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1 Introduction
Fractional calculus has gained considerable attention from both theoretical and applied
points of view in recent years. There are numerous applications in a variety of fields such
as the signal processing [1], the image processing [2], the control theory [3], the behavior
of viscoelastic and visco-plastic materials under external influences [4, 5], the bioengineer-
ing [6, 7], and so on. In addition there are some applications of fractional calculus within
various fields of mathematics itself, e.g., in the analytical investigation of various types
of special functions [8]. Therefore, the fractional differential equation has been widely
focused on and studied in depth. In fact, fractional differential equations have attracted
more and more attention for their useful applications in various fields such as economics,
science, and engineering, see [9—13] and the references therein.

Turbulent flow in a porous medium is a fundamental mechanics problem. For studying
this type of problem, Leibenson [14] introduced differential equations with p-Laplacian

operator
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The study of differential equation with p-Laplacian operator is of significance theoretically
and practically. It is quite natural to study fractional differential equation relative to the
above equation.

Recently, many scholars have paid more attention to the fractional differential equation
boundary value problems and associated with p-Laplacian operator, see [15-27].

In [15] Bachar et al. proved the existence and uniqueness and global asymptotic behav-
ior of a positive continuous solution to the following fractional Navier boundary value
problem:

D¥(DPu)(x) + u(x)f (v, u(x)) =0, O<x<l,
lim,_, o+ D~ 'u(x) = 0, lim,_, o+ D*" 1 (DPu)(x) = &,
u(1) =0, DPu(1) = —¢,

where «, 8 € (1,2], D% and D stand for the standard Riemann-Liouville fractional deriva-
tive and &,¢ > 0 are such that ¢ + £ > 0.

In [23] Chai investigated the existence and multiplicity of positive solutions for a class of
boundary value problems of fractional differential equations with p-Laplacian operator:

Dy (¢p(Dg () +f (£, u(®) =0, 0<t<1,
u(0) =0, u(1) + oDy, u(1) = 0, D& u(0) =0,

where 1 <o <2,0<8<1,0<y <1,0<a -y - 1,0 is a positive constant number, and
DgﬂDgHDg+ are the standard Riemann—-Liouville derivatives, by means of the fixed point
theorem on cones.

In [25] Tian et al. investigated the existence of positive solutions for a boundary value
problem of fractional differential equations with p-Laplacian operator

Dl (¢(DE.y(®)) = f(x,9(x)), O<x<1,
$(0) =y'(0) =y(1) = D§.y(0) =0,  D§.y(1) = AD§. y(§),

where o, B €R,2<a <3,1<B <2,and & € (0,1),1 € [0,+00),¢,(2) = |z1P22,p > 1, D, is
the Riemann-Liouville fractional derivative, and f € ([e, 1] x [0, +00), [0, +00)). By using
Krasnosel’skii’s fixed point theorem, we give some multiplicity results.

In [26] Tian et al. considered the boundary value problem of fractional differential equa-
tions with p-Laplacian operator

DY (¢,(D*u(t))) =f(t,u(t)), O0<t<l,
u(0) = D*u(0) = 0, DAu(1) = aDPu(), D*u(1) = bDu(n),

where o, 8,y e R, 1<a,y <2,8>0and 1+ B <a £,n€(0,1)a,be[0,00),1 —at* P>
0,1 — b*71y¥~1 > 0. D* is the Riemann—-Liouville fractional derivative and f € ([0,1] x
[0, +00), [0, +00)). Some existence results of positive solutions were obtained by using the
monotone iterative method.

The system of fractional differential equations boundary value problems with p-
Laplacian operator has also received much attention and has developed very rapidly, see
[28-36].
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In [32] He and Song discussed the following fractional order differential system with

p-Laplacian operator:

Dy, (Du®) = Af (L, ult), te(0,1),
D2y, (DR (1)) = pg(t,ue), e (0,1),
w©0)=0,  wul)=au)  Dpu0)=0,  DJiu(l)=bDituln),
w0)=0, v)=aw(E),  DPv0)=0,  Dyv(l)=biDv(n),

where «;, B; € (1,2], Dgi and Dgi are the standard Riemann-Liouville derivatives, &;,n; €
(0,1),a;,b; € [0,1],i = 1,2, 1 and w are positive parameters. The uniqueness of solution
was established by using the Banach contraction mapping principle.

In [36] Luca established the existence and nonexistence of positive solutions for a system
of nonlinear Riemann-Liouville fractional differential equations with parameters and p-

Laplacian operator subject to multi-point boundary conditions

D (¢, (D u(8))) + Af (£ u(t), W(8), 2(£)) = 0, £ €(0,1),
D& (r, (DP2(2))) + 11g(t, (), v(2), 2(£)) = 0, £ € (0,1),
uP(0)=0, j=0,...,n-2,  Diu(0)=0,  Diiu(1)=YN aDlu(&),
vW(0)=0, j=0,....m=2,  DZw0)=0,  DZv(1) =M a:D2u(n),

where oy, € (0,1],81 € (n — Ln],Bo € m — 1,ml,n,m € Nyn,m > 3,p1,p2,941,9> €
R,pre[l,n-2l,poel,m-2],q1 €[0,q1],9q2 € [0,p2],§a; e Rforalli =1,..., N(N €
NO<& <---<ény<lp,b;eRforalli=1,.... MM eN),0<ny <---<ny < 1,r,rp >
1L,A,u>0,f,g€C([0,1] x [0,00) x [0,00), [0, 00)).

It has been noticed that most of the above-mentioned work on the topic is based on
Riemann-Liouville or Caputo fractional derivatives. As we know, Hadamard fractional
derivative is also a famous fractional derivative given by Hadamard [37] in 1892, and we
can find this kind of derivative in the literature. The key of this definition involves a log-
arithmic function of arbitrary exponent. In the past decades, there were more studies on
Hadamard fractional differential equations under different boundary conditions, see [38—
54].

