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L'-metric spaces, we prove that there exists a unique solution for the singular
boundary value problem with mixed boundary conditions and spatial
heterogeneities. We finally provide two examples, which show the effectiveness of
the Schroédinger-type identity method.
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1 Introduction
In this paper, we consider a singular boundary value problem with mixed boundary con-

ditions and spatial heterogeneities given by (see [1-7])

—Af=xf in],
f=0 onTy, (1.1)
of + VO)f = xo(®u? on Ty,g>1,
where:

(i) 3=1(0, W) x (0,w) is a bounded rectangular domain, J represents a porous medium
with Lipschitz boundary 83 = 1; U T, where

T = ({0} x [0,w]) U ([0, W] x {w}) U ({W} x [0,w])
is the part in contact with air or covered by fluid, and
T = [0, W] x {0}
is the impervious part of 3]. Let P = J x (0, M), where M > 0;
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(i) —A stands for the minus Laplacian operator, yx is a function of the variable ¢
satisfying

1< x({t)<cy, forae. te(0,W) (1.2)
for two positive constants ¢; and ¢, and w(¢) satisfies
0<w()<1 foraetel (1.3)

(iii) the spatial heterogeneities on the boundary come given by the potentials
V,b € C(Ty), where b > 0 on Ty, and V possesses arbitrary sign at each point x € Ty;

(iv) 9f(x) stands for the outer normal derivative of f at ¢t € .

Our goal in this paper is to analyze the Schrodinger-type identity for (1.1). In the
Schrédinger-type identity the continuous part of the corresponding Schréodinger oper-
ator is unchanged, and only the discrete part of the spectrum is changed by adding or
removing a finite number of discrete eigenvalues to the spectrum. We can view the pro-
cess of adding or removing discrete eigenvalues as changing the “unperturbed” potential
and the “unperturbed” wavefunction into the “perturbed” potential and the “perturbed”
wavefunction, respectively. Hence our goal is to present a Schrodinger-type identity at
the potential and wavefunction levels by expressing the change in the potential and wave-
function in terms of quantities related to the perturbation and the unperturbed quanti-
ties.

The singular boundary value problem arises in many areas of applied mathematics and
physics, and only its positive solution is significant in practice (see [8—12]). In recent years
the study of positive solutions for ordinary elliptic systems and of positive radial solutions
for elliptic systems in annular domains has received considerable attention; see [13-17]
and the references therein. These references discussed mainly (1.1) for the particular case
o(t) =1 and V(¢) = 0 and established some interesting results by applying the fixed point
theorems of cone compression type, the lower and upper solutions method, and the fixed
point index theory in cones, and especially extended the relevant results on the scalar
second-order ordinary differential equations. For instance, Huang [18] has developed the
Randon transform of the singular integral, where they have considered a linear stochas-
tic Schrodinger equation in terms of local quantum Bernoulli noise. Subsequently, Sun
[19] obtained new applications of the above identity for obtaining transmutations via the
fixed point index for nonlinear integral equations. It is possible to derive a wide range
of transmutation operators by this method. Zhang et al. [20] introduced a Schrodinger-
type identity for a Schrodinger free boundary problem in R” and established necessary
and sufficient conditions for the product of some distributional functions with uniformly
sublinear term. Bahrouni et al. [21] obtained qualitative properties of entire solutions to
a Schrodinger equation with sublinear nonlinearity and sign-changing potentials. Their
analysis considered three distinct cases, and they established sufficient conditions for the
existence of infinitely many solutions. In 2019, they [22] also considered the bound state
solutions of sublinear Schrodinger equations with lack of compactness. Using variational
methods, they proved the existence of two solutions with negative and positive energies,
one of these solutions being nonnegative. Rybalko [23] studied an initial value problem
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potential. Xiang et al. [24] considered the existence and multiplicity of solutions for the
Schrédinger—Kirchhof-type problems involving the fractional p-Laplacian and critical ex-
ponent. Xue and Tang [25] established the existence of bound state solutions for a class of
quasilinear Schrodinger equations whose nonlinear term is asymptotically linear.

Recently, there have been also many extensive attentions (see [26, 27] and references
therein) for singular Schrodinger-type boundary value problems under a general sublin-
ear condition or a general superlinear condition involving the principal eigenvalue of the
Schrodinger operator, and in some sense their conditions are optimal.

