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1 Introduction and main results

Consider the following Hamiltonian elliptic system:

-Ag + V(x)p =Gy (x,0,¥) inRN,
-AY + V(@)Y =Gylx,9,%) inRY, (1.1)
@, € H'(RV),

where ¢, : RN — R, V € C(RV,R), and G € C'(RN x R?R) with gradient VG =
(Gy, Gy). Problem (1.1) or similar to (1.1) has been extensively investigated in the liter-
ature based on various assumptions on the potential V(x) and the nonlinearity G(x, )
with n = (¢, ¥).

For the case of a bounded domain, assuming moreover V(x) = 0, systems like or similar
to (1.1) have been studied by some authors, see [7] for sublinear systems, [8, 9, 17] for the
superlinear case, [18] for asymptotically linear systems, and [28] for a singularly perturbed
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problem. Recently, an Orlitz space approach was used by De Figueiredo et al. [11] dealing
the system with G(x, ¢, ¥) = F(p) + H(Y).

In [44], the authors studied ground state solutions for a Hamiltonian elliptic system with
inverse square potential, and there are other papers concerned with the system in the
whole space RY, see [10, 21-23, 31, 35, 38—40, 45-48] and the references therein. The
main difficulty of such a problem is lack of the compactness of Sobolev embedding. The
usual way to overcome this difficulty is working on the radially symmetric function space,
which possesses compact embedding. Using spectral family theory of non-compact op-
erator, De Figueiredo and Yang [10] proved the existence of a positive radially symmetric
solution which decays exponentially to 0 at infinity for the case that V' =1, see also [39]
for the case that G(x,¢, V) = F(x,¢) + H(x,v) is asymptotically autonomous. Later, this
result was generalized by Sirakov [31] in a different way. Infinitely many radial as well as
non-radial solutions were obtained by Bartsch and De Figueiredo [4] provided that G(x, 1)
is even in 7. In [21], Li and Yang proved, via a generalized linking theorem, that (1.1) has a
positive ground state solution with V' = 1 and asymptotically autonomous quadratic non-
linearity, see also [48] for a super-quadratic case. The case of general periodic potential
was considered in [38, 47] for super-quadratic systems with G(x, ¢, V) = F(x,¢) + H(x,¥)
and [45, 46] for asymptotically quadratic systems. Assuming that V' is periodic and posi-
tive, nontrivial solutions were obtained by Liao et al. in the recent paper [22] under some
new super-quadratic conditions. The nonperiodic and asymptotically quadratic case was
studied in [36, 41, 42]. For semiclassical problems with subcritical and critical nonlinear-
ities, we refer to [14, 22].

Here, we mention the dual variational method, another usual way to avoid the indefinite
character of the original functional. See, for instance, Avila and Yang [2, 3], Alves et al. [1],
Yang [39], and the references therein.

Aspointed out in [40, 46, 47], besides the lack of the compactness of Sobolev embedding,
there are two kinds of indefiniteness we have to face: one comes from the system itself
and the other comes from each equation in the system. Although a proper variational
setting for (1.1) can be established, the functional associated with it is strongly indefinite.
Therefore the periodic assumptions on V and G are usually needed, see, for instance, [19,
33-35, 40, 43, 45-47]. Applying the critical point theory developed by Bartsch and Ding
[5], Zhao et al. [46] obtained a least energy solution for asymptotically quadratic system
(1.1), i.e., a nontrivial solution 7 € E satisfying I(7) = inf o [, where

M:={neE\{(0,0)}:I'(n) =0}, (1.2)

E = E- ® E" is the working space on which the energy functional I associated with (1.1) is
defined, see (2.12). For the super-quadratic case, a least energy solution of (1.1) was also
established by Zhang et al. [40] via the critical point theory constructed in [5]. Based on
the work [34], Tang [35] developed a direct approach and found a ground state solution
of Nehari—Pankov type for (1.1), i.e., a nontrivial solution 7 € E satisfying () = infar- I,
where

N-={neE\E :(I'(n),n)=(I'(n),w)=0,Ywe E"}. (1.3)

The main ingredients in this approach are the observations that, for any n € E'\ E7, there
exist ¢ = () > 0 and w = w(n) € E~ such that w + tn € N~; moreover, a minimizing Ce-
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rami sequence for the energy functional I can be found outside A/~ by using the diagonal
method. The set N~ first introduced by Pankov [27] is a subset of the Nehari manifold

N ={neE\{(0,0}:(I'(n),n)=0}. (1.4)

Note that, if n # (0,0) and I'(n) = 0, then n € A/~. Hence A/~ contains all nontrivial critical
points of 1, i.e., M is a very small subset of A/~ In general, it is more difficult to find a
solution 7 for (1.1) that satisfies 1(7) = infar- I than the one satisfying I(77) = inf o 1.

Let

A :=max{-A, A}, A =min{-A, A}. (1.5)

It follows from (1.6) that Ay > 0. The following assumptions were introduced in [40, 46]
for super and asymptotically quadratic system (1.1):
(V) Ve C(RN) are 1-periodic in x;,i = 1,2,...,N, and 0 lies in a gap of the spectrum of
-A+V,ie,

sup[a(—A + V)N (-o0, 0)] =A<0<A:= inf[cr(—A + V)N (o, oo)]; (1.6)

(G1) Ge CYRN x R?,[0,00)) is 1-periodic in x;, i = 1,2,...,N, and |G, (x,n)| = o(|n]) as
[n| = 0 uniformly in %, where G, (x,1) = VG(x, );

(SQ) limyy—oo GI(:\;]) = 00 uniformly in x € RY;
(DL) Gx, n) = %G,,(x, n) - n— G(x,n) >0 if n #(0,0), and there exist ry > 0, ¢o > 0, and

o >max{1,N/2} such that
|Gy m)|” < oGl m)nl”,  Y(xn) € RN x R, [n] = ro,

where and in the sequel, the dot denotes the inner product in R?;

(G2) G,(x,1) = Voo(®)n + G, (x, ) with G,(x,1) = VG(x, 1), where Vy € C(RN) is 1-
periodic in each of x1,%s,...,xy, inf V > A, and |C_-7,,(x,n)| =o(|n|) as |n] = oo
uniformly in x € RY;

(G3) Glx, n) > 0if n #(0,0), and G(x,n) — o0 as |n| = oo;

(Ga) Glx, n) > 0, and there exist 8y € (0, Ap), 8; > 0 such that G(x, n)>0if0<|n| <461,
and G(x, n) > 8o whenever Ién(x, )| > (Ao —80)|nl.