Huang and Liu [39] established the existence and nonexistence of positive solutions for
a class of boundary value problems of nonlinear Hadamard fractional differential equation

with a parameter

(Dx)(t) + ra(t)f (x(£)) =0, te[l,e],
x(1) = (8x)(1) = (6x)(e) =0, € (2,3],

where A is a positive parameter, /D% is the left-sided Hadamard fractional derivative of
order «, (8x)(¢) = tdx(t)/dt,a: (1,e) — [0,00) and f : [0,00) — [0, 00) are two continuous

functions.
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Yang [41] established positive solutions for the coupled Hadamard fractional integral
boundary value problems

Hpeyu(t) + Af (L, u(t),v(t)) =0, te(l,e),r>0,
HDBy(t) + Ag(t, u(t),v(t)) =0, te(l,e),r>0,
u(1)=wW(1)=0, 0<j<n-2

ue)=p [{ )%,  vie)=v [ uls)%,

where o, 8 € (n — 1,n] and n > 3, #D*,’DP are the Hadamard fractional derivatives of
fractional order « and 8 respectively.
Yang [42] investigated the existence of at least one positive solution for Hadamard frac-

tional differential equations system

HDeyu(t) + AMf (¢, u(t),v(t)) =0, te(le),
HDBy(t) + Ag(t, u(t),v(t)) =0, te(l,e),
u(1)=v9(1)=0, 0<j<n-2

u(e) = av(§), v(e) = bu(n), &,ne(le),

where A, a, b are three parameters, o, 8 € (n— 1, n] are two real numbers, and n > 3, by ap-
plying Guo—Krasnoselskii’s fixed point theorem. Zhang and Liu [47] investigated the exis-
tence of solutions for several higher order integral boundary value problems of Hadamard-
type fractional differential equations on an infinite interval by using the monotone iter-
ative technique and Mawhin’s continuation theorem. In [48], Ahmad and Ntouyas dis-
cussed the following coupled Hadamard-type FDEs with Hadamard-type integral bound-
ary conditions:

Hpey(t) =f(t,ult),v(t), l<a<2,l<t<e,

HDBy(t) = g(t, u(t),v(t)), 1<B<21<t<e,

u1)=0,  ule)= 75 [ (In a)y-149 g,

v(1)=0,  vle)= 5ty [ (In2)r 11 gs,
wherey >0,1<0;<e 1<0oy<e, HpO) s the Hadamard-type fractional derivative of frac-
tional order. By using Leray—Schauder’s alternative and Banach’s contraction principle, the
authors obtained the existence and uniqueness of solutions, respectively.

Recentely, Rodica Luca [22] studied the existence and nonexistence of positive solu-
tions for a system with three nonlinear Riemann-Liouville fractional differential equa-
tions with multi-point boundary conditions which contain fractional derivatives by using
Guo—Krasnosel’skii’s fixed point theorem, and Alesemi [54] investigated eigenvalue in-
tervals for a system with three nonlinear Hadamard fractional differential equations with
p-Laplacian operator by using Guo—Krasnosel’skii’s fixed point theorem on cones. Vari-
ous existence results for positive solutions have been derived in terms of different values
of parameters.

Motivated by the aforementioned work, we investigate in this paper the existence of
multiple positive solutions for the following Hadamard fractional differential equations
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with p;-Laplacian, p;-Laplacian, and p3-Laplacian operators:

HDEL (@, (1DS12(D))) = Af (8,(2), ¥(2), 2(2), ¢ € (Lye),
HDP (¢, (IDSy(2))) = gt (D), (8), 2(2), € (L,e), 1
HDI (¢, (TDS32(2))) = vh(t, x(8), y(1), 2(2)), € (1,e),

subject to the boundary conditions

x(1)=4'(1) =0, &1x(e) + n{"D1+x(e) =0,
¢p, ("D1x(1)) =0, ¢p, (D1 x(e)) = 9168, (DT x(5)),
y(1)=y(1)=0,  &yle)+n5Diiyle) =0,

(2)
¢p2(HD1+y( )) 0, ¢p2(HD1+y( )) = 192¢p2(HDT%y(8))7
z(1)=2Z(1) =0, &3z(e) + niIDY3z(e) = 0,
¢p, (' DF32(1)) = 0, $ps (1D32(e)) = 93¢, (1 DT32(3)),
where ¢,,(s) = |57, p; > 1,6, qbql ot =1i=123 f.gheC((lel x [0, +00)3,

[0, +00)), A, u, v are positive parameters, “g‘,, n;, % € [0,00),8 € (1,e), a; € (2,3],8;,y; €
(1,2],i = 1,2,3, and HD]{+ denotes the Hadamard fractional order k (for k = «;, B, vi,i =
1,2,3).

Under some assumptions on f, g, and /1, we give intervals for the parameters A, i, and v
such that positive solutions of (1)—(2) exist. By a positive solution of problem (1)—(2), we
mean a triplet of functions (x,y,z) € (C([1, €], [0,00)))? satisfying (1)—(2) with x(¢) > 0 for
allz € [1,e], or y(t) >0 forall £ € [1,e], or z(¢) > 0 for all ¢ € [1, ] and (x,y,z) #(0,0,0).

We use the following notations for our convenience:

GizfeGi(e7S)¢qi</e (t)m(ﬂ—)é, i=1,2,3
1 T S
dr\d
p/=/ Gj(@ﬁ)%(/ §(r)1</1(r,t)—f)—s, j=123.
sel sel T s

We make the following assumptions throughout:

(A1) The functions f,g, 4 : [1,e] x [0, +00)® — [0, +00) are continuous.

(A2) &m0 >0,2<; <3,1< By <2, milys — 1) > SLEA 1 9,(In8)#~1 > 0, and
A;j=n;T () +&T (;—y;)>0,i=1,2,3.

(A3) The functions f (¢, x,y,2) < k1(8)ur(t, %, 9, 2),2(t, %, 9, 2) < k2 (B)ua(t, %, 9, 2),
h(t,x,y,z) < k3(B)us(t,x,y,2), (t,%,9,2) € [1,€] x [0,00) x [0,00), x[0,00), where
u; € C[[1,e] x [0,00) x [0,00) x [0,00),[0,00)], and «; € C[[1, €], [0, 00)] satisfy
N K,(s)— <00,i=1,2,3.

(A4) For I = [eY*,€%*] C [1,e], we introduce the following extreme limits:

fr= dim minLEEPD g S0

0 ¥iyiz—0 tel (x+y+z)p1-1’ s tel (x+y+z)P1L
t ) t A

g =_lim min glt,%,y,2) go=_lim min gt x,y,2)

xty1z—0 tel (x + y+ zZ)P2- r xyrz—=o tel (X +y + z)P2 v

h(t,x,y,z h(t,x,y,z
hy= lim min ﬂ heo = lim min &
¥ryiz0 tel (X +y + z)P3- 1’ Ty tel (x+y+z)P3]

Page 5 of 25
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- u(t,x,9,z
o = Tim i(t,%,,2)

—_— ui(t,%,y,2)
—_— Uico = lim max
x+y+z—>0te[l,e] (x +y+ Z)p’_

xX+y+z—00 te[1,e] (x +y+ Z)pl‘_1 '

In the definition of the extreme limits above, the variables x,y, and z are
nonnegative with fo, foo, 20, €o0» 105 Floos Uio, Uico € [0,00),i=1,2,3.

The aim of this paper is to establish some existence and multiplicity results of positive
solutions for system (1)—(2) in explicit intervals for A, u, and v. The rest of the paper is
organized as follows: In Sect. 2, we give some properties of the Green’s function which
are needed later. Also, we state Guo—Krasnosel’skii’s fixed point theorem on cones, and
we prove a key lemma used in the proofs of our main results. In Sect. 3, we discuss the
existence of multiplicity results of positive solutions of system (1)—(2). The intervals in
which the parameters X, , and v can guarantee the existence of a solution are obtained.
At the end, we give an example to illustrate our main results.

