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where N > 2 and 1 < p < g < N. Assuming that the primitive of f(x, u) is asymptotically
g-linear as |u| — oo and a weak version of Nehari-type monotonicity condition that
the function u —~ lfu(lx(ﬂ is nondecreasing on (-00,0) U (0, 00) for a.e. x € £2, we prove
the existence of one ground state sign-changing solution via the constraint
variational method and quantitative deformation lemma for the equation. Our results
improve and generalize some results obtained by Liu and Dai (J. Differ. Equ.

265(9):4311-4334, 2018).
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1 Introduction and main results

Differential equations and variational problems with double phase operator are a new and
interesting topic. It arises from the nonlinear elasticity theory, strongly anisotropic mate-
rials, Lavrentiev’s phenomenon, and so on (see [2—5]). The study on double-phase prob-
lems attracts more and more interest in recent years, and many results have been obtained

[1, 6-10]. More precisely, the research is related to the energy functional
U / (|Vu|”+a(x)|Vu|q) dx, (1)
2

where the integrand switches between two different elliptic behaviors. In [5], energies of
the form (1) are used in the context of homogenization and elasticity, and the function a
drives the geometry of a composite of two different materials with hardening powers p
and g.
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In this paper, we are concerned with the existence of sign-changing solutions of the
double-phase problem

—div(|VulP2Vu + a(x)|Vu|T2Vu) = f(x,u) in £2,
u=0 on ds2,

where £2 is a smooth bounded domain in RN, N > 2, 1 <p<qg<N,and

q 1 — . . .
-<1l+ N’ a:§2+ [0,+00) is Lipschitz continuous, (2)

p
and f: 2 x R+~ R is a Carathéodory function satisfying the following assumptions:
(1) f(x,t) = o(|t|P~2t) as t — O uniformly in x € £2;
(hy) there exist g < 7 < p* and some positive constant C such that

[f 1) < C(L+ 127,

where p* = NN_Z; is the critical exponent.

(h3) limy— 400 % = +00 uniformly in x € §2, where F(x, t) = fotf(x,s) ds;
Sfxt)

[el7-1
The solution of (P) is understand in the weak sense, that is, u € Wo1 H(£2) is a solution of

(P) if

(hy) the function t

is nondecreasing on (—00,0) U (0, +00) for a.e. x € £2.

/ (IVulP2Vu - Vv + a(x)|Vu|*>Vu - Vv) dx
o
:/f(x,u)vdx, Vv e W/OI’H(.Q),
el

where W, (£2) will be defined in Sect. 2.
Note that energy functional ¢ associated with (P) is defined by

- 1 » @ q) _
o(u) /~(2<p|Vu| + p [Vul? ) dx [(ZF(x,u)dx.

It is a well-known consequence of (/) and (/) that ¢ € Cl(VVO1 H(£2),R) and the critical
points of ¢ are weak solutions of (P). Furthermore, if u € Wo1 H(£2) is a solution of (P) and
u* #0, then u is a sign-changing solution of (P), where

u(x):= max{u(x),O} and u (x):= min{u(x), 0}.

To facilitate the narrative, we set

Mo := {u € W™ (2) : u* #0,(¢/(w), u*) = ¢/ (), ™) = 0},
No:= {u e W3 (@) :u #0,(¢/(w),u) =0},

and put

:= inf s := inf .
Mo ueMOfp(u) Ho ueNow(u)

Page 2 of 21
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Let us recall some previous results that led us to the present research. The first result
is due to Perera and Squassina [6], who considered the following form of (P) with the g-
superlinear nonlinearity:

—div(|VulP2Vu + a(x)|VulT V)
= MulP2u + |u|2u + hix, u) in 2, (Py)

u=0 on d52.

Applying the Morse theory, they proved that (P;) has a nontrivial solution by assuming
that either
(T1) & ¢ ()25 or
(T,) for some 8 >0, @ +H(x,t) <0 fora.e x € £ and [t| < §; or
(Ts) @ +H(x,t) > c|t|° fora.e. x € £2 and all £ € R for some s € (p,q) and ¢ > 0.
Recently, Liu and Dai [1] investigated the sign-changing ground state solution of (P)

under (/1), (hy), (h3), and
Sft)

l¢4~1
Additionally, Liu and Dai [9] also obtained the existence of at least three ground state

(h4)' the function t

is strictly increasing on (—o0,0) U (0, +00).

solutions of (P) by using the strong maximum principle for the homogeneous double-
phase problem.

It is a well-known consequence of (/14)’ that there is unique ¢, > 0 such that ¢,u € N for
everyu € W(} H(2) \ {0}, which implies that ¢ has at most one minimizer on M. Moreover,

(h4)’ plays a crucial role in [1]. In fact, condition (/4)" implies that every minimizer of ¢ on
ft)

|¢14-1
of ¢ on My may not be unique, and their arguments become invalid.