More precisely, the following theorems were established in [40, 46].

Theorem 1.1 ([40]) Let (V), (G1), (SQ), and (DL) be satisfied. Then (1.1) has a least energy
solution, i.e., a nontrivial solution 7] € E such that I(i]) = inf 1.

Theorem 1.2 ([46]) Let (V), (G1), (G2), and (G3) or (G4) be satisfied. Then (1.1) has a least
energy solution.

It follows from (G1), (SQ), and (DL) that the following condition holds, see Lemma 2.2:
(G0) G e CHRN x R?,R), and there exist constants p € (2,2*) and C; > 0 such that

|Gy n)| < Ci(L+ "), Y(xn) e RN x R?,

where 2% :=2N/(N —2) if N > 3 and 2* := +o0 if N =1 or 2.
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Condition (DL) was first introduced by Ding and Lee [13] for a single Schrodinger equa-
tion, and it together with (SQ) is commonly used instead of the following classic condition,
see, for instance, [26, 40, 42].

(AR) There exists a constant y > 2 such that

0<uGx,n) <G,(xn)-n VYreRY,neR*\{(0,0)}.

It is clear that (AR) implies (SQ); moreover, by a similar argument as in the proof of [13,
Lemma 1.3], (DL) holds provided that (AR) and (G0) with p > p are satisfied. The idea
of using the more natural super-quadratic condition (SQ) under a Nehari type setting to
replace (AR) goes back to Liu and Wang [25]. Afterwards, condition (SQ) was used in
many papers, see [13, 14, 26, 33, 38, 42, 47] and the references therein. In a recent paper
[30], a local superquadratic condition instead of (SQ) was introduced by Qin, Tang, and
Wu, which combines with a technical condition to guarantee the existence of ground state
solutions for Schrodinger systems like (1.1). Note that the assumption G(x,1) > 0in (DL),
(Gs), and (G4) plays an important role in the arguments of Zhang [40] and Zhao [46], see
also Ding and Lee [13].

Inspired by the aforementioned works, we continue to study problem (1.1) in this paper
and construct two types of ground state solutions, i.e., the least energy solution and the
Nehari—Pankov type. We first use a technical condition introduced in [29] to consider the
super-quadratic case and obtain a least energy solution for (1.1) with the aid of a gener-
alized linking theorem established in [20]. Then we lay emphasis on the asymptotically
quadratic case and discuss the existence of ground state solution of Nehari—Pankov type
for (1.1). Different from the super-quadratic case, the Nehari—Pankov manifold A/~ is not
homeomorphic to the unit sphere for the asymptotically quadratic case, so the general-
ized Nehari manifold method introduced by Szulkin and Weth [33] does not apply even
under strict monotonicity on G. More precisely, for each n € E\ E-, N~ does not neces-
sarily intersect the set E~ @ R*1, so one cannot directly adopt the method used in [35]
either. On the other hand, the argument in [40, 46, see Lemma 4.1] becomes invalid due
to the lack of positive assumption on G(x, n) (i.e., G(x, n) > 0). Motivated by the works [27,
33, 40, 46], we further develop the approach in [29, 34, 35] to find ground state solution
of Nehari—Pankov type for (1.1). Our approach is based on finding a proper subset E} of
E\ E~ (see (3.4) for the definition) such that, for any n € Ej}, there exist ¢ = £() > 0 and
w=w(n) € E- satisfying w + tn € N, then we can derive a minimizing sequence on the
Nehari—Pankov manifold by using the diagonal method, see Lemma 3.9.

Before stating our main results, we first introduce the following weaker version of (DL):

(G2) Glx, n) > 0, and there exist Cy > 0, 8¢ € (0, Ap), and o > max{1, N/2} such that

(Ao=8)) = |Gy(xn)|” < CoGlxn)nl°.

Clearly, (G2) holds under (DL) and (G1). Thus (G2) weakens (DL), and there are some
functions satisfying (G2), but not (DL) and (AR), see Examples 1.9 and 1.10. Moreover,
(GO0) holds under (G1), (G2), and (SQ), see Lemma 2.2.

We are now in a position to state the first result of this paper.

Theorem 1.3 Let (V), (G1), (G2), and (SQ) be satisfied. Then (1.1) has a least energy so-
lution.
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Next, we consider the asymptotically quadratic case and introduce the following as-
sumptions:
(G3) Gy(x,n) = Vool + G,,(x, 1), where Vi, € C(RY) is 1-periodic in each of x1,%,...,
xn with inf Vo > 0, and there exists g € E* \ {0} such that

Imoll* = llwl* - fN Voo®)[no + w*dx <0, VYweE; (1.7)
R

G,x,n) - G,I(x,r)) <0and G,(x,n) - G,,(x,n) <0 for 0 < |n| < ap for some ag > 0,
|G, (x,m)| = o(|n]) as |n| — oo uniformly in x € RY;

(G3') G,(x,1n) = Ve x)n + G,,(x, 1), where Vi, € C(RN) is 1-periodic in each of xy, %y, .. .,
xn with inf Vi > A, |G,,(x,n)| = o(|n]) as |n| — oo uniformly in x € RN, and
G,(x,n) - G,(x,1) <0 for x € RN and n #(0,0);

(G4) Forall @ >0,x e RN, n,we R?, there holds

1-62
2

G,(x,n)-n—0G,(x,n) - w+ Gx,0n +w) — G(x,1) > 0;
Our main results for the asymptotically quadratic case read as follows.

