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1 Introduction

We aim to consider the problem

Ve = Vaxt + BV — Vi) + AV — Vi) + (@ + b)Vka
= bV Ny v, + AV Ve, (1.1)

v(0,x) = vo(x).

Here (¢,x) € R* x R, v(t,x) is fluid velocity of water waves, » € R*, B € R, (a,b) € R?,
k is a positive integer, B(v — v,,) is the diffusion term, A(v — v,,) is the dissipative term,
vo € BS, (R) (s > max(1 + }9, ).

Recently, the Camassa—Holm (CH) equation
Vi — Vit + BVi + 3VVy = 2V, Vs + VWi (1.2)

has attracted much attention. Equation (1.2) admits blow-up phenomena. Replacing v
with v+ 8 in Eq. (1.2), we obtain

Vi = Vaxt + BV — Vi) + 300y = 2V Vi + VWi (1.3)

Taking k = 1,A =0,a = 1,b = 2 in (1.1) gives rise to the Cauchy problem of Eq. (1.3). The
solution v to Eq. (1.2) is viewed as a perturbation near g (see [20]). The properties of
solutions to the problem with dispersion and dissipative terms are discovered in [15]. Mi
etal. [12] investigate the dynamical properties for a generalized CH equation. For a related
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study of the CH equation and other related partial differential equations, one may refer to
references [3, 7, 11, 14, 16].
Taking k=1,A=8=0,a=1,b=3in (1.1) yields the Degasperis—Procesi equation

Vi = Vgt + 4VV5 = 3V, Vo + VWisrr (1.4)

The formation of singularity for solutions to (1.4) is discovered in [17]. Lai and Wu [10]

study the local well-posedness for the Cauchy problem of
Ve — Vi + PVx + (@ + D)Vy = DVyVyy + AVViy, (1.5)

where 8,a,b € R.
Taking k =2, =8 =0,a=1,b=3in (1.1), we obtain the Novikov equation

Vi = Vagr + 4%V, = 300, Vy + V Vi (1.6)

Guo [4] studies the persistence properties of solutions to the CH-type equation. Fu and
Qu [2] discover blow-up of solutions to Eq. (1.6) in H*(R) (s > g). The peakon solutions to
the Novikov equation are established in [6].

Himonas and Thompson [8] discover persistence properties for solutions if A = 8 =
0,a =1 in (1.1). The behaviors of solutions [5], global existence of solutions for 2 = 1 [9],
and infinite propagation speed of solutions [9, 19] to the problems are investigated. We
extend parts of results in [9, 10, 13, 18, 19].

LetseR,T>0,p€[1,00] and r € [1, o0]. Thus we set

E(T) - C(0, T1; B;,,(R) N C([0, T]; By '(R)),  1<r<oo,
S0 7Y By o (R) N Lip((0, TH B LR, 7 = oo

Letting Py (D) = —0,(1 — 82)7*, P»(D) = (1 — 82)7!, problem (1.1) is turned into

v+ (avf + B)vy = P (D)[ v+ + 3=kt

+ Py(D)[ D) =23 5y, (17)

X

v(0,x) = vo(x).

Now we summarize the main results in this paper.

Theorem 1.1 Suppose 1 <r,p <00, vy € B;,,(]R) (s > max(1 + %, %)). Then solution v €

E, (T) to problem (1.1) is locally well-posed for certain T > 0.

