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1 Introduction
In this paper, we study the high-order Riemann-Liouville fractional differential equations
with p-Laplacian operator as follows:

RDY (@pBDS () = £ (8, u(0), KDY ult)), 0<t<1;
u(0) =0, [‘/’p(ngu)](i)(O) =0, i=0,1,2,...,n-2;
[ngu(t)]tzl =0, 0<B<a-1;

[8D] (6 (8D u(®)))s1 = 0

(1.1)

where 11 <« < 1, D/ is the standard Riemann-Liouville fractional derivative, ¢, is the
p-Laplacian operator, p > 1 and ¢, (s) = |s|"~%s, go;l = @ }7 + % =1,f € C([0,1] x [0, +00) x
(—00,0], [0, +00)). By using some fixed point theorems, we establish sufficient conditions
that ensure the existence of multiple positive solutions for system (1.1).

Fractional calculus has been applied to various areas of engineering, physics, chemistry,
etc.; it is due to the fact that fractional derivatives provide power tools for describing mem-
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ory and hereditary characteristics. There are many papers and monographs that deal with
all kinds of problems in fractional calculus (see [1-6]).

It is well known that the p-Laplacian operator is also used in analyzing dynamic sys-
tems, physics, mechanics, and the related fields of mathematical modeling. For studying
the turbulent flow problem in a porous medium, Leibenson [7] introduced the model of
a differential equation with the p-Laplacian operator. Since then, p-Laplacian differential
equations have been widely applied in different fields of physics and natural phenomena,
see [8—11] and the references therein. In recent years, the topic of fractional-order bound-
ary value problems with the p-Laplacian operator has been intensively studied by several
researchers, many important results related to the boundary value problems of fractional
p-Laplacian equations have been obtained. We refer the reader to [12—14].

In [15], the author is concerned with the existence and uniqueness of positive solutions

for the following boundary value problem with p-Laplacian operator:

(pp(DG,u®)) +f(t,u(t)) =0, O0<t<l, 12)
u(0) = DZ,u(0) =0,  DPu(0) = °Diu() =0, '
where 0< 8 < 1,2 <a <2+ f are real numbers, Dj, and CDg are the Riemann—Liouville
fractional derivative and Caputo fractional derivative of order «, 8, respectively, p > 1,
and f : [a,b] x R — R is a continuous function. By using the Banach contraction mapping
principle and the Guo—Krasnosel'skii fixed point theorem, respectively, three theorems
on the existence and uniqueness of nontrivial positive solutions for fractional boundary
value problems (FBVP) (1.2) were obtained.
Chen et al. [12] investigated Caputo fractional differential equation boundary value

problems with p-Laplacian operator at resonance:

DG, (gp (D&, x(2))) = £ (£,x(t), D§ x(t)), ¢t €[0,1];
D§,x(0) = D%, x(1) =0,

(1.3)

whereO<a,8<1,1<a+ B <2,Df, and Dg+ are standard Caputo fractional derivatives.
The existence of solutions for boundary value problem (1.3) was obtained by means of the
coincidence degree theory.

Lu et al. [16] studied the following Riemann-Liouville fractional differential equations

boundary problems with p-Laplacian operator:

Dj (g, (D, u(®) =f(t,u(t)), 0<t<1;
u(0) =4/ (0) = u'(1) = 0; (1.4)
D%, u(0) = DY, u(1) = 0,

where 2 < <3, ¢,(s) = |s|1”’zs,p >1, gpljl =@y 117 + % =1,D§,, D§+ are standard Riemann—
Liouville fractional derivatives. By using the Guo—Krasnosel’skii fixed point theorem and
upper-lower solutions method, some new results on the existence of positive solutions

were obtained.
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Recently, in [17], we studied the high-order conformable differential equations with p-
Laplacian operator as follows:

ToH(pp(To u(®)) = £ (& u(e), T ul?)),
u0)=0,  [p,(Tu)]®(0) =0, (1.5)
(T8 u@®]z1 =0, [T (9p(T¢ u(t))]i=1 = O,

where 7 — 1 <a <nand T is a new fractional derivative called “the conformable frac-
tional derivative” By means of the Guo—Krasnosel’skii fixed point theorem, we established
sufficient conditions that ensure the existence of positive solutions to boundary value
problem (1.5).

