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Abstract
In this paper, we study the Cauchy problem of multidimensional generalized double
dispersion equation. To prove the global existence of solutions, we introduce some
new methods and ideas, and fill some gaps in the established results.
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1 Introduction
In this paper, we study the Cauchy problem of the multidimensional generalized double
dispersion equation

utt – �u – �utt + �2u – k�ut = �f (u), x ∈R
n, t > 0, (1.1)

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈R
n, (1.2)

where k is a constant. Equation (1.1) is called the generalized damped multidimensional
Boussinesq equation in [1], which is related to some Boussinesq equations and their gener-
alized forms. Therefore we may consider this class of equations as an approach for prop-
agation of long waves on shallow water; see [1–12] and references therein. Thus, in the
present paper, we call Eq. (1.1) the multidimensional generalized double dispersion equa-
tion, since in the one-dimensional case, Eq. (1.1) is the generalized double dispersion equa-
tion

utt – uxx – uxxtt + uxxxx – kuxxt = f (u)xx, (1.3)

which was introduced to consider the model of interaction between the surface of a
nonlinear elastic rod, whose material is hyperelastic (e.g., the Murnaghan material). For
derivation and research background, we refer the readers to [3–12] and references therein.
When f ′(u) is bounded below, the initial boundary value problem and the Cauchy prob-
lem of Eq. (1.3) were considered in [5] and [6], respectively. Later the corresponding initial
boundary value problem was studied in [3], where f (u) is either of general convex form or
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the particular case f (u) = |u|p, p > 1. These conditions satisfied by f (u) enable authors to
give some sharp conditions on the global existence for the initial boundary value problem
of Eq. (1.3) and some invariant sets by the variational principle. However, for the multi-
dimensional generalized double dispersion equation, it was still an open question of giv-
ing the local and global well-posedness before the publication of [1]. In [1] the authors
managed to deal with the Cauchy problem of the multidimensional nonlinear evolution
equation (1.1)–(1.2). They first gave the existence of local solutions. By some estimates of
a local solution they obtained the existence of a global solution, even though some gaps
are still there, for example, it is not clear how to define an appropriate space that con-
tains (utt , ut), which also needs additional restrictions on other parameters like s. Also, in
the proof of [1, Lemma 3.3] the inequality ‖uρ‖∞ ≤ C‖�u‖ does not hold if 2 ≤ n ≤ 4.
Moreover, the energy also needs further estimation. Despite these gaps, the work of [1]
motivated many studies like [2–13].

So in the present paper, we provide more insight into overcoming the difficulties in the
multidimensional case and fill the gaps in [1] to obtain the global existence of a solution
for problem (1.1)–(1.2).

In this paper, we use same notations as in [1] and denote ‖ · ‖2 by ‖ · ‖. Considering
problem (1.1)–(1.2), as in [1, Theorem 2.1], we present the following proposition.

Propostion 1.1 ([1]) Let f (u) ∈ C[s]+1(R) for some s > n
2 . Then for any u0 ∈ Hs and

u1 ∈ Hs–1, problem (1.1)–(1.2) admits a unique local solution u(t) ∈ C([0, T0); Hs) ∩
C1([0, T0); Hs–1) with utt ∈ C([0, T0); Hs–2), where T0 is the maximal existence time of u(t).
Moreover, if

sup
t∈[0,T0)

(∥∥u(t)
∥
∥

Hs +
∥
∥ut(t)

∥
∥

Hs–1
)

< ∞,

then T0 = +∞.

2 Existence of global solution
In this section, we give two global existence theorems for problem (1.1)–(1.2). First, let us
give some preliminary lemmas.

Lemma 2.1 Let the assumptions in Proposition 1.1 hold. Assume that s ≥ 3
2 , (–�)– 1

2 u1 ∈
L2, and F(u0) ∈ L1. Then for the solution u given in Proposition 1.1, we have

E(t) + k
∫ t

0
‖uτ‖2 dτ = E(0), 0 ≤ t < T0, (2.1)

where

E(t) =
1
2
(∥∥(–�)– 1

2 ut
∥∥2 + ‖ut‖2 + ‖u‖2 + ‖∇u‖2) +

∫

Rn
F(u) dx.