M is a critical point. However, if £ — is nonstrictly increasing, then ¢, and minimizer

Motivated by the aforementioned works, in the present paper, our goal is to generalize
the results mentioned to (P) under a weaker assumption. Precisely, we obtain following
results.

Theorem 1.1 Assume that (h1)—(ha) hold. Then problem (P) has a sign-changing solution
ug € My such that

= inf .
@(uo) nf o (u)
Furthermore, suppose that
1
—f(x,t)t —F(x,t) >0, VYxe £2,t#0, (3)
q

then uy has precisely two nodal domains.
Theorem 1.2 Assume that (h1)—(hy) hold. Then mg > 2ny.

The rest of this paper is organized as follows. In Sect. 2, we present some necessary
preliminary knowledge on space Wy (£2). In Sect. 3, we give some preliminary lemmas
needed for the proofs of our main results. We complete the proofs of Theorems 1.1-1.2
in Sect. 4.
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2 Preliminaries
To discuss problem (P), we need some facts on the space W&’H (£2), which is called the
Musielak—Orlicz—Sobolev space. For this reason, we recall some properties involving the
Musielak—Orlicz spaces, which can be found in [10-14] and references therein.

Denote by N(£2) the set of all generalized N-functions. For 1 < p < g and 0 <af(') €
LY(£2), we define

H(x,t) = +a(x)t?, (x,t) € 2 x [0,+00).

It is clear that H € N(£2) is locally integrable and

H(x,2t) <29H(x,t), (x,t) € £2 x [0,+00),

which is called condition (A,).
The Musielak-Orlicz space L ($2) is defined by

L") = {u : 2 — R measurable : / H(x, |u|) dx < +oo},
2
endowed with the Luxemburg norm

|u|H:inf{A>0:/ H(x, E‘)dxf 1}.
5 y

The Musielak—Orlicz-Sobolev space W/ (£2) is defined by

WH(2) = {ue L"(2): |Vu| e L"(2)}
and is equipped with the norm
Nl = [ulm + [Vl 4)

We denote by Wy (£2) the completion of C$°(£2) in W'(£2). With these norms, the
spaces L (), WS’H(Q) and W(£2) are separable reflexive Banach spaces; see [10] for
the details.

Proposition 2.1 ([1, Proposition 2.1]) Set py(u) = [, (|ul? + a(x)|u|?) dx. For u € LA (),
we have:
(i) Foru#0, lulp =1 pu(5) =1
(ii) |ulg <1(=1;>1) © pp(u) < 1(=1;> 1);
(iii) If |ulpr > 1, then |ulf; < pr(u) < |ull;
(V) If luly < 1, then |ulfy < pu(u) < |ulf.

Proposition 2.2 ([11, Propositions 2.15 and 2.18])
(1) If1 <o < p*, then the embedding from Wol’H(.Q) to L7 (£2) is continuous. In
particular, if 0 € [1,p*), then the embedding WOI'H(.Q) < L(R2) is compact.
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(2) Assume that (2) holds. Then the Poincaré’s inequality holds, that is, there exists a
positive constant Cy such that

lults < ColVulu, e Wy™(£2).
By this lemma there exists ¢y > 0 such that
luly < collull, YueWg(R),

where |u|; denotes the usual norm in L? (§2) for 1 < ¢ < p*. It follows from (2) of Proposi-
tion 2.2 that |Vu|y is an equivalent norm in WOLH (£2). We will use the equivalent norm in
the following discussion and write ||u|| = |Vu|y for simplicity.

To discuss problem (P), we need to define a functional in WOI'H (£2):

](u):/g(éWuV’+@|Vu|q>dx.

We know that (see [15, p. 63, example]) ] € CI(WOLH(.Q), R) and the double-phase operator
—div(|VulP2Vu + a(x)|Vu|72Vu) is the derivative operator of J in the weak sense. We
denote L=]": W&’H(.Q) — (Wol’H(.Q))*. Then

(L(u),v):/Q(Wulp_szVv+a(x)|Vu|‘1_2Vu~Vv)dx

for all u,v € WOI’H(.Q). Here (Wol’H(.Q))* denotes the dual space of WOI‘H(.Q), and (-,-) de-
notes the pairing between Wol’H (£2) and (WOI’H (£2))*. Then we have the following:

Proposition 2.3 ([1, Proposition 3.1]) Let E = WOI‘H(.Q), and let L be as before. Then
(1) L:E— E* a continuous, bounded, and strictly monotone operator.
(2) L:E— E* is a mapping of type (S),, that is, if u, — u in E and
limsup,,_, , o (L(u,) — L(4), u,, —us) <0, then u, — u in E.

(3) L:E— E* is a homeomorphism.