Our paper is organized as follows. In Sect. 2, we present a modified Schrodinger-type
identity when a bound state is added to the spectrum of the Schrédinger operator. Ap-
plying it, in Sect. 3, we prove that there exists a unique solution for the singular bound-
ary value problem with mixed boundary conditions and spatial heterogeneities. Finally,
in Sect. 4, we present some illustrative examples for better understanding of the results

introduced.
2 A modified Schrodinger-type identity
In this section, we introduce the following modified Schrédinger-type identity for the so-

lution of (1.1). As for the classical Schrodinger-type identity, we refer the reader to [19]
for more detail.

Lemma 2.1 Let
21 :-[1 X (O)M), 22:—[2 X (O,M): 23:220{¢>0}
and

Zu=3,N{¢ =0}

(i) Lete>0,k>0,and ¢ € D(R? x (0,M)) be such that ¢ > 0 and ¢ =0 on X3. Then

/ XO + @) <min<(f —€/<)+ , g)) dtds = 0. 2.1)
P t

(ii) Let ¢ =0o0n Xy. Then

/X(t)(ﬁ+w)<min((k_”)+,g>-min(’i,g» dtds = 0. (2.2)
P € € ¢

Proof Let ¥ be a measure function satisfying

d(supp(¥), £,) >0

and

supp(¥) C R* x (0, M).
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Then we have that

(t,8) > Y (t, t —«)

vanishes on ¥ and in J x {0, M} for any k € (—«o, ko), where kj is a positive constant.

Note that there exist two constants d; > 0 and d5 > 0 such that
dillfelle < el < dallfells forall fy € Xy

It follows from (1.2), (1.3), and (2.3) that
|70 - 7l = 2 exol (3RRe=1) W Ut~

forallf, f; € ¥;.
So

B + B +20-0 [ (U0 + i) o
1 M
<R+ o= [ w0) [y < D
On the other hand, we obtain that
M M d 1
2 [+ [ S W02 [ V) as]a
M
=2 [ (WOl ).
0

It follows from (2.5) and (2.6) that

Md 2 L
[ Lo 2 [ e

1
A s = O +2 [ TVt W) - P (ite 0) ] =o.

Putting g = sup,, - 5z (t), we obtain that

2 [O (W D)D)LF ) dy
=2 [ )| o) &
0
M
< 2Rug / 156)| dy

20 1 M / 2
§2WRLR+§/ 10| dy.
0

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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From (2.6), (2.7), and (2.8) it follows that

M M
fo 1|2 dy <2WR2E +2 fo [w)|* dy < Dw (2.9)

for all m € Nand ¢t € [0, M].
For fixed i and j, from (2.9) we deduce that

M M
[ 50500 0600y~ [ s el
(2.10)
M M
/0 (10) +fu ) 166 ) dy — /0 (£0) + £ 21800 .

It follows from (2.8) that

M _ M _
/0 (V (5 )), 150600\ dy — /0 (V(50)), x50\ by,
2.11)
M M
fo (V) 16 0)) dy — fo (OO K500 .
So
M M
/0 (F0) + £ 500} dy + / (6) + /i), 10609y
M M
. / (V(00)s 106:00)) dy + / () O)r 1,6)) dy
0 0
M
_ /0 (W), xi:0)) dy, (2.12)

which yields the equation

M M
| o150 200+ [0 +0) 1) dy
M M
+ / (V{0), xe)dy + / (OIS ), x ) dy
0 0
M
_ / (W), x(0))dy for all w € L(0, W; HY). (2.13)
0
It follows from (2.13) that modified Schrodinger-type identities (2.1) and (2.2) hold. O

3 Uniqueness of the solution
In this section, we obtain our main result that a solution of problem (1.1) is unique. We
assume that

x € C' ([0, W]). (3.1)

Now we can state our uniqueness theorem.

Page 5 of 20
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Theorem 3.1 The solution of problem (1.1) associated with the initial data w, is unique
and satisfies

fEeL®(0,W;HyNH?),  f eL*(0,W;Hp). (3.2)
Furthermore, we have the estimate

fllzoay < max{[[foll ooy If Lo }- (3.3)

Proof Consider a special orthonormal basis {x;} on Hy xi(t) = V2sin(jnx), j € N,
-Axi=Tix), X € COO([O, 1]),1, =), j=1,2,....

