72 2int 1 (72 ~2iAt
+ = Qi)™ dt + = Qx(t)e de
2 Jo 2 Jo

/2 ) /2 )
+A / Pi(0)e*™ dt + A / Py(t)e 2 d, (4.11)
0 0

Integrating by parts in (4.11), we have from (4.10) that

H(A)=h- h+—/ Qx cos( ())dx

1 ) 1 /2 )
+ = / Qi(t)e*™ dt + = / Qu(t)e 2™ d¢
2 Jo 2 Jo

1 . . 4
+ 5P(%> sm()m -6 (%)) + %(Pl(O) - P»(0))

i /2 ) i /2 )
+ = / Py(t)e*™ dt — ~ / Py(t)e > dt.
2 Jo 2 Jo
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Again, by use of the Riemann-Lebesgue lemma as A — 00, A € R, we obtain from the fact

H(\) = 0 that
T
Pl—=]=0, 4.12
() (@12)
" 1 /2 i
h—h+ 3 / Q(x) cos(65 (x)) dx + 2 (P1(0) - P,(0)) =0, (4.13)
0
and
/2 ) /2 )
/ [Qi(®) +iPy(8)]e*™ dt + / [Qa(t) - iP)(t)]e > dt = 0. (4.14)
0 0
Because the exponential system {(e?*!,e2*)T ; } € R} is complete in (L%(0, 77 /2))?, conse-
quently,
Q1(2) +iPy(¢) =0 = Qqa(t) — iPy(t) for ¢t e (0,7/2). (4.15)

Substituting (4.10) into (4.15), together with (4.12), we have

QU1 + [(6 (1)) & © — 4iRy (£, )] P(t) + e OP (1)
‘4 tn/Z Q)R (x, £) dx + 4i tn/z P(x)%Rl (x,t)dx =0,
QBT + [(65 (£))' €1 ®) + 4iRy (¢, £)| P(z) — ie™ O P'(£) (4.16)

+4 [T Q@R (x,8) dx — 4i [T P(x) L Ry(x,8) dx = 0,

t

P+ [?P(x)dx=0.

Define

T

E(t) = (Q@), P(t), P (1)),
e O (OF () e — 4iR (t,t) i 1O
Ki@®)=| O (07 (1)1 O + 4iRy(t,) —ie?T®
0 1 0
and

4R (x,t)  4iLR(%,0)

0
Ky(x,t) = | 4Ry (x,t)  —4iLRy(x,8) O
0 0 1

Equation (4.16) can readily be reduced to a vector form
/2
Ki(t)F(¢) + / Ky(x,t)F(x)dx=0 forte (0,7/2). (4.17)
t
Because det K (¢) = 2i #0, (4.17) can be rewritten as

/2
F(t) + / KM (t)Ky(x, t)F(x)dx =0 for t € (0,7/2).
t
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This is a homogeneous Volterra integral equation and the kernel function is K; ' (£) Ky (x, £),

its solution is identically zero. Thus, we have
F(t)=0 a.e.on [0,7/2],
which yields that
Q(t)=0=P(t) a.e.on[0,7/2].
Therefore, we obtain
px)=px) on[0,7/2], q(x) = g(x) a.e.on[0,7/2].
Moreover, from (4.10) and (4.13), it is obvious that
h=h.
To prove that
px) =p(x) on[r/2,7], q(x) = gq(x) a.e.on[n/2,7], H=H, (4.18)
we should repeat the earlier argument for the supplementary problem

=y + 2ap1(x) + 1)y =AYy, x€[0,m/2) U (/2,7],
¥'(0) - Hy(0) = 0,

y() +hy(m) =0,

y(w/2+0)=aly(m/2 -0),

Y (@/2+0)=ay(m/2-0),

where ¢ (x) = g(7r —x) and p; (x) = p(7r —x). Thus, we obtain Q(r — ) =0 = P(x —t) a.e. on
[0,7/2], and H = H, that is, (4.18) holds. The proof is complete. O