Theorem 1.4 Let (V), (G1), (G3), and (G4) be satisfied. Then (1.1) has a nontrivial solution
7 € E such that 1(n) = infar- [ > k, where k > 0 is a constant.

Corollary 1.5 Let (V), (G1), (G3'), and (G4) be satisfied. Then (1.1) has a nontrivial solu-
tion 1) € E such that I(i]) = infar- I > k, where k >0 is a constant.

In general, N~ contains infinitely many elements of E. In fact, for any n € E; defined later
by (3.4), there exist £ = £(1) > 0 and w = w(y)) € E~ such that w+ ¢ € N~ which is the global
maximum of I|g-gr+,, see Corollary 3.2 and Lemma 3.7. Since 7 is a solution at which 1
has least “energy” in set A/, it was called a ground state solution of Nehari—Pankov type
in [33, 35].

Remark 1.6 lItis easy to see that (G4), together with |G, (x, n)| = o(|n]) as || — 0 uniformly
inx € RY, implies that G(x, 7) > 0 and G(x, 1) > 0 for any (x,) € RN x R2, Condition (GO)
holds under (G1) and (G3); moreover, (G3') implies (G3), see (2.14) for details. The crucial
condition G(x, n) > 0 in (DL), (G3), and (G,) is not needed in (G2) and (G4); moreover,
there are many functions satisfying (G2), (G3), and (G4), but not (DL), (G3’), and (G4')
resp., see Examples 1.10 and 1.11. Thus Theorems 1.3 and 1.4 generalize and improve the
results in [35, 40, 46].

Remark 1.7 In [35], Tang introduced the following class of functions which satisfies (G4):

k o+ By ! P2 +2bjoyr+a;y?
Glx, @, 0) = Z/O gilx, )ede + Zfo h(x, )t dt,
i-1 j=1

where o, B, aj, by € R with o + B? #0 and a; > bf, gi(x,t) and h;(x, t) are nondecreasing in
t € R* for every x € RN and g;(x, 0) = ;(x,0) = 0.
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Condition (G4) is also satisfied under assumptions (G1), (G;) and the following con-
dition introduced by Bartsch and Mederski [6], the proof of which will be given in the
Appendix.

(G4) Gx, 1) > 0, and for any x € RV, n,w € R?, there holds

2G,(x,n) - 1[G, 1) - G, w)] < (G, (x,m) - n)” = (G, (@, m) - W),

whenever G, (x, 1) - w = G,(x,w) - n #0.
Moreover, (G4) holds also under conditions (G1), (G4'), and (SQ).

Remark 1.8 For the asymptotically quadratic case, Nehari—Pankov manifold A/~ does not
necessarily intersect the set E(n):=E-®R*nforeachn € E \ E-, and so N/~ is not home-
omorphic to the unit sphere S* C E* even under the strict monotonic condition. Thus, it
seems infeasible to find a minimizing sequence on the Nehari—Pankov manifold by reduc-
ing the problem on a sphere under assumptions (G1), (G3), and (G4).

Before proceeding to the proof of main results, we give some nonlinear examples to
illustrate condition (G2).

Example 1.9 G(x,n) = a(x)|n|*In[1 + |n|], where @ € CRY, (0,00)) is 1-periodic in x;, i =
1,2,...,N.

It is not difficult to verify that G satisfies (G1), (G2), and (SQ), but it does not satisfy
(AR).

Example 1.10 G(x,1) = a(8/5|n|'3"* — 4|n|'V"* + 9/2|5|°'*), where a > 0 and N < 4.

By simple computation, one has G(x,7) = a|n|”*(v/[n] - 3/4)> > 0. Then G does not
satisfy (AR) and (DL), but it satisfies (G2) with o = 12/5 if a € (0,8A¢/81).

For the asymptotically quadratic case, it is not difficult to verify that the following func-
tions satisfy (G1), (G3), (G4), or (G3’) by virtue of Remark 1.7, but Example 1.11 does not
satisfy (Gs) and (Gg) since G(x,n) =0if || > 1.

Example 1.11 G, (x,1) = Voo (x) max{|n|*, 1}n, where >0 and V, € C(RY) is 1-periodic
in each of x1,%5,...,x4y with inf V > A.

Example 1.12 G,(x, 1) = Voo (x)[1 - ﬁ]n, where o > 0 and V,,, € C(RN) is 1-periodic in
each of x1,%,,...,xx with inf V, > A.

Example 1.13 G, (x,1) = Voo (x)[1 - m]n, where V,, € C(RY) is 1-periodic in each of

X1,%2,...,4y with inf Vi, > A.

The remainder of this paper is organized as follows. In Sect. 2, some preliminary results
are presented. The proofs of the main results will be given in the last section.

