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1 Introduction
Fractional calculus is a powerful tool for describing the genetic properties and memory
processes of various materials [1-3]. Fractional differential equations (FDEs) have been
widely used in the field of medical, physical, economic and technological sciences in recent
times. Though fractional differential equations containing Riemann—Liouville fractional
derivatives or Caputo fractional derivatives have got more and more attentions, the fixed
point theorems, coincidence degree theory and monotone iteration methods are still the
main approaches. For the critical point theory, we refer to [4—6] and the references therein.
In [7], the fractional boundary-value problems considered by Jiao and Zhou is listed as
follows:
~14,D;” + D) () = VE(t,u(t)), ae.tel0,T],
u(0) =u(T) =0,

(1.1)

where 8 € [0,1), OD;ﬁ and tD_Tﬁ are the left and right Riemann-Liouville fractional deriva-
tives respectively. F : [0, T] x RN — R (with N > 1) is a suitable given function and VF(t, x)
is the gradient of F with respect to x. In this paper, the sufficient conditions for the exis-
tence of solutions are obtained by using the least action principle and the mountain path
theorem. Since then, the variational methods have been applied to study fractional differ-
ential equations; see [7—10].
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The problem (1.1) arose from the phenomenon of advection dispersion and was first
scrutinized by Ervin and Loop in [11]. From then on, the existence and multiplicity of so-
lutions for the above problem (1.1) or related problems were further studied by the authors
in [12-15] with the critical point theory.

The impulsive differential equations originated from the real world problems to describe
the dynamics of processes in which sudden, discontinuous jumps occur. Due to their sig-
nificance, many researchers established the solvability of impulsive differential equations.
If you are interested in the general theory and applications of such equations, please refer
to [16—18] and the references therein.

Up to now, there are few papers that use variational methods and critical point theory
to study the fractional boundary-value problems with impulses [19-24].

In [22], the authors use variational methods and critical point theory to study the fol-

lowing fractional differential systems with impulsive effects:

D5 (ai(t)5D wi(8)) = MF,, (8, u) + hi(ui(1)), O<t<T,t#t,
AGDYT DY u) () = L), j=1,2,...,m,
ui(0)=u(T)=0, 1<i<N.

In [23], the authors have considered the following boundary-value problems of impul-

sive fractional differential equations:

~1 2D % + D u(t)

=a()u;(t) + F,,(t,u(t)), 1<i<N,t#t,aetel0,T],
A u)(4) = Lw(t)), t€(0,T),j=1,2,...,1
ui(0)=u(T)=0, 1<i<N,

(1.2)

where u = (uy,...,uy), |u| = Zf\il u?, Biel0,1), 0, =1~ % €(3,1]for1<i<N, oD; P,
tD}ﬁ " are the left and right Riemann-Liouville fractional integrals of order B;, f)D‘tX" and
DY are the left and right Caputo fractional derivative of order a;, a; € L*[0,T], 0 = £ <
hi<ty<---<ty<tyy=T,1; € C([0,T],R), F: [0, T] x RN — Ris measurable, continuously

differentiable, F,;, denotes the partial derivative of F with respect to u; for 1 <i <N, and

(Dr'wi) (&) = %{OD?H(SD?"W) — DY (D) } (1),
A1) (6) = 31D (D ) - D (D)} 1)
- 510D (0t ) - D (D) (),
{oDF 7 (6D wi) - DY (DT i) } (&) = }EII {0y (5D i) — DY (D i) } (8),
(oD (6Df ) =D (D 10)}(57) = Jim {0 (01w = D (D) 0

forj=1,...,[,1<i<N.
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On the other hand, in recent years, Morse theory has been used to discuss the exis-
tence of solutions of differential equations [25, 26]. However, to the best of our knowledge,
Morse theory is rarely applied to the impulsive fractional boundary-value problems.

In [27], based on Morse theory coupled with local linking arguments, the authors stud-

ied the following impulsive fractional differential equation:

DTEDYu(t)) + k(Ou(t) =f(t,u), 0<t<T,t#t,
AGDSED w)(4) = Li(u(ty), j=1,2,...,m,
u(0) = u(T) =0,

Motivated by the work above, we will investigate the existence of at least one nontrivial
weak solution of problem (1.2) by Morse theory. Compared with the research in [23], the
method of this paper is different.