5 Proof of Theorem 2.3
To prove Theorem 2.3, we need the following lemma.

Lemma 5.1 Let m(n) be a sequence of integers such that

mn)=L(1+e,), 0<o <16 — 0. (5.1)
o

(i) Let b €(0,7/2) satisfy o > 2b/w. If, for any n € Z,

T y/(br )\m(n)) 5/(]9¢)¥m(n))
)‘m(n) = )‘m(n): == )
Y&, A Y(by M)

then p(x) = p(x) on [0, b], q(x) = g(x) a.e. on [0,b], and h = h.
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(i) Let b e (m/2,7) satisfy o >2—2b/xw. If, foranyn € Z,

)"L y/(b!)\m(n)) _ y/(bﬂkm(n))
YB, mw) B i)

(5.3)

then p(x) = p(x) on [b, 7], q(x) = §(x) a.e. on [b,7], and H = H.

Proof (i) Integrating equation (4.3) from 0 to b with respect to x, using the initial condi-
tions at x = 0, we obtain

b
/0 [2:(p - P) + (4 - D)](9@)(®, 1) dx + (h = ) = §(b, 1)¢ (b, 1) = @' (b, (b, 1)

Define

Hy(A\) = h=h+2) /ob(lﬂ —P)x¥)(p@)(x, 1) dx + /Ob(q - P(*)(9P)(x, 1) dx. (54)
From assumption (5.2) we have
BB X))@' (b, Aonin) = @' (65 X)) @, Ayni)) = 0,
which means
Hi(Am() =0, neZ. (5.5)
Next, we shall show that H;(A) = 0 on the whole A-plane. From (5.4) and (3.7) one has
|Hy(W)| < (Cy + Cyr)e?brisin (5.6)

for some positive constants C; and C,, where A = re” . Moreover, we see that the entire
function H; (1) is a function of exponential type < 2b. Define the indicator of function
Hi(M) by

h(f) = limsu

In |H, (re”))|

p————.

r—00 r

One obtains the following estimate from (5.6) and (5.7):

h(0) < 2b|sin0)|.

Let us denote by n(r) the number of zeros of H;(A) in the disk |A| < r. From equation
(5.5), the assumption of this lemma, and the known asymptotic expression (2.1) of the
eigenvalues A,, we have the following estimate for the number of zeros of H;(}) in the

disk |A| <r:

n(r)=1+2[or(1+e(r)] =20r(1+e(r).

Page 10 of 21
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Here €(r) — 0 for r — oo and [x] is the integer part of x. It follows that in the case under

consideration
4b b 2 1 2
lim @:2”—:—/ |sin9|d92—/ h(6) do. (5.8)
r—>o0o 1 T 1w 2 Jo

To complete the proof, we have to recall the following theorem [9, p. 173]: The set of zeros
of every entire function of the exponential type, not identically zero, satisfy the inequality

1 27T
liminf@ = h(8)ds. (5.9)

r— 00 r 7 Jo

Inequalities (5.8) and (5.9) imply that H;(A) = 0 on the whole A-plane. As already men-
tioned, if H;(A) = 0, then repeating the last part of the proof of Theorem 2.1 (from (4.9)
to (4.18)), we have that the conclusion of this lemma is true.

(ii) To prove that

p(x) =p(x) on[b,n], q(x) =q(x) ae.on[b,m], H=H,
we will consider the supplementary problem L

-y + 2ap1(x) + q1(x)]y = A%y, x€[0,7/2) U (n/2,7],
¥'(0) - Hy(0) = 0,

Y () +hy(m) =0,

y(w/2 +0)=aty(m/2 -0),

Y (/2+0)=ay(n/2-0),

where ¢ (x) = q(r —x) and p; (x) = p( —x). A direct calculation implies that y,(x) := y, (7 —
x) is the solution to the supplementary problem L and Yu(7 —b) =,(b). Note that w — b €
(0,7/2). Thus, the assumption conditions for L in case (i) are still satisfied. Repeating the
above arguments, we can obtain the proof of this lemma. O

Now we can give the proof of Theorem 2.3.