2 Preliminaries and lemmas
We present here the definitions, some lemmas from the theory of Hadamard fractional
calculus, and some auxiliary results that will be used to prove our main theorems.

Definition 2.1 ([9]) The left-sided Hadamard fractional integrals of order o« € R* of the
function h(t) are defined by

t a-1
(H]ah)(t):ﬁ‘/l (ln§> h(s)% (I<t<e),

where I'(-) is the gamma function.

Definition 2.2 ([9]) The left-sided Hadamard fractional derivatives of order o € (n —
1,n),n € Z* of the function h(t) are defined by

d n t n—a+1 d
(%“h)(g:ﬁ(;%) /1<ln§) M)~ (1=t=e),

where I'(-) is the gamma function.

Lemma 2.1 ([9]) Ifa,a,p >0, then

H 3 £\ F1 r) o\ Pl
(22(ng) Jo-rra(ne)

Lemma 2.2 ([9]) Let g > 0 and u € C[1,00) N L[1,00). Then the Hadamard fractional
differential equation "' D7u(t) = 0 has the solution

u(t) = Z c;(Ing)at
i=1

and the following formula holds:

HItH DAL (e) = u(t) + Y ci(in)?,

i=1

where ¢; € R,i=1,2,...,myandn-1<g<n.
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Lemma 2.3 Let Ay =y (1) + &7 (a1 —y1) >0, w € C[l,e], and 2 < ay < 3. Then the
unique solution of

ADTix(t) +w(t) =0, l<t<e,

(3)
x(1)=%'(1) =0, &1x(e) + m Djll}rx( )=0
isx(t) = [} Gi(t, s)w(s)%, where
Gilt.s) = Gu(ts), 1<t<s<e, @
Glg(t,S), 1<s<t=<e
1 r -
Gui(t,s) = A_1 |:n1(1 —Ins)™ + W}(ln )1 - Ins)* 7L,

flr(al -y

1 1 ) ap-1 a;—1
Gia(t,s) = |:n1(1 —1Ins)™” T i|(1n £)*17(1 = Ins)

L[t -1
_F(al)(n;> .

Proof Assume that x € Cl“*1[1, ¢] is a solution of Hadamard fractional order BVPs (3)
and is uniquely expressed as

ARt pYix(e) = I w(t)

such that

1 [ e\t d
x(t) = c(In )+ co(In )72 + c3(Ing)*1 3 - —— / In - a)(s)—S
I'(a1) S s s

for some ¢; € R,i = 1,2,3. From the boundary condition x(1) = #'(1) = 0, we have ¢y = ¢3 =
0. Hence x(¢) = ¢;(In)® 1 — ‘(In é)al—lw(s)% and

ap-y1-1 ds
HDﬁ(x(t)) :CIF(%—)M)(I Hat T)’l)/ (ln —) 60(5)—

Consequently, we obtain from the boundary condition &;x(e) + '’ D1+x(e) =0, we have

__/|:Th(1 Ins)™ #](1_1113)&11&)(5)?,

As aresult,

u(t) = Ail fe|:n1(1 —1Ins)™ + —Elplgo(l;l_) yl):|(1 - lns)“l’l(lnt)“l’la)(s)?

asl g
(11) (l _) )?

B 1 L &l (e -n) R
—/ [A1 [m(l Ins)™” +7F( ) ](lnt) (1-1Ins)

Page 7 of 25
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o1-1
1 (ln E) j|a)(s)§
s s

T
- d
/ Ai [mu g BT =n) 1("02;1) 7”l)](ln M1 - lns)al"la)(s)?s

—_

/ Gi(t, s)a)(s)— 0

Lemma 2.4 Let2 <oy <3,1< 1 <2,and ¢ € C[1,e]. Then the unique solution of

D (@, (UDYx(0) = (), 1<t<e,
x(1) =x'(1) = 0; &1x(e) + N DYt x(e) = 0, )
¢ ("Dyix(1)) = 0, dp, (DY x(e)) = 9100, (DT x(8))

is x(t) = fle Gi1(t,9)¢q, (fle Ki(s, r)w(r)”i—’)%, where G1(t,s) is defined as (4) and

191(1nt)/31‘1
1- 191(1[18)‘31_1

1 (Inp)#1-1(1 = Ins)Pr-1, 1
I'(B1) | (Ing)#1-1(1 - Ins)Ar1 —(n&Hht 1<

Ky (t,s) = Ki1(t,s) + Ki1(3,),

I/\
I/\
I/\
o

(6)

Kii(t,s) =

I/\
I/\
®

Proof It follows from Lemma 2.2 and 1 < 8; < 2. An equivalent integral equation for (5)

is given by

t £\ Pl d
/ (ln ;) (p(r)Tt +c(In)P! 4+ cy(Ing)Pr 2
1

Note that ¢, (HD 1x(1)) = 0, we have ¢, = 0. Hence,

] 1
b, (HD1+x(t)) TG

qbpl( x() F(,Bl)/ (1-In7)A! <p(r) and

__1 LA YN pr-1
“Ten ) (hlr) (1) . +¢1(Iné)

Consequently, ¢,, ("D}1x(e)) = 91¢,, (7 D[}x(8)) implies that

1 ) ﬁl(lng)ﬂl—l dr e (1—11‘17_’)‘91_1 dt
RSN [/1 () ¢(1)7_f1 Tﬁl)ﬂt)T]'

Therefore,

1 t ﬂl d
#n ("D x(8) = F(ﬂl)/l (1“ é) o

% (Ing)P1-! /5 (In 2t~ dr
TTommes1), ) Ot

(Ing)Pr-1 (1-Int)Ar! o dt
T 1-9,(no)ht / reg) T

b, (' D%1x(5)))
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1 4 A dt
:msl)/l (“‘?) 2

(Inp)Ar-t e fi-1 dr
- T ) /1 (1-In7) <p(t)7
91 (Ing)Pr-1 % (In2)A1-1 ( )dr
’ 1—191(1115)‘3‘_1/1 () i3

1 (Int)fr-1 /e (In&)A-1(1 —=In7)Ar! dr
1
1

EEEENTYS ey YT

= —/ Ki(¢, r)qo(r)d—r.
1 T

Then the Hadamard fractional order BVP (5) is equivalent to the following problem:

HD‘i‘}x(t) + &g (/:Kl(t, r)(p(r)?) =0 forte(l,e),
x(1)=x'(1) = 0; £1x(e) + ' Dt x(e) = 0.

In view of Lemma 2.3, we get

e e d d
#(0) - /1 G694, ( /1 1<1(s,r>¢(r>7’)—s.

