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Abstract

In this paper, we discuss third-order full nonlinear singularly perturbed vector
boundary value problems. We first present the existence of solutions for the nonlinear
vector boundary value problems without perturbation by using the upper and lower
solutions method and topological degree theory. Then the existence, uniqueness and
asymptotic estimates of solutions for the singularly perturbed vector boundary value
problems are established by constructing appropriate a lower solution-upper
solution pair, as well as analysis technique. Some known results are extended.
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1 Introduction
In the past few decades, nonlinear boundary value problems (BVPs) and singularly per-
turbed boundary value problems (SPBVPs) have been studied widely [1-11]. For example,
Zhao [5] discussed the existence and asymptotic estimates of the solutions for a third-
order boundary value problem with perturbation. Du et al. [9] were concerned with a
more generalized third-order singularly perturbed differential equations with multi-point
boundary conditions and obtained the existence and uniqueness as well as the asymptotic
estimates of solutions. Lodhi and Mishra [12] discussed second order singularly perturbed
nonlinear boundary value problems by using the quintic B-spline method. Recently, the
geometric singular perturbation theory has also received a great deal of interests in study-
ing the Burgers—KdV equation [13], the vector-disease model [14], the perturbed BBM
equation [15], the perturbed Camassa—Holm equation [16] and the perturbed shallow
water wave model [17] etc.

However, the boundary value problems in the above-mentioned references are all scalar
and little work has been published for vector systems [18—20]. Motivated by the above
work, in this article, we discuss the singular perturbations of third-order nonlinear differ-

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-020-01322-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-020-01322-7&domain=pdf
mailto:linxiaojie1973@163.com

Lin et al. Boundary Value Problems (2020) 2020:14 Page 2 of 17

ential system
ex”(t) + F(6,x(6), X (),X"(£),6) =0, 0<t=<1,0<e<K1, (1.1)
with full nonlinear multi-point boundary value conditions

x(0,¢) =0,
G(X,(O’ 8),)(”(0, 8))"(&1’ 5)’)((%_2) 8)7 (XX ’x(gm—Z’ 8)) = A: (12)
H(X,(lr 8),)(”(1, 8),X(1’]1, 8):)((7721 8); LR ’X(nn—Z) 8)) = Br

where x = (x1,%2,...,28)7, Ft,x,X,X", &) = (i, fo,-...fx)T € RN, f; = fit,x, X, X", &) € R,
G(x'(0,6),x"(0,8),x(51,8), -, X(Em2,€)) = (€1,82--,80)" € RY, gi = gi(x/(0,¢),x"(0,¢),
x(£1,8),...,X(En2,€)) € R, HX'(1,8),x"(1,€),X(N1,8),...,X(N4_2,€)) = (I, ha,...,hx)T €
RN, h; = hi(x'(1,€),X"(1,€),x(1,€),...,X(Ny-2,€)) €R, i=1,2,...,N, A = (A1, Ay, ..., An)T,
B=(B,By,...BNY)T eRN,0<E <by< - <Ey0<,0<n <np<---<nya<l,eisa
small positive parameter.

In order to study SPBVP (1.1), (1.2), we need to study the following nonlinear unper-
turbed vector multi-point boundary value problem:

X"(6) + F(t,x(6),X'(¢),x"(t)) =0, 0<r<1, (1.3)
x(0) =0,
G(X/(O), X”(O), x(§1)¢ X(fg), oo 7X(Em—2)) = A7 (14‘)
H(x/(l),x”(l), X(Ul): X(ﬂz): e :X(Un—z)) =B

The remaining part of this paper is organized as follows. In Sect. 2, we present some
definitions and lemmas. In Sect. 3, we obtain the existence of solutions for BVP (1.3), (1.4)
by using the differential inequality technique and topological degree theory. Furthermore,
we give the existence and asymptotic estimates of solutions of SPBVP (1.1), (1.2). In Sect. 4,
we establish the uniqueness result of SPBVP (1.1), (1.2).

2 Preliminaries

For the simplicity, for Vx = (x1,...,4x) T,y = (01,...,y8)T € RN, we denote x <y (x <), if
and only if x; < y; (x; <y;),i=1,2,...,N. Similarly, we can define x > y (x > y). We use the
norm ||x|| = (Zﬁle)%, for Vx = (x1,...,4x) € RN.

Definition 1 The vector function F(¢,x1,X2,X3) € RN is increasing in xy, if for Yy, > x;,
such that

F(t,y1,X2,X3) = F(t,X1,X2,X3).

The vector function G(xy, X, ...,X,;) € RN is increasing in x, k = 1,2,...,m, if, for Vy; >
Xies

G(Xl,XZ, eoos Xie=1> Yo Xk+1s -+ + yxm) > G(xlr X2 e er Xk—15 Xks Xkt1r+ 025 xm)'
The vector function H(x,Xa, ..., X,) € RY is decreasing in X, j=1,2,...,n, if, for Vy; > x;,

H(Xl,XZ, .. .,xj_l,yj,xj+1, .. .,Xn) < H(Xl,XQ, .. .,Xl‘_l,X/,Xj+1, .. .,Xn).
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Similarly, we define the case that G(xj,Xy,...,X;,) is decreasing in x¢, kK = 1,2,...,m.