To investigate problem (1.2), we make the following assumptions.

(10) I € C([0, TN, R), I;;(0) = 0, I;j(u;)u; > 0 and there exist constants a;, b; >0 and ¢;, y; €

[O 1), such that |[;;(u)| < aj|u;|V, limy,, ‘_>0 =b,i=1,...,N,j=1,...,[;

IU

(I1) there exists 0; > 1 such that 911*(u) > I;(g'lu ), Vi, €R and £ €10,1], where

];;(u) 1= 2/ l[[]‘(S) ds —Il’j(ui)ui'
0

We introduce the following conditions on the nonlinearity function F,, (¢, u):
(FO) F,,(t,0) = 0, lim,—¢ sup Pl val eyl) | cos(me;)| uniformly for ¢ € (0, T),

i | Tore
and there are constants C > 0, r, ro, y with y € (1, maXje1,2,..5{; + 1}) such that

F(t,u) > Clu;|Y, r<|uj|l<rpae tel0,T];

(F1) there exists 6, > 1 such that 6,F, (¢, u) > F,(t,{u), V(t,u) € [0, T] X R, & € [0,1],
where F,(t, u) := F, (¢, u)u; — 2F(t, u);

(F2) Fu,—(t; M)I/ll' = 0: V(t) M) € [O: T] X R; lim\u|—>oo
(F3) limy - oo 'ﬁ(’j";” = +00 uniformly for ¢ € (0, T').

Fy; (tu)

= +o00 uniformly for ¢ € (0, T);

Theorem 1.1 Assume that (10), (I1), (FO), (F1), (F2) hold. Then problem (1.2) has at least

one nontrivial weak solution.

Theorem 1.2 Assume that (10), (I1), (FO), (F1), (F3) are satisfied. Then problem (1.2) has
at least one nontrivial weak solution.

2 Preliminaries

As discussed in [23], we can transfer problem (1.2) to the following problem:

LoDy DY ui(t) — DY DY ui(6)) + ai(®ui(t) + Fuy (8, u(t)) =
1<i<N,t#t,ae,tc[0,T],

A u) () = L)), 4 €(0,T),j=12,...,1

u;(0)=u;(T)=0, 1<i<N,

Page 3 0f 13
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The problem (1.2) is equivalent to problem (2.1). Therefore, a solution of problem (2.1)
corresponds to a solution of the BVP (1.2).

A variational structure is established to transform the existence of solutions to prob-
lem (2.1) into the existence of corresponding functional critical points. We construct the
following appropriate function spaces.

Let us recall that, for any fixed t € [0, T] and 1 < p < o0,

: ;
, ||M||U’=(/O |u(s)|‘”ds).

For o; € [0,1), 1 <i < N, we define the fractional derivative spaces E;’ by the closure of
C5e([0, T1, RN) with u;(0) = u;(T) under the norm

ll]loo = max |u(2)
te(0,T]

T ) T ) 3
||u,'||ai=(/ |6 D¢ ui(2)| dt+/ |ui(2)| dt) , Yu;eEj.
0 0

Obviously, the fractional derivative space E;’ is the space of functions u; € L?(0, T) hav-
ing a;-order Caputo left and right fractional derivatives and Riemann—Liouville left and
right fractional derivatives, §D; u;, D% u;, 0D u;, D u; € L*(0, T) and u;(0) = u;(T) = 0.

Definition 2.1 ([23]) We denote u = (u1,...,un), u; € Ey’, (i = 1,...,N) this being a weak
solution of the problem (2.1) if the following identity:

NOrT 1, , . ,
Z/o {_E (607 ui(6); D vi(t) + (DT wi(£)oDf vi(t)] - ai(t)u,»(t)v,»(t)} dt
i=1

N [ N T
+ Z Zlij(ui(t/))vi(tj) — Z/(; F,,,’. (t, M(t))l/i(t) dt=0
i=1 j=1 i=1

holds for all Vv; € Ej'.