S

Lemma 2.5 Assume that (A2) is satisfied. Then the Green’s function G(t,s) given by (4)

satisfies the following inequalities:
(i) Gi(t,s) =0 forall(t,s) €[1,e] x [1,e];
(i) Gi(t,s) < Giles) forall (t,s) € [1,e] x [1,e];
(iii) Gi(t,8) > (3)1 7 Gile,s) for all (t,5) € I x (1,€), where I = [e"*,e3/4].

Proof Consider the Green’s function Gi;(t,s) given by (4).

(i) Forl<t<s<e.

1 . &l (a1-n) 1 1
Gi1(t,8) = — 1-1 nmy2 — — 2 (In)** (1 -Ins)*1™" > 0.
11(t,8) A [771( ns)™ + T (InH)* (1 -1ns)*™" >
Letl1 <s<t<e Then
&1 (o — 1)

1
Gpa(t,s) = — [ n(1 —lns)™
12(¢,8) Al[m( ns)7 + T

L (.t o1-1
_F((ll)<n;)

1 e Sl (ea =) @111 _ 1n -1
e |:n1(1 Ins)™ + Ty i|(1nt) (1-Ins)
1 & (a1 —n) Ins\ ™! a1-1
Sl M) e
>+ [mu —ngyn S yl)}ant)‘“*(l ~Ins)?

1 [ &I (a1 —y1)
R LA

ar-1¢1 _ ar-1
A o) }(lnt) (I1-1ns)

:|(ln 4711 — Ins)@1?

Page 9 of 25
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> = [1-ng 7 - 1]ane) 1 - = 0,

1

which implies G;(t,s) > 0. Hence inequality (i) is proved.
(ii) Forl<t<s<e.

&l (o — 1)
I (cr1)

dGu(ts) 1

1-Ins)™
P Al[m( ns)7 +

:|(oz1 ~1)(In$)*"2(1 — Ins)>~!
> 0.
Therefore, G1(¢,s) is increasing with respect to ¢, which implies that

Gi1(t,s) < Guiles).
Now for 1 <s <t <e. Then

dGio(1,5)

dt

- [t ST ey noe sy
()"

= Ail [m(l “ngn 4 2L ;"&1‘) ”)](al = 1)(Int)" (1 ~Ins)"1!
. Ail [m + %ﬁyg”)](al _ 1)(1 - E—i)al_2(lnt)“l‘2

i L L lﬁllnt)m_z [mu ~Ins) ™ + —511“;0(1;1—) yl)}(l ~Ins)"1!
ot

(- lﬁn £)1-2 [m(l sy D &F;oal—) n) lns](l _ ng-?

_ (e = 1)(Inp)? [m (m (i) + n-1(n-1) (ns)? + .- )

A 2

_ —Elr;o(‘;l_) 7) (]ns)](l ~Ing)12

_ fea ~ D)7 lzll“ Zii [(nl(yl —1)- 7§1F;°(‘;1_) yl))(lns) + o(1ns)2]

x (1 -1Ins)*172

>0.

Therefore, G15(¢, s) is increasing with respect to ¢, which implies that
Gi2(t,s) < Gia(e, s). Hence, inequality (ii) is proved.
(iii) Letl1 <t<s<eandtel Then

Gu(ts) = ! [771(1 —Ins)™ + M

ay-1¢1 _ a1—1
A ) :|(lnt) (1-1ns)
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~ (Ing)x-1 IO 2Y ap-1
= TA |:n1(l—lns) W](l_lns)

1 ap-1
> - Gii(es).
_<4> 11(es)

Letl<s<t<eandtel

Gia(t,s) = ! |:171(1 —1Ins)™ + M}(ln £)*71(1 —Ins)*7!
I (o)
1 (.t -1
B F(Oll) < n;)
&1 (o —y1

, Ail [nu Clns) M+ . ):|(1nt)‘“‘1(1 ~Insg)at

I'(x

1 Ins\“!
- 1-— Ing)“~!
F(a1)< lnt> (In2)

> (Ing)*1 1 [Ail (m(l —1Ins)™ + W)(l —Ins)@t

ap—1
- F(al)(l—lns) :|

1 a1—1
> <E) Giale,s). O

Lemma 2.6 Assume that (A2) is satisfied. Then the Green's function Ki(t,s) given by (6)
satisfies the following inequalities:
(i) 0<Ki(t,s) <hi(s) forall (¢,s) € [1,e] x [1,e], where

v
- - Ki1(3,9);

/ =Kii(s, _
1(s) = Ky (s, 8) + 1= ,(ng)h1

(i) Ki(t,s) > ¢1(s)K11(s,s) forall (t,s) eI x (1,e),andr €,

(3)P171(1-Ins)f1~1 (3 _Ins)f1-1
— (l—lns)ﬁl’l ’
¢1(s) .

(41ns)P1-17

se(l,r],

s€[re).

We can also formulate similar results as Lemmas 2.3—2.6 for the Hadamard fractional
boundary value problems

HDP2 (¢, (IDLy(2))) = 1g(t,x(2), (t), 2(0)), £ € (L,e),
y(1) =y'(1) = 0; Exy(e) + ni D2 y(e) = 0, (7)
Gp (DY) =0, ¢, (TDLy(e)) = D2h,, (1 D23(5))

and

HDE (, (1DS32(2))) = Uh(t, (2), 5(2), 2(2)), £ € (Le),
z(1)=2Z(1) =0; &sz(e) + niIDY3z(e) = 0, (8)
¢p3(HD1+Z( ) =0, ¢p3(HD1+Z( ) = 193¢p3(HD1+Z(8))~

Page 11 of 25
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We also formulate the results of the Green’s function G;(t,s) and K;(t,s),i = 2,3, for the
homogeneous BVPs corresponding to the Hadamard fractional differential equations (7)

and (8) and define it in a similar manner as G;(t,s) and Ki (¢, s).

Remark Consider the following conditions:
(i) Gi(t,s) > mGi(e,s) forall (t,s) €I x (1,e),i=1,2,3;
(if) K;(t,s) > ¢(s)Ki1(e,s) forall (¢,s) €I x (1,e),i=1,2,3,

where I = [e/%,&34], m = min{(})171, (1), (1)1}, £(5) = min{21(5), £2(6), £3(6)).

Our main results are based on the following Guo—Krasnosel’skii fixed-point theorem on

cones.

Theorem 2.7 (Krasnosel'skii [55, 56]) Let X be a Banach space, K C X be a cone, and
suppose that 21, 2, are open subsets of X with 0 € 2, and 2| C §2,. Suppose further that
T:KN(2:\21) > K isa completely continuous operator such that either

(D) NTull < lull,u e KNN3y and || Tul|| > ||\ull,u € K N9S2,, or

(i) || Tull = lull,u € KN0o82, and || Tu|| < ||ull,u € KN 32,
holds. Then T has a fixed point in K N (£2,\$21).