H(x1,x,...,X,) is increasing in x;, j = 1,2,...,n.
Definition 2 We define a function § as follows:

7, 72 <12,
8(21,22,23) = | 2o, 23 X2y X123, (2.1)

73, 17y > 173,
h = TeRN,v=1,2,3,2; <
where z, = (2,1,2,2,...,2,n)" €RY,v=1,2,3,21 < z3.

Definition 3 ([20]) F(t,x,y,z) is said to satisfy Nagumo condition with respect to z, for
(t,x,y,2) € [0,1] x R*N, if F(t,x,y, z) satisfies one of the following conditions:
(i) There exist nondecreasing functions @; € C([0, +00), (0, +00)), i = 1,2,...,N, such
that

sds _
Di(s)

+00

it y,0)| < ®,(12]) and /
0

(i) There exist nondecreasing functions @ € C([0, +00), (0, +00)), such that

2

N
|E@xy,2)| <@ (llzll) and o =T ST

Definition 4 ([10, 20]) A vector function a(¢) = (a1 (2),...,an(£)T € C3([0,1],RN) is called
a lower solution of BVP (1.3), (1.4), iffori=1,2,...,N,

o) (0) + fi(t, Xa, (0), X, (£),X,, (1)) =0, 0=<t<1,

and

a;(0) <0,
gi(e'(0),0”(0), e(&1), ..., (o)) < Aj

hi(a/(l)’“//(l)r 0‘(’71)’ e »Ol(’?nfz)) < Bi'

Similarly, a vector function B(t) = (B1(¢),..., Bn(t))T € C3([0,1], RN) is called an upper so-
lution of BVP (1.3), (1.4), if for i = 1,2,...,N,

Bl (8) + £i(t,xp,(0), x5, (8), x5,(8) <0, 0<t<1,

and

pi(0) = 0,
gi(ﬂ/(o)’ ﬂ//(o)r ﬁ(gl)l LR ] ﬂ(gm—Z)) > A
hi(ﬂ,(l)’ ﬁ”(l), 5(771), cee ﬂ(nn—Z)) > Bir



Lin et al. Boundary Value Problems (2020) 2020:14

Xo; = (xb e X1, O Xt 15 . .,.XN),

/

/ / / / /
X, = (K] Xy € X1 X))

7 ! ! " /! !
“ (N }

”
I

Xp;» Xg,, Xz, are defined analogously.
Similar to [10, 20], we have Lemma 2.1 and we omit the proof.

Lemma2.1 Assume that p,(t, ) = diag(ps1(,€),. .., psn(t,€)) € C([0,1] x [0, 89], RNV>N), s =
12,3, ,03i(t,8) = 0, (t) 8) € [0) 1] X [O’ 80] and there exists ﬂ(t’ 8) = (,Bl(t) ‘9);“'rﬁN(t) ‘9))T €
C3([0,1] x [0, &0], RN), such that B'(t,€) > 0 and

gﬂw(t: 8) + pl(trg)ﬂ//(tig) + pg(t,é‘)ﬂ/(t,é‘) + p3(t’8)ﬂ(t’8) < Or 0 < t < 1: (22)
B(0,¢) >0,
PiB'(0,e) + QiB"(0,8) + Y07 1B (Err€) > O, (2.3)

PyB'(1,8) + QB (1,6) + Y17 viB(nj€) = O,
where Pl = diag(plbplZ:- -nplN); Ql = diag(qlquZZ’w-)qlN)r l= 1;2’ Mk = diag(/'l’klwu:MkN);
v; = diag(vj1, ..., yn) satisfy g1 < 0,42 > 0, g <0,v; <0,i=1,2,...,N, k=1,2,...,m-2,
j=1,2,...,m-2.

Then the singularly perturbed boundary value problem

ex"(t,e) + p1(t, &)X (t,€) + po(t, €)X/ (t, 6) + p3(t, €)x(t, ) =0, 0<t<1, (2.4)
x(0,8) =0,
Pix(0,6) + Qix"(0,8) + 317 mix(i,€) = 0, (2.5)

PyxX/(1,8) + Qux"(1,€) + Y17 vix(j, €) = 0,
has only a zero solution.