2 Variational setting and preliminaries
Let A=—A + V. Then A is self-adjoint in L>(RV) with domain D (A) = H*(RN) (see [16,
Theorem 4.26]). Let {£(1) : —00 < A < +00} and | A| be the spectral family and the absolute
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value of A, respectively, and | A|!/2 be the square root of | A|. Set U = id—E£(0)—£(0-). Then
U commutes with A, | A, and |.A]"?, and A = U/| A] is the polar decomposition of A (see
[15, Theorem IV 3.3]). Let

H:=2(A"?), H :=£&0)H, H':=[id - £(0)]H. (2.1)
For any u € H, it is easy to see that

u=u +u", u =EOQueH, ut = [id—é’(O)]ueH+ (2.2)
and

Au™ = —|Alu~, Aut =|Alu*, Yue HND(A). (2.3)

Define an inner product

(u,v)y = (|A|1/2M,|.A|1/2V)L2, u,veH (2.4)
and the corresponding norm

lully = ||AI"?u) . weH, (2.5)
where (-, -);2 denotes the inner product of L2(RN), || - ||zs stands for the usual L*(RN) norm.

By (V), H = H(RN) with equivalent norms. Therefore, H embeds continuously in L*(RN)
for all 2 < s < 2*. In addition, one has the decomposition H = H~ @ H* which are orthog-
onal with respect to (-,-);2 and (-, -)y. Then there hold

AN(|VM|2+ VElu?)de = |ut |}, - |u |}, Yu=u +u" cH. (2.6)
Let E = H x H with the inner product
(), (0, ¥)) = W, @)1 + (v, ), (2.7)
and the corresponding norm
Izl = [llll + V1], ¥z = () € E. (2:8)

By (1.6), (1.5), and (2.8), it is easy to see that ||z||> > Aol|z||3 for any z € E, where || - ||,
stands for the usual L*(RY, R?) norm. Moreover, we have the following lemma.

Lemma 2.1 Let (V) be satisfied. Then the embedding E — L?(RN,R?) is continuous for all
pe(2,2*) and E < I! (RN,R?) is compact for all p € [2,27).

loc

Lemma 2.2 ([29, Lemma 2.2]) Suppose that (G1), (G2), and (SQ) are satisfied. Then (GO)
holds. Moreover, for any € > 0, there exist C; >0 and p € (2,2*) such that

|G, (x,n)| <elnl+CcnlP™',  V(x,n) e RY x R?, (2.9)

and G(x, n) — oo as |n| — oo uniformly in x.
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Under (V), (G0), and (G1), a standard argument (see [12, 32, 37]) shows that the solu-
tions of problem (1.1) are critical points of the functional

I(n) = /RN (VoVy + V(x)py) dx—f G(x,n)dx, VYn=(p,¥)€E, (2.10)

RN

I is of class C'(E,R), and

(), w) = / (VoVo + V(x)pg) dx + / (VYVE + V()pe) d
RN RN
- [ (Gt + Gylwme)ds, Vi u)w=E o) E ()

The following generalized linking theorem plays an important role in proving our main
results.

Let X bea Hilbert space with X = X~ @ X* and X~ | X*. Forafunctional/ € C}(X,R),is
said to be weakly sequentially lower semi-continuous if, for any #,, — u in X, one has I(u) <
liminf,_, o I(u,), and I’ is said to be weakly sequentially continuous if lim,,_, o (I’ (u,), v) =
(I'(u),v) for each v € X.

Lemma 2.3 ([19], [20, Theorem 2.1]) Let X be a Hilbert space with X = X~ & X' and
X~ L X", and let I € CY(X,R) of the form

1
I(u) = §(||u+ ||2 - ||u‘“2) —¢w), u=u"+u eX" LX".
Suppose that the following assumptions are satisfied:

(1) ¢ € CHX,R) is bounded from below and weakly sequentially lower semi-continuous;

(I2) ¢ is weakly sequentially continuous;

(I3) there existr > p >0 and e € X+ with |le|| = 1 such that
K :=infI(S,) > supI(3Q),

where

Sp={ueX":|ull=p}, Q={se+v:iveX ,s>0,llse+v|] <r}.

Then, for some ¢ > k, there exists a sequence {u,} C X satisfying

I(u,) = c, |7 ) || (1 + llegall) — O.
Let
E*=H"'x H", E-=H x H*, (2.12)

then, for any z = (4, v) € E, there holds

z=2"+27, z"=(u*,v") e EY, z = ,v')eE. (2.13)

Page 8 of 20
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Moreover, E* and E- are orthogonal with respect to the inner products (-,-); and
(+,-), where (-,-)2 is chosen by ((#,v), (¢, ¥))2 = (u,9);2 + (v, ¥);2 for any (u,v), (@, V) €
L*(RY,R?).Hence E=E* §E".

Next we show that (G3') implies (G3). If inf V, > A, take & € (A, inf V), then there ex-
ists no € (E(f2) - E(0)H x (£(0)-E(-))H C E*\ {0} such that Allnoll5 < n0ll* < llmoll3,
thus for any w € E7, one has

ol = lwl? - /N Voo (@)[10 + w]* dx
R

< ilmoll = Iwll* —inf Voo (Ino I3 + llwll3)
= —[(nf Voo = @)llnoll3 + Wll* +inf Vo (IImoll3 + wli3)]

<0. (2.14)

This shows that (1.7) holds.
As in [46], we introduce a change of variable

u+v

= (2.15)
v =,
and set H(x,2) = H(x,u,v) := G(x, ©2, %), H(x,z) = G(x, %, ”—J_;’), here and in the sequel,
we write z = (,v) and |z| = (|u|® + |[v|?)2.
It is not difficult to verify that assumptions (G2'), (G4'), and (G0)—(G5) on G imply that
H satisfies:
(S0) There exist constants p € (2,2*) and C; > 0 such that

|H.(%,2)| < Ci(1+2lP"), V(xz) e RN x R

(S1) H € CHRN x R2,[0,00)) is 1-periodic in x;, i = 1,2,...,N, and |H,(x,z)| = o(|z]) as
|z| = 0 uniformly in «;

(S2) H(x,z) := %Hz(x, z) -z — H(x,z) > 0, and there exist constants Cy > 0, &g € (0, Ap)
and o > max{1, N/2} such that

|H,(x,z)] 1 o . ,

ZT = E(AO -&) = ’Hz(x,z)’ < CoH(x,2)|2|°;