Theorem 1.2 Suppose 1 < r,p <00, vy € B;)r(]R) (s > max(1 + -, %)), t€[0,T]. Then a

1
p
solution v to problem (1.1) blows up in finite time if and only if

/ (1 + [[vllo) " d = 0. (1.8)
0



Su et al. Boundary Value Problems (2019) 2019:163 Page 3 of 12

Theorem 1.3 Suppose b = a(k + 1) and vy € H*(R) (s > %), t € [0, T]. Then a solution v to
problem (1.1) blows up in finite time if and only if

lim inf v,(¢,x) = —00. (1.9)

t—T~ xeR

Theorem 1.4 Suppose b = a(k + 1) and vy € H'(R) (s > 2) satisfies ||[vo — Voxxll[2 <
4| T ;:ﬁ T Then there exists a global solution to problem (1.1) in H*(R) (s > 2).
a + 140

Theorem 1.5 Assume vy € H*(R) (s > 2), no(x) = vo — voux 7 0 for all x € R, ||npll;2 <
(|§:+12}l;| )% and b # % & Then a solution v to problem (1.1) is global in H*(R) (s > 2).

Theorem 1.6 Assume a > 0 and let vy € H*(R) (s > %) be compactly supported in [ay, b),
t € [0, T). Suppose k is a positive odd number and b = ak, or k = 1,0 < b < 3a. Then, the
solution v(t,x) to (1.1) satisfies

v(t,x) = %L+(t)e_x for x> p(t, by), v(t,x) = —L (t)e*  forx < p(t,ap),

where L, (t) and L_(t) are continuous non-vanishing functions given in (4.1). What is more,
L.(£)>0,L_(t) < Ofort € [0, T]. In particular, ifk =1,b =2aorb = %, then L, (t) < C3e#~")"
and |L_(t)| < Cye~BVE,

Remark 1.1 Problem (1.1) is local well-posed in Bj, (R) (s > max(3 1+ 1)). VO 1 (r) is
bounded if b = a(k + 1). Also |[v(£)ll 2wy is bounded if b= “2k. Theorem 1.2 improves the
result of Theorem 5.1 in [19]. Theorem 1.3 implies that wave-breaking for a solution v
occurs if its slope is unbounded. This result improves Theorem 3.1 in [18] and Theorem
5.6 in [19]. From Theorems 1.4, 1.5, and 1.6, we deduce that A, 8, 4, b, and k are related to
global existence and infinite propagation speed of the solutions. Parts of results in [9, 10,
13, 18, 19] are extended.

2 Proof of Theorem 1.1
We prove Theorem 1.1 in following five steps.
Step 1. Let 1° = 0. Let (+/);en € C(R*; B;,) be smooth and satisfy

ik i+1 _
(ét + (@) + B)a vt = (2.1)
VlJr1 (0, x) = V6+1 Sz+1VOr
and suppose
b i\ k+1 3ak-b k=17 i\2
6P| g ()" + 220 0]
P,(D) [7(/( - 1)(2“k —b) (V) (v): - Avf]. (2.2)

We see S;,1vg € B;f’r. Then the solution v/ € C(R*;B;f’,) in (2.1) is global for all i € N by
Lemma 2.5 in [13].
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Step 2. It is derived from Lemma 2.4 in [13] that

v+ ”Bs < L Sy 4@l g e
pr

t .
~C1 JF N ) IIgs  dt
X |:||VO||B;,V +/ e (1o B Gz, ) B;,rdt]' (2.3)
0 :

The notation a < b means a < Cb for a certain positive constant C. We acquire the esti-

mates
[60 5, < (115, + ) 1V, 2:4)
That is,
[V, < Cove” S Ol +1)" e [HVOHB;,,
o [ ] ] 29

One may find certain T > 0 which satisfies 2kC5*1(1 + ||v0||B;W)kT <1land

Ch(1 + Ivollg, )*

1+ ||V < .
1+ v T 1-2kCK(1 + Ivollz, )¢t

B;”)k (2.6)

Further, we deduce

C3(L+ lIvollg,)*

< )
T 1- 2G5 (L + |Ivollgy, <

(1+ 0] )

which implies that (v¥);cy is uniformly bounded in Ez,r(T).
Step 3. Let m,n € N. From (2.1), we deduce that