3 Existence results

3.1 Existence result of the modified problem

Assume that a(t) = (1 (2),...,an®)T, B) = (Bi(t),..., Bn@®))T € C3([0,1],RN), a(t) <
B(t), a’(t) < B'(2), 0 <t < 1. We define the modified function as

F(t,x,x,x") = F(£,%,%,X") - o(x), (3.1)
where

X(t) = 8(xq, (2), x(2), x,(t)), (3.2)

X'(2) = 8(x, (), X' (2), %}, (1)), (3.3)

x'(t) = 8(-D,x"(¢), D), (3.4)

Page 4 of 17
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D = (Dy,...,Dx)T € RN is a positive constant vector, such that

Di sds
4 Mo " — ; .
D,>ntlealx{2M,, af (0)],|B/@®)|} and /21\/1[ q)i(s)>2M,, (3.5)
M; > max]{|e/(®)],|B/®)]}, i=1,2,...,N. (3.6)
tel

(x') is continuous and bounded, satisfying

<0, x'<a,
w(xX)1=0, «=<x<p, (3.7)
>0, x'>p,

where @ = (w1, ®,,...,wy)T, and such a function w(-) can be easily obtained. For example,

similar to [21], let w(x') =x' —X'.

Furthermore, we define

G(X/(t), X//(t), x(fl); v ;x(ém—Z))

= 5(@(0,X () + A~ GX (O, X (O, x(E), .., X(Em ), B(D), (3.8)
I:[(X/(l’), X//(t), X(Ul), oo ’x(nn—Z))
=4 (Ol/(t), X/(t) +B - H(X/(t), X//(t), X(’h): cees X(’?n-z))» ﬂ/(t)) (39)

Then we consider the following modified problem:

X" (t) + E(¢,x(2), X/ (), X" (£)) = 0,

R
=
2
I

—_ =
—
NN
1l

(3.10)
(X,(O), X//(O), x(él)r s X(Sm—Z)))

(1), x"(1), x(m1); - .., X(7-2))-

=)
Il
oo &

Lemma 3.1 Assume that
(i) (ee(2), B(2)) is a lower solution-upper solution pair of BVP (1.3), (1.4), such that

al(f)<Bit), 0<t<1,i=12,...,N.

(ii) For (t,x,y,z) € [0,1] x R®N, F(t,x,y,z) € C([0,1] x R*N,RN) is continuous and
increasing with respect to X, and F(t,X,y,z) satisfies Nagumo condition with respect
to z.

Then BVP (3.10) has a solution x(t) = (x1(2),...,xn )T € C3([0,1],RN), such that

o;(t) <xi(t) < Bit),  o(t) <x(6) <Bit), 0=<t=<1; (3.11)

lx/®)| <D;, i=1,2,...,N, (3.12)

where D = (Dy,...,Dn)T € RN is concerned by (3.5), (3.6).
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Proof First, we prove that (3.10) has a solution x(£) = (x,(¢),...,xn(t))T € C3([0,1],RN).
We consider the following differential systems:

X" (t) = =AF(t,x(£),X'(£), X" (£)) = ¥ (¢),

x(0) =0,

X'(0) = AG(x'(0),x"(0),X(£1), ..., X(§m-2)) =: ¥ ..(0),
X (1) = AH(X (1), X" (1), x(m), - ., X(n-2)) =: ¥ (1),

(3.13)

where A € [0,1]. From the representations of F, G, H, we see that x”(¢), x'(0) and x'(1) in
(3.13) are bounded. Thus x”(¢), X'(£), x(£), 0 < ¢ < 1 are bounded. Consider the set

2= {x(t) eRN: Hx(s)(t)” <K,s=0,1,2,K is some sufficiently

large positive constant, ¢ € [0, 1] }

Then £2 is a bounded open set. BVP (3.13) can be equal to the following integral equation:
t 1) t
x(t) = ¢1 + Cot + 382 + / f / W (s)dsdt, dt, =: T X, (3.14)
0o Jo J1

where T; is an integral operator with a parameter A, and (c;,c,¢3) € RN x RN x RN is
determined as

¢ =0,
C = ‘P*(O)’
c+2c3=W,(1) - fol ltl ¥ (s)dsdt,.

Let W(A,x) = (I — T3)(x), thus W : [0,1] x £2 — RN is continuous, where I is identical
mapping. Let w, (x) = W(A,x), Vx € 082, due to K is sufficiently large, we have

W) = lIx = Toxll = IIxll = | Toxl| = K = | T:x]| >0, Vi € [0,1].
Thus, 0 ¢ w, (9£2). According to the homotopy invariance theorem of topological degree,

deg(w;, £2,0) keeps constant, in particular, deg(wy, £2,0) = deg(wo, §2,0). Noticing that 0 €
£2, by the normality of topological degree, we have

deg(wo(x), £2,0) = deg(x — Tox, £2,0) = deg(x, £2,0) = 1
and

deg(wl(x), Q,O) =deg(x — T1x, £2,0) = deg(x — Tox, §2,0) = 1.
Hence, by the solvability theorem of topological degree, w;(x) = 0 has at least one so-
lution. That is to say, x(£) = T1x has solutions x(t), it is clear that there exists some
x(¢) € C3([0, 1], RN) satisfying (3.10).

Next, we prove that every solution x(¢) of BVP (3.10) satisfies (3.11). First of all, we prove

al(t) <x() <Bi¥), 0<t<1l,i=1,2,..,N, (3.15)
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ifo(t) <xi(t),i=1,2,...,N,isnot true, then there exist some i € {1,2,...,N}and ¢ € [0,1],
such that

max (o;(£) - %;(t)) = &;(£) - %{(¢) > 0.