Put (see [28])

!
fils) = di(s)x;, (3.4)

j=1

where

(£ (), x3) + (fie(S)s xje) + (fie(s) + V (£ie(S)), x5e)
(14 ()i 1) = wish ) 1<j<b (35)
Si(0) = for,
in which
1

for = Z,Sljxj — fo strongly in HE NH2. (3.6)

j=1

Equality (3.5) yields that

dyi(s) + dj(s) +

[V (ie(s))s xix) + (e (®)fi5), x3)]

1+1;

(3.7)

1
= 1+ T <W(S)7 Xi)r

di(0)=p; 1<i<lL

Multiplying the jth equation of (3.7) by dj(s) and summing up with respect to j, we
obtain that

S/(5) = S0) +2 /0 (WO fi)) dy, (3.9)
where
5190 = 03 +2 [ 1f0) 30

42 / (V () e ) dy + 2 / (o) 12 0) . (3.9)
0 0
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So
Si0) = Iforll21 < So

for m € N, where fo; — fy strongly in H} N H2.
Consider

_ y
yV(y):y/O V() dr =0

fory e R.
So

2 /0 W) i) dy < /0 [w)|dy + fo 15| dy

w 3 1
< /O o) dy+ 5565,

which yields that

w
Sils) < 25, + 2/ |w)|*dy < D).
0

Further, we obtain that

{fie(s): xie) + (AF ), Ayg) + (Afils), Ax)
+ (fie(8), xje) + (V (fir(s)) Afis), A x)
+ (¢ (fie(©))fi(s) ASfils) + L(fie(9)) (), xse)
={fis) xie) 1<j=<L

Similarly,
Pis) = Po(0) 2 fo [ (00 M) i)

O 0y 2 [ 00 f0)dy
= P[(O) + Il +Ig,

where

Pus) = ()] + | Afi(s)|* +2 / (Ve[ + | A0 |*) dy

Afi(s)[*) dy.

2 /0 V(o).

On the other hand, we have

Pi(0) = i) + | A O)|* = IWfomell + 180t < Bo

for any m € N, where P, always indicates a constant depending on fo (see [29]).
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It follows that
7= -2 [ [ GOMOAE.A0)
() e[ dy <0 (3.17)

and

¢ w
L2 [ o) = [ 0|10
0 0

w w
< [ ol Vstia = o [ ol 618)

from (3.14), (3.15), and (3.16).
So from (3.14), (3.16), (3.17), and (3.18) we have

w
PZ(S)SP0+\/D(V1¢)/ i) dy < D). (3.19)
0
Define
2(2) ifs € [0, 51,
1-2(1-2)*  ifse(%,0],
fils) =11 ifse(o,M-o0l,
1-21- 4242 ifte M-0,M~ 5],
2(M=)? ifteM-%,M],

where M € (0, W], and o is a positive real number.
Note that f; € C1([0, W]) and

4% ifs € [0, 31,
21-2) ifse(%,01,
fils)=140 ifse(o,M-0o],

-2(1-%2) ifteM-o0,M-3],
—2(4=) ifse (M- %,M].

o

Let ¥, be the linear space generated by x1, x2,. .., x;- We consider the following problem:

Find a function fi(s) in the form (3.4) satisfying system (3.5) and the W -periodic condition
(see [30])

Si0) = fi(W). (3.20)

We consider the initial value problem given by (3.5), where fy, is given in X;.

Page 8 of 20
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It follows that

d _
VOl + 200 [ + 20V () fio)

2| ()i
= 2(w(s),f1(5))«

So we have the following inequality:

1

2wls)fi9) = 55 WO+ 26 i) | = % [w(s)[* + 2|3

forall0<8; < 1.
From (3.21) and (3.22) it follows that

d _
2@ [0 + 200 = 8)9) 50 + 2V (). fiels)

2

+2[[ (@)

So
d
LYol + 2D + 20 V) o)
200 (RN AR) + e (ful9)fis)ful)
= 2(,(5).fu(5))-
Similarly,

2 (fie(6)fi(&) Afils) + ¢ (fie(6))fie (), fir(9))
1
=2 [0t (ir9) i)
0

1
+ 2/0 flf(t,s)t(ﬁt(t,s)) dx
1 9 12 (t,5) ) 1 )
= 2/0 ﬁ(t,s)g (/o Y (y)) dx + 2/0 it (t,s)t(f;t(t,s)) dx
1 S (£5) 1
= —2/(; Si(t,s) (/o yt/(y)) dx + 2/0 fi (&) (fu(t, ) du
1 it (£,5)
=2 f [flf(t,s)t(ﬁt(t,s)) —fultys) ( / ' yu(y))] dx >0,
0 0