Consider the functional ®@: Eg* x --- x E;N — R defined by
N T 1 , , 1 5 T
d(u) = ;/o {—Eth’ui(t)gDT‘ui(t)—Eai(t)ul. (t)}dt—/o F(t,u(t)) dt
N oL e
+ Z Z/ Il‘/'(S) ds.
i=1 j=1 Y0

From (I0) and (F0), we can infer that @ is continuous, differentiable and for all « =
(U1,...,un), v=1,...,vn), u,v; € ;' (i=1,...,N), and we have

N .1
(@' (u),v) = Z i {—%[gDi’iui(t)fDo}ivi(t) + DY u (5D vi(t)] - ai(t)ui(t)vi(t)} dt
i=1

N I N T
Y Li(w) i) - > /0 Ey (6 u(®)vi(e) dt. (2.2)
i=1

i=1 j=1

Page 4 of 13
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Then, the critical point of @ is the weak solution of (2.1).

Lemma 2.2 ([7]) Let % <a<landl<p<oo,forallucEf, one has
TD(
ullpp < ——6D%ul,,. 2.3
e 23)

Moreover, if o > }7 and }7 + % =1, then

Toz—l/p
ll4ll oo < 1605w - (2.4)
I'(a)((«-1)g + 1)‘1

Itis easy to verify that the norm || u; ||, = (fOT DY ui(t)|* dt + fOT |lu:(£)[2 dt)? is equivalent
to [|#ill, = (fOT |6 D5 'ui(2)|* dt) 3, Vu, € E;'. In the following, we will consider the fractional
derivative spaces Ej’ with respect to the norm [|u;]l4; = ( fOT 16Dy ui(£) > dr)s.

Lemma 2.3 ([23]) Foro; € [%, 1),1<i<N, one has

N N N
P 2 2
an <A lwllt, Y wl <BY w2,
i=1 i=1 i=1

whereAp—max{F,7 1<l<N} B= max{% 1<i<N}.

Lemma 2.4 ([23]) Let % <a; <1forl <i<N.Assume the sequence {x,} converges weakly
tox in E,'. Then x, — x strongly in C([0, T],R), i.e., |, — *|loc — 0, as n — oo.

Lemma 2.5 ([23]) Let % <a; <1for1<i<N.Foranyu; € E;, one has

N

N
X . c i c 12
> "Jeos(ran)|llumll2, Z / §D% () D (1) Z|cos(71 Sl

i=1 i=1

In the sequel, we denote X = E;' x --- x EgV, then X is a reflexive and separable Banach

space with the norm

N N T ) %
nunx:H(ul,...,uN)HX=Znuinai=Z(/ 6D wi(®)] dt) :
i=1 i=1 \O0

Definition 2.6 The sequence {u®} C X is said to be a C sequence of the functional @ if
for u® = (u(lk),...,ugk), ,uN ) 1 <k<o0,ceR,onehas ®u®) — ¢, |u®|x - +o0 and
(@' (u®),u®y — 0, as k — o0o. The functional @ satisfies the C-condition if ever the C

sequence of @ has a convergent subsequence.
Let E be a real Banach space and @ € C![E,R), Q= {u € E: ®'(u) = 0}.

Definition 2.7 ([28]) For c € R, we define u as an isolated critical point of @ with @ (u) = c,
and define U as a neighborhood of u such that @ has the only u as a critical point in U.
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We call
Co(@,u):=Hy(®°NU, P NU\{u}), (q€N:={0,1,2,...})

the qth critical group of @ at i, where @€ := {u € E: & (u) < c} is the c-sublevel set, and

H, is the singular relative homology group with coefficients in an Abelian group G.

Lemma 2.8 ([28]) If Q = {0}, then Cy(®,00) = Cy(®,0), Yq € N. It follows that if
Cy(P,00) # Cy(P,0) for some q € N, then @ must have a nontrivial critical point.

Lemma 2.9 ([29]) Let O be a critical point of @ with ®(0) = 0. Suppose that @ has a local
linking at O with respect to E =V @& W, k =dim V < 0o, that is, there exists p > 0 small such
that

®wu) <0, VueV,|ul|l<p and ®u)>0, YueW,0<|ul| <p.
Then Ci(®,0) 2 0, hence 0 is a homological nontrivial point of .

3 Proofs of main results
Lemma 3.1 Assume that (10), (FO), (F2) hold, then ® satisfies the C-condition.

Proof Assume {u®} is a C sequence in X, where u® = %, ..., ugk), . ,u%)).

First, we address the boundedness of C sequence {u®}.