0<t<1

Obviously, from the boundary conditions of BVP (3.10), we know ¢ # 0, 1. Thus

o] (¢)-x{(£) =0, (3.16)
o' (¢) -x"(¢) <0. (3.17)

From conditions (i), (i) and (2.1), (3.1)—(3.5), (3.7), (3.16), Definition 2 and the fact that
x(¢) is a solution of (3.10), we have

)" (2) = &{'(2) = £ (8, %, (2), %, (0), %0, () + £ (£, x(2), X' (2),X"(2))
= (£, %4, (0),X,, () +£i(&, x( xX'(0)) - wi(X'(2))
= - i(c,xai(z;),xa,,(c),x”(;)) +ﬁ(¢,i(c),xa,.(;),x“(;)) - wi(X'(0))
> 0-wi(xX' (1)) >0,
it is contradictory to (3.17), hence we obtain o/(t) < x/(£),0 <t < 1.
Similarly, we could prove that x/(£) < B/(£),0 <t < 1.

Thus, (3.15) is true. According to condition (i) and Definition 4, we have «;(0) < «;(0) <
Bi(0), by integrating the inequalities (3.15) on [0, £], we obtain

a;(t) <x;(£) < Bit), 0<et<1.

Finally, we prove (3.12) holds. We suppose that |x(t)| < D; is not true. Then there exists
o € [0,1], such that x/(c) > D;, or (o) < —D;. Suppose that the first case holds. From
(3.5), (3.6) and F(¢) is continuous, there exists ¢ € [0, 1] such that

x(1) - %;(0)

()= M5O 1) a0 <om; <,

Because x”(¢) is continuous and x/ (o) > D;, there exists some subinterval [, b] (or [b,a]) C
[0,1] such that

x!(a) = 2M;, %] (b) = Dy,

2M; <x!(t)<D;, Vte€a,b] (or (b, a]).

From condition (ii) and Definition 3, one has

bx;/(s)x;//(s) b B
/a XAD) ds‘ : f H)ds

On the other hand, from (3.5) and (3.6), we know that

b " D; D;
/‘ x; (s)ﬁii (s) ds‘: / sds :/ sds - OM..
o Dilx](s)) o Pils) | Joar; Pils)

= |x§(b) —x;(a)| < 2M;.
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This inequality is contradictory to the above one. So we show that x/(c) > D; is not true.
Similarly, we can prove that x/ (o) < —D; is not true too. Therefore, (3.12) holds. |

3.2 Existence result of BVP (1.3), (1.4)
Theorem 3.1 Assume that conditions (i), (ii) in Lemma 3.1 hold and
(iii) G(x1,X2,...,Xn) is continuous and decreasing with respect to Xy, ..., Xm;
H(y1,Y2,...,Yu) is continuous and increasing in y, and decreasing with respect to
Y35.-5¥Yn-
Then BVP (1.3), (1.4) has a solution x(t) = (x1(2),...,xn()T € C3([0,1],RN) satisfying
inequalities (3.11) and (3.12).

Proof From (2.1), (3.1)-(3.4), (3.7) and Lemma 3.1, there exists a solution x(¢) of the mod-
ified BVP (3.10) satisfying (1.3), (3.11) and (3.12).

Now we show the solution x(t) satisfying the boundary conditions (1.4). From the
boundary conditions of (3.10), it is easy to get x(0) = 0.

First, we prove

G(X,(O), X”(O), x(él): X(i“z)y e X(Em—2)) =A. (318)

Case 1. Suppose that &'(0) < x'(0) + A — G(x'(0),x"(0),x(£1), x(£2), ..., X(§,m—2)) =< B'(0).
By (2.1), (3.8) and (3.10), we obtain

X/(O) = G(X/(O), X”(O), x(%-l): x(éZ)v CERS] x(ém—2))
= X/(O) +A- G(X/(O), X//(O)r x(él)) X(SZ)’ LR X(Sm—2))'
Thus (3.18) holds.

Case 2. Suppose that a’(0) > x'(0) + A — G(x'(0),x”(0), x(&1), x(&2), . . ., X(§1—2))- By (2.1),
(3.8) and (3.10), we obtain

X/(O) = G(X,(O), XN(O), X(sl), x(éZ)! LR x(‘i:m—2)) = a/(O). (319)
Then
G(X/(O), X//(O), x(éﬁ); X(EZ)r e 7X(Em—2)) > A. (320)

According to (3.11), (3.19) and condition (iii), we know

G(a'(0),@"(0), &(&1), ..., @(§m-2)) = G(X'(0),X"(0),x(61), X(&2), ..., X(Em—2))-
Therefore,

G(a'(0), " (0), a(£1),..., 0(Em2)) > A. (3.21)