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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which implies

d
2@l +20 =80 fi0) 50 + 2y V() 265) [

1
<25 1£6)]”. (3.26)

From (3.23) and (3.26) it follows that

d
SO + Ve l5a] + 20 =) (16 50 + @) ]5)

1 2
< %5 [w(s) 5,15 (3.27)

which, together with (3.27), gives
L@ 50 + 150
< (Worllg + omell 0 = R?)e>1-20%
2 i/t 2(1-81)s 2 —2(1-81)¢t
+<R +2(31 ; e Hw(y)”wdy e

< (Marllzpn + Womsllz 0 = R*)e>10 4+ R2, (3.28)

where R? = sup Ri(s),

0<t<w

t _
R < | BT WO Gy v 0<s< W, 529
MIIW(O)II';‘{U s=0.
Note that |[fol||3_Ll + ”f‘)lx”itl < R2. It follows from (3.28) that
|Lf;(s) ”i—tl + Hﬁt(s) Hil <7R?, thatis, ¥; = W forall L (3.30)

Let B;(0, R) be a closed ball in the space X, of linear combinations of the functions x;,

X2,---» X1- Put

Fi :BI(O, R) — BI(O,R),
SJor = fi(W).

(3.31)

It is obvious that y;(s) satisfies

D)+ 16 5]+ i) + 06
+(V(f(s) - V(). i)
+ {1 (fie())fi(s) = (e ($))fi(s), x5) = . .

Page 10 of 20
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Similarly,

d _ - -
265 230 [0+ 207 () = V(ils)), 7))

+ 2{(fie(9))fi(s) — t(fie($) ) fi(5), y1(s)) = 0. (3.33)
From (3.33) it follows that
% 965) [0 + (2 = RE) |9u(9) 5,0 <0, (3.34)
which yields that

(W) |50 < €R&&2Y 1 — £112,1,

. 1. . (3.35)
| Fifor) = Filf| 1 < CXP((ERKR - 1) W) lfor = fell o1
We obtain that
t t
Q9= 20 -2 [ (EOMOLFD)dy+2 [ (w0)f0))dy
0 0
=0+ + P (3.36)
by multiplying the jth equation of (3.35), where
2 ‘ 2 o
)= [0 +2 [ VONadre2 [ T(ites)dn
. 0 ° (337)
Vix) = f V(y)dy>0 VzeR.
0
It is obvious that there exists a positive constant Q independent of 2 such that
1 ~ —
Q1(0) = Iful2, +2 / ¥ (foms(®)) dx < Qo VmeN (3.38)
0

since fy; — fo strongly in H) NH?2.
From (3.19) it follows that

Ifir(,9)| < )] oo = ﬁHﬁtO’)HHl
<Vl + | M0 = V2y2] afio) |
<2|Af0)| =2VPiy) < 2\/137‘?;,

Page 11 of 20
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which yields that

Ji--2 / (OO 0 dy

<2 s [ HollFo)]
) 0

[x]<2 D(‘,ZV

<2 sup ) / JSO0)| dy
NN I

t
<2/Dy sup () / A
NENCCEE

1 t
<2wD}) sup L2(x)+§/|[ﬁ’(y)||2dy
0

wl<2/ DY

1
< ZWD(‘}V) sup  2(x) + ZQ;(S) (3.39)

REND

and

=2 [ (o)
w 1 t
=2 [ wo a5 [ o)l @

w 9 1
<2 /0 [wo)|”dy + 2 Quts). (3.40)

Combining (3.36) and (3.38)—(3.40), we have

w
Qils) < 2(@0 +2wD) sup  A(x)+2 / [w() ||2dy> <D (3.41)
2) 0

\x\szm

It follows from (3.12), (3.19), and (3.41) that there exists a subsequence of {f;}, still de-
noted by {f;}, such that

fi—u inL®(0, W;Hy N H?) weakly®,
(3.42)
fi—f inL*(0, W;Hg) weakly.

Applying the modified Schrodinger-type identity, by Lemma 2.1 there exists a subse-
quence of {f;} such that

fi—f stronglyin L*(0, W;H;) and a.e. in J,
(3.43)
fi — f; strongly in L*(J) and a.e. in J.

Page 12 of 20
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It follows from (3.43) that

V(ﬁt(t,s)) — V(ft(t,s)) for a.e. (¢,s) in J,
Wfiult,s))fit,s) — L(fi(t,9))f (,s) forae. (t,5)in].