3 Multiplicity results
In this section we investigate the existence of multiple positive solutions of problem (1)—
(2) under some assumptions on the functions f,g, and / by establishing in the same time
various intervals for the positive parameters A, i, and v.

Let X = C[1,¢], then X is a Banach space with the norm |x| = max,e[; ¢ [#(t)|. Let ¥ =
X x X x X, then Y is a Banach space with the norm ||(x,7,2)|ly = [|x]| + ly]l + ||z]|-

Define a cone P C Y by

P [(x,y,z) € Y:x(t) > 0,5(t) = 0,2(£) > 0,V¢ € [1, e,
min{x(0) + (0 + 20} 2 m| 52,2, |

where I = [e!/4,¢%*]. For A, i1, v > 0, we define now the operator Q: P — Y by Q(x,%,2) =

(Q1(%,%,2), Qu(x,%,2), Qu(x,7,2)) with

T N

Q20 =307 [ Gt ( / 1<1<s,ry(r,x(w,y(r),z(r))d—’)5
1 1
te(lel,
e e d d
Qﬂ(u’ Vs W)(t) = qu—l/; G2(t»5)¢q2 (/1‘ I<2(S: T)g(T, M(T), V(t); W(T)) TT) ?S;
te[l,el],
e e d d
Qu (14, v, W)(£) = v /1 Gs(t, )y, ( /1 Kg(s,t)h(r,u(t),v(r),w(t))%)?S,

te[l,e].

Lemma 3.1 Q:P — P isa completely continuous operator.
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Proof The continuity of functions G;(¢,s), K;(t,s),i = 1,2,3,and f, g, h implies that Q : P —

1/4’ 63/4]

‘P is continuous. For all (¢,s) € I x [1,e], where I = [e , we have

min{Q; (x5, 2)(t) + Qu(x7,2)(¢) + Qu(x,3,2)()}

:min{)ﬂll/l Gl(t,s)q)%(/1 1(1(5,t)f(r,x(t),y(r),z(r))‘i—r)%

tel

+u! /e Ga(t,8)04, (/el(g(s, t)g(r,x(t),y(t),z(r))£> é
1 1

T N

e e d d
4yl /1 Gg(t,s)¢q3( /1 I(g(s,‘L')h(f,x(‘l:),y(‘l:),Z(‘L’))%):S}

zm{)ﬂllfl Gl(e,s)¢q1</l 1(1(5,Ty(f,x(f)’y(f),Z(T))i—T)%

+uq2_1£e Ga(e,5)9q, (/810(5,t)g(f'x(f);y(f)’z(t))d_t)é
1

T N

e e d d
+uB! /1 Gsl(e, 5)pg; </1‘ Ks(s, T)h(t,%(1),5(1), (1)) TI) ?S}

> m([Q:x2,2)] + Q2| + |Q@y2)])
= m|(Q(%,9,2), Quix.,2), Qu(%,7,2)) |
=m|Q,,2)].

Thus Q(P) C P. So, we can easily show that Q: P — P is a completely continuous oper-

ator by the Arzela—Ascoli theorem.

If (x,y,2) € P is a fixed point of operator Q, then (x, y, z) is a solution of problem (1)—(2).

So, we will investigate the existence of fixed points of operator Q.

Theorem 3.2 Assume that conditions (A1)—(A4) are satisfied. In addition, assume that
there exist constants r1,M,K,1,82,83, where K is sufficiently small, {1 + & + &3 = 1,
with (Lmp ' M > (011K, (Gamp2)P2 I M > (02)P27 K, (c3mps)P3 ™M > (03)P37 K such

that:

(1) 10 = U100 = 0, Uy = Ugoo = 0,430 = U3ee = 0;

2) f(tx,9,2) = M), or g(t,x,9,2) = M(rn)?27Y, or h(t, x,y,2) > M(r 7>~ for

mry < ||(%,9,2)ly < r1.
Then, for any

{1 p1-1 1 1 p2-1 1 {2 p2-1
2 b eelmGn) k@) )

Page 13 of 25
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pr1-1 p2-1
refore(i) ]omeloxl(B) ]
K o1 K (o)
1 1 p3-1 1/¢ p3-1
ve|—|—— »y -\ T )
[M<m03> K(Oi%) ]

system (1)—(2) has at least two positive solutions.

Proof We only prove the case of A € [%(m#pl)pl‘l, %(%)m—l],u e (o, %(%)"2‘1],1) €
(o, %(fy—i)’”‘l]. The other cases are similar.
Step 1. By the definition of u10 = ua = usg = 0, there exists H; € (0,r;) such that

ui(t,x,9,2) <K@x+y+2z"! forx+y+ze(0,H)),
uy(t,x,9,2) <K@x+y+2*"' forx+y+ze(0,H)),

us(t,x,9,z) <K(x+y+ 2371 forx +y+z€(0,H).
Then we have

QA (xryr Z)(t)
ds
s

e € d a
Eﬂl‘lfl Gi(e,8)¢q, </1 I<1(s,r)Kl(f)ul(T’x(f)’y(t)’Z(r))71)?S

:)ﬂl’lfl Gi(t,9)¢4, (/1 Kl(s,r)f(f,u(r),v(t),w(r))i—r>

ds

N

< il /Ie Gile,s)py, </lell(1:)/c1(r)1((x(r) +y(7) + Z(‘L’))pl_l %)

e e d d
< an-lgm-1 ”(x,y,z)HY/ Gile 8)og, (/ lﬂr)xﬂr)%)f
1 1

< K7 (x,2,2) | yor < &1 (% 9,2)
Qu(x3,2)(®)

e e d d
=y /1 Gz(t,s)%( /1 Kz(s,T)g(r,u(r),v(r),w(r))%)?S

Y’

e € d d
< ot /1 Ga(e,5)d0, (/1 1<2(s,r)xz(ﬂuz(nx(r%y(’)’z“))?T>?S
<po! /1 Gale, )y, (fl b (5(2) + (1) + z(r>)’”1d?f)?

e e dr\d
< pelg el H (x,9,2) ||Y/1 Ga(e, 5)¢g, (_/; lZ(T)KZ(T)TI)?S
< (k)27 (x,,2)|| yo2 < 82| %3, 2) | 5
Qu(x,,2)(t)
ds

e e d
<y /1 Ga(e, )y, < /1 I(g(s,t)Kg(t)ug(r,x(T),y(T),z(r))Tt) :
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< pB-l /e Gsl(e, s)gg, (/e L3(T)k3(T)K (%(T) + ¥(T) + z(r))Ps—ldr_t>?
1 1
< pB-1gas-l ” (%,7,2) ||Y fe Gsl(e, 8)gg; (/e lg(T)Kg(T)dTT)?
1 1
< K" |32 yo3 < & @2 -
Hence,
” Q(x’y’ Z) H = ” (Qx(x;% Z)’ Qu.(x!,y! Z): Qv(x:_y: Z)) H
= Q@) + Q2| + [ Q2]
<a|@ya)|, + &)@y, + | ®y2)|,
=+ o+8)|®na)|, = @],
Consequently, if we set §2; = {(x,7,2) € P : ||(x,,2) ||y < H1}, then
||Q(x,y, z)|| < || (%, 9, z)|| y forall(x,y,2) e PNas. 9)