3 Some preliminary lemmas

In this section, we give some preliminary lemmas crucial for proving our results.
Lemma 3.1 Ifassumptions (h1)—(hs) hold, then

1-s1 1-t1

o) > p(sut +tu”) + ((p’(u), u*) + ((p’(u), u‘)

+/ g(s)’Vu+’pdx+/ g(t)‘Vu”pdx,
2 2
Yu=u"+u €E,s,t>0, (5)

1-t7 1-74

where g(t) = > 7
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Proof By condition (/44) we have

1-t1
of(x,7) + F(x,tt) — F(x, T)

1 1
:/f(x,r)sq_ltds—/f(x,ts)rds

= /l[f(x’ﬂ _fe Ts)i|sq1|r|qlr ds

[Tlat rsla!

>0, t>0,7€R\{0} (6)
Clearly, g(t) > g(1) = 0 for any ¢ > 0. Hence from (6) it follows that

o(u) - (p(SM+ + tu’)

=/9<119|Vu+‘p a(x)‘V ’)dx—/gF(x,uJ')dx
e [ Cvu?+ i) as- [ Fsa)as
_ f +|P a(x)sq + Q) +
/Q(qu | +—q |Vu | dx+/;2F(x,su ) dx
_/ (ﬁ|vu‘|p ax)tt |V |)dx+/ F(x,tu’)dx
o 2

- 1; Lo ) - I‘Tq«o/(u),w)

— g1 — 14
Lo ('), u*) + ‘ (¢ (), u)

q q
:f g(s)‘Vu*!pdx+/ g(t)|Vu”pdx
2 fo)

+

. ‘Sq(w'm ur)+ 1 ;tq(go'(u), )
+ [l—sq Ju" + F(x,su") - F(x,u*):|dx
Q q
l—L‘q _
+ [ X, U u +F(x,tu )—F(x,u ):|dx
Q q

-1,
> 1 p ((p (), u*) + (@' (), u”)
+/ g(s)|Vu*|pdx+/ g(t)|Vu’|pdx.
o) 2
The proof is completed. O

From Lemma 3.1 we immediately have the following two corollaries.

Corollary 3.2 Assume that (h1)—(ha) hold. If u = u* + u~ € My, then

pw) =g +u) = Ergg@(su* +tu”).
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Corollary 3.3 Assume that (hy)—(hs) hold. If u € Ny, then

¢(u) = max p(tu).

Lemma 3.4 Assume that (hy)—(h3) and (hs) hold. If u € E and u™ #0, then there exists a
unique pair (s, t,) of positive numbers such that

suut + t,u” € M.

Proof For any u € E with u™ # 0, we consider the functions g(s, t), i(s, ) : [0, +00) x
[0, +00) — R given by

g(s,0) = (¢ (su” +tu),su*) and h(s,t) = (¢ (su” +tu”), tu").
We directly compute that
g(s,0) = ¢ (su™ + tu™),su*)
= / (s”|VLfr |p +a(x)sq|Vu*|q) dx—/f(x,su*)su+ dx,
2 2
(7)
h(s,t) = ((,z/(su+ +tu”), tu’)

:/(tp|Vu‘|p+u(x)tq|Vu‘|q)dx—/f(x,tu‘)tu‘dx.
@ 2

Using assumptions (/1) and (/,), we deduce that, for any ¢ > 0, there is C, > 0 such that,
for all (x,2) € 2 x R,

[f(x, 0)| < el + Cele™,

|F(x,0)| < eltl? + Celt]",

where r € [1, p*) was given in (/).
Thus, for s > 0 sufficiently small, by (8) and Proposition 2.2(2) we have

g(s,t) = / (s |Vut]” + a(x)s?| Vur|?) dx—/f(x,su*)su+ dx
2 2
qu/ (|Vur [ +a(x)|Vut|") dx
2
—/ (ssp|u+|p+C8s'|u+|r)dx
2

sl |19 - ecys” |ut I = Coeps |7 if lu' |l < 1,

st ut||P — ecys? |u* P = Cocls |lut||”if lut ]| > 1,
and
h(s,t) = f (& |Vu | + a()t1|Vu|?) dx—ff(x,tu‘)tu‘dx
2 2

th/ (}Vu“p+a(x)‘Vu_’q)dx
I?)

Page 7 of 21
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—/ (stp|u_|p+C5t’|u_|r)dx
2

>

(10)

tU|u || - ecpt? w1 = Ceert"lum|I”if lu |l < 1,
tU|u|IP = ecpt? w1 = Ceept llu |I”if [lu” | > 1.