(S3) H,(%,2) = Voo (x)z+ H, (%, 2), where V,, € C(RN) is 1-periodic in each of x1, %, ..., %y
with inf Vi, > 0, and there exists zy € E* \ {0} such that

r2||zo||2—||w||2—/ Voo (®)(t20 + w)2dx <0, V1 >0,weE;
RN

H,(x,2) - H,(x,2) <0 and H,(x,z) - H,(x,2) < 0 for 0 < |z|] < ag for some o > 0,
|H,(%,2)| = o(|z]) as |z| — oo uniformly in x € RY;

(S3') H,(x,2) = Vao(%)z+ H,(x, 2), where V, € C(RN) is 1-periodic in each of x1, x5, ..., xx
with inf Vi, > A, |H,(x,2)| = o(|z]) as |z] — oo uniformly in x € RN, and H,(x,2) -
H,(x,2) < 0 for x € RN and z # (0, 0);

Page 9 of 20
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(S4) Forall® >0,x e RN, z,¢ € E, there holds

1-62

H,(%,2) - z—0H,(x,2) - £ + H(x,0z + {) — H(x,2) > 0;

(S4) H(x,z) > 0, and for any x € RN, z,¢ € R?, there holds
2H,(x,2) - 2[H(x,2) - H(x,¢)] < (H(%,2) - 2)" = (H:(%,2) - £),
whenever H,(x,z) - ¢ = H,(x,¢) -z #0.
Under (V), (50), and (S1), it follows from Lemma 2.2 that, for any ¢ > 0, there exist C, > 0
and p € (2,2%) such that

|H,(x,2)| <elzl + ColzlP™,  ¥(x,2) e RY x R2 (2.16)

Clearly, (SO) holds under (S1) and (S3), as well as under (S1), (52), and (SQ). For any z =

(¢, v) € E, it follows from (2.6) and (2.15) that n = (¢, ¥) = (%, %) and

/]RN (VoVy + V(x)py) dx
= %/ (IVul® + V(@) ul® - [Vv* = V(x)|v]*) dx
RN
1
= 5 (e [ =l = 1o+ 1)

1
=521~ 11). (217)

Thus, we have an equivalent functional

o) =0 =5 (|2 - ) - v @18)
and

(®'(2),¢)= (", ¢") = (z7,¢7) = (V'(2),¢), Vz,¢ €E, (2.19)
where

W(z) = /R (Hz)dr,  (V)¢)= /R Hew2) o dx. (2.20)

It is obvious that z = (4, v) € E is a critical point of ® if and only if (%, ”—\/‘5") is a critical

point of I. In what follows, we shall seek for the critical points of ® under the assumptions
on H. Obviously, the sets M and A/~ defined by (1.2) and (1.3) can be rewritten as follows:
M= {ZGE\ {(0,0)} :dJ'(z):O}, (2.21)

and

N~ ={zeE\E :(®'(2),2) = (?'(2),{) = 0,¥¢ € E7}, (2.22)

Page 10 of 20
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By (V), the functional @ is strongly indefinite, the type of which has been largely inves-
tigated by authors via critical point theory, see [8, 12, 13, 18, 33, 37] and the references
therein.

Before proceeding to the proof of the main results, we need some preliminaries.

Lemma 2.4 Suppose that (V), (S0), and (S1) are satisfied. If inf Vi, > 0, then

r(CI)’(z),rz+2{) > r2||z+ ||2 - ||tz‘ +§||2 +]1¢|? —/ Veo@)|tz + ¢|* dx
RN

o [ 7 Ho%,2) Voo (%) = [Ho(x,2)
T /RN Voo (%)

VzeE,t R, €E". (2.23)

dx,

Proof In view of (2.19) and inf Vs, > 0, we have
t(®'(2), 72+ 2¢)

~ e P e 2e(e) v [ M) (e 200

:r2||z*||2—Hrz*+¢||2+||¢||2—/RN Veol®) 7z + ¢ [2dx
+/RN[Voo(x)|rz+§|2—er(x,z)~(rz+2§)] dx

=r2||z+||2-||rz*+;|\2+||;||2—fRN Voo@)|tz + |2 dx
+/I;N{Voo(x)mz+2r[Voo(x)z—HZ(x,z)]~§’
+[Voo®)l2|* — 2 H,(%,2)]7*} dx

=2 P oz e P el - [ ValeecPas

Voo ®)¢ + T[ Voo (¥)z — H, (%, 2)]|*
* /RN Voo 3) d
o [ 2 Hy(%,2) Voo (%) — |H,(x,2)]?
+7 AN V) dx

G R R IRy T

dx, VzeE,teR,(e€E,

”2/ 2+ H,(%,2) Voo (%) — |H(x,2) |
RN Vo)

which shows that (2.23) holds. O

Corollary 2.5 Suppose that (V), (S0), and (S1) are satisfied, and that inf Vo, > 0. Then

[« ==+ 2"~ | Vaolo)lz+ ¢
RN

<-llg)?- / 2 Hy(%,2) Voo (%) — |1 H(x, 2) 2

V@) dx, Vze N ,;te€E". (2.24)
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Employing a standard argument (see [37] and [40]), one can easily check the following
lemma.

Lemma 2.6 Let (V), (S0), and (S1) be satisfied. Then WV is nonnegative and weakly sequen-
tially lower semi-continuous, and V' is weakly sequentially continuous.

3 Proof of main results
Lemma 3.1 Let (V), (S0), (S1), and (S4) be satisfied. Then, for any z € E,

1-172
2

1
O = Blrz+¢)+ ¢l + (@'(2),2) - T(®(2),¢), V¢ €ET,T>0. (3.1)
Proof The proof is the same as the one of [35, Lemma 3.3], here we omit the details. [

From Lemma 3.1, we have the following two corollaries.