Assume that C sequence {z#®} is unbounded. Up to a subsequence we have
@(u(k)) - ||u(k> | — +o0, <¢/(u(")), u®)—>0, k—oo,ceRr. (3.1)

Set v = 111 (¢) € Eg\{0}, then [[v{"||,, = 1 for all n € N, where vo = (vou, ...,

Voir - > Von ), VX = (v(lk),...,vgk),...,v%)), 1<i<mn,1<k<oo.By Lemma 2.4, we have

ng) — vy in L([0, T]), ng) — vy aetel0,T].

Obvious vy; #0,set X := {t € [0, T]: v(¢) #0}and X := [0, T]\ X1. Then [0, T] = X1 U X,
and X7 N X, = . So meas(X) > 0. By (3.1), we obtain

N T N I
> f (=600 u” D7 u(0) - i) ) @) de + Y D1 0))u 5)
i=1

i=1 j=1

N T
By /O E o (1,00 0) e = ('), 1) = (1), (3.2)
i=1

Combining (10) and ||z® || x — +00, as k — 0o, we can derive

i Y Y L () (1)
m

N 1 (k) 12
= et 9712
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From (F2), (3.2), (3.3) and Lemma 2.5, we have
1 lim Zl 1 f() EDO[IM )CDalM ( )_ “‘(t)(ul(«k))z(t)}dt— 0(1)
= lim
k—o00 Zl lfo chXLu )DDLL (k( ) ﬂl(t)(u(k))z(t)}dt
i 2o (6D VU% (0) - amﬂﬂ(nm—dn
e Zivl | cos( mxl )| ” ”
/ YR F u()u®(t) dt
2 Zivl | cos( na,)| |u |
/ SN E w0t u(®)ul” (¢) dt
D S &
Y Z/l‘:llzi(”(-k)(tj))ugk)( )
—khm ~ Nar
s Y WII Iz,

Zizl Fuﬁk) (t, u(t))ui (t) dt

> lim
k—00

Ot ar

+ lim
k—o00

WO @) de

> lim WO @) . (3.4)
T koo N (&) !
¢ 2 2int ICOS(lzwt)I 12
By (F2), we have, for any ¢ € [0, T,
SilJo Epu@)u’©de
lim ! |vl. (t)| =

k—o00 ZN 1 |Lt(-k) 2

i=1 |cos(ma;)

From Fatou’s lemma, we can get

SNF w (@t u@)u (e) dt
lim i |V<k)(t)|2 dt = +00,
e

k— o0 N L
21 Zi:l Tcos(ray)] i

which is contradictory with (3.4), thus {z} is bounded in X.
Second, we verify C sequence {#*} have convergent subsequence in X.
Since X is reflexive, we know that {#¥'} have a weakly convergent subsequence in X.

Hence, we have

f —ug €Ey, i=1,...,N,as k — 00,uq = (Uo1, ..., Uoir-- -, UoN),

u - uy; inC([0,T]), i=1,..,N,aetel0,T].

Thus ||u§k) —up1llec = 0, as k — o0o. According to (2.2), it is easy to prove
((D’(u(k)) - @' (ug), u™® — uo) —> 0, k— oo.

From Lemma 2.5, we can get

0 < (@' (u®) — &' (o), u® — uso)

Z [ D e ()] ) ) ()
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N I
33 (w0 (6) - w0i6)] (1 (8) - uoi(t)

i=1 j=1

i/ ) (£ 1(8)) = Fugy (£ 140(2)) ] (u; ©_ uo;) dt

N !
D (@) - uoit)) ][]l — w0

i=1 j=1

N
> Z|cos(ﬂ(¥i)| ||M§k) - "‘Oi”i,- +
i-1

) (6u(0)) = Fug (8. 100)]| 4" ~ o]

Combining (J0), (FO) and ||u§k) — Ui |lco — 0, we know Zf\il ||u§k) —Upillq; > 0as k — oo
and ul(.k) — ug; in Ey', i=1,...,N. Thus, {u®} admits a convergent subsequence, which
implies that @ satisfies the C-condition. 0
Corollary 3.2 Assume (10), (F0), (F3) hold, then @ satisfies the C-condition.

Lemma 3.3 Assume (10), (I1), (F1), (F3) hold, then C,(®,00) =0 for every q € N.