By (9), (10), and the arbitrariness of ¢, it is easy to prove that g(s,s) > 0 and k(s,s) > 0 for
s> 0 small.
Moreover, using (6), we have

1
grf(x,r)—F(x,t)zO, T e R\ {0} (11)
Hence by (11) and (/3) we have that, for s > 1,
g(s,t) = f (s |Vut]” + a(x)s?|Vut|T) dx - / S (o, su™)su* dx
fo) o)

§sq/ (’Vu+|p+a(x)|Vu+|q)dx—q/ F(x,su")dx
2 2

zsq/ (|Vu+‘p +u(x)‘Vu+’q) dx—q/ F(x,su )|SM+|qu
o’ o |sutl?
P q F(x,su") q
=1 /(|Vu+| +a(x)|Vu*| )dx—qf 7|u*| dx (12)
2 w0 |sutld

and, for¢>1,
g(s,t) = / (& |Vu|” + a@)ed|Vu|") dx—/f(x,tu’)tu’dx
2 2

51.“1/ (|Vu_|p+a(x)|Vu”q)dx—qf F(x,tu+)dx
2 2

B i g F(e,tu™) | _iq

_tq/Q(Wu I+ a(x)| Vi | )dx—q/;Z TPRD |tu|" dx

~ _w g F(x,tu*)| _\q

_tq</9(|Vu | +a(x)|Vu | )dx—q/u_#o TR |u | dx), (13)

which yields that g(¢,¢) < 0 and h(t, £) < O for ¢ > 0 large. Thus there are 0 < T' < R such that
g(T,T),h(T, T)>0 and g(R R),h(R,R)<O. (14)
This fact, combined with (7), implies that
g(T,t)=¢g(T,T) >0, g(R,t)=g(R,R) <0, tel[rR]
and
nT,t)=h(T,T) >0, h(R,t) =h(R,R) <0, te[rR].

So, by the Miranda theorem in [16] we can find (s,, £,) € (T, R) x (T, R) such that g(s,, ¢,) =
h(sy, t,) = 0. Therefore s,u™ + t,u~ € Mj.
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Next, we prove the uniqueness. Let (s;, £;) be such that s;u* + t;u~ € My, i = 1,2, that is,

g(s1,t1) = h(sy, t1) = g(sa, £2) = hi(s2, £2) = 0.

Then from (5), (7), and (15) it follows that

q_ 4
s1—s

p(siu* + t1u_) > p Z(go/(slu+ + tlu‘),slu*)
1
-t

7
qty

((,0/(s1u’r + tlu’),tlu’>

+@(sau” + tou”)

SP_SP qa_ 4
+(¥_Sl qSZS‘If)/ |Vu+|de
p qs; 2

-t -4
+( 1L 2 1 thf>f‘Vu_’pdx
p qt1 2

= (p(SgLf + tzu_)

SP_SP qa_ 4
+<—1 22 ;25’1’)/ Vu' | dx
p q81 2

- -4
+<1 z2_1 qztf>/|Vu_|pdx
p qty 2

and

53—5? ’ + - +
sg ((p (52u + bhu ),szu )

tg_t(ll( '(s ut +t u_) tu‘)

qtg P \S2 2U )yl

go(sm* + tzu’) >

+ <p(slu+ + tlu_)

S_oP A_d
+< 2705 _ 5 qSlSé,)/ |Vur|’ dx
p qsy 2

g- -4
+<—2 L_2 q1t§>/ |Vu|” dx
p qt, 2

= go(slu+ + tlu_)

o8 sl
+< 2751 5 :1312’)/|Vu+|pdx
p qsy 2

- -4l
+(2 1_2 qltg)/|Vu|pdx.
p qt; 2

(15)

(16)

(17)

Both (16) and (17) imply that s; = s, and t; = £,, which in turn implies that (s,, ¢,) is the

unique pair of positive numbers such that s, u* + ¢,u~ € My. We end the proof.

Furthermore we have the following:

O

Page 9 of 21
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Lemma 3.5 Assume that (h1)—(h3) and (hy) hold. Then

mo = inf @(u)= inf maxe(su™ +tu").
0 ueMp o) ueEur+#0 s,tzo(p( )

Proof By Corollary 3.2 we conclude that

inf maX(/)(SLt+ + tu‘) < inf maxgo(sz[r + tu‘)
ucE,ut#0 5,t>0 ueMy s,t>0

= i f = . 18
ule%/ﬁ ) o(u) = mg (18)
Moreover, for any u € E with u* #0, from Lemma 3.4 we deduce that
+ ) > + ) > i =
g}g)&(p(su +tu ) > (p(suu +tyu ) > ulellgl‘o o(u) = mo,

which implies

inf "+tu) > inf = my.
ueg,l;ldi#O g}g)oup(su T ) B ulerll\/ﬂo plas) = mo 19
Therefore the conclusion directly follows from (18) and (19). O

Lemma 3.6 Assume that (h1)—(h3) and (hs) hold. Then mg > 0 can be achieved.