Proof of Theorem 2.3 Firstly, let us note that based on the condition

@' (b, Arin) @' (b M)

== , (5.10)
§0(b, )\r(n)) §0(b; )W(n))

Ar(m) = j-r(n),

it follows from Lemma 5.1 that p(x) = p(x) on [b, 7], q(x) = §(x) a.e. on [b, 7], and H = H.
Thus it needs to be proved that p(x) = p(x) on [0, b], g(x) = g(x) a.e. on [0, ], and & = h.

For the case of b € (7/2, ), integrating equation (4.3) from 0 to b with respect to x, using
the initial conditions at x = 0, we obtain

5 b
Hy() 1= (h—T) + /0 [24(p - P) + (g - D] (@) (1) dx

= ¢(b,\)¢' (b, ) — @' (b, A)p(b, 1)
m/2-0

+[@(x% )¢ (x, 1) — §' (%, Mg (x, 1) ] ‘n/2+0' (5.11)

We will finish the remainder of the proof by the following three steps.
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Step 1: To prove that Hy(1) = 0 for A € C. Since H = H, we get that the eigenfunctions
(%, 1,,) and @(x, A,,) satisfy the same boundary condition at x = 77, we have from the con-
clusion of p(x) = p(x) on [b, 7], g(x) = g(x) a.e. on [b, ] that

o, Ay) = vu@x,Xy) on[b,rl,ne’, (5.12)

where y, are constants. Since the functions ¢(x, 1) and @(x, A,,) satisfy the same discon-
tinuous conditions at x = 77 /2 (see (1.3)), we infer by a direct calculation that

(69" - @'p](x/12+0,0,) = [¢¢' - §'0](w/2 - 0,1,).
Hence we obtain from (5.11) and (5.12) that
Hy(A,,)=0, neZ. (5.13)

Moreover, for the same reason, we also obtain that Hy(ty,)) = 0, n € Z. According to the
asymptotic expression for eigenvalues A, and w,, see (2.1), counting the number of A, and
i located inside the disc of radius r, we obtain 1 + 2[r + O(1)] of ;s and 1 + 2[o7r + O(1)]
of u),s. Hence the total number of A/;s and /s in the disc is

n(r)y=2+ 2[r(01 +1)+ O(l)]

and

lim @ =2(oy +1). (5.14)
r—>oo
Repeating the last part of the proof of (i) of Lemma 5.1, with the help of the condition
o1 > 2b/m - 1, we have that inequality (5.9) does not hold, which means H3(1) =0 on the
whole A-plane.

Step 2: To obtain the integral equation (5.30). We have from (3.7), (3.8), and (5.11)

3 b b
Hy(3) = (h—T) + 22 fo PO)(9@)(x, 1) dx + fo Q) (0) (6, 2) dx

-1 /2 - (a+)2 b ~
=h-h+ 3 /0 Q) cos(5 (x)) dx + 5 /n/z Q(x) cos(6; (x)) dx
(@)? /b _ o [? _
+ Q(x)cos (65 (x)) dx + A (") / P(x)cos (6 (x)) dx
2 /2 /2

+

ata~ [P ~ ~
5 //2 QW)[cos(Amr — B*(x) + B~(x)) + cos(Am — B*(x) + B~ (x)) ] d
b

/2
+ )L/ P(x) cos(Ql'(x)) dx + )L(oz")2 / P(x) cos(@f(x)) dx
0 b

12

b
+ Aa*a‘/ P(x)[cos(kn - Br(x) + B_(x)) + cos(kn - B (%) + ﬁ_(x))] dx

/2

/2 ) )
+ / [fl(x)eZzAx +fz(x)e—21kx] dx
0
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where