Lemma 2.2 Let the assumptions of Lemma 2.1 hold. Assume that k ≥ 0 and that either
F(u) ≥ 0 for all u ∈ R or f (0) = 0 and infu∈Rn f ′(u) = C0 > –1. Then for the solution u given
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in Proposition 1.1, we have

∥∥(–�)– 1
2 ut

∥∥2 + ‖ut‖2 + ‖u‖2 + ‖∇u‖2 ≤ CE(0), 0 ≤ t < T0, (2.2)

where C ≥ 2 is a positive constant.

Proof
(i) If k ≥ 0 and F(u) ≥ 0, then (2.2) immediately follows from (2.1).

(ii) If k ≥ 0, f (0) = 0, and infu∈Rn f ′(u) = C0 > –1, then letting k0 = max{–C0, 0} and
f1(u) = f (u) + k0u, we have 0 ≤ k0 < 1, f1(0) = 0, and f ′

1(u) ≥ 0. Hence
F1(u) =

∫ u
0 f1(τ ) dτ ≥ 0. Substituting

∫
Rn F(u) dx =

∫
Rn F1(u) dx – k0

2 ‖u‖2 into (2.1)
yields (2.2) with C = 2

1–k0
. �

Based on Lemma 2.2, the following two theorems show the existence of global solution
for problem (1.1)–(1.2).

Theorem 2.3 Let n = 1, 2, f (u) ∈ C2(R), u0 ∈ H 3
2 , u1 ∈ H 1

2 , (–�)– 1
2 u1 ∈ L2, and F(u0) ∈ L1.

Assume that k ≥ 0 and that either F(u) ≥ 0 for any u ∈ R or f (0) = 0 and infu∈Rn f ′(u) >
–1. Then problem (1.1)–(1.2) admits a unique global solution u(t) ∈ C([0,∞); H1) ∩
C1([0,∞); L2).

Proof Setting s = 3
2 , by Proposition 1.1 we have 3

2 > n
2 for n = 1, 2. Hence by Proposition 1.1

problem (1.1)–(1.2) admits a unique local solution u ∈ C([0, T0); H 3
2 ) ∩ C1([0, T0); H 1

2 ) ⊂
C([0, T0); H1) ∩ C1([0, T0); L2). Furthermore, from Lemma 2.2 we get

sup
t∈[0,T0)

(∥∥u(t)
∥
∥

H1 +
∥
∥ut(t)

∥
∥

L2
)

< ∞,

which, together with Proposition 1.1, gives T0 = +∞. �

Theorem 2.4 Let n = 3 and s > 3
2 or n = 4 and s > 2, and let f (u) ∈ C[s]+1(R), u0 ∈ Hs,

u1 ∈ Hs–1, (–�)– 1
2 u1 ∈ L2, and F(u0) ∈ L1. Assume that k ≥ 0 and that either F(u) ≥ 0 for

any u ∈ R or f (0) = 0 and infu∈Rn f ′(u) > –1. Then problem (1.1)–(1.2) admits a unique
global solution u(t) ∈ C([0,∞); H1) ∩ C1([0,∞); L2).

Proof First, we have s > n
2 for n = 3, 4. Hence by Proposition 1.1 problem (1.1)–(1.2)

admits a unique local solution u ∈ C([0, T0); Hs) ∩ C1([0, T0); Hs–1) ⊂ C([0, T0); H1) ∩
C1([0, T0); L2). The remainder of this proof is the same as that in the proof of Theo-
rem 2.3. �

In light of the argument developed in the present paper, we can conclude that for prob-
lem (1.1)–(1.2), if we adopt the course in [1], that is, first prove the existence of a local
solution and then get the existence of a global solution, then we can only obtain the exis-
tence of global H1 solutions. Moreover, as in Theorem 2.3 and Theorem 2.4, we see that
to obtain the global existence of an H1 solution from the existence of a local solution, it
is reasonable to assume that u0 ∈ Hs for some s ≥ 3

2 . Namely, our argument relies on the
assumption of a higher-order regularity of the initial data than that of the corresponding
solution. Obviously, we cannot get the same regularity for both the initial data and the
corresponding solution, which is still an open question for further investigation.
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