Step 2. By the definition of ©1 = Usee = U3 = 0, there exists Hy > r; such that

ui(t,x,9,2) <K@x+y+2z/' forx+y+ze[H,00),
uy(t,%,y,2) §K(x+y+z)"’2_1 for x + y + z € [Hy,00),

us(t,x,9,2z) <K(x+y+2z)*"' forx+y+ze[H,o00).
Similarly, set £2, = {(%,7,2) € P: ||(x,9,2)|ly < H2}, then
|Q®,y,2)| < | 32)|, forall(x,y,z)ePNos,. (10)

Step 3.Set 23 = {(x,9,2) € P: ||(x,5,2) ||y < r1}, then for all (x,y,2) € P with ||(x,5,2)|ly = r1,
we have

Qu(x,3,2)(®) = 217 fe G1(t,5)¢g (/181(1(5, O)f (7, u(t), v(2), w(r))d_f) ds

1 T S
ds
S

€ d
> Aql—lm/ Gi(e s)og </ [(1(S,T)M(r1)P1—1_T)
sel 1 T
-1 -1 ds
> ANy M 11 Gl (e, S) S‘(T)Ku('f; T) -
sel sel S
=AM Ymlipr > Vtel.
Then
|Q.%.2)| > |®.3.2)|, forall(x,5,2) € PN oss. (11)

Consequently, from (9)—(11) and Theorem 2.7, the system has at least two positive solu-
tions (x1,y1,21) € P, (%2, ¥2,22) € P with 0 < || (x1,y1,21)ly <71 < [1(%2,52,22) |l v- O
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The following result is an antithesis of Theorem 3.2.

Theorem 3.3 Assume that conditions (A1)—(A4) are satisfied. In addition, assume that
there exist four constants r1,M, K, 01, 02,03, where K is sufficiently large, 01 + 02 + 03 =
1, with (01mp)"' 'K > (01" M, (02mp2)?? ' K > (02)P27' M, (03mp3)3 'K > (03)3 7'M
such that

(3) ur(t,%,9,2) < M(r))P27Y, or us(t, %, y,2) < M(r1)P271, or uz(t,x,y,2) < M(r)?37! for

0=<l(xy2ly <r;

(4) fo =foo =00 0r go = goo =00 0r hy = hsy = 0.

Then, for any

LN L (e (o L(e)"
K\mp, ) "M\ o - PP M\, ’

or

p1-17 1 1 pr2-1 1 02 r2-1
) IJ/E -\ PR )
Jooeleln) wl@)

p1-17 1 p2-1
02
’ € 0: e B )
i a ( M (02) :|
1 1 p3-1 1 (os p3-1
v e - - b o, - b
[K(mps) M<<73) ]
system (1)—(2) has at least two positive solutions.

For the convenience of the discussion of more than two positive solutions for system (1)—
(2), we study the problem under a more general case than the assumption of Theorem 3.2
and Theorem 3.3.

@i(r) =sup{qi(t,x,y,2) : t € [Lel,mr <x+y+z=<r}, i=1,23,
Y1 (r) = inf{f (6,x,5,2) :t e Lmr <x+y+z <r},

Vo (r) = infl{g(t,x,y,2) :t e Lmr <x+y+z<r},

Y3(r) = inf{h(t,x,9,2) it €eLmr <x+y+z=<r},

@(r) = max{g1(r), p2(r), p3(N},  Y(r) = min{yry (1), Yo (r), Y3(r)}.

Then, we can obtain the following result.

Theorem 3.4 Assume that conditions (A1)—(A4) are satisfied. In addition, assume that
there exist three constants M,K,c1,¢2,¢3 and ¢1 + ¢ + ¢3 = 1 with (¢cimp)?'"'M >
(01?17 K, (compa )2~ M > (09)P2 71K, (csmp3)P3 ™M > (03)P3 71K and three constants d., do,
ds with 0 < dy < dy < ds, such that one of the following two conditions is satisfied:

(D) @(dr) < K(dr )™, 9 (dy) > M(da)P ", and ¢(ds) < K(d3)P™',i=1,2,3;

(1) y(dr) = M(dr)i™", @(da) < K(do)i™", and Y (ds) > M(ds)"i™',i=1,2,3.

Page 16 of 25
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Then, for any

1/ 1\ 1 g\ Lo\
re|=(— —(= ) mnelo = > ’
M\ mp, K\ o, K\ o,

1 p3-17
DS 0,_ 2 ) or
K O3 i
1 p1-11 1 1 p2-1 1
rel0,— 2} ) ne|—\—— - = ’
K\ o, ] M\ mp, K\ o,
1 p2-17
velO0,— & , or
1( O3 i
1 p1-11 1 p2-1
e o~ e o ’
K\ o, i K\ oy

1 1 p3-1 1 c3 p3-1
el elo) |
[M mps) K <Us> ]
system (1)—(2) has at least two positive solutions (x3,y},2}), (x5, 5, 25) and di < ||(x3,7,

2y <da < 1(x5,95,25)ly < ds.

Proof We only prove the case of (1) and & € [37 (=), 2 (G717, € (0, 1 () 'v e

(o, %(5—2)1’3*1]. The other cases are similar. Let 24, = {(x,9,2) € P : [|(x,3,2)|ly < d1}. If

(,9,2) € 3824, then ||(x,9,2)|ly = d1. Since mdy <x+y +z<d1,1 <t <e, then we have

Qu(%:2,2)(2)

:)\m—l‘/l Gl(t,5)¢q1 (/; Ki(s, T)f(r,u(r), V(T),W(T))i_r)?