filx) =
frlx) =
f3(x) =
Sa(x)
f5(x) =
So(x) =
frlx) =
fa(x) =

and

ax) =

Sx) =

&) =
ga(x) =
gs5(x) =
8s(x) =
gx) =
gs(x) =

(2019) 2019:151

b
+ (0‘+)2/n/2[f1(x)€mx +f2(x)e—2ixx] da

b 4 |
+/ [fg(x)eZlA(n—x) +ﬁ(x)e—21k(n-x)] dx

/2

/ [(fs(x +folx ) 2i(x-1/2) | (fe ) + fo(x )) ~2iA(x— 7r/2)]dx
b b

+ eZiM R ot doedr + e—ZiM R Xt deds
[ [ amrmoasacs ["e [ awriso s

/2
+ ZA/ [gl(x)eZikx + @ (x)e 2le] x

0

b

+2)\(oﬁ)2/ [gl(x)eZi)”x+g x)e mx] X

/2

b
20 [ e s guwge 2

/2

)] dx

b
+ ZA/ [(g5(x) +g7(x))ezix(x—n/2) + (g6(x) +g8(x))e—2i/\(x-n/2)] dx

/2
b b b b

+21 | ¥ / P(x)Ry(x,t) dxdt + 2X / e 2iM / P(x)Ry(x,t) dx dt,
0 ¢ 0 t

- Qe

ta” —i(B* )+ ()
L Q(x)e BT+ 0),
ata” i(B* (%) +B~ ()

L Q(x)e P XA,
2 Q)BT B W),

o Q)P+ A ),

P(x) &0 %)

P<x 0] (x),

% P(x) 03 %)

M p(x) )

~ Px)e B @B W)

OtOt

F@)+p @),

P( )ell?
%P(x)e*l(f3 D+B~@)
ta~ i(B+ -

%p(x)et(ﬁ @)+B~)

(5.15)

(5.16)

Page 13 of 21
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Moreover, from H,(A) = 0 on the whole A-plane and by use of the Riemann-Lebesgue

lemma as A — oo for A € R, we obtain that
/2 b
/ P(x) cos(65 (x)) dx + (oc*)2 / P(x) cos(6; (x)) dx
0 /2
b
+ (o) / P(x) cos(6; (%)) dx =0,
/2
and
b ~ ~
//2 P(x)[cos(B*(x) — B~(x)) + cos(B" (x) - B~(x)) ] dx =0,
b
//2 P(x)[sin(B*(x) - B~(x)) + sin(ﬁ*(x) - B~ ()] dx=0.

Hence, the function H,(A) can be rewritten as

+)2

/2 b
Hy(\)=h—h+ 1 f Q) cos(5 (x)) dx + (o / Q(x) cos(6; (x)) dx
2 Jo /2

4 —

ata
2

(@)?

+

b
//2 QW)[cos(Am — B*(x) + B‘(x)) +cos (A — B (x) + B~ (x))] dx

b /2

/ Qx) COS(@Z_(x)) dx +/ [fl(x)em" +f2(x)e_mx] dx
/2 0
b } 4
+ (a+)2/ [fl(x)eZzAx +f2(x)e—21)»x]dx
/2
b ‘ |

+/ [fg(x)eZzA(n—x) +ﬁl(x)e—21)h(7r—x)] dw

/2

// [(ﬁ;(x) +f7 ) 20k (x—7/2) + (f6 +fs(x)) —2iA(x— n/2)]d

/2
+ / ' et / ' Q(x)Ry (%, t) dx dt + / ’ o200t / ’ Q(x)Ry(x, t) dx d¢

0 t ’ 0 . ’

/2
' ZA/ [g1(0)e*™ + ga(x)e ] dx
0
b 7 .
+ 2A(a+)2/ [gl(x)emx +g2(x)e_mx]dx
/2
b .

+2)\/ [gB(x) 2iA (T —x) +g4(x)e—21A(n—x)] dx

/2

b
+2Af/2[(g5(x)+g7(x))62i»\(x-n/2 + (@) + gs(0) 2] dx

b b
+21 / e / P(x)R; (x,t) dxdt
0 t

b b
+2M / e M / P(x)Ro(x, t) dx d. (5.17)
0 t
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Specifically, with variable substitution, we can rewrite the integration of the functions f;(x)
for j = 3,8 and g (x) for k = 3,8, such as

(5.18)

f:/zﬁ;(x)em(”‘x) dx = f:fifj(n — x)e2 dx;
f:/z Fo()e2 M) dy = fobﬂm folx+ T)e¥ d,