(3t n (ﬂ(vmﬂ'[)k " ﬂ)ax) (Vm+n+l _ vm+1)
a7 o

[ b e k+1 iy k1

() - )]

i) 2R () - ) ) |

+ Pl(D)

+2a0)| EEREEED () e - () ) |

+ Py(D)[-A (V™" =v")]. (2.7)
Using Lemma 2.4 in [13] yields

m+n+l Vm+1

14 -
“ B}
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13
cly uvw;}% -Cfg Hv’””“ug;rds

t
. |:||v6”*”+1 -y HB;;I +C x /0 e
k
gy (7, + 177, + 17, 0] 2

We note that the initial values satisfy

m+n

m+n+1 m+1l _
Vo —-Vy = E Agvo.

g=m+1
One may find a constant Cr, independent of m to satisfy

m+n+l

”V ) < Cle_m.

v ”LOO([O,T];B;;I
We obtain the desired results.
Step 4. Following the discussions in Step 4 in Sect. 3.1 in [13], one derives thatv € E‘f”(T),
which is continuous.
Step 5. (Proof of the uniqueness). Suppose 1 <r,p < 00,s > max(%, 1+ ’%). Assume 1!
and v satisfy (1.7) with vy, v € B5, , v!,v* € L=([0, T]; B, ,) N C([0, T; B},,"). We write v!? =
v —12. Then

V2 e 1([0, T]?B;,r) nc([o, T];B;Trl),
which results in

3y’ + (a(v)* + By = —a((W)) ~ (v))3* + G,
(2.9)
V2(0,x) = vt = v —v3,

where
G :pl(p)[k—’jl((vl)k“ - (VZ)“I)}
) 2R 62 047 0) |

(k —1)(ak - b)

k-2, 1\3 k=2, 9\3
20| DD ()20 - (2202 -]
Using Lemma 2.4 in [13], we derive the estimates

—Cflivtik dr
e 0 ny,r HVIZ

—1
By

12
< [

t Tk
—C o V'l dE
+Cf e o |01
0

k
s (1, + 121, +1) d,

which finishes the proof of the uniqueness.

Page 5 of 12
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Remark 2.1 Suppose b =a(k +1),1 <r,p <00, vy € B, (R) (s > max(1 + i, %)), tel0,T].
Then, the solution v to (1.1) satisfies

[v(®) ||H1 < IIvollp1.

3 Proofs of Theorems 1.2, 1.3, 1.4,and 1.5
3.1 Proof of Theorem 1.2
Taking advantage of the operator A, to (1.7) yields

(3 + (@ + B)d) Agv = a[ V), Ag]asv + A, Ga(t, %), (3.1)

where

b 3ak—b
Ga(t,x) =P1(D)[ s a Vk—1V21|

k+1” T2 x
+Py(D) [7(1( — 1)(2ak —b) V23 Av].

Applying Lemma 2.3 in [13] gives rise to the estimates
lalvs Aqloev] gy < Ivilioe Ivilss,
and

||G2(t,x)

k
B, S (Ivsllzee + 1) VI3, -

We derive that

v

t
iy, Sl + [ (14 [t ) ) .

That is,

v

t k
5 Slivol B;Yefo(“lle(T)llLOO) dr (32)
12 7

Letting ¢ € [0, T*], T* < 0o and

/0 (1+ ||vx(t)||Loo)kdt < 00, (3.3)

we see that ||[v(T™)|| B, isbounded by using (3.2). It yields a contradiction, ending the proof.
From Remark 2.1, we obtain a blow-up result.