However, in [17], we only obtained the existence of a positive solution for system (1.5).
Similarly, in [16] and [12], the authors only got the existence and uniqueness of a nontriv-
ial solution to systems (1.4) and (1.3), respectively. But so far, we have not investigated the
multiplicity of positive solutions for fractional p-Laplacian differential equations. To the
best of our knowledge, there are few studies that consider the existence of multiple pos-
itive solutions on nonlinear Riemann-Liouville high-order fractional differential equa-
tions, especially with the p-Laplacian operator. Motivated greatly by the above mentioned
excellent works and in order to fill this gap in the literature, in this paper, we investigate the
multiple positive solutions of boundary value problems for high-order Riemann—Liouville
fractional differential equations with p-Laplacian operator.

The rest of this paper is organized as follows. In Sect. 2, we briefly introduce some neces-
sary basic definitions and preliminary results which are used to prove our main results. In
Sect. 3, by means of the properties of the Green’s function, Leggett—Williams fixed point
theorem, and functional-type cone expansion-compression fixed point theorem, we in-
vestigate multiple positive solutions for boundary value problem of Riemann-Liouville
fractional differential p-Laplacian equation systems on n — 1 < & < n, our work estab-
lishes some novel results on a nonlinear Riemann—-Liouville fractional-order boundary
value problem. Finally, in Sect. 4, we demonstrate the effectiveness of the main results by

one example.

2 Preliminaries
For the convenience of the reader, we give some background material from cone theory
and fractional calculus to facilitate the analysis of FBVP (1.1).

A nonempty closed convex set P C E is a cone if it satisfies:

() xeP,A>0= Ax € P;

(L) xeP,-xeP=>x=0.
Suppose that (E, || - ||) is a real Banach space which is partially ordered by a cone P C E, that
is,x <yifand onlyif y—x € P. If x <y and x # y, then we denote x < y or y > x. 6 denotes
the zero element of E. In addition, if x1,x, € E, the set [x1,42] = {x € E | ¥1 <x < x,}is called
the order interval between x; and x5.

Definition 2.1 ([1]) Putting P := {x € P| x is interior point of P}, P is said to be a solid
cone if its interior P is nonempty. Moreover, P is called normal if there exists a constant
M > 0 such that, for all x,y € E, 0 < x < y implies ||x|| < M||y||; in this case M is called the
normality constant of P.
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Definition 2.2 ([16]) The fractional integral of order « > 0 of a function y: [0, +o0) — R
is given by

1 t
I7y(t) = —— t— )% Ly(s) ds,
oIi0) = s [ =9 o ds
provided the right-hand side is pointwise defined on [0, +00).

Definition 2.3 ([12]) The Riemann-Liouville fractional derivative of order a > 0 of a
function y: [0, +o0) — R is given by

e 1 @

_ - ! _ n—-o—1
0 = o g |, €= 6

where 7 = [«] + 1, [«] denotes the integer part of number «, provided the right-hand side
is pointwise defined on [0, +00).

Definition 2.4 ([18]) Let p > 1, the p-Laplacian operator is given by
@p() = 2.

Obviously, ¢, is continuous, increasing, invertible and its inverse operator is ¢,, where
q > 1 is a constant such that 1% + é =1.

Lemma 2.1 ([12])
(1) Let h(t) € C[0,1] N LY[0,1], a > O, then

olf‘gD‘;h(t) =h(t) + 1t L+ ot 4+ Y,

wherec; €R,i=1,2,3,...,n (n=[a] +1).
(2) Ifuel0,1),a> B >0, then

offolfu(®) = ol Pue),  §D[oliu®) = oLy, D oIl ult) = u(o)
(3) Ifp>0,u>0, then

() pu-p-1

R -1
pPghl =
o I'(p-p)