Thus equations (5.17)—(5.18) imply that

B 1 /2 +12 b
Hy\)=h-h+ 3 /0 Qx) cos(@f(x)) dx + (“2) /ﬂ/z Qx) cos(e{(x)) dx

(A = BT (%) + B~ (%)) + cos(Am — B¥(x) + B~ (x))] dx

b
(92_(x)) dx + / [F1 (x)ew‘x + Fz(x)e_Zi)‘x] dw
0

b b b b
+/ emx/ Q(H)R; (¢, x) dtdx+/ e_mx/ Q(t)R,(t,x) dt dx
0 x 0 *

b
+2A / [G (x)e*™ + G2(x)e’2i’\x] dx
+2M / 2irx / HRy (¢, %) dt dx + 21 / 2 f HRy (¢, x)dtdx, (5.19)
where Fj(x) and Gj(x) for j = 1,2 have the following form: If 7/2 < b < 37 /4

@) +fs(m/2+x)+f(m/2+x), x€[0,b-m/2],

Fix) = fix), xel[b-n/2,m —b], (520
[x) + (7 —x), xelr-bmnl2],
(@*)*fi(x), x e [m/2,b];

fox) + fo(m/2+x) + feg(w/2+x), x€[0,b-m/2],

Fy) = S (x), xel[b-n/2,m b, 5.21)
Hox) + falm —x), xe[r-bm/2],
(@*)*f(x), x € [7/2,b];
g1(x) + g5 (/2 +x) + g7 (/2 + x), €[0,b-m/2],

i) = g1(%), xelb-n/2,7m-b], 522)
g1(%) + g3(m —x), xelr-bnl2],
(@*)g1 (), x € [/2,b);
(%) + go(m /2 + x) + gg (/2 + x), €[0,b-m/2],

Gol) = £(x), xelb-n/2,7m-b], (5.23)
&%) + ga(m —x), xelr-brl2],
(@*)g (), x € [/2,b).
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If3n/d<b<m

Fx) + f5(m/2 + x) + (/2 + %), x € [0, -b],

Fy(x) = f@) +fs(r —x) + fs(mw/2+x) + fr(m/2+x), xe[m—-bb-m/2], (5.24)
[ix) + f(r — %), xelb-n/2,7/2],
(@*)*fi(x), x € [7/2,b];
o) + fo(m /2 + x) + fo(/2 + %), x € [0, -b],

Fyx) = fox) + falmr —x) + fo(mw/2 +x) + fs(m/2 +x), xe[m—bb-m/2], (5.25)
%) + falm — x), xelb-n/2,7/2],
(@*)*f(x), x € [7/2,b];
ax) +g5(m/2+x) + g7 (/2 + x), x € (0,7 - b,

i) = g +gm—x)+g@/2+x)+g(@/2+x), x€[n-bb-m/2], (5.26)
g1(x) + g — %), xelb-m/2,7/2],
(@*)’q1 (), x € [7/2,b];
8x) + go(w/2 + x) + gg (/2 + x), x € (0,7 - b],

Gol) = o)+ g(mr —x) + ge(m/2+x) + gg(m/2+x)], x€[wr-bb-m/2], (5.27)
&%) + gu(m —x), xelb-n/2,7/2],
(@*)g ), x € [7/2,0b].

Integrating by parts in (5.19), we have

/2 +12 b
Hy(\) =h—h+ 1 / Q(x) cos (6 (x)) dx + ) / Q(x) cos (6 (x)) dx
2 Jo /2

2

a+

- b
2a //2 Q(x)[cos(kn - BF(x) + E‘(x)) + cos(kn - B (%) + ﬁ_(x))] dx

+

(o

)2 /b Q(x) cos(6; (x)) dx + /b[Fl(x)emx + Fy(x)e 2] dx
2 /2 0

+

b b b b
+ f P / Q()R,(t,x) dt dx + f e f Q(t)Ry(t, x) dt dx
0 x 0 *

+i[G1(0) - G2(0)] +i[ Ga(B)e ™ — Gy (b)e*™]

b b ) )
+i / P(x)[Ry(%,0) = Ry(x,0)] dx + i / [Gl(x)e*™ - G)(x)e > ] dx
0 0

b b
+ i/ e2iM|:/ P(t)aile(t,x) dt—P(x)Rl(x,x):| dx
0

X

b ) b 9
. —2i\x
- L/O e |:/ P(t) —asz(t, x) dt — P(x)R>(x, x)] dx.