Remark 3.1 If assumption b = a(k + 1) is added into Theorem 1.2, then condition in (1.8)

is changed into

t
/ (1+ ||Vx||Loo)2d‘L' = 00.
0
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3.2 Proof of Theorem 1.3

We only need to prove Theorem 1.3 with s = 2 by density argument. Take b = a(k + 1). It
is deduced from (1.1) that

%% (v2+v)dx+ék(v +v2)dx =0, (3.4)
which results in
%%/(v2+v)dx<0 (3.5)
A direct calculation shows that
%% R(Vﬁ +V2,) dx
=a(k+2) / VUV d — / )\(Vﬁ + vix) dx
R R
/ﬂJ (k + 1)v* vxv + avkvxxxvxx] dx. (3.6)
Let T < o0 and v,(¢,x) > —M for a certain M > 0. We come to the estimate
V)|, < lIvoll et ol $t forallt e 0,7,
which yields a contradiction.
3.3 Proof of Theorem 1.4
We take n = v — vy,. The first equation in (1.1) is written in the form
e + g + an+ bV vn + avkn, = 0. (3.7)

We see b = a(k + 1) in Theorem 1.4. Multiplying (3.7) by n and applying (3.6) gives rise to

1d

al(k +2)
I dx+/\/n2dx< Ivoll&t 3.
R

Taking A; = 21 and M; = w Ivoll5it, we have

Nl

2 2 2
1l + Alinll <M (|Inl})

1
It follows that ||7z||;2 < e”3*1( Hi’lolH - ]/\\4_1) if [[mo|l,2 < 37 Then
L

Vallzoe < linll2 < Co(T).

Using Theorem 1.3, we end the proof.
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3.4 Proof of Theorem 1.5

We investigate problem

Lp(t,x) = av (¢, p(t,x)) + B,

p(Or x) =X,

(3.8)

where (¢t,x) € (0, T) x R.

Lemma 3.1 ([1]) Let v € C([0, T); H*(R)) N CL([0, T1; H*"Y(R)) (s > 2), (t,x) € [0, T] x R.
It follows that p € C*([0, T] x R, R) to (3.8) is unique and

pelt,x) = e I akvk’lvx(t,p(r,x))dr' (3.9)
Lemma 3.2 Let vg € H*(R) (s > 2), (t,x) € [0, T] x R. Then

(6, p)(p2) % (8,2) = moe ™. (3.10)
Moreover, ||n||L% = e’“lanHL% fb = %, it holds that

Il 2 = e |lno]l 2. (3.11)
Proof From (3.10), we acquire that

d b b

o [P0 ] = anp) . (3.12)
That is,

(e, P)(po)t = e o)
A direct computation gives rise to

le oG] o = lmll -
We note b = % Thus we get (3.11). O

Proof of Theorem 1.5 Multiplying (3.7) by ne**, we come to

d
— <ez’\t/ n? dx) = (ak — 2b)ez“/ w1y, dx. (3.13)

We derive that

k+2

4 ez’”/ ntdx) < M@"‘“ 62“/ n?dx ’ . (3.14)
dt R 2k R

Page 8 of 12
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Let h(t) = e*** [, n* dx. Bearing in mind that #(x) # 0, x € R and (3.10), one deduces that
h(¢) is positive. Then

d _k k lak —2b| _,
—[h(@)] 2 > —=———e "M, 3.15
ALl T T (8.15)
. . kely 1 _k _
Using the assumption ng(x) # 0,5 # %, l7oll 2 < (ﬁ)kv we have [1(0)]72 - |;§+12fl >0.
We obtain the inequality
: lak — 2b] 7!
22t 2 —k _ 1aK—
(e [as)” < [imit - 552
Consequently, we have the estimate
1
_ + lak—=2b|]%
Wallz < lInll2 <e ”[nnoan - i
Applying Theorem 1.3, we complete the proof. d

We give a global existence result.

Lemma 3.3 Letb=a(k+1)orb= %, vy € H)(R) (s > 2). Assume ny = vy — Vo, does not

change sign. It holds that a solution v(t, x) to problem (1.1) exists globally.