Lemma 2.2 Let g be a continuous function on (0,1). Then the Riemann—Liouville frac-
tional boundary value problem

ngu(t)+g(t):0, te(0,1),n-1<a<n;
uP0)=0, i=0,1,2,...,n-2; (2.1)
BDlu(®)]ie1 =0, 0<B<a-1;

has a unique positive solution

1
ult) - / Glt,9)g(s) ds, 22)
0
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where
(gt PR e g <s<t<1;
Glt:s) = (o _yoptih (2.3)
—Te O<t<s<
is the Green’s function for this problem.
Proof For boundary value problems (2.1), by using Lemma 2.1, we can get
I“RD u(t) = u(t) + cpt* ' + cg_Q R
=—ol5g(?)
1 ¢ 1
-——— [ (t—5)*"g(s)ds.
@ b
From #(0) =0, (i=0,1,...,n —2), it is easy to know ¢, = ¢,_; = - -- = ¢; = 0. So, we obtain

u(t) = —c1t* ™ — oI g(t) = —c1t* " — e )/ (t—s)""g(

For 0 < 8 <« — 1, applying the Riemann-Liouville fractional derivative operator ng on
both sides of the above equation, we can know

AZOERACT B AW
r .
C1 7(0[) ge=h-1 —th p
(e~ B)

F(O[) a—f-1 _
“Ta-p" T@-p) —ﬂ)

g

/(t—s)“ p- 'g(s)ds.

Setting ¢ = 1 in the above equation, by the condition [ng u(t)]s=1 = 0, we can know

c1=— F((x /(1 o"[Hg(s)ds

From the above equations, we can get

1 ! 1 t
u(t) = m/o @1 —s)"‘_ﬂ_lt"‘_lg(s) ds — —— ; (t—s)""g(s)ds

INGY)
1
=/ G(t,s)g(s)ds,
0
where

(l_s)a—ﬁ—ltoz—l _ (t_s)a—l X
G- { T, T O=ssist
s, O<t<s<l;

is the Green’s function of FBVP (2.1). O
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Lemma 2.3 For (¢,s) € (0,1) x (0,1), Green’s function (2.3) has the following properties:
(1) G(¢,s) is a continuous function;
2) Gl(¢,5) > 0;

l,s)a—ﬁ—lﬂ—l .

(
(3) Glt,s) < B t—;
(

(l_s)u—ﬁ—lta—l (l_s)a—l 1
4) Gt,5) > U= iyt

Proof 1t is evident that G(¢,s) is a continuous function and inequality (3) holds. So, we
only need to prove inequality (4) and G(¢,s) > 0.
If0<s<t<1,thenwehave0 <t—s < t—ts=(1-s)t,and thus (t—s)*1 < (1-s)*"1¢* 1,

Hence,if 0 <s <t <1,

_ Ja-B-1io— _ o)a—
G(t,s)z(l s)ep-lgae-l gyl

I'(a) - I'(a)
- (1 _ S)a—ﬁ—lta—l ~ (1 _S)a—l vl
- I'(x) I'(a)
If0<t<s<1,wehave
~ (1 _ S)a—ﬁ—lta—l
G(t,S) = T
. (1 _ S)a—ﬁ—lta—l ~ (1 _ S)a—l ta—l
- I'(a) I'(a)

In addition, for Vs € (0,1), from0< 8 <a-landn—1<a < n, we get (1 —s)* P71 >
(1 - 5)*7L. In other words, for V(¢,s) € (0,1) x (0, 1), we obtain

(1 _S)a—ﬂ—lta—l ~ (1 _S)a—l w1

G(t,s) > -
) @)
tOl—l o1 L
- 1 _ a—p—-1 1 _ o—
Fld -9 -9 ]
> 0.
Therefore, the proof is done. 0

Lemma 2.4 ([19]) Let E be an ordered Banach space, P C E be a cone, and suppose that
§21, §29, §23 are bounded open subsets of E with 0 € §21, 21 C 2y, 29 C 25, and let D :
PN(25\2)—> Pbhea completely continuous operator such that

(A1) 1Pull = |lull for Vu € PN 382y

(A2) |Pull < |lull, Pu # u for Vu € PN 382y;

(A3) lIPull > llull for Yu € PN 052;.
Then ® has at least two fixed points u?, uj such that u € PN 2,\21 and u € PN 23\82,.