X

Moreover, from H;(A) = 0 on the whole A-plane and by use of the Riemann-Lebesgue
lemma as A — oo for A € R, we obtain that

Ga(b) = G1(b) = 0, (5.28)

Page 16 of 21
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and

7r/2

h—h+i[G(0) - G1(0)] + 3
+ Lfo x) Rl(x, 0) - Rz(x, 0)]

71/2 x) cos(65 (x))dx = 0,

f,f 12 Q(x)[COS(ﬁ*(x) — B~ (%)) + cos(B*(x) — B~(x))] dx = 0,

ff,z Q) [sin(B* (x) — B~(x)) + sin(B* (x) — B~ (x))] dx = 0.

Qx) cos(@1 (x)) dx

71/2

Hence, H,()\) can be rewritten as
b ‘ ‘ b b
Hy(A) = / [Fl(x)ezlkx+F2(x)e_2‘“] dx+/ emx/ Q)R (t,x) dt dx
/ —Zlkxf Q R2 t x dtdx+l/ [ ( ) 2iAx G/( ) —ZzAx] dx

+i/ emx[/ P(t)iRl(t x)dt — P(x)Rl(x,x)j|
0

X
b ) b 9
- i/ e 2 |:/ P(t)—Ry(t,x) dt — P(x) Ry (x, x)] dx.
0 x ox
Step 3: To prove that

F(x) = (Q@),P),P'(x))" =0, x€[0,b].

(5.29)

(5.30)

Since H(A) = 0, it follows from (5.30) and the completeness of the vector functions

{(e27*,e722)T . ) e R} in (L*(0,b))? that, for x € [0, b],

b b
Fi(x) + Q)R (8, %) dt + iG}(x) — iP(x)R; (%, x) + i/ P(t)%Rl (t,x)dt=0 (5.31)

and

b o RN
+fx Q(t)Rz(t,x)dt—le(x)+zP(x)R2(x,x)—z/x P(t)aRz(t,x)dt:O. (5.32)

Specially, according to the definitions of G;(x) and G, (x) (see (5.22) and (5.23), or (5.26)

and (5.27)), we infer from (5.28) that

P(b) = 0.

(5.33)

The forms of Fj(x) and Gj(x) for j = 1,2 will help us to obtain that F(x) = 0 on [0,5]. We
only consider the case 37 /4 < b < m, the other case 7/2 < b < 37 /4 can be treated similarly.

According to (5.24)—(5.27), we see from (5.31)—(5.32) that, for x € [7/2, b],

b
(@) fi(x) + / Q(E)R, (6, %) dt + i(a*) g (%) — iP()R; (x, %)

b
a
+ i/ P(t)—Ry(t,x)dt =0
x ox

Page 17 of 21
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and
2 b 2
(") falx) + [ QR (£, %) dt — (™) gy (x) + iP(x) Ry (x, %)
b9
- i/ P(t)—R,(t,x)dt = 0,
" ax
which together with (5.15)—(5.16) further give that

(@")?Q)e 1™ + [(a)*(6 (x))'e™ 1 @ — 4iRy (x,x)] P(x)
+i(@t)2P () + 4 [P Q)R (t,%) dt + 4i [ P(£) LR (t,%)dt = 0,

- - (5.34)
(@)2Qx)e™™ + [(a*)*(6f (%)) €™ + 4iRy (x, )] P(x)
— i(@*2P () @ + 4 [ Q(6)R(t,x) dt — 4i [ P(£) & Ry(t,%) dt = 0.
Define
(a+)26—i9f(x) (0[+)2(91+ (x))/e—ief(x) — 4R, (x, x) i(a+)26—i9f(x)
K@) = | (@)™ (a*)?(0F (%)) €1 + 4iRy(x,x)  —i(ar*)2eT®
0 1 0
and
4Ry (t,x)  4iLRi(t,x) O
Ky(t,x) = | 4Ry (t,%) —4iLRy(t,x) O . (5.35)
0 0 1
Equations (5.34) and (5.33) can readily be reduced to a vector form
b
Ki(x)F(x) + / Ky(t,x)F(t)dt =0 forx € [m/2,b]. (5.36)
X