<ot f Gl(e,s)qsql(f Kl(s,r)xl(r)ul(r,x(r»y(r),z(r))d_f>é
1 1

T N
e € dt\d
fk‘ﬂ‘lfl Gl(e,3)¢q1</1 ll(f)Kl(T)ﬁo(dl)?t)?s

e e d d
< )qu—qul—ldlf G1(6,5)¢q1 (/ ll(‘L’)Kl(T)TI) _S
1 1 §

= (AK)1 Yoy <digr = 61| (x,9,2)|

Qu (x,y, 2)(¢)

e € d d
= ! fl Go(t,5)4, (/1 Kz(s'”g(f’”“)’V(f)’W(”)?T)?S

Y’

e e d
< [ Gatesion [ Kats Do (e, (0100 2(0) 5 )
1 1

)

e e dt\d

<1t [ Gatesi, ( / z2<r)xz(r><p<d1>7’)§
< gl /er(e,s)qbq2 (/elz(t)/cz(r)d_T>?
1 1

T

= (uK)?2 ' dyoy < dr6y = 6| (%,9,2) .
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Qv (x,9,2)(t)
_ il /1 Gyt )0 ( /1 "Kas, T)h(f,u(r),v(r),w(r))d?":)?

ds
N

<ot [ Gatesa, ( [ Kt st (r,x(r),y(r),zu))dr—’)

e e d d
<yl /1 Ga(e )y, ( /1 zg(r)m(r)w(dl)?’){

. e dt )\ d.
< vql—ll(ql‘1d1 / G3(€,S)¢q3 </ 13(1—)/<3(‘L')7t> _s
1 1 ’

= (vK)B ' dyo3 < di 53 = 3| (%,%,2) |-
Hence,

|| Q(x:y: Z) || = || (Q)»(x’y’ Z)’ Qu(x’y’ Z)r Qv(x’y’ Z)) “
=[Q@ya + [Quxy2| + [Q@»a)|
<a|@ya|, +2|@ra|, +s|@r2]|,

=(c1+ 2+ 63|y, =|xr2],

Then

||Q(x,y, z)|| < H(x,y,z) for all (x,7,2) € PN 382,,. (12)

Y’
Let 24, = {(x,9,2) € P : l|(%,3,2)|ly < do}. If (x,9,2) € 0824,, then ||(x,¥,2)|ly = d». Since
mdy <x+y+2z<dy,tel, then we have

Qs (6,3, 2)(8) = 201 /e Gt )¢, (/181(1(s,r)f(r,u(r),v(t), W(r))d—r)é

1 T N

qul—lm/ Gie,5)eby, </61<1(s,r)¢(d2)d_t)§
sel 1 T S

dr )\ d.
> A0, / Gile )y, ( / g(r)Ku(r,r)—’)—s
sel T N

sel
= ()\,M)qlilmdzpl >dy = H(x,y,z) ) Vtel.
Then
||Q(x,y, z)|| > ||(x,y,z)|| y forall(x,y,2) € PN3sS2,,. (13)

Let 245 = {(x,5,2) € P : (5,3, 2) |y < d3}. If (x,9,2) € 08245, then ||(x,9,2)|ly = d3. Since
mds <x+y+z<ds, 1<t <e, then we have

Qi (x, 3, 2)(t)

:}\ql‘l‘/l G1(t,8)dy, </1 Ki(s, T)f (7, u(t), v(7), w(r))%)?
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B d.
5)\‘“‘1/ Gi(e, )¢y, </ Ki(s, t)ier (D) (7, %(0), y(0), 2(0)) — ) sS
1

e d
S)ﬂl—l/ Gi(e, )by, (/ ll(r)Kl(T)w(dg)—)?s
1

< Aq1_11<q1_1d3/ Gi(e s)pg, (/ ll(r)lq(t)dt_r) 5
L 1

S
= (WK1 dyoy < dsgy = 61| (%,9,2)

Qu(x,3,2)(t)

1(2 ST (T)’V(‘L')’]’V(""))61_‘[)é

= /J,qz 1 G2 t S)¢q2 S

ds
< pf” 1 G2(€,S)¢q2 12(7)"2 ol d3)_> s

< qu—quz—ldl/ Gale, s)gq, (/e b(t)ea(z )(if)ds
1 1

S

<u? 1 Gz(e,S)ri)qz( Ko (s, ) ()uz (v, %(2), y(7), 2(7)) — >is

= (uK)P ' d30y < dscr = 62| (%,3,2) | s

Qu(x,y,2)(t)
ds

= p23- 1 Gg(t s ¢q3 I(g S, 'C)h T M( ) V( ) W(t))(t’:) s

d
Sv‘”l Gg(e s ls(f>'<s<f>¢<d3>—>?s

< vql-ll(ql—ld?,/ Gs(e,8)pys (/ lB(t)Ks(T)i_T)é
1

1 N

d
< B~ 1 G;,(e,s)d),z3 </ I3(T)ks(t)us (7, %(1), y(1), 2(1)) — > SS

= (WK)B ' d303 < d3 53 = 63| (%,,2) |-

Then

1R, %.2)| = [|(Q(%:%,2), Qu(x,%,2), Qu(x,,2)) |
= Q32| + |Quexy,2)| + [|Qu(x,2)|
<@y, + @@, + | @y,
=1+ +s)|®y2|, = |®y2],

Q62| <62, forall () € P19,

(14)

From (12)—(14) and Theorem 2.7, the system has at least two positive solutions (x7,y7},2}) €

P, (x3,95,23) € P, and dy < [|(x}, 91, 2Dy < da < (25,5, 25) |y < da.

O

Corollary 3.5 Assume that conditions (A1)—(A4) are satisfied, 81,82,83 > 0 with §1 + 83 +

83 = 1, then we have the following results:
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Rao et al. Boundary Value Problems (2020) 2020:43

(1) If O < 10, foror U205 Goor U305 Moo < 00, (01)P1 g < (8117 1)1 fo, then for each

e (G s (G, e (0, 15 (2)27h), and v € (0, - (Z2)37h), system

(1)=(2) has at least one positive solution.

(2) If O < u10, foor U0, Goor U305 oo < 00, (02)P2 g < (82mm* 22 g, then for each
e (0, oo (), e (GE Gz s (22, and v € (0, o ()57, system
(1)=(2) has at least one positive solution.

(3) If 0 < t10, fxor 420, Goo» U305 Moo < 00, (03)P3  uzg < (83m% p3)3 N, then for each
he (O, (), e 0, (B, and v e GL (AP, L (25, system
(1)=(2) has at least one positive solution.

m

Similarly, we can also obtain the following theorem that is in some way of duality of
Corollary 3.5.

Corollary 3.6 Assume that conditions (A1)—(A4) are satisfied, &1,&2,&3 >0 with & + & +

&; =1, then we have the following results:

(1) IfO < U100, f0r U200, €0s Usoer Ho < 00, (01)P1 100 < (E1m% 1)PL Yo, then for each
he (G, 2 (), e (0, - (2)77), and v € (0, 7 (27), system
(1)=(2) has at least one positive solution.

(2) 1f 0 < U100, f0r U001 80> Uz Mo < 00, (02)P2 e < (Em? p2)P2 7 go, then for each
1O (G, e (G (@), and v e (0, (2, system
(1)=(2) has at least one positive solution.

(3) If O < tioo,for Uroos €0s Uzosr Mo < 00, (03)P3 tisee < (E3m% p3)P3 71 hy, then for each
k€0 g (P, we (0, g (227, and v € (s (=) 2= (2)77), system
(1)=(2) has at least one positive solution.

Remark 3.1 Assume that (A1)—(A4) hold. If w19, 420, 430, U1co, U2eo, U3ee < 0O then there
exist positive constants Ao, (4o, and vp such that, for every A € (0, %¢), u € (0, o), and v €
(0, vo), the boundary value problem (1)—(2) has no positive solution.