Let 0 < a < b be given, and let y be a nonnegative continuous concave functional on P.
Define the convex sets P, and P(y,a,b) by P, = {x € P | ||x|| < r} and P(y,a,b) = {x € P |
v(¥) = a, |lx]| < b}.
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Proposition 2.5 ([20]) Let A : P, — P, be a completely continuous operator, and let y
be a nonnegative continuous concave functional on P such that y(x) < ||x|| for all x € P,.
Suppose that there exist 0 < a < b < d < c such that

(B1) {x€P(y,b,d)|y(x)>b}#¢pandy(Ax) > b for x € P(y,b,d);

(B2) |Ax|l < a for x|l < a;

(B3) y(Ax)> b forx € P(y,b,c) with || Ax| > d.
Then A has at least three fixed points x1, x2, and x3 such that ||x1|| < a, y(x2) > b, and
x|l > a with y (x3) < b.

3 Main results
Lemma 3.1 Ifg € C[0,1] is given, then the Riemann—Liouville fractional boundary value
problem

2D (9o (D u(t)) =g(t), 0<t<ln-l<a<n
u0)=0,  [p,ED;w]?(0)=0, i=0,1,2,...,n-2;

P (3.1)
(8D, u(®)]i-1 =0, 0<B<a-1;
D7 (0p (8D} u(®))ic1 = 0
has a unique positive solution
1 1
u(t) = / G(t,s)<pq(/ G(s,r)g(r)dr) ds, (3.2)
0 0

where G(t,s) is given in (2.3).

Proof Applying the fractional integral operator o/} on both sides of the first equation of
(3.1), we have

ol*8D] (¢, (8D; u(t))) = ¢, (8D} u(t)) + dit* ' +d5 ™2 + - + dt*™"

=ol; g(t)

L g
_F(a)/(;(t $)* " g(s)ds.

From the boundary value conditions [gop(ng w)]P0)=0(=0,1,2,...,n—2), we can know
thatd, =d,_1=---=d3=d, =0. So, we obtain

1
I'(x)

0, (D} u(t)) = ~dit* ™' + / t(t -5)"g(s)ds.
0

For 0 < 8 < «a — 1, applying the fractional derivative operator ng on both sides of the
equation above, we have

607 (e (627 (1)) = 5D} (~eht*™") + D olg(0)

r o-
=—d; 7F(a((j)/3) P 81 ﬁg(t)
I'(x)

R NP R U S c
= dl]"(a—,B)t +F(a—ﬂ),/0(t s) g(s)ds.
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Letting ¢ = 1, by the condition [ng(wp(gD(:u(t)))]t:l =0, we can get

1

1 o
d = m/() (1-53) g(s)ds.

Furthermore, we can obtain

(RD f aﬁlal dS+
I(o)

=- / G(t,s)g(s)ds.
0

/(t 5)*Lg(

By using the Laplacian operator ¢, on both sides of the equation above, we get

1
XD u(t) + ¢, ( /0 G(t,5)g(s) ds> =0. (3.3)

In addition, setting g(¢) = ¢,( fol G(t,5)g(s) ds), thus, the high-order Riemann—Liouville

fractional differential systems with p-Laplacian operator (3.1) is equivalent to the problem

EDiu(t) +g() =0, te(0,1)n-l<a<m;
u?0)=0, 0<i<n-2 (3.4)
D) u(®)) =0, 0<f<a-1.

Applying Lemma 2.2, we know that the Riemann—Liouville fractional differential system

(3.4) has a unique integral solution

1
u(t):/ G(t,s)g(s) ds
0

1 1
= / G(Z,8)@, </ G(s, t)g(r)dr) ds. (3.5)
0 0

Moreover, by (3.3), we can easily know that

1
XD; u(t) = —<p,,< fo G(t,5)g(s) ds>. (3.6)

This constitutes the complete proof. d

Now, we denote that E = C*[0,1] := {# | u € C[0, 1], RDau € C[0, 1]} and endowed with
the norm [ull, = max{||ullos, [§D; #]loc}, where ||u]|oo = maxo<i<1 |u()| and [[§D;ullo =
maxgp<;<1 |0D u(t)|. Then (E, || - |l,) is a Banach space. Let P = {u € E | u(t) > 0,§D u(t) <
0}. Then P is a cone on the space E.

In addition, we define the operator @ : P — E by

1 1
(Pu)(t) = / G(t,5)p, </ G(s, ‘E)f(‘L', u(r),gD‘;u(r)) d‘[) ds, (3.7)
0 0
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and for any u € E, it is easy to show that ®u € E and

1
XDy (@u)(t) = —¢, ( /0 G(t,5)f (s, u(s),8D; u(s)) ds). (3.8)

Obviously, the function u is a positive solution of boundary value problem (1.1) if and only
if u is a fixed point of the operator @ in P.