Inequalities (3.19) yield that

=< Hflt(s)”CO([OJ]) =< ﬁ”flt(s) “7—[1
<2 af(s)]| = 2/Pi) =2,/ D

[V(fiut,s)| = sup  [V(®)] < Dw;
lesz\/DT?)

|t (fie (& 9))fi&8)| < |[fie(s) ||| (fie(2 9)) |

@

Dy, sup |L(x)|§DW.
wl<2/ DY

Lﬁt( ’

=

It follows from (3.44) and (3.45) that

V(fi) = V(f;) strongly in L*(J),

Wiy — (fi)u  strongly in L*(J).

So
(f5(8), w) + {fs(8), xe) + (fi(s) + V(£(5)), xe) + (1 + ¢ (£i(5)))f (), w)
= (w(s), w), Yw e 'H(l),
f0) =.
Furthermore,

feL®(O,W;HyNH?),  f eL*(0,W;Hy).
Let f and v be two weak solutions of (1.1) such that

fvel®(0,W;HonH?), £,V eL*(0,W;Hy).
Put x =f — v, which satisfies

(Xs(s)ry) + (Xxs(s)’y ) + (Xt(S)’yt) + ( (S)’y>

+(V(E6) = V() 3e) + (@)= ()3} = 0, ¥y e My,

X(O) = 0:
u,v, x € L%(0, W; Hy N HZ), fir Vs Xs € L2(0, w; ’H(l)).

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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Define the following functions ¢; and o, of (s},s?) (resp. (s},s3)) by

p(2y2 if 51 € [¢],s + 2],
120 -0y if e (sl + 2,51 48],
o1s1) =11 ifs; € (s} +8,52 5],
1—2(1—3%“)2 ifs; € (st - 8,51 - 3],
2(5%%“)2 if s; € (s7 - 3,53],
and
2(52;5% )2 if s € [s3,83 + 31,
1-2(1- @)2 if s € (s5 + 5,85 +6],
02(s0) =11 if so € (s + 8,83 - 4],
1-2(1- 55%2)2 if sy € (s3-8,55-3],
2(55%52)2 if 55 € (53 ~ 5,53).

Putting y = x = u — v in (3.49) and integrating with respect to ¢, we have

o(s) = —2 /0 (V(£O)) - 7(v:0)), x:0) dy

-2 [ LY 0) - (40) ), x 0]

=01(s) + 02(5), (3.50)

where
o) = |x6)[2 +2 /0 Ix |2, (351)

Noting the monotonicity of the function z — V(x), we have

o1(s) = -2 /0 (V(£0)) = V() 2 dy < 0. (352)
Furthermore,

[t(ﬂ)u - L(VL)V]W = [L(ﬁ)w + (L(ﬁ) - L(Vt))V]W
= ()W + («(f) — Lve))vw
> (u(f) = t(ve))vw, (3.53)
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which implies that

ex0=-2 LEONF) - () v, X 0) dy
<2 [ (L)) = () o), 1 0))
=2 [J6) - N x|

<2 [ ) - ) |10 0] .

Putting

M = lull oo o, w330 #2) + VIl oo 0,345 0942)

and

Ly = sup |L/(x)
lx|<M

’

we obtain that

|e(f) = «w)| < Laalxel-

So

02(8) < 2Ly / L[| | x )] &
< 2MLy / 1| x| dy

t
<MLy / o(y)dy.
0
Then from (3.50), (3.52), and (3.56) it follows that
t
o(s) < MLy / o) dy,
0

which leads to o(s) = 0, thatis, x =f —v=0.

Let us assume that

fot) <M forae teX, and max{|[fo||Loo, |[f||Loo(3)} <M.

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)
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Then w = f — M satisfies

0 -
Ws — Wys — ﬁ(a)t + V(xt)) +2z+ (0 + M)i(xy)

=w(t,s)-M, 0<t<1,0<s<W,

(3.59)
2(0,s) =z(1,8) = -M
2(t,0) = fo(t) - M.
So
<a)s(s), v) + (wxs(s), vt) + (wt(s) + \_/(xt(s)), vt)
+ (z(s) + (x(s) + M)L(xt(s)), V>
= (w(s) - M, v) forallve Hé. (3.60)

We deduce that the solution of the singular boundary value problem with mixed bound-
ary conditions and spatial heterogeneities (1.1) satisfies f € L>(0, W;H N H?), [ €
L?(0, W;H}), so that we are allowed to take v = " = %(le +z) in (3.60).