Because det K; (x) = 2i(a*)* # 0, (5.36) can be rewritten as
b
F(x) + f Kl’l(x)Kg(t,x)F(t) dt=0 forxe[n/2,b].
X

This is a homogeneous Volterra integral equation and the kernel function is K;* (x) Kz (¢, x),
its solution is identically zero. Thus, we have

F(x)=0 ae.onxe€[n/2,b].
Whenx € [b—m/2,7/2], it follows that w —x € [7/2,37/2-D]. Thus f3(7 —x) = fa(7w —x) =

g3(m —x) = ga(r —x) = 0 for almost allx € [b—7/2,7/2]. Based on (5.24)—(5.27) and (5.15)—
(5.16), and further F(x) = 0 for all x € [7r/2, b], we have from (5.31)—(5.32) that

/2
Ki(x)F(x) + / Ky(t,x)F(t)dt =0 forxe[b-m/2,7/2], (5.37)
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where K;(¢,x) is defined as (5.35) and
e (0 (%)) e W — 4R, (x,x)  ie” T
Kix)=| %@ (07 ()T + 4iRy(x,x) —ie®1® |. (5.38)
0 1 0

Because of det K (x) = 2i # 0, (5.37) and the kernel function K (x)K(t,x) imply

F(x)=0 aeonxel[b-m/2,7/2].

When x € [r — b,b — /2], it follows that x + 7/2,7 —x € [37/2 - b,b] C [b - 7/2,b].

Thus f53(r —x) = fa(m —x) =0 = fi(x + 7/2) and g3(7 — %) = g4(mw —x) = 0 = gj(x + 7/2) for all

x € [m—bb-m/2]and;j =5,8. By (5.24)—(5.27) and (5.15)—(5.16), and further F(x) = 0 for
x € [b - m/2,b], we have also from (5.31)—(5.32) that

b-m/2
Ki(x)F(x) + / Ky(t,x)F(t)dt =0 forxe[n —b,b—-m/2],

where Kj(x) is defined as (5.38) and K (¢, x) is defined as (5.35). The above equation and
the kernel function K;!(x)K;(t,x) imply that

F(x)=0 ae.onxe[r-bb-m/2].
When x € [0, — b], it follows that x + /2 € [n/2,37/2 — b]. Thus fi(x + 7/2) = gj(x +

7/2) =0 for x € [0,m — b] and j = 5,8. By virtue of (5.24)—(5.27) and (5.15)—(5.16), and
further F(x) = 0 for x € [ — b, b], we have also from (5.31)—(5.32) that

w-b
Ki(x)F(x) + / Ky(t,x)F(t)dt =0 forx € [0, — b],

where Kj(x) is defined as (5.38) and K;(t,x) is defined as (5.35). The above equation and
the kernel function K7 (x)K;(t,x) imply that

F(x)=0 a.e.onxe [0, -Db].

Therefore, in the case 37 /4 < b < 7, we have F(x) = 0 on [0, ], that is, p(x) = p(x) on
[0,5], q(x) = g(x) a.e. on [0, b]. This together with (5.29) further implies

h=h.

Consequently, p(x) = p(x) on [0, 7], g(x) = g(x) a.e. on [0, 7], h = h,and H = H. This com-
pletes the proof of the theorem. O

6 Conclusion

Inverse spectral problems consist in recovering operators from their spectral characteris-
tics. The interior spectral data used for reconstructing the differential operators contains
the known eigenvalues and some information on eigenfunctions at some interior point in
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the defined interval. Our research here mainly focuses on the inverse problem for interior
spectra data of quadratic pencils with impulse inside the defined interval, which has not
been considered before as far as we known. With the help of the known interior data, we
prove two uniqueness theorems for the pencils L(p, g; i, H; a), which are the generalization
of the known results in [12] and [21].
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