Lemma 3.2 Suppose that f € C([0,1] x [0,+00) x [-00,0),[0,+00)). Then @ : P — Pisa
completely continuous operator.

Proof Firstly, for Vu € P, by (3.7) and Lemma 2.3, it is easy to know that @ : P — P. Let
{uj} C P and lim;_, o, u; = u € P, so there exists a constant y, > 0 such that |||l < ¥ and
llulle <yoforj=1,2,....

Letting Mo = mMaxX(,u)e(0,1]x[-y0.v0] x [=vorrol S (& 4 V), for (t,u,v) € [0,1] x [—yo, vo] X

[=%0, Y0], we can get 0 < f (¢, u,v) < M, and

lim £ (¢,u), 5D w;(®)) = f (t, u, 8D u(t)), fort € [0,1].
J—> 00

In addition, for V(¢,s) € (0,1) x (0,1), from Lemma 2.3 we can get that

(1 _ S)a—ﬁ—lta—l (1 _ S)oz—l -1 _ (1 _ S)a—ﬁ—lta—l
ro  T@ | Seed=—7Fg

Then, from the Lebesgue dominated convergence theorem, we get

1 1
lim (@ u)(¢) = lim / G(t,5)¢, </ G(s, r)f(r, uj(r),gD(txu/(t)) dl’) ds
J—> 00 0 0

j—o00
1 1
:f G(t,s)gaq(/ lim G(s, 7)f (v, u;(v), 8D uy(7)) dt) ds
0 0 J—> 00
1 1
_ / G(t,s)(pq( / G(s,ry(r,u(r),gb‘ju(z))dr)ds
0 0
= (Qu)(t) (3.9)

and
o 1 o
11_1)120 th (Pu))(t) = —¢q4 <]l_1>r<1>10/0 G(t,s)f(r, uj(s),th u]'(S)) ds)
! o
= -, (f G(t, s)f(r, u(s),th u(s)) ds)
0

= 0D} (Pu)(®). (3.10)
Equations (3.9) and (3.10) imply that lim;_, oo (@ u;)(£) = (@ u)(¢) uniformly on [0, 1]. Hence,
@ is continuous.

Secondly, let A C P be any bounded set. Then there exists a constant y; > 0 such that
llulle < y1 for each u € A, which implies that |u(t)| < y; and |§D?u(t)| <y forte[0,1].

Page 9 of 17



Zhou et al. Boundary Value Problems (2020) 2020:26 Page 10 of 17

Because f is Continuous, there exists M; > 0 such that 0 < f(t, u(t),gD(:u(t)) <M, forte

[0,1]. Let L = =—~— Then
0< cDu)(t / (t,s (pq(/ G(s, t)f(r,u(r),ngu(t)) dr) ds
—‘L’ a p-1
5 G(t s)goq( @) - M dt) ds
M,
: w(m)/ G
S Y7
= T@@-p™
L
Ml ‘/’q(L)

and

1
0 < |8DY (Pu)(t)| = ‘—%( /0 G(t,s)f (s, u(s), 8D; u(s)) ds)

<o o)
~ I\ I'(@) (- B)

= ¢,(L), (3.11)

which implies that @(A) is uniformly bounded in P.
Finally, because G(¢,s) is continuous on [0, 1] x [0, 1], then G(¢,s) is uniformly continu-

ous. Hence, for any ¢ > 0, there exists 6; > 0, whenever ¢1,¢, € [0,1] and |t — £1] < 81,

e
G(ty,8) — G(t1,8)| <« ———.
’ ‘ o L) +1

Furthermore, for any u € P, we have

[(@u)(t2) - (@u)(11)|

1 1
/ G(t2,5)9q </ G(s,r)f(r,u(r),RD(;u(r)) d‘L’) ds
0 0

_ /1 G(t1,5)9q (fl G(s, r)f(r, u(r),gD(:u(r)) dr) ds
0 0

1 1 .
< / |G(t2,s) - G(t1,5)|g0q </ G(s, ‘L')f(‘L’, u(f),th u(r)) dr) ds
0 0

1
= ‘pq(L)/O‘ |G(t2,5) - G(tl,S)| ds

<é&.