Proof Firstly, we will show that m, > 0. Indeed, for every u € My, we have u € Ny and
(¢'(u), u) = 0. Then by (h1)—(h,) and Propositions 2.1 and 2.2 we get

ecyllull” + Cocyllull”

> elull + Celul;

> [ flwuds
e

=/ (IVul? + a(x)|Vul|?) dx
2

lull” if Jlull <1,

P if [lze]| > 1.
Thus, for any u € Ny with ||«|| < 1, we have that
1 q I r
EIIMII < Cecpllul’

which implies that

1
1 —=q
[zl > = ag.
2C.cr

Therefore we obtain that m = inf,em, ¢ (4) > o > 0.
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It remains to prove that uy € My and ¢(ug) = my. Let {u,} C M, be a sequence of func-
tions such that ¢(u,) — mgy as n — +oo. Firstly, we claim that {u,} is bounded. Suppose,

by contradiction, that ||u,|| — +oo and let v, = m Without loss of generality, we may

assume that v, — v in E. By the Sobolev embedding theorem we have
vy — v inL’(2),1 <9 <p, v,— v a.e.on$2.

If v=0, then v, — 0in L?(£2) for 1 < ¥ < p*. Fix R > [q(mg + 1)]}’(> 1). By (h11)—(hy) there
exists C; > 0 such that

Flx,t) < |t +Cilt|, xeR,teR.
Then we have that

lim sup/ F(x,Rv,)dx < RP lim (|v,[0 + CiR|v4l}) = 0. (20)
0 n—00

n—00

Let t, = &, Hence by (20) and Corollary 3.3 we get that

“ Muall

mo +o(1) = ¢(u,)
> @(tatn)

=¢(Rv,)

1
= / (—RP|an|p+@Rq|an|q) dx—/ F(x,Rv,)dx
2 \P q Q
1
> —R”—/ F(x,Rv,)dx
q Q

1
> —RF +0(1)
q
>mg + 1+ 0(1),

which yields a contradiction. Thus v # 0.
For x € {y € RN : v(y) #0}, it is clear that lim,,_, . |#,(x)| = +00. By hypotheses (k) and
(h3) we can find C, € R such that
F(x,t) > Cy, (x,t) e 2 xR. (21)

Hence by using (21), (43), Proposition 2.1, and Fatou’s lemma we have

m+o(l) . o(u,)
0= lim =
n—> +00 ||1,¢n||q n—> +00 ||un||q
< lim [lfg(lwm+a(x)|wn|q>dx_ / F(x, uy) dx]
n—>+oc| p ll2, 117 2 llugll?

1 F(x,u,
5——lim/ (xu)dx
p oo Jo o flug|?

1 i F(x,u,) — Cy
= — — hm S — dx
p oo Jo o flu,ll?

Page 11 of 21
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1
< — —liminf
p n—+00

F(x,u,) - C
/ (%, uy) 2
2

llan 17

1 F(x,u,
- ——liminff Goun) o
2

p oo N2 119

1 F(x,

< - —f liminfm|vn(x)|qu
p Jorereo uu(x)|

= —00.

This contradiction shows that {u,} is bounded in E. Going if necessary to a subsequence,
we can assume that * — u in E. Then u — uZ in L?(£2) for 9 € [1,p*) and u, — u,
a.e.on 2.

Our next goal is to prove that uy € My and ¢ (i) = my. Firstly, we claim that inf ey, ¢(u) >
0. Indeed, for every u € Ny, we have (¢'(«), u) = 0. Then by (%), (h3), and Propositions 2.1
and 2.2 we get

ey llull” + Cocyllull”

> elull + Colul]
E/f(x,u)udx
o)
:/ (|Vu|p+a(x)|Vu|q)dx
2

el if Jlull < 1,

llael? i flael] > 1.
Thus, for any u € Ny with ||z|| < 1, we have that
1 q r r
Ellull < Cecpllull’

which implies that ||z > «. This implies that inf,cn, ¢(1) > 0. Note that {u,},en C M.
Then it is obvious that {uf}neN C Ny, that is,

/(Z(|Vuﬂp+a(x)’Vuf}q)dx= /Qf(x,uf)ufdx and Huf” > op.
By (k1) and (h,), for any ¢ > 0, there exists C; > 0 such that

f (x,0)| < et~ + Cele| ™ (22)
for all (x,¢) € 2 x R, where r € [1,p*) was given in (4;). Thus

min{ag,ag}

p

’

= min{{lu ", o "}

5/ (Vi |” + a(x)|Vuy|") dx
e
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- [ Gt s
7}
58/ |uf|pdx+C5/ x| d. (23)
I?) 17
Because of the boundedness of u,,, there is C; > 0 such that
min{of,ad} <eCy + CS/ |ur|" dx.
17)

min{ag,ag}
2Cy

Choosing ¢ = , we get

: p 4
mimo,,, &,
[l = TR,
o) 2C,

By the compactness of the embedding E < L'(£2) for p < g < r < p* we get

: p 4
min &y, &
_/|M(j)_L|rdxZ 1%, 0}’
o 2C,

which yields u3 # 0. Moreover, note that " — ui in L?(£2), ¢ € [1,p*). By conditions