From condition (i), it is easy to see that (3.21) is contradictory to Definition 4. Therefore,
(3.20) is not true.
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Case 3. Suppose that x'(0) + A — G(x'(0),x”(0), x(&1),x(&2), ..., x(£,,-2)) > B'(0). By (2.1),
(3.8) and (3.10), we obtain

X,(O) = G(X/(O), X”(O), X(fl), X(gz), e X(‘i:m—Z))
- B(0). (3.22)

So

G(X/(O), X”(O), x(§1)7 x(EZ)r [ 7X(Em—2)) <A. (323)

In view of (3.11), (3.22) and condition (iii), we know

G(ﬂ/(O), ﬂ//(O): ﬂ(sl)r (AR ﬂ(SIn—Z)) = G(X/(O), XN(O), X(SI)’ X(Sz), [KXS X(SM—Z));

thus,

G(B'(0), 87(0), B(&1);..., B(Em2)) < A. (3.24)

By condition (i), it is easy to see that (3.24) is also contradictory to Definition 4. Therefore,
(3.23) is not true too. Thus, we show that (3.18) holds.
Similar to the above argument, we could prove that

H(X,(1)> X”(l), X(nl), X(’?z), LERE X(’?n&)) =B.
Thus x(¢) is a solution of BVP (1.3), (1.4) and satisfies (3.11), (3.12). O

3.3 Existence result of SPBVP (1.1), (1.2)
Theorem 3.2 Assume that
(i) The reduced problem of SPBVP (1.1), (1.2)

F(¢,x,x',x",0) =0,

(3.25)
X(O) =0, G(X/(O), X”(O), X(El)¢ X(EZ)) cee x(ém—2)) = A7

has a reduced solution v(t) = (v1(t),...,vn ()T € C3([0,1],RN). For
i=1,2,...,N,v(¢) satisfies
ﬁ(t; Xy; (t: 8); X;l,(t, 8): X:,/l,(t, 8): 0) :ﬁ(tx Xy; (tx 0)’ x;l(tr 0)1 xi’,i (t) 0)’ 0) =0,

V,'(O) =0, 8i (V/(O)’ VN(O)’ V(SI)’ V(";:Z), e V(";:m—Z)) = Ai;

(i) Let &g be a sufficiently small constant, fi(¢,x,x',x",¢),i=1,2,...,N, is continuously
differentiable and satisfies Nagumo condition on [0,1] x R*N x [0, &) and there

exist some positive constants l;, ri, ¢;, i =1,2,...,N, such that
0<ﬁxi(t,X,Y,Z,€)§li; fiyi(t,X,Y,ZyE)S—Vi<0,
ﬁzi(t1x1Y)z)8)§Oy MS(t;x;sz,€)| Eci;

B afi(t,x,y,z)

where fiy, = , the others are defined analogously.
xi
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(ili) G(x1,...,Xy) is continuous and increasing in Xy and decreasing with respect to
X2, .+ «» Xpss H(Y1, ..., Yn) is continuous and increasing with respect to y1, y2 and
decreasing with respect to'ys, ..., yn. And there exist some vectors
M, = (Mg, Mg,...,MN)T >=0,s=1,2,...,6, such that v'(0) < =M1, v/(1) > My,
and

gi(V/(O), Mlv MS; o )MS) S Ai S gi(V,(0)7 _Ml) MS: ooy MS); (326)

hi(V'(1),~Ma, M, ..., Mg) < B; < h;(V'(1), My, My, ..., My). (3.27)
Then SPBVP (1.1), (1.2) has a solution x(t,€) = (x1(t,€), ...,xx5(t, €))7 such that
|xi(t,€) —vi(B)| < Tuie"i" + Toie™V + Tyie, i=1,2,...,N, (3.28)

where T, = diag(Ty1, Tya,---» Ten), Tii (k =1,2,3,i=1,2,...,N) are positive
numbers. ¢ is sufficiently small, h;, Ay; are two roots of equation eA> —ri +1; = 0,
such that

T T 1 /r; T
—2/—l<)»1i<—,/—l, —/—l<)»2i<,/—l. (3.29)
e e 2V ¢ e

Proof From condition (i), there exists a positive constant vector M* = (M3, M3, ..., M5;)7,
such that |v/"(t)| <M}, i=1,2,...,N, since v(¢) € C3([0,1],R"). Then the equation 1> —
r;A + [; = 0 has three different real roots Ay1;, Ay;, and A3;, since

1 li 2 1 ri 3 1 llz Fia

-] +=(-——) ==|+-—=]<0

4\ ¢ 27\ ¢ g2\ 4 27
Furthermore, for i = 1,2,...,N, the estimates of Aj;, Xy; are given in (3.29) and have the
estimate of A3; satisfies

J L+
Sy < 220 (3.30)
L L
To construct the upper and lower solutions, we define
dy; dy; ds;
yilte) = e [leklit + ﬁe’\2"(t1):| + 22t~ 1], (3.31)
1i A Az
where
My + v/(0)] +1 Moy + |v/(1)| +1 Asi(c; + MF + 1
dli:— 1i | z()| ) d2i: 2i | l()l ) d3i= 31(1 i )gé

1 1 L
gt A2 i

Then we have
1 X . .
Vit €) = e2[dy; eV + doe V] + 2d3;eM,
1 . .
yi'(t,€) = e2 [dyreit + dzi)»zieh‘(t_l)] + 2d3:h5€"3,

1 . . .
)/i”'(t,8) — g2 [du)ufie)‘“t + dzlrk%ie“‘(t‘”] + 2d3i)»§,~€“’t.
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In view of dy; > 0, dy; > 0, d3; > 0, we obtain

Yi(t,e) >0, v{"(t,e)>0, 0<t<1e>0.