Remark 3.2 Assume that (A1)—(A4) hold.
(i) Iffy,foo > 0, then there exists a positive constant Ao such that, for every A > i,
1 >0, and v > 0, the boundary value problem (1)—(2) has no positive solution.
(ii) If go,g~ > 0, then there exists a positive constant fio such that, for every u > fio,
A >0, and v > 0, the boundary value problem (1)—(2) has no positive solution.
(iii) If /9, hoo > O, then there exists a positive constant Uy such that, for every v > ¥y,

A >0, and p > 0, the boundary value problem (1)-(2) has no positive solution.

Remark 3.3 Assume that (A1)—(A4) hold. Ifﬁ),foo,go,goo, ho, Moo > 0, then there exist posi-
tive constants Aq, ;:LO, and 1:10 such that, for every A > o, w> /:LO, and v > 1:)0, the boundary

value problem (1)—(2) has no positive solution.

4 Example
Let us consider an example to illustrate the above results.

Letay =ar=a3=5/2,1=B2=P3=3/2,61=6=86=4m=m=n3=8,1=Y2=y3 =
3/2,u1=vy=v3=1/2,6=3/2,p1=pr=p3=2,q1 =2 =q3 = 2,Pp, (5) = 5,4, (5) = 5.
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We consider the system of Hadamard fractional differential equation

D32 (¢,, I D32x(2))) = Af (£, x(2), ¥(£), 2(8), te(Le),
HD32(¢y, (T DYy(2)) = ng(t,x(2), y(0), 2(t)), te(Le), (15)
HD32(¢p, (T D3%2(2))) = vh(t, x(8), y(2),2(2),  te(Le),

with the three-point boundary conditions

x(1)=«'(1) =0, 4x(e) + 8D 2x(e) = 0,

¢ ("DY2x(1)) =0, ¢y, ("D}x(e)) = 19, ("D}2x(3/2)),
y(1)=y(1)=0,  4y(e)+8"D}’y(e) =0,

$p,("1DY2y(1) =0, ¢, ("DY?y(e)) = 3¢, (" DT?y(3/2)),
z(1)=2(1)=0,  4z(e) + 8"D3?z(e) = 0,

b ("D}P2(1) =0, ¢, (' D}P2(e)) = 36, (1 D72(3/2)).

(16)

Here, f(t,%,7,2) = (1 — Int)"2(1 + sin®(x + y + 2)),g(t,%,,2) = In*?tsin(x + y + z), and
h(t,x,9,z) = (1 +1In 7,‘)2(6(’”y*z)3 +siny) forall £ € (1,e),%,,z> 0. Then we obtain A; = A, =
A3z~ 14.635 > 0, m = 0.125, and assumptions (A1) and (A2) are satisfied. In addition, we
deduce that

Gul(t,s),

1
Gia(t,s), 1<s<t<e

1
Gu(ts) = ~ |:8(1 —Ins)™2 + ](ln £)*?(1 - 1ns)*?,
1

' (5/2)
1 ) , ) 1 t 3/2
Gy(t,s) = —|8(1 —Ins) ™2 + —— |(In#)*?*(1 - Ins)®? - In-) ,
2(6:9) Al[( ns) +F5/2](n) (1-1Ins) F(5/2)<ns>
and
1/2(Int)Y2
Ki(t,s) = Kiy(6,8) + ————— _K1(3/2,9),
1(8,8) = Ku( S)+1_1/2(1n(3/2))1/2 11(3/2,5)
where
(In®)Y%(1 - Ins)'?, 1<t<s<e,
Ky (¢,s) =
r'G3/2) | (in)?(1-Ins)"? - (In )2, 1<s<t<e
e ds [ 1 4r(1)
yo)— = 1—1 -3/2 1—1 3/2
/lGl(e 5 /1[14.635[8( ns) +r(5/2)]( ns)
1 ds
e (1-Ing?¥?|%
D R ]s
16(0.06833) [ 3o ds / 3o ds
- 05466+ ——>2 [ (1 -1
P /1 (o2 - 2 ns)

32
= 0.5466 + ———(0.06833) —

8
257 157



Rao et al. Boundary Value Problems (2020) 2020:43

=0.5466 + 0.04935 — 0.3009 = 0.29505,

€ dv ¢ (Int)$1(1 = In7)Ar1 ﬂ
[ w0t [ (6 :

1
— Bi-1(1 _ ppri-14
r(m)/ot (A-pnd
rg) remn Jw

TTRB) B 4

e e d d
o1 = /1 G(e,s)y, ( /1 zl(rm(r){){

JT 01825
vr o 018
4 Jm(0.7973)

’

= (0.29505)< ) ~0.1689,

dr \ ds
01 = / Gi(e 8)gq, / ¢(t)Ki1(t,7)— | — ~ 0.005876.
sel sel T

S

We choose r; = 1,M = 3,K = 8000, 01 = 1/2,0, = 1/3, 03 = 1/6, then all the conditions in

Theorem 3.3 are satisfied. Therefore, for any

A € [0.1701837985,0.9867771857], 1 € (0,0.6578514571],
v € (0,0.3289257286] or

A €(0,0.9867771857],  w € [0.1701837985,0.6578514571],
v € (0,0.3289257286] or

A €[0,0.9867771857], € (0,0.6578514571],

v € [0.1701837985,0.3289257286],

system (15)—(16) has at least two positive solutions (x;1(£), y1(£), z1(£)), (x2(£), y2(£), z2(£))
with 0 < [[(x1(£), y1(2), z1 ()| < 1 < [[(x2(8), y2(2), z2(E)]-
We choose d; = 1,d, = 10,d3 = 200, K =4, M = 7000, ¢; = 1/3, ¢ = 1/6,¢3 = 1/2, then all

the conditions in Theorem 3.4 are satisfied. Therefore, for any

A € [0.1944957697,0.4933885929], 1 € (0,0.2466942964],
v € (0,0.7400828898] or

A €(0,0.4933885929], € [0.1944957697,0.2466942964],
v € (0,0.7400828898] or

A €[0,0.4933885929], € (0,0.2466942964],

v € [0.1944957697,0.7400828898],

system (15)—(16) has at least two positive solutions (x7(2),y}(£),21(2)), (x5(2), ¥5(£), 25(t))
with dy < [[(¥1(2), 1 (2), 21 ()]l < da < |(x5(8), y5(2), ()| < dis.
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5 Conclusions

By using Krasnosel’skii’s fixed point theorem and under suitable conditions, we have pre-
sented the existence of multiplicity results of positive solutions to the system of three
Hadamard fractional differential equations with p-Laplacian operator. We have also de-
rived three explicit eigenvalue intervals of A, i, and v for the existence of multiple positive
solutions. Finally, we have given an example to demonstrate our result.
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