Proof One may assume 7y(x) > 0. We use Lemma 3.2 to derive that # > 0. Thus

v(t, x) :/ %e“"_sln(t,é)dé >0.
R

That is,
1 * 1 *
v(t,x) = Ee"‘/ En(t,&)de + Ee"f en(t, &) dEt. (3.16)
-0 X
We conclude that
I 1 -
Ve(t,x) = —Ee "/ En(t,€)de + Ee"/ en(t,€)de. (3.17)

Hence |v,| <.

Applying b = a(k + 1) and recalling Remark 2.1, we derive
Vel < W S VO] 10 < Vol (3.18)

Taking advantage of b = % and using Lemma 3.2 results in
vl < VI S Il 2 S llmoll 2 (3.19)

Combining (3.18) or (3.19) with Theorem 1.2, we obtain the desired results. O
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4 Proof of Theorem 1.6

Note that a > 0. Using supp vo(x) C [ao, bo], we derive that supp vo(x) C [p(t, ao), p(Z, bo)].

Applying Lemma 3.2 yields that supp n(t,x) C [p(t, a0), p(t, bo)], t € [0, T].
Let
p(t,bo) p(t.bo)
Lo- [ Cenwsds,  ro-[ " etntede.
p P

(t:a0) (t,a0)

From (3.16) and (4.1), we have

1 p(tao) p(t,bo) x
won =3 ([T Yeneras
2 —o0 plt,ao) p(t,bo)
1 o0
+ iex/ eisn(trs)dé
X

1
= Ee"‘LJt), x> p(t, by).

We derive v = %e"L_(t) if x < p(t, ap). Combining (3.17) with (4.2) gives rise to

1
V= —Vy =V = Ee”‘L+(t), x> p(t, by)

and
1
V=Ve=Vex = Ee"L_(t), x < p(t, ap).

An application of (4.1) leads to the identity

bo

L.(0) - / & nolE) di = 0.

0

A direct calculation shows

d o0
SL0= / & (e, &) di

o]

:_/Ooeé(k—ﬂ)ndé +/ooegivk“d§

o w k+1

3ak-b [ —1)(ak -b) [*
N ak / eEV’%Vk—ld%“l’ (k )(211( )/ e'EV;in_zd;;_.

2

o0

If b = ak and k is a positive odd number, we obtain

d
2@+ 0= BL.(6) >0,
which is equivalent to the inequality

d[L,(£)e*P"]

0.
dt g

Hence L.(t) >0,t€ [0, T).

(4.1)

(4.2)

(4.6)

(4.7)

(4.8)

Page 10 of 12



Su et al. Boundary Value Problems (2019) 2019:163 Page 11 of 12

Similarly, we have

d[-L_(¢)e?*P1]
4&# >0

Thus, L_(t) <0,t€[0,T).

If k=1,0 < b < 3a, we derive that (4.8) and (4.9) still hold true.

We give the estimates for curve p(t, by). Using the assumption k = 1,b = 2a and (3.4)
yields

-\t
[Viizee < Vil < e fIvollpn. (4.10)

Taking x = by in (3.8) and integrating (3.8) on [0, ], we come to the estimate

t
p(t, by) = by + / av(t,p)dt + Bt
0
1
< XC5+bo+/3t. (4'11)
We conclude from (4.2) that
L,(t) = 2¢"“™)y(t, p(t, by)) < CelP " (4.12)

Similar to the derivation in (4.11), we have

t
p(t,ap) = ap + / av(t,p)dt + Bt
0
1
z—XC5+ao+ﬂt, (4.13)
which, combining with (4.4), implies
IL_()] < Cae™#+H1, (4.14)

If k=1,b =%, itis deduced from (3.11) that ||v||;= < e | |vo| 2. Similarly, we establish
(4.12) and (4.14).

Remark 4.1 If suppvo(x) C [ao,bo] in (1.1), then n = (1 — 82)v(t,x) satisfies suppn C
[p(t, a0), p(t, bo)]. Indeed, v does not have compact support. Also v(¢, x) is positive if x — oo

and v(t, x) is negative if x — —oo0.
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