Corollary 3.2 Let (V), (S0), (S1), and (S4) be satisfied. Then, for any z € N,
1
D(z) > O(tz+¢) + Ellg“ 12, VY¢eE,t>0. (3.2)

Corollary 3.3 Let (V), (S0), (S1), and (S4) be satisfied. Then, for any z € E,

2z |2 1-1t2

() = d(rz") + St T(@’(z),z) +7%(®'(2),27), Vr=0. (3.3)

Applying Corollary 3.2, we can prove the following lemma in the same way as [33,
Lemma 2.6].

Lemma 3.4 Let (V), (S0), (S1), and (S4) be satisfied. Then
(i) there exists p > 0 such that m := infy- ® > k := inf{®(2) : z € EY, ||z|| = p} > O;
(ii) l|z*|| = max{||z~||,/2m} forall z € N~.

Define a set E] as follows:

E} = {zeE*\{O}:||z||2—||§||2—/ Vieo@)|z + ¢|*dx < 0,¥¢ EE}. (3.4)
RN

Obviously, (S3) shows that the set EJ is not empty.

Lemma 3.5 Let (V), (S1), and (S3) be satisfied. Then, for any e € E}, there is a constant
r1 > p such that sup ®(9Q) < 0 for r > ry, where

Qz{{ +se: €E,s>0,]|¢ +se||§r}. (3.5)

Proof 1t is sufficient to show ®(z) < 0 for z € E~ @ Re and ||z|| > R for large R. Arguing
indirectly, assume that, for some sequence {z,} C E~ @ R*e with | z,|| — oo, ®(z,) > 0
for all » € N. Set w,, = Hjﬁ =W, + s,e, then ||w,| = 1. Passing to a subsequence, we may
assume that w, — win E. By Lemma 2.1 and (2.18), then w,, — w a.e. on RN, s, — s and

H(x,z,)

0< ®(z,)
|2 |?

<SP |w,|? dx. (3.6)

1 1, _
= osilel® = 5w, "~
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If s = 0, it follows from (S1) and (3.6) that

1 H(x,z s2
Os—llw;||2+f @2 Pdx< e > 0,
2 RN |Zn|2 2

which yields ||w;, || = 0, and so 1 = ||w,,|| — 0, a contradiction.
If s #0, then w # 0. Since e € Ej, there exists a bounded domain € C R¥N such that

s2lle)|? - ||w’||2—/ Voo ()|se + w™|* dx < 0. (3.7)
Q

By (S3), H(x,z) = % Voo (#)|2]? + H(x, 2). It follows from (3.6) that

SZ 1 12 H(x,Z)
0% S Ly - [ Ml
2 2 [zl
s 1y 2 1 H(x,z,)
= Zlel® - S [lw; | ——/ Voo () | * d — .
2 2 2Ja o lzll

Clearly, |H(x,z)| < C|z|? for some C; > 0 and |H(x,2)|/|z|*> — 0 as |z| — 0o. Since w,, — w
in E, then w,, — win L?(2), and it is easy to see from the Lebesgue dominated convergence
theorem that

H(x,zy,) / F(x,24)
dx =
Q

|w, |2 dx = o(1).
o llzall? |zal2 "

Hence
0<se|l? - ||w’ ”2 - / Voo(x)|se + w’|2 dx,
Q

a contradiction to (3.7). a

Lemma 3.6 Let (V), (S1), (S2), and (SQ) be satisfied. Then, for any e € E* with |e| = 1,
there is a constant ry > p such that sup ®(3Q) < 0 for r > ry, where

Q:{(; +se:t €E,s>0,]¢ +se||§r}. (3.8)

Proof The argument is similar to the proof of Lemma 3.5, we only need to modify the last
part of it. Indeed, for the case s # 0, it follows from (S1), (SQ), (3.6), and Fatou’s lemma

that
2
s 1 Hx,z
051imsup|:—”——Hw;HZ— ( 2n)|w,,|2dxi|
nooo L2 2 RN |2
2
s Hx,z
< lim 2 -liminf ( ”)|w,,|2dx
n—00 n—oo JpN |Zn|2

“n

2 H(x,z
< ——/ liminf G, ")|w,,|2dx=—oo,
2 Jry onooo g2

a contradiction. O
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By virtue of Lemmas 3.4 and 3.5, one can prove the following lemma by using the same
argument as in the proof of [33, Lemma 2.6].

Lemma 3.7 Let (V), (S1), (S3), and (S4) be satisfied. Then, for any z € E;, N~ N (E~ @
R*z) # 0, i.e., there exist T(z) > 0 and w(z) € E~ such that t(z)z + w(z) e N~.

Applying Lemmas 2.3, 2.6, 3.4(i), 3.5, and 3.6, one gets directly the following.

Lemma 3.8 Under (V) and (S1), either (S2), (SQ) are satisfied or (S3) holds. Then there
exist a constant ¢ € [k, sup ©(Q)] and a sequence {z,} C E such that

D(zs) > ¢ [P (z)|(1+llzall) = O, (3.9)
where Q is defined by (3.8).

The following lemma shows that a minimizing Cerami sequence for the energy func-
tional can be found outside the Nehari—-Pankov manifold, from which one can easily
demonstrate a ground state solution of Nehari—Pankov type for problem (1.1).

Lemma 3.9 Let (V), (S1), (S3), and (S4) be satisfied. Then there exist a constant c, € [k, m]
and a sequence {z,} C E satisfying

D(zn) > o @) (14 l12all) > 0. (3.10)
Proof The proof is essentially contained in [34], we omit it here. 0

Lemma 3.10 Let (V), (S1), and (S3) be satisfied. Then for any sequence {z,} C E satisfying
(3.10) is bounded in E.