(h1) and (h3), combined with the Holder inequality and Lebesgue theorem, we have

n—+00

lim | f(xul)u;dx= / £ (% ug)ug dx,
2 2

(24)
Jim ; F(x,uy) dx = /QF(x, uy ) dx.
Hence by the weak lower semicontinuity of the norm we conclude that
(' (o), uy ) = / (|Vug|” + alx) | Vg |*) dx - / f (% ug)ug dx
2 2
< liminf/ (V" + ax) | Vs |*) dx
n—+00 [
- lim [ f(xu))u) dx
n—>+00 J o
= liminflg (u,), u;;) = 0, (25)

Hn—>+00

because uf € Ny. Thus by Lemma 3.4 there exist so, £ > 0 such that soug + tou, € M.
Consequently, from (24) and Lemma 3.1 we have

n—+00

1 1 1
= lim (— - —) |Vu,|P dx+ lim / |:;1f(x, Uy, — F(x, u,,):| dx
n—>+o0 Jo \ p q n—>+00 [

1 1 1
> liminf/ (— - —) |Vu,|? dx + lim |:—f(x, u,)u, — F(x, u,,)] dx
Q q

n—+00 p n—+00 7]

2/ <1—1>|Vuo|pdx+/ [lf(x,uo)uo—F(x”"O)] dx
e\p 4 elq

my = lim [go(un)— é(w’(un),uﬁ]

Page 13 of 21
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= (o) - (o (o), o)
q

q

q
-5 1-¢,

1
> @ (sous + toug) + (@' (o), ug) + (' (o), ug)

- %(90/(”0)) MO)

+ - Sg / + tg ’ -
= ¢(50M0 + tO”o) - ;(w (uo), Mo) - g(q) (uo0), u())

TN P
> mo — _(§0 (uo), ”o) - _(§0 (u0), uo)'
q q
This shows that
sg tg
2 (u0), 1) + ¢ (o), 1) > 0.
q q
From this and from (25) we conclude that
(¢' (o), u57) =0 and ¢ (uo) = mo. O

Similarly to the proof of [1, Theorem 1.4], we can prove the following lemma.

Lemma 3.7 Assume that (h)—(h3) and (hy) hold. If uy € My and ¢(uo) = mo, then ug is a
critical point of ¢.

Proof 1t is clear that ((p’(u(f), u(f) =0 = (¢ (uo), u(f). It follows from assumption (/4)’ that,
forO<s#1land0<t#1,

<p(su5 + tu{,) = <p(su5) + go(tua)
< o(ug) + o (u15)

— (i) = mo (26)
If ¢'(u0) # 0, then there exist § > 0 and v > 0 such that

lv-uoll <385 = [¢'W)|=v.
LetD = (%, %) X (%, %) and g(s, £) = suf + tuy. By (26) we have

B = (sr’ggz))(Dq)(g(s, t)) < my. (27)

Let ¢ := min{m"T—ﬂ, %} and B(u,8) :={v € E: ||v—u| <§}. Then [17, Lemma 2.3] yields a
deformation n such that

(a) n(1,v) =vif (v) < mgy —2¢ or p(v) > mg + 2¢,

(b) n(1,¢™** N B(u,s)) C ¢, and

(©) e(n(1,v)) <) forallveE,

where @0 .= (v e E: p(v) < my £ ).

Page 14 of 21
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It is easy to see that

(%ﬁ%‘p(”(l’g(& 1)) < mo.

Next, we show that 7(1,g(D)) N My # @, contradicting the definition of my. Let k(s £) =

n(1,g(s,2)), @o(s, £) = (¢ (sug)ug, ¢’ (sug)ug), and @1 (s, 1) = (2¢'(h* (s,1)), +¢'(h (s, 1))). Note
that

((p’(tuoi),ua[) >0 ifO<t<l,
(fp/(tug),u(f) <0 ift>1.

Hence we have that deg(¢o, D, 0) = 1. On the other hand, using (27) and property (a) of 7,
we have that g = # on dD. Hence ¢; = ¢o on 9D and deg(¢1,D,0) = deg(¢o, D,0) = 1. This
show that ¢, (s, £) = 0 for some (s,£) € D, and so n(1,g(s, £)) = k(s, t) € M. Therefore uy is a
critical point of ¢. 0

4 Sign-changing solutions
For any A >0, let f; (x, £) = f(x, ) + Ar|t|" "2t and

©.(u) =) — Mul,, wuckE.
Similarly, we define

M, := {u €E:u* #0, ((pi(u),bﬁ) = <<pi(u), u‘) = 0},
N, := {u €E:u 7!0,<<p;(u),u) = O},

and

:= inf B := inf .
m, ulerllwkfpx(u) "y, Mlenm‘“(”)

Lemma 4.1 Assume that (h1)—(hy) hold. Then there exists a constant a > 0, which does not
depend on A € (0,1], such that

o) >a, ueN,re(01].