For sufficiently small ¢ > 0, we have

(0, ) = g? (@ + @e_*”) + @
L A A3i

2 2
)‘11’ )‘21’

N My + [v/(0)] + 18% s My + v/ (1)] + laef‘/? LG + M+ 1“3

r r
>0

since y/(s, €) > 0, we have y;(t, &) = y;(0,¢) + fot y/(s,e)ds>0,for0 <t <1.

Similarly, we obtain

/ 1 s
¥{'(0,€) = 2 (dyih; + daihoie™™) + 2dzihs;

> 0.

Thus, y/'(¢,€) = ¥{'(0,¢) + fot y{"(s,€)ds >0, for 0 < ¢ <1, since /" (s, &) > 0.

Define functions B(¢, &), a(t, ) as
Bte)=v(t)+y(te),  alte)=v(E)-y(te),
where
y(te) = (nte), vt o)., y(t,e) "
Hence
Bilt,e) =vi(®) + vilt,e),  ailt,e) =vilt) - vilt ),
For (4,¢) € [0,1] x [0, &o], we have

O‘i(t’g) S,Bi(trg)r a;(t,s) Sﬂ;(t’g)’

o) (te) < B (t,e), «;(0,8) <0 < B;(0,¢),

and

eB(t,) + fi(t,xp,(t,8), X (¢, €), X} (£, €), €)

= ‘9,3;’/”(1.) 8) +ﬁ(t: Xg; (t; 8): x}gi (t’ 8): xgi(t: 8); 8) _ﬁ (t’ xﬂi(tr 8),X2;i(t, 8),X:,,i (t,S), 8)

+fi (t, xg, (£, 8),x},l_(t, g), x:,/i(t, €),¢) - f; (t, xg, (¢, 8),X;l_(t, s),x:,’i(t, £),€)

M+ V/(0)|+1 1 My+V/(1)+1 _,
=- et + e

2 4

G+ M;+1
—t—

li

i=12,...

l;

,N.

1
5

i

1
5

ri Ac: *
> —(My; + |v/(0)| + 1)8% + (Mo + [V/(D)] + 1)87‘/; + we
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+f(t x4, (t,€),X,, (t8), X, (t g), 8) f,(t,xvi(t,e),x:,l,(t,s),xl’/'i(t,e),e)
+fi(txy, (t,€), X, (8, 8), %, (t,€), €) - fi(t, %, (8, €), X, (£, ), X (¢, €),0)
+fi(t, %y, (8, €), X, (£, €), X (£, €),0)

1
=ep]'(t, ) + / iz (8, Xp,(,€), X5 (&,€), X (5 (,€),€) dO - ¥/ (8, €)
0
1
+ ] fiyi (t’ Xﬁi(t, 8)¢ x:’i*'e(ﬁi_vi)(t’ 5)7 xi’/i (t; 8)1 8) d@ : yi/(tv 8)
0
1
+ / ﬁxi (ty xvﬁe(ﬂ,’—vi)(t’ ‘9)) x{’i (t; 8)’ x://t(tr 8): ‘9) do - yi(t; 8)
0

1
+ f fie (%, (8, ), X, (¢, ), %, (¢, €),0€) d6 - &
0

e(v;”(t) +y/"(t, 8)) —riy!(t,8) + Liyi(t, €) + cie
1

1 L
e(ci+ M]) + % Mil(eA3; — ridy + 1) + Ldzieh"(t_l) (eA3; = ridai + 1)

1i 2i
2d3; lids;
—316}‘3”(8)»; — Vi)\,gi + ll) -2 3
3i 3i
lids;
= g(ci +M;“) - l)» e
3i

U‘!Mﬁ

—e3[(1+ e+ M) = (e + M )e

]<o,

ie.
el (t,€) + fi(t:X5,(t, €)X} (£, €), X}, (£, €),€) <O

Similarly, from the expression of S/(¢,¢), we obtain ;(0,¢) = v(0) + y/(0,&) > v/(0), and
Bi(1,&) = Vi(1). From condition (iii), there exists €;; > 0, for 0 < & < &;1, one has B/'(0,¢) <
—M,;, since y/'(0,¢) > 0 is sufficient small. Furthermore, there exists g;; > 0, for 0 < & < g5,

we have B7(1,&) > My;. Then there exists € >0, for 0 <& <%y (k=1,2,...,m - 2),
have

dq dy; ds;
BiEr,€) = vi(&x) + 8%[ Ltk ie“i(gk‘l)} + i[Ze“igk -1]
Al A2 A3i
5

(%‘k)——(Ml, [v/(0)| + 1)e 2/—fk le ! ‘+1)e%@@k—n

i+ M:+1
+7
l;

<vilg) + 1< [vil&)| + 1= rma,  k=1,2,...,m=2.

litr
(Zer_té’ - 1)»3é

Similarly there exists €;; > 0, for 0 <& <& (j=1,2,...,n — 2), we have

,Bi(njﬂe)f‘Vi(nj)""l::ﬁ'lij: j=12,...,n-2.