In addition, setting (Fu)(¢) = fol G(t,5)f (s, u(s),gD‘;u(s)) ds, so we have

1
0 < (Fu)(t) = /0 G(t,s)f (s, u(s),6D; u(s)) ds < L.
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Because ¢,(x) is continuous on [0, L], we can get ¢,(x) is uniformly continuous on [0, L].

For € > 0 above, there exists n > 0 such that
|@q(%2) — @g(x1)| <&,  whenever x1,x; € [0,L] and |y — %1 < 7. (3.12)

In view of that G(¢,s) is uniformly continuous, for n > 0, there exists §; > 0, whenever
ti,t; €[0,1], s € [0,1] and |£, — £1] < 85, we have |G(y, s) — G(t1,5)| < 3747 Furthermore,

1
|(Fut)(£2) — (Fut)(t1)]| = ‘ /0 Glta, ) (5, 1(5), KD (s) ds
1
—/0 G(tl,s)f(s, u(s),gD(:u(s)) ds

1
5/0 |G(t2,s) — G(tl,s)[f(s,u(s),ngu(s)) ds

n
<M <n. 3.13
= 1]\/[1+1 n ( )

By (3.12) and (3.13), it is easy to see that

1
‘(§D(:<Du)(t2) - (gD(th?u)(tl)‘ =|¢q </0 G(tg,s)f(s, u(s),gD(:u(s)) ds)

1
-, (/0 G(t,8)f (s, u(s),gD‘:u(s)) ds)

= | g (Fu(t2)) - ¢ (Fu(ty))|

<é.

Thus, @(A) is equicontinuous. By Arzela—Ascoli theorem, we can show that @ is com-

pletely continuous. 0

For convenience, we introduce the following notations:

ta—l 1 1
Al= max{ max / (1-5)"F"g, (/ G(s, ‘L')dl’) ds,
0 0

o=t<1 I'(a)

1
OIISI?.SXI @4 (/0 G(t,s) ds) },

Bl= min: max . /1((1 —s) Pl —s)‘*"l)wq(/1 G(S,T)dl’) ds,
0 0

0<e<1 I'(ax)

1
Orgtagx1 ©q (fo G(t,s) ds) },

R L e L !
g [[( e el s e

o) = max{f(t, u,v),(t,u,v) € [0,1] x [0,1] x [/, O]},
Y(l) = min{f(t, u,v),(t,u,v) € [0,1] x [0,1] x [/, O]}.

Theorem 3.1 Assume that the following assumptions hold:
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(H1) f € C([0,1] x [0, +00) x (—00,0], [0, +00));
(Hy) Thereexist three positive constants a < b < ¢ such that Y (a) > ¢,(aB), $(b) < ¢,(bA),
and (c) = @,(cB) for any t € [0,1].
Then problem (1.1) has at least two positive solutions ui,u; € P such that a < ||uf|| <b

and b < ||lu;|| <c.

Proof We know that @ : P — P is completely continuous by Lemma 3.2, we only need to
consider the existence of a fixed point of operator @ in P. Now, we divide the proof into
the following three steps.

Step 1. Let 2, :={u € P | ||u|lo < a}. For any u € 382,, we have ||u|, = a and f(¢, u(z),
gD(:u(t)) > Yr(a) > @p(aB) > 0 for (¢,u,v) € [0,1] x [0,a] x [-a,0]. Hence, we can know

| Puloc = max [(@u)(0)] = max (Pu)(?)

0<t<1

1 1
= max/ G(t,9)¢, </ G(s, )f (1, u(r), §D; u(r)) dr) ds
0 0

1 1
> max / G(L,5)p, (/ G(s, T)¢@p(aB) dr) ds
0 0

T 0=st<1
1 —p-1,0-1 -1 1
(1 —s)2 Pl 1= 4
zaBOrg?SXI/O ( @) T t @q /0 G(s,t)dt ) ds
>a

and

[80] ul., = max (50 0u) 0

0<t<1

1
= max ¢, (/0 G(t,s)f(f,u(s),gD(:u(s)) ds)
1
= max ¢, < /0 G(t,s)pp(aB) ds)