Proof Forany e > 0, by (h), (1), and Propositions 2.1 and 2.2, forany A € (0, 1] and u € N;,
we have

e llull” + (Ce + Depllull”

> elull +(Ce + 1)lul;
Z/f,\(x,u)udx
2
=f (IVul + a(x)|Vul|?) dx
2

el if ]l < 1,

el if flae]] > 1.
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Thus for any u € N, with ||| < 1, we have that
1 q r r
EIIMII < (Ce + Deyllull’,

which implies that

1

—q

1
flaell = (72(@ " 1)c;>

The proof is completed. d
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 Clearly, for every A > 0, f; satisfies conditions (/41)—(k3) and (h4)/,
and Lemmas 3.6 and 3.7 imply that there exists u; € M, such that

0.(w) =m;,  and @) (u;) =0. (28)

Furthermore, under assumptions (/;)—(k3), we easily obtain that My # #J. Let vy € M.
Then ¢(vg) := k >0 and (w/(vo),voi) = 0. Therefore by Lemma 3.4 there exist s, >0 and

t, > 0 such that s, v§ + £, v5 € M. Then from Corollary 3.2 and Lemma 4.1 we have

K = @(vo)
> g(suvh + 6vgp)
> o (S)\vg + txva)

>my >cy, A€(0,1). (29)
Hence, we can choose a sequence {A,} such that A, - 0 as # — +00 and
wy, €My, @, (w,)=m, —>m, ¢ (w,)=0. (30)
Thus we only need to prove the following claims to complete the proof of Theorem 1.1.
Claim 1 {u,,} is bounded in E.

Arguing by contradiction, suppose that |u,,|| — +00 as 1 — +00. We define the se-

quence v, = H;‘i—”‘, n=1,2,.... Itis clear that {v,} C E and ||v,|| = 1 for any n € N. There-

nl

fore, going if necessary to a subsequence, we may assume that

v,— v inkE,
vy —v inL?(2),1<v <p, (31)

Vu(x) = v(x) a.e.on £2.
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Ifv=0,thenv, — 0in L?(£2) for 1 < ® < p*. Fix R > [g(mo + 1)]}’. Using conditions (/1;)—

(h7) and the Lebesgue dominated convergence theorem, we deduce that

lim sup/ F(x,Rv,)dx <R’ lim (Ivn Iﬁ + C3R’|vn|;) =0 (32)
Q n— o0

n—00

for some constant Cs > 0.
Let¢, = ﬁ Then by (32) and Corollary 3.3 we get that

my, = ¢, (Un,) = @, (tatts,) = @3, (Rvy,)

1
= / (—R”|an|p+@Rq|an|q> dx
2 \pP q

- f (F(% Rvy) + AuR |v,") dx
2

v

1
_RP_/ (F(%,Rvy) + Ay [v,|") dx
q 2

1
—RP +0(1) >mg+1+0(1),
q

which yields a contradiction. Thus v # 0.
By (h3) we get

Fou, @) . Fe 1, ()

q
= Va@)|” = +00
k>voo lup, 17 koroo Juy, (x)19 [

for all x € £2¢ := {x € §2 : v(x) # 0}. Therefore, using (21), (30), and Fatou’s lemma, we have

17}
0 < lim %\n( An)
n—~>o0 |u,, ||

1 Vu, [P +ax)|Vu,, |7)dx
lim |:_f9(| o )V, |1)
n—>oo| p (A

/ F(x,u5,,) + Anlth,|” ]
- dx
I?) Iz, 11

lim |:1 LoV, 1P + a(x)|Vu,,|7) dx _/‘ F(x,u;,) dx]
2

n>oo| p ll243,, 117 N[, 114

1 F(x,
1 im / Faow,)
p o g s,

1 . F(x, u)»y,) - CZ
— — lim —“dx
p meJo o lu,ll?

IA

IA

1 Flx,u;.) - C

< ——liminf/ Fow,) -G
p 1o Joooo lu,lld
l F bl

- ——liminf/ LTS
p oo Jooo |, (%)

Lo, (33)
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which is contradiction. The proof of Claim 1 is complete. Thus there exist a subsequence
of {A,}, still denoted by {1, }, and uy € E such that

M)Ln — Uy in E.
Claim 2 ¢(uo) = mg and ¢’ (ug) = 0.

By the Sobolev embedding theorem, u;,, — ug in L?(2),1 < ¢ < p*, and uy,, (x) — uo(x)
a.e. on £2. By (h;) and the Holder inequality it is easy to directly compute that

/Lf(x,uxn)llun—uoldx
2
5/ C(1+ Lt ") uty — o) dx
2

SCf Iunlr’lluxn—uoldﬁC/ [ty — 1ol dx
2 2

1 1
< C</ |ukn|(’_1)’/ dx) ' (/ |5, — u0|’dx>
2 2

+C/ |24,,, — uo| dx
2

=1 1
:C(/ |ukn|’dx) </ Iu,\n—uolrdx) +C/ lu1,,, — uo| dx
fo) o) fo)

|r—1

= Cluy, . luy, — uolr + Cluy,, — uoly

—0 asn— 0o, (34)
where % + % = 1. Then, using (30), (34), and (/,), we deduce

(L(uz,) = L(uo), ws,, — uo) = (¢}, (ws,,) — @' (u0), uz,, — tho)

+/ [f(x,uln) +)»nV|MA,,|r_2Mx,,](MAn — up) dx
fo)

- / f o, uo)(un, — uo) dx
I?)