Proof Let §2 = {u; € Ey' : |u;llo, = 1}. For u; € £2, by (10) we have

rui(t/)
/ I(s)ds
0

1
_ s
where Ao = W.

y+1 v+l

41 AO yi+l AO a;i .
)| <—’|r|%“|| wlll < =T,

< (¢
) i1

J

According to Fatou’s lemma and (F3), we can get

T F(¢, T F(t,
lim (&, vu) dtz/ TGN (3.5)
0

oo fo P2 oo [zul?

Hence Vu; € §2, by (3.5) and Lemma 2.5, we obtain
P (tu) = Z f oD ) D ) 0) it~ Z Sai®)(c4) ()

_/o (6 Tult dt+ZZ/

i=1 j=1
9 N T N y,+1
T ) F(t,tu) , 1
< —  — T|°dt + |Vt
< 3 ;|COS(M)|| wll, /0 il lezl ltl
N N y+1
1 1 E(t, ru) 0
2 2
) e —p ,—/
(2; lcos(ray)| % J ZIZI y,+1)|t|1 Y
— —00,

as T — OQ.

Page 8 of 13
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Let a < min{inf ||u;||o;<1P (1), 0}, for any u; € £2, then there exists 7o > 1 such that

@ (tu) < a for T > 15. We can derive

N T
> / —¢ DY (Tu;)SD (vuy) dt
i=1 V0

Tu;i(ty)

N
<2a+Y a(t)r’ul +2/ F(t,tu)dt - 222/ Iy(s) ds. (3.6)
i=1 0

i=1 j=1
Combining (/1), (F1) with (3.6), we obtain
F.(t,x)>0, forV(t,x)e[0,T] xR, and I;k(x) >0, forVxeR,j=1,2,...,1L

It follows (3.6) that

d
E(D(ru)

1 T N
=7 (Z/ — Dy (ru)i DY (i) dt =Y~ () (T*u} (8)) it
i=1 70 i=1
N 1
+ Z Zli/(fui(tj))fui(tj)

i=1 j=1

N .7
_Z/ Fui(t,ru)ruidt>
i=1 Y0
1 T N T N [
< —<2a+2/ F(t,ru)dt—Z/ Fui(t,ru)tuidt+ZZIl, TU; (t, ru(t)
T 0 i=1 Y0

i=1 j=1

§l<2a—/ E.(t,tu)dt — ZZ[* Tu,(ty) > 0.
0

i=1 j=1
According to the implicit function theorem, there exists a unique S € C(§2, R), such that

@ (S(u)u) = a. Similarly to discussing in [29], there exists a strong deformation retract from

Ey'\{0} to @%. Thus
Cy(@,00) = Hy(Ey', Eg'\{0}) =0, VgeN.

So we completed the conclusion. d

Corollary 3.4 Assume (10), (I1), (F1), (F2) hold, then C,(®,00) = 0 for every g € N.

Page 9 of 13
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Since E;’ (i = 1,...,N) is a reflexive and separable Banach space, there exists an orthog-
onal basis {e;} of Ey’ such that E;’ = span{ey :k=1,2,...}. Form=1,2,..., denote

m o0
Yi:=spanfea),  Vin=EP Yo  Zim=EP Y
k=1 k=m
V:Vlmx~~~xVNm, W:ZhnX"'XZNm.
Then Ey = Vi ® Ziy i=1,...,N, X =V W.
Lemma 3.5 Assume (10), (FO) hold, then there exists ko € N such that Cy,(®,0) # 0.
Proof From (10), (FO) we know, F,(¢,0) =0, I;(0) =0 (i = 1,...,N; j = 1,...,]). Then we
found that the functional @ has a trivial critical point at zero. So it has a local linking at
zero in X.
Owing to the fact that all norms of a finite dimensional normed space are equivalent,
there exist positive constants M, M, M}, M}, such that
Milluille; < tilloo < Mol tilla; Milluille; < lluillyr < Mylluglle, i € Vi
First, we verify there exists 0 < p; < 1, such that
®@(u) <0 for ||u|lx < p1,Yu = (U1,...,ux),u; € Vi, i=1,...,N.
Because Vi, is finite dimensional, then, for given ry, such that
7
@) <22, for fluilla, < 2 V1 <i <N,
N N
lu| <ro, for [lullx < p1 (3.7)
For any r € (0,r9), we set

21 {te [0, T]:|u| < r},

2,={t€[0,T):r<|ul <ro},

23 = {te [0,T]:ry < |u|}.