Proof To prove the boundedness of {z,}, arguing by contradiction, suppose that ||z,|| —
oo. Let w, = z,/||z4||, then ||w,|| = 1. By Lemma 2.1, there exists a constant Cy > 0 such that
wylla < Co. If

8 :=limsup sup / |w;|2dx:0,
B1(y)

n—00 yeRN

then by Lions’s concentration compactness principle [24] or [37, Lemma 1.21] (usually
this lemma is stated for {z,} C H!(RY); however, a simple modification of the argument
in [24] shows that the conclusion remains valid for E), w): — 0 in LY(RN, R?) for 2 < s < 2*.
Fix R > [2(1 + ¢)]V/2. By virtue of (2.16), for & = 1/4(RC,)? > 0, we have

limsup/ H(x,Rw;) dx < e(RC,)* + RPC, lim Hw; Hp = 1 (3.11)
RN n—00 r 4

n—0oQ

Let 7, = R/||z,]||. Hence, by virtue of (3.10), (3.11), and Corollary 3.3, one can get that

2
Tn

1- 2
crol1) = @(a) = 2 (|5 + | ) —/RNH(x, ryzf) s L2

(q:)/(zn)’zn)

+7(®'(24),2,)
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S ) - [ s m e (5 - i )@z
2 e 2 2zt T
2
" o 02

RZ R 1 3
— —/ H(x,Rw})dx+0(1) > — — = +0o(1) > c+ = + o(1).
2 Jan 2 4 4
This contradiction shows that § > 0.

Going if necessary to a subsequence, we may assume the existence of k,, € Z" such that
f31 stk lwi |2 dx > % Let w,(x) = w,(x + k). Since V(x) is 1-periodic in x, then ||w,| =
lw,ll =1, and

/ ] \ dx>— (3.12)

1+\/_

Passing to a subsequence, we have w, — win E, w, — win LfOC(RN,R2), 2<s<2* W, —~>
w a.e. on RN, It follows from (3.12) that w* #0, and so w # 0.

Now we define z,(x) = z,(x + k), then z,/||z,|| = W, — W a.e. on RN, w #0. For x €
Q= {y € RN : w(y) # 0}, we have lim,,_. |Z,(x)| = co. For any ¢ € C°(RN,R?), setting
Sn(®) = ¢(x — k), then

(qD,(Z”)’ g”’) = (Z; ~Zy grt) ~ (VooZu, Sn)2 — /]RN I:[z(x’ Zy) - Gudx

. H,(x,2,)
= ||Zn|||:(wn_wnr§n) _(Voowm Sn)2 — Bahaell §n|Wn|dx]
RN |z |
H xyén) ~
||Zn|||:(W _Wnrg) (VooWn, 6)2 — ﬁ'§|wn|dx:|r
which, together with (3.10), yields that
H,(x,z, -
(W =Wy 6) = (Voo 6)2 — —) - G|yl dx = o(1). (3.13)

|2l

Note that, for some constant C > 0, there holds

I:[ 7~n ~ H ) n ]:1 !~Vl ~
H:x2,) wn|dx|s/ Rl —w||g|dx+f ‘ﬁwnddx
RN FA RN 1Z,| RN Zy
1:[ 7~n ~
sc/ |wn—v~v||g|dx+/ B0 %0 5116 e = (1),
suppg Q Zn
Hence,
(W =W, 6) = (Vaoi, 6)2=0, Vs =(p,¥) € C°(RY,R?). (3.14)

Let w= (u,v), then w* —w~ = (u* —u~,v~ —v*). Thus from (3.14) we have

(' —u@), + (v =5 ), = (Veelt, )12 — (V¥ ¥)12 = 0,

Page 15 of 20
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which implies that

—Au+ V(x)u = Vaoit,
Av+ V(x)v = V.

Hence u is an eigenfunction of operator B := —A + (V - V), and v is an eigenfunction
of operator 3, := —A + (V, — V), which contradicts the fact that B; has only continuous
spectrum for i = 1,2 since V — Vi is 1-periodic. This contradiction shows that {z,} is
bounded. O

Lemma 3.11 Let (V), (S1), (S2), and (SQ) be satisfied. Then for any sequence {z,} C E
satisfying

Pz)) >c>0,  (P(z),2) >0, (3.15)
is bounded in E.

Proof By virtue of (S4) and (3.15), there exists a constant C3 > 0 such that
1, X
C3 > qD(Zn) - E(Cb (zn); Zn) = / H(x,zn) dx > 0. (316)
RN

To prove the boundedness of {z,}, arguing by contradiction, suppose that ||z, | — co. Let
Wy = Zu/ |24 |, then |lw, || = 1. If § := limsup,,_, SUP, RN fBl(y) IW;I2 dx = 0, then by Lions’s
concentration compactness principle, w! — 0 in LS(RN,R?) for 2 < s < 2*. Set 0’ = o'/(0 —
1) and

Q= {xeRN: |1‘1z|(z7x|,z)| < %(Ao —50)}~ (3.17)

Then 20" € (2,2%) since o > max{1,N/2}. Note that Ao||z||? < ||z||? for any z € E, then

|H (%, 2| 1 1 8
/ le | " fw || de < 5(A0—80)||w; |, l1wallz < DY (3.18)
n n 0

On the other hand, by virtue of (S4), (3.16), Lemma 2.1, and the Holder inequality, there
exists a constant C4 > 0 such that

1/o0
|H,(x,2,)| |H(%,2) | \°
[ e < A T T
rRN\Q,  |Zal RN\Q, 2]