1
=aB orgtasx1 @q (/0 G(t,s) ds)

> a.
So
Pulle > llulle, Yu€ 382,

Step 2. Let 2, := {u € P | ||u|lo < b}. For any u € 352, we have |u|l, = b and f(¢, u(z),
ngu(t)) < ¢(b) < @, (bA) for (¢,u,v) € [0,1] x [0,b] x [-b,0]. So, we get

| Pulloc = max [(@u)(1)] = max (Pu)(0)

<t<

1 1
= max f G(t,s)gaq( / G(s,zy(f,u(r),gpfu(z))df)ds
0

0<t<1 0

1 1
< max/ G(t,s)gaq</ G(s,r)wp(bA)dr> ds
0

0<t<1 0
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1 1— a—ﬂ—lta—l 1
< bA maxf L(pq f G(s,t)dt ) ds
0=t=1Jo I'(a) 0

<b

and

80§ @] = max | (505 @u) )

t<1

1
= max @, (/(; G(t,s)f(r,u(s),gD‘:u(s)) ds)

0<t<1

1
< max ¢, (/ G(t, s)gaP(bA)ds)
0

T 0=<t<1

1
=bA 01151?;(1 @4 (/0 G(t,s) ds)

<b.
So
lPulle < llulle, VYued$2,.

Step 3. Let 2.:={u e P| ||ully <c},if u € 082, we have ||ul|l, = cand f(t, u(t),gD‘;[u(t)) >
Y (c) > @p(cB) > 0 for (¢, u,v) € [0,1] x [0,¢c] x [-¢,0]. Then we have

19100 = max [(Pu)(t)| = max (Pu)(e)
1 1
= max/ G(t,s)goq</ G(s, 7)f (1, u(r), §D; u(r)) dr) ds
0

0=t=1 Jo

1 1
> max / G(L,5)@, (/ G(s, T)gy(cB) dr) ds
0 0

T o<t<1
1 —p-lsa-1 -1 1
) 1= 4
> cBorgclfxl/o ( @) - ) t @4 /0 G(s,t)dt | ds
>c

and

J807 @], = max (D] o) o)

0<t<1

1
= max @, </o G(t,s)f(r,u(s),RD?u(s)) ds)

0<t<1

1
> max ¢, (/ G(¢,5)@y(cB) ds)
0

T 0=<t<1

1
=cB 012?5)(1 ©q (/0 G(t,s) ds)

> C.
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So
Pulley > llulle, Yu € ds2.

By Lemma 2.4, @ has at least two fixed points u}, u} in PN £2,\2,, i.e., system (1.1) has
at least two positive solutions u}, u} such that a < ||uj|| <band b < |lu;|| < c. O

Now, we define a nonnegative continuous concave function on a cone P by y(u) =
ming<;<1(#4(¢)). It is obvious that, for each u € P, y () < || u]|q-

Theorem 3.2 Assume that condition (H1) holds and that there exist nonnegative numbers
a,b,c,and0<0 <1suchthatO<a<b< g <c,and y(u) > 0||ully for Vu € P.. In addition,
the following assumptions hold.:
(H3) f(t, u(t),5D}u(t)) < @p(cA) for (t,u,v) € [0,1] x [0,c] x [~¢,0];
(Hy) f(t,u(t),gD‘;u(t)) < @p(ad) for (t,u,v) € [0,1] x [0,a] x [-a,0];
(Hs) f(t,u(t),§D;u(t)) = ¢p(bC) for (t,u,v) € [0,1] x [b, 2] x [-5,-b].
Then problem (1.1) has at least three positive solutions u3, u}, and u} such that |u3 ||, < a,
y(us) > b, and ||u}|, = a with y (u3) < b.