So

(ws(8), @" (9)) + (@xs(5), ] (5)) + (e (s) + V (we(s)), ;] (s))
+(2(s) + (w(s) + M) (x,(5)), 0" (s))

= (w(s) - M, w*(s)), (3.61)
which yields that
1d .
5O + [ O) + ;O + o )]

(P51, 01O~ (9 + M5 9) 079
(w(s) Mu)*(s))f (3.62)

and
1
(ws(s), 0™ (s)) = / ws(t, s)w* (t,s) dx
0

1
= / (x"(t,9)) 0" (t,5) dx
0,

250
_ %% O;O\wwt,s)yzdx

e

=3 dt || (3.63)

and on the domain z > 0, we have w* = z, w; = (x*);, and w; = (x%)s.
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It follows from (3.62) that
Jo* @]+ |f )] < |0 @ + | o; O] (3.64)
Since

" (6,0) = (f(,0)-M)" = (o) -M)" =0,
w/(t,0)=0,

we obtain that [|w*(s)]|*> + [l@; (5)]|* = 0. Thus * = 0 and f(¢,5) < M for a.e. (£,s) € 1.
The case -M < fy(t) for a.e. £ € ¥, and

M = max{follze, If e }
can be dealt with by considering w = u + M and 0™ = %(|x| —2z); we also have w™ =0, and
hence f(¢,s) > —M for a.e. (¢,s) € 1.
Furthermore, we obtain that |[f(¢,s)| < M for a.e. (¢,s) € ], that is,
lell ooy < M (3.65)

for all

M = max{[foll, If <o},
which implies (3.3). The proof is complete. d

4 Examples
In this section, we will test two singular boundary value problems with mixed boundary
conditions and spatial heterogeneities by using the presented method.

Example 4.1 Consider the singular boundary value problem with mixed boundary con-
ditions and spatial heterogeneities

(4°DY* + 3D 1+ 2°D3)s(y) = (cosx+cot't), O<y<l, (4.1)

i

t
1/5

s(0) =0, s(1/4) =0, s(1) = s(r)dr. (4.2)

S~

Here M > 0, and

M

F0:5) = V2 +81

cosx +cot L £).
( )

Put po =2 and p; = p, = 3. It is easy to see that they satisfy the conditions of Lemma 2.1
and

F5,5)~f0,8)] < §M|s_ .
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Using the given values, we know that ¢ ~ 0.44269 and ¢; ~ 0.21725. So

- M(3+2m) _

ool =3 et

and £¢; < 1 when M < 41.32901.

On the one hand, all conditions of Theorem 3.1 hold. So problem (4.1)—(4.2) has at least
one weak solution in [0, W]. On the other hand, £¢ < 1 whenever M < 17.28439. So it
follows from Theorem 3.1 that there exists a unique weak solution for problem (4.1)—(4.2)
in [0, 1].

6()

Example 4.2 Consider the singular boundary value problem with mixed boundary con-
ditions and spatial heterogeneities

1 2
(3°DM* + 3D 1+ 2°D3)s(y) = o o (27s) + %“Slz, 0<y<1, (4.3)
3/4
s(0) =0, s(1/4) =0, s(1) = / s(r)dr. (4.4)
0
Here
2 Is|?
f,s) = I cos (3ms) + T+ P

Similarly to Example 4.1, we obtain that

2
Is]

’ _<2|| I+3
=|Is]l +3,
1+|s|2 3

2
[f(y, s)\ < |=—cos(3ms) +
3
g =1, and y(|s]) = 5 Is]l + 1.
It is clear that M > 0.23971 (we have used ¢ = 0.38471). Thus the conclusion of Theo-
rem 3.1 applies to problem (4.3)—(4.4).

5 Conclusions

In this paper, we presented a modified Schrodinger-type identity related to the
Schrodinger-type boundary value problem with mixed boundary conditions and spatial
heterogeneities. This identity can be regarded as an L'-version of Fisher—Riesz’s theo-
rem, and it had a broad range of applications. Using it and fixed point theory in L!-metric
spaces, we proved that there exists a unique solution for the singular boundary value prob-
lem with mixed boundary conditions and spatial heterogeneities. We finally provided two
examples, which show the effectiveness of the Schrodinger-type identity method.
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