Then [0, T] = Ule £2; and £2; (i = 1,2, 3) are pairwise disjoint.
Set F*(t,u) = F(t,u) — Clu;|?, it follows from (Z0), (FO) and Lemma 2.5 that

T 1, , 1 N &)
®(u) = 21: /0 {—igD‘Z‘ui(t)iD‘;‘ui(t)— Eai(t)u?(t)}dt+zz /0 I(s)ds

i=1 j=1
T
/0 Clu;|” dt /QIF (tu(t)) dt /QzF (t,u(0))dt /:st (t u(t)) dt

N I

N .7
1, . i 1 a; 4
< Z/ {—ESDtlui(t)tDT’ui(t)— 5ai(t)uf(t)}auzz ——[ui(®)]” 1
i=1 V0 Vi

i=1 j=1
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T
—/0 C|ui|th—/S21F (t,u(t))dt—/ F*(t,u(t)) dt

§22

- / F*(t, u(t)) dt. (3.8)
$23

According to (3.7) and the definition of £23, we have f-Q3 F*(t,u(t))dt = 0, Yu; € Viy,.
From (F0), we have F, > 0 on £2,, |¢| < r on £2;. From (F0), one has

N

I'*(a;
F*(t,u) < E [;;{Tkos(na)“ul —C|u|V]—>O asr— 0.
i-1

Hence, we can obtain fQ] F*(t,u(t))dt — 0. Then, Vu € X, |lullx <p1 <1, 1<y <
max{y; + 1} < 2, r € (0, o), from (3.8), we can get

1 N 1 N I V;+1 L
vt Y
D(u) < Z 2412 +ZZ il ~ MY Cllu
- i o
2 | cos(ma;)| e
N N y,+1
1 1 1-
< max Jul, Z—n AR‘MZZ il - M C
i<N | cos(mra;)| “ e~ =

<0.

Next, we will prove that there exists 0 < p; < 1, Vu € X, such that || u||x < p2, and we have
@ (u) > 0.

Because the continuous embedding X — C§°([0, T],RN) is compact. Vu € X, then, for
given ¢ > 0, there exists 0 < p; < 1 such that |u| < ||4||« < &, for | u|lx < p2, t €0, T].

From (FO0), Y|u| < &, for ||u|lx < pa2, t € [0, T, there exists ¢ € (0, 1) we know that

0 =30 -0 D (39)
i=1 2T20¢ l . '

Let ¢ = min; <j; bj, ¢ = max; <j<; ¢;. By (I0), we know e € [0,1). Yu € X, |u| < &€ combining
(I0), Lemma 2.3 and (3.9), we obtain

N N
1 1
D) = 5 ;\cos(nai)\ luilly, = 5 ;(1 - ¢)|cos(ma)|[luil2,
1 2 1 bl
— ZATu; - c+1
5 |:(8)] *3o71 ;]
1 bl
=3 <i=21|cos(noci)|2; laail12, + |u,«|“1<m —AT|ui|lc>) >0.
Then,
®(wu)>0, Vuel, lullx <p2 <1, te[0,T]. (3.10)

Let p = min{p1, p2}, according to (3.8), (3.10), we can get

D(u

~

<0, VueV,lullx <p; D(u)>0, YueW,0<|ulx<p,
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From Lemma 2.9, we have, C;(®,0) 2 0. O

Proofof Theorem 1.1 It follows from Lemma 3.1 that @ satisfies the C-condition. By Corol-
lary 3.4 and Lemma 3.5, we have Cy,(®,00) # Ci,(®,0) for some ky € N. Then we can
conclude @ has a nontrivial critical point from Lemma 2.8. Hence, problem (1.2) has at

least one nontrivial weak solution. O

Proof of Theorem 1.1 It follows from Corollary 3.2 that @ satisfies the C-condition. By
Lemma 3.3 and Lemma 3.5, we have Cy,(®, 00) # Cy, (@, 0) for some ky € N. Then we can
conclude @ have a nontrivial critical point from Lemma 2.8. Hence, problem (1.2) has at
least one nontrivial weak solution. O
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