Page 12 of 17



Lin et al. Boundary Value Problems (2020) 2020:14

Let

Msi= max {my}, My = max {my},
k=1,2,..m-2 =122

g = min {ail,sfz, min {slk} mln {8;,}}
i=1,2,...N k=1,2,...m-2 1,2,...,

For 0 < & < g, we have B'(0,¢) > v'(0), B'(1,¢) = v/(1), B”(0,&) < M1, B"(1,¢) = My,
B(Ek,g)ﬁMg,ﬂ(nj,S)§M4,/(=1,2,...,m—2,j=1,2 o= 2. HereMs_(Msl! $2y ¢
M), s=1,2,...,6. From condition (iii), we have

gi(ﬁ/(o! 8)7 ﬂ//(o’ 8)! ﬁ(%‘l; 8)’ s ﬂ(%‘m—% 8)) >gi(vl(0)’ _Ml’ MB: L] MB)
2 Ai:
hi(ﬂ/(lx 8): ﬂ//(l: 8): B(nlr 8): e ﬂ(nm—27 8)) Z hi(v/(l):MZr M4~1 ey M4)
> B,.
Thus B(t, &) = (Bi(t,€),..., Bn(t,€))T is an upper solution of SPBVP (1.1), (1.2). Similarly,

we could show a(t, €) = (a1(t, €),...,an(t €))7 is a lower solution of SPBVP (1.1), (1.2).
From Theorem 3.1, SPBVP (1.1), (1.2) has a solution x(t, &) = (x1(¢,€),...,xn(t, €))7 satis-

fying
o(te) <x(t,e) < B(te), 0=<t<1,
and the inequality (3.28) holds on [0, 1] x [0, &o]. O

4 Uniqueness result of SPBVP (1.1), (1.2)
Theorem 4.1 Assume that all conditions of Theorem 3.2 hold, and for i =1,2,...,N, the
following inequalities hold.:

pii + <Z Mk;) 26 L 1)>0, (4.1)
2(,3% f’>e15 + (Z vﬂ> 2e E 1)>0, (4.2)

where
1
P _/ iz (x1(0,8) + 0x4(0,),x/(0,¢), Tx1 (8, €)) dO
1
P [ (K1) + 03,0190 X (L) o6
0
G2i = / hizy; (x)(1,6),x{(1,€) + 0x((1, ), px1 (¢, ) d6
1
i = / Qi (X10,8),X[(0,8), T (¢, €) + OX0(Ex, €)) O, k=1,2,...,m -2,
0

1
B = fo Bizg s (X4 (L€ X[ (L,), 01 (1,8) + O%0(,£)) 6, ] =1,2,...,m -2,
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Txl(t) 8) = (xl(glr 8)1"1(&2’ ‘9)1 Xy (EWI—Z) 8)))
PX1 (t’ 8) = (Xl(fhy 8),X1(772, 8)’ v rxl(nn—Zy 8))7
Txl(t> 8) + QXO(Sk: 8) = (xl(glr 8), v ’xl(ékr 8) + GXO(SIO 8)1 e ’Xl(ém—Z; 8))’

pxi1 (6, €) +0xo(nj, €) := (x1(n1, ), ..., x1(nj, €) + Ox0 (1, €), ..., X1 (Nn=2, €)),

8gi(zly Z,... ,Zm)

giZk,' = BZk’ b k: 1,2,. ,m,
1
0h(z1,2s,...,2 .
iy = O B) g,
3Zjl'

and l;, r;, i = 1,2,...,N are given in Theorem 3.2. Then SPBVP (1.1), (1.2) has a unique
solution.