— 0 asun— +o00.
Since L is of type (S),, we see that
u,, —> up Ink, (35)

and so uf\‘” — u§ in E. Thus from (30) it follows that ¢(ug) = m.

Moreover, by Proposition 2.3, (30), and (35) we get

(' (o)) = (L), m) - /Q Floe o) dax

= lim ((L(ukn),n>—/ [f(x,uxn)+knr|uxn|’_2u,\n]ndx)
2

n—+00
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= lim ((p;n(ux”), n)

n—+00

=0, nekE. (36)

This shows that ¢’(#) = 0. Again from Lemma 4.1 and (35) we have

_/Q[;If(xu(f)u(f—F(xu(?)} de'/Q(}?—%I)Wuoﬂ”dx

- lim Bf(x,ut)ui—F(x:”i)}dx

n—+00 Q

1 1 An(r —
+ lim /(———)‘Vufn|pdx+ lim M’ui
2 q q

n—+00 p n—+00

. 1
im [0 - 2t )

r
r

n—+

- nEToo Phn (ui:”)

>a>0. (37)
This, together with (6) (¢ = 0), shows that uSE # 0. Therefore
@'(o) =0, upeMy, and ¢(uo) =m > my.
Next, we will prove that ¢ (i) = my,. Let € be any positive number. Since mg = inf,cn, ¢(1),

there exists v, € My such that ¢(v,) < mg + €. Then (k3) implies that there exists M, > 1
such that, for s > M, or t > M,,

» q
Oy (SVE + V) = /X2<S;|Vv;|p+%|VV;|q) dx—/gl—"(x,svz)dx

—Ans’/ |v;|rdx
o)
+f (K}Vvs{p+ﬁ|vv8|q>dx—f F(x,tv;) dx
e\p q 2
_Ant’/ v | dx
7]
</ <f‘vv+‘1’+i‘vv+‘q)dx_/lf(x sv*)dx
= & & 19%e
o\pP q Q
¥ p _1q _
+/ —\Vv8| +—|VV£| dx—/F(x,tvg)dx
o \P q 2

< 0. (38)

In view of Lemma 3.4, there exists a pair (s,,t,) of positive numbers such that s,v} +
t,v; € M,,, which, together with (38), implies 0 < s,, £, < M,. Thus from Lemma 3.1 and

(¢'(ve),vE) = 0 we have

mo+e > (V) = (/)An(Vs) + )\n|V£|:
. 1-st —t!
> @, (SuVi +EaV;) + Tn(win(vs),vn + “

(W;\n (ve), V;)
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+/ g(sn)|Vv;f|pdx+/ gt)| Vv, | dx
7 2

1+KZ 1+KZ
= s, == e, 002 = e, )|
A+ KDrhy, o A+ KDra,, _»
= m}‘n_ q | E{r_ q |V€{r’
which yields
m= lim m;, <mg+e. (39)

Since ¢ > 0 is arbitrary, we have m < my. Thus m = my, that is, ¢(uo) = my.

Now we show that u( has exactly two nodal domains. Let uo = u; + uy + us, where

MlZO; MQEO, 91092:@1

url@\(@1u2y) = U2l 2\(21u2s) = U3l 2,u02,5 (40)
21 := {x € 2lu1(x) >0}, 2;:= {x € Rlu1(x) <0},
and £2; (i = 1,2) are connected open subsets of £2.

Setting v = u; + uy, we see that v* = u; and v~ = uy, that is, v* #0. Noting that ¢’ () = 0,

by a simple computation we have

(') ={g'(v),v7)=0. (41)

By Lemma 3.1 and again by (40) and (41) we conclude that

o = plito) = 9(uto) - }I(w(uo), o)

o) + pluz) - é((wv), W) + (¢ 0t3), 3)

1-s7 1-t1

v

sup I:gp (svt+tv7) + (@' W), v*)+ (@', v7)

$,t>0

+ /;Zg(s)‘Vv+ |P dx + Lg(t)!Vv’ ’p dx:| + @(uz) — é(q)’(ug), Mg)

v

sup (v +tv7) + @(us) - é((p/(z,g), us)

5,t>0

zmo+/ <1f(x,u3)u3—F(x,u3)) dx+(l—1)f |Vus|? dx
2\q p g9/ Ja

> my + /Q Gf(x, u3)uz — F(x, Ms)) dx,

which, together with (3), shows that u3 = 0. Therefore u( has exactly two nodal domains. O

Proof of Theorem 1.2 By Theorem 1.1 there exists uy € M such that ¢(ug) = my. Since

u(f € No, we have mg = ¢(uo) = o) + p(ug) = 2ny. O
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