Proof Firstly, we show that @ : P, — P, is a completely continuous operator. In fact, if
u € P,, by condition (H3), we get

Do = max|(cpu )| = max (Pu)(t)

1
= max/ G(t,s)goq</ G(s,t)f(r u(t),, Rp u(t))dr)
0 0

0<t<l1

0<t<1

1 —g)* B- lta 1 1
< cA max / ( ) q</ G(s,r)dt) ds
0<t<1 0

1 1
< rnax/(; G(t, S)(pq</ G(s, )gop(cA)dr) ds

and
1
||§Df<1§u||c>o = Oniltagxl\(ngéu)(tﬂ = glﬁltafxl @4 (/(; G(t,s)f(t,u(s),ngu(s)) ds)

1
< max g, (/ G(t, s)wp(cA)ds>
0

0<t<1

1
=cA Orgflsxl @q (/0 G(t,s) ds>

<c

Therefore, | @u|, < c, that is, @ : P, — P,.. The operator @ is completely continuous by
an application of the Ascoli—Arzela theorem.

In a completely analogous way, condition (H,) implies that condition (B;) of Proposi-
tion 2.5 is satisfied.
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Secondly, we show that condition (B;) of Proposition 2.5 is satisfied. It is clear that {u €
P(y,b, g) | y(u) > b} #¢. If u € P(y,b, g), then b < u(t) < g for ¢ € (0,1). By condition
(Hs), we have

Y ((Pu)(t)) = Om'gl((cbu)(t))

<t

1 1
= min < / G(t,s)wq( / G(s, 7)f (t,u(t), 8D} u(x)) dr) ds)
0 0

0<t<1

1 1
> min / G(Z,5)p, (/ G(s, ), (bC) dr) ds
0 0

T o<t<1

1 _ Ja-p-1 _ _ -1 1
ZbCorgtig/O ((1 9 F(a)(l 9 t‘“)%(/o G(S,‘E)dl')ds

> b.

Therefore, condition (B;) of Proposition 2.5 is satisfied.

Finally, we show that condition (Bs3) of Proposition 2.5 is also satisfied. If u € P(y,b,c)
and || Dull, > g, then we get y (P u)(t)) = ming<;<1 (Pu)(t) > 0||Pul|y > b. Therefore, con-
dition (B3) of Proposition 2.5 also holds. By Proposition 2.5, there exist three positive so-
lutions u7, u}, and u} such that ||u] |y < a, y(u3) > b, and |uf]| > a with y (&3) < b. So we
get the conclusion. O

4 Applications

Example 4.1
Dy (2D ue) = By + &, 0<t<1,
u(0) = [ 8D} *w)1(0) = 0, 1)

[ED"%u)(1) = RD* (o (RD}u))(1) = 0.

In system (4.1), we see that @ = 1.5, 8 = 0.5, p = 2, g = 2, n = 2. Moreover, we can calculate

that
el ol " 1
grfltafxl m/o (1-5s) <pq</0 G(s,r)dr) ds
1 1 Sa—l %
_ - _ qya-B-1 _
AR ((a “HT @ ar(a)) “
=0.5093,
1 el " . 1
max @ ), (1-9) —(1-y) )goq(/o G(s,r)dt) ds
1 1 Sa—l %
_ - _ a-p-1 _ _ a—1 _
<@ ], @A )<(a A @ ar(a)) “
=0.176,
and

1
&1&){1 o < /0 G(t,s) ds)
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ta—l 1 wp 1 t .
25235)(1(/)2(%‘/0 (1-5s) ﬁlds—mfo(t—s) 1ds>

B tcx—l 1Y
- 52?2‘1((0[ A (@) aF(a)>
=0.5319.

Then we obtain A™! = 0.5319 and B! = 0.176. It is easy to know that A = 1.8801 and B =

5.6818.
Besides, let f (¢, u) = (%)” + % > 0 for V¢ € [0, 1], and choose a = %, b=2,c¢=12. We get
C[/3\" £ 1
miny{ = ] +—=1}>1>@(aB)=0.56818, forV:e[0,1]and |ul| = —;
2 8 10
3\* ¢
max{ <§> + g} <2.375 < ¢(bA) =3.7602, for Vt e [0,1] and |u|| = 2;

) 3\* ¢
min 2 + 3 >129.7 > ¢,(cB) = 68.1816, for V¢ € [0,1] and ||u| = 12.

From the definitions of ¢ and v, we get ¥ (a) > ¢,(aB), ¢(b) < ¢,(bA), and ¥r(c) > ¢,(cB).
So, all conditions of Theorem 3.1 are satisfied. Then system (4.1) has at least two positive
solutions u}, u} € P such that 1—10 <|lujll <2and 2 < |lu;|| <12.
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