Proof From Theorem 3.2, for SPBVP (1.1), (1.2) there exist solutions. In order to show the
uniqueness of the solutions, we only need to show (1.1), (1.2) has at most one solution. If

the assertion is not true, then SPBVP (1.1), (1.2) has two different solutions x; (¢, €), X5 (¢, €).
Let

Y(trg) = Xz(t,é‘) - xl(tx 8);

then y(z, ¢) is a solution of the boundary value problem

:S‘X”/(t, 8) + 151 (t; 8)x”(ty 8) + ﬁZ(tr 8)x/(t1 8) + ﬁ?)(t’ 8)X(t, 8) = 0) 0 S t f 1» (4'3)
x(0,¢) =0,
Pix'(0,8) + Qix"(0,&) + Y37 firx(Er ) = 0, (4.4)

PyxX/(1,6) + Qux"(1,6) + Y17 x(nis £) = 0,

where ﬁs(tfe) = diag(,asl(t,é'),.,.,/SSN(t,S)), s = 1;2; 3; I_)l = diag(ﬁll:plZV"f}_ﬂlN)ﬁ I_)Z =
diag(pa1,p22;...,pan), Qi = diag(qii, qi2s...»qin), Qx = diag(ge1, g2, ...»qon), ik =
diag(fis, ., i), B = diag (B, .o, o) k= 1,20 ,m—2,j=1,2,...,n—2,

1
p(t,e) = / Sont (tx1(t,€), X, (t, €),X] (1, €) + 0y (t, €),€) db,
0
1
,62i(t18) = / f;’x’, (trxl(t)s)r X/l(t,S) + GY/(t:S);X/l/(t;E), 8) d@,
0 13
1
p_3i(t18) = / ﬁxi (t, XI(t, 8) + Qy(t, 8), x,l (t; 8); x,l/(t; 8), 8) d@,
0
1
éli = / 8Zizy; (X/I(O,S),Xll/(o,é‘) + 9)(6/(0, 8); Txl(t)s)) de.
0
From conditions (ii), (iii) in Theorem 3.2, we obtain p;; € C([0,1] x [0, &0],R),s =1,2,3 and
p1i(t,€) <0, p2i(t, &) < —r; < 0,0 < p3i(t, €) < 1;, (t,€) € [0,1] x [0,80], and g1; <0, g2; > 0,

i <0,0;<0,i=1,2,...,N,k=1,2,...,m—-2,j=1,2,...,n-2. That is, o,(t,¢),5 = 1,2,3,
01, Qa, 1 vj, satisfy Eq. (2.4) and boundary conditions (2.5).
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Define

2eMit 1 2)qeMit

¢(t; 8) = -
l A3 A%

It is obvious that ¢;(t, &) > 0, ¢;(£,€) > 0, ¢/ (t,€) > 0, and

‘9¢1{”(t, ‘9) + Iali(t» 8)¢l{/(t’ 8) + ﬁZi(t: 8)¢l{(t’ 8) + 1631'(t’ 8)¢i(t’ ‘9)

<&/ (t,e) —ri9;(t,€) + ligi(t, &)
2 2X3; i
= —ekgit(Skgi — rl')xgl' + ll) — —;lehit(é‘)\i’ — 7',‘)»1,‘ + l,) -
3i Al A3
I
=-——<0.
A3i

For 0 < ¢ < &g, from (4.1), (4.2), we have

m-2
P1igi(0,8) + g} (0,) + Y jisicpi(Eiir )
k=1
_ A3 m oehsih — ] 2h3;eM1i8ki
=2pu\1-— )+ ) i - 3
Al pa A3i AL
m-2 7 i+
>put Zﬁkif(Ze i ki 1)
k=1 !
m=2 Li+r;
_ _ ri itry
ZPIM’ ( Mki)l—(ze Ti —1)>O,
k=1 ‘

n-2
D20 (1,€) + quidp; (1,€) + Z v;ipi(nj, €)
i1

éZz’li i 2 i litrg Wi
=2\ Pt = el + ) v;—(2e7 7 -1)

; e
Goili\ 7 n-2 ri Lt
DY 7 T i VY vi | =(2e7 —1)>0.
= (Pzz 7 ) (121: }l> li( )

Then @ (¢, ¢) = ($1(t, €),...,pn(t, €))7 satisfies the conditions in Lemma 2.1. Hence SPBVP
(4.3), (4.4) has only a zero solution, which contradicts x; (¢, €) # Xa(¢, €). Therefore, SPBVP
(1.1), (1.2) has a unique solution. a

Remark 4.1 1f we take N = 1, we find that SPBVP (1.1), (1.2) becomes the singularly per-
turbed boundary value problem (3), (4) in [10]. It is notable that our results agree well with

the corresponding ones in [10].

Page 15 of 17



Lin et al. Boundary Value Problems (2020) 2020:14 Page 16 of 17

Remark 4.2 1If we choose N = 1, m = n, and take the nonlinear boundary functions g, # to

occur in the following linear functions:

n
g(xlerP--;xn) =axy _bxz + § X,
i=3

WY1, 925 Yn) = €Y1 + dys + Zlgj}’j;

j=3

then SPBVP (1.1), (1.2) becomes the singularly perturbed boundary value problem (1.1),
(1.2) in [9].

Remark 4.3 If we choose the nonlinear boundary functions G, H to be the following linear

functions:
G =P1xX(0,¢) — P,x"(0,¢), H=0Q:xX(1,¢8) - Q:x"(1,¢),

then SPBVP (1.1), (1.2) becomes the singularly perturbed boundary value problem (1), (2)
in [20]. In this paper, we get the existence and uniqueness of solutions. We also discuss

the asymptotic estimates of solutions.
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