1/o
§c4( f comx,znmx) i,
RN\Q,,

< Cu(CoCs) |wy ||, = 0(1). (3.19)
In view of (S1), (2.18), and (3.15), one has

2eso) = fai P - [ -2 [ Hesz) s <[5 - e (3:20)
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Combining (3.18) and (3.19) and using (2.19), (3.15), and (3.20), we have

1 2512 = (P (z,), 2
_+0(1)§||y,|| ( 2(n) )
2 ([EA
1 H,(x,z,) -z
= < +") ”|w;|dx
zull Jizt10 |z |

H,(x,z
|z11|#0 |Zn|

H,(x,z H,(x,z
S/ | Z( ’ n)||Wn||W:1|dx+/ | Z( ’ n)||Wn||W;|dx
n 1z, RN\Q, 1Z,1]

1 &
<= -——+o0(1). 3.21
=5 2Ao+0() (3.21)

This contradiction shows that § > 0. The rest of the argument is standard, so we omit it.
O

We first prove Theorem 1.4, then sketch the proof of Theorem 1.3.

Proof of Theorem 1.4 Applying Lemmas 3.9 and 3.10, there exists a bounded sequence
{z.} C E satisfying (3.10). By Lemma 2.1, there is a constant Cs > 0 such that |z, +
Izally < Cs. I

8 :=limsup sup / |z, dx =0,
B(,1)

n—00 yeRN

then by Lions’s concentration compactness principle, z, — 0 in LS(RN,R?) for 2 < s < 2%,
From (S1), (2.16), (2.18), (2.19), and (3.10), one has

2¢, +0(1) = Hz; ”2— Hz;||2—2/ H(x,z,)dx
RN

< Jail" = (e ) s [ Hnzei o
RN

< ellzullz|z [, + Cellzally |25 [, + 0(1)

< &Cs +o(1).

This is a contradiction since € > 0 is arbitrary. Thus § > 0.
Going if necessary to a subsequence, we may assume the existence of k,, € Z" such that

8
/ |z, 2 dx > —.
Bk 1+V/N) 2

Let us define w,(x) = z,(x + k,) so that

)
/ [w,l? > = (3.22)
B(0,1++/N) 2

Since V(x), H(x,z) are periodic in x, together with (3.10), we have ||w,|| = ||z, and

O (w,) — ¢4 € [k, m], @' (w) || (1 + wall) — 0. (3.23)

Page 17 of 20
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Passing to a subsequence, we have w, — wy in E, w,, — wy in LfOC(RN ,R?) for 2 < s < 2*

and w,, — wy a.e. on RN, Hence it follows from (3.22) and (3.23) that ®'(wg) = 0 and wy # 0.
This shows that wy € /7, and so ®(wp) > m. On the other hand, by (S1),(S4), (2.18), (2.19),
(3.23), and Fatou’s lemma, we have

- %<®/(Wn): Wn>]

m>c, = lim [CD(W,,)

n—00

= lim H(x,w,)dx > / liminf A (x, w,,) dx
R

n—>o00 JpN N Hn—>00

= H(x, wo) dx = (wp) — %(CD/(WO), wo)
RN

= @(Wo).
This shows that ®(wp) < m, and so ®(wy) = m = infar- ® > k > 0 by Lemma 3.4(i). a

Proof of Theorem 1.3 1t follows from Lemma 2.2 that (S1), (SQ), and (S2) yield (S0). Ap-
plying Lemmas 3.8 and 3.11, there exists a bounded sequence {z,} C E satisfying (3.9).
Similar to the argument as in the proof of Theorem 1.3, we can show that ®(z) = 0 for
some z € E\ {(0,0)}, i.e., M #0. Let ¢ := inf o ®. By (54), for any z € M, one has

1 .

D(2) = P(2) - =(P'(2).2) = | Hx,z)dx >0,

2 RN
therefore ¢ > 0. Let {z,,} C M such that ®(z,) — ¢. Then (®'(z,),¢) =0 forany ¢ € E. It
follows from Lemma 3.11 that {z,} is bounded in E. The rest of the argument is the same
as in the proof of Theorem 1.4 by using (S2) instead of (S4). O

Appendix
Here, we prove that (G4) holds under (G1), (G4’), and (G3). It is equivalent to showing that
(S4’) together with (S1), (S3') yields (S4). For any z,¢ € R?, let

1-¢2

h(t) := H,(x,2) -z —tH,(x,2) - £ + H(x,tz + ) — H(x,2), Vt=>O0.

It is sufficient to show that i(¢) > 0 for ¢ > 0. If z = 0, then h(t) = H(x,¢) > 0 by (S1).
Assume z # 0. It follows from (S1), (S4') and z - H,(x,z) < 0 for z # 0 (deduced from (S3'))
that

1
h(0) = EHZ(x’ z)-z—Hx,z)+ Hx,¢) >0, and k() >0 forany ¢ large.

Assume that /(¢) reaches a minimum at some point £, € [0, 00). Clearly, /4(t) > 0 for any
t>0if tg = 0. Assume £y > 0. Then #/'(ty) =0, i.e.,

H,(x,toz+¢) - z— H,(x,2) - (toz+¢) = 0.

If H,(x,toz + ¢) - 2 =0, (S1) and (S4’) imply that

1+

h(ty) = H,(x,2) -z— H(x,z) + H(x,t0z + ) > 0.
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If H,(x,toz + ¢) - 2 # 0, (S4') yields that H,(x,z) - z # 0. Using (S1) and (S4') again, we have

)
Mio) = = H(2) 2~ M) ¢ [2Hi(2) -]

\%

x {[H.(x,2) ~z]2 - [Ha%,2) - (toz + {)]2}

> [2H,(x,2) - z]_l[ton(x, z)-z—H,(%,2) - (toz + ;)]2

v

0.

Then 4(t) > 0 for ¢ > 0, and so (S4) holds.
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