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1 Introduction

It is known that the subject of g-difference equations was introduced by Jackson in 1910
[1]. After that, some researchers studied g-difference equations [2—20]. On the other hand,
many modern works on integro-differential equations by using different views and frac-
tional derivatives have been published recently, and young researchers could use the main
idea of the works for their works (see, for example, [21-50]).

In 2012, Ahmad et al. studied the existence and uniqueness of solutions for the fractional
q-difference equation “Dg‘u(t) = T'(¢,u(t)) with boundary conditions o;2(0) — 1 D,u(0) =
viu(n1) and aau(1) — BoDyu(1) = you(ny), where a € (1,21, oy, B, yi, n; are real numbers
fori=1,2and T € C(J x R,R) [6]. In 2013, Zhao et al. reviewed the g-integral problem
(Dgu)(t) + f(t, u(t)) = 0 with boundary conditions (1) = /ngu(n) and #(0) = 0 for almost
all £ € (0,1), where g € (0,1), « € (1,2], 8 € (0,2], n € (0,1), u is a positive real number,
Dy is the g-derivative of Riemann-Liouville and real-valued continuous map u defined
on [ x [0,00) [15]. In 2014, Ahmad et al. investigated the problem

“DE(°DY + M)u(t) = pf (¢, u(t)) + ki g (£, u(2)),

with boundary conditions a;u(0) — ﬁl(t(l’y)un(O))hzo = o1u(n1) and apu(1) + o Dyu(l) =
oou(ny), where t,q € [0,1], ”Dg is the fractional Caputo g-derivative, 0 < 8, y <1, Ig(-)
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denotes the Riemann—-Liouville integral with £ € (0,1), f and g are given continuous func-
tions, A and p, k are real constants, «;, 8;,0; € R and n; € (0,1) for i = 1,2 [5]. In 2017,
Wang considered the existence of uniqueness and nonexistence of positive solution for
fractional differential equations DJ, x(t) + f (¢, x(t)) O for t € (0,1) under conditions the
x(0) =x/(0) = - - - = "2 (0)=OandD‘(’)‘+x fo 0+x t)dt,wheren-1<o <m,n>3,
o €(0,1),

b
I'(o —ot)f u@®)ee P tde < I'(o - B),
0

b € (0,11, D§., D§., D0+ are the standard Riemann-Liouville derivatives, f : (0,1) x
[0,00) — [0,00) is continuous and w(¢) € L1([0, 1]) is nonnegative [51]. Also, in 2018 he
investigated the existence and multiplicity of positive solutions for the fractional differen-
tial equation DJ, x(t) + f(t,x(t)) = 0 for ¢ € (0, 1) under the conjugate type integral bound-
ary conditions x(0) = x'(0) = - - = x”~?(0) = 0 and D& x(1) = fob u(t)ngc(t) dV(t), where
Dy, Dg+ are the standard Riemann-Liouville derivatives, n > 3, @ € (0,1),0 <8 <o -1,
b € (0,1], f(¢,x) may be singular at £ = 0,1 and x = 0, u(¢) € L'[0,1] N C(0, 1) is nonnega-
tive, fob w(t)t°#-1dV(t) denotes the Riemann—Stieltjes integral, in which V has bounded
variation [52].

In 2019, Samei et al. reviewed the existence of solutions for some multi-term g-integro-
differential equations with non-separated and initial boundary conditions [12]. Also,
Ntouyas et al. [10], by applying definitions of the fractional g-derivative of the Caputo
type and the fractional g-integral of the Riemann—Liouville type, studied the existence and
uniqueness of solutions for multi-term nonlinear fractional g-integro-differential equa-

tions under some boundary conditions
‘Dyx(t) = w(t, %(2), (91%)(2), (02%)(2), ”Dglx(t), CDgzx(t), oo CDg”x(t)).

In 2020, Liang et al. investigated the existence of solutions for nonlinear problems regular

and singular fractional g-differential equation

DIf (1) = w(t,f(2),f (1), °Df (1)),

with conditions f(0) = ¢1f(1),/'(0) = CQCDg (1),and fP(0) =0 for2 <k <n—1,heren—1<
a <nwith n>3, B,q,¢c1 € (0,1), ¢ € (0,14(2 — B)), function w is an L“-Carathéodory,
w(t, x1, %2, x3) may be singular, and ”DZ is the fractional Caputo type g-derivative [17]. Also,

they discussed the existence of solutions for the fractional g-derivative inclusions
‘Dyx(t) € F(t,x(t),x’(t),cDgx(t)),
x(0) +x'(0) + CD’S (0) = 0 Y x(s)ds, and x(1) + x/(1) + CDﬂ (1) = f x(s)ds for any ¢ in / and

g 11,12, B € (0,1), where F maps I x R® into 2 is a compact-valued multifunction and

“Dy is the fractional Caputo type g-derivative operator of order « € (1,2], and

L,2-B)(n*v = v*n-n*+v>+4n-2v-2) +2(1 - 1) #0
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such that & — 8 > 1 [14]. Similar results have been presented in other studies [12, 13, 19,
20, 37].

By using the main idea of [41, 42, 53], we are going to investigate the multi-singular
fractional g-integro-differential pointwise defined equation

Deut) = (b u(t), u' (¢), D) u(t), 112 u()) (1)

under two distinct boundary conditions

b
u'(0) = u(a), u(1) =] u(r)dr, a€(2,3),
0 (2)
#'(0) = u(a), u(l) = / u(r)dr, a€[3,00),
0

and u?(0) =0 forj=2,...,[a] — 1, where t € ] = [0,1], u € B = C'(J), «, 1, B2 belong to
[2,00), ] =(0,1), (1,00), a,b €], DZ is the Caputo fractional g-derivative of order «, and
w:J] x R* - R is a function such that w(¢, -, -, -, -) is singular at some points ¢ € 7.

2 Preliminaries
Here, we recall some basic notion, lemmas, and theorems which are used in the subse-
quent sections. Let g € (0,1) and 2 € R. Define [4], = % [1]. The power function (x —y)Z

with n € Ny is defined by (x — y);") = [T @ = yg¥) for > 1 and (x — y);o) =1, where x and
y are real numbers and Ny := {0} UN [2]. Also, for « € R and a # 0, we have

w- =] [(x-2d")/ (x - y8**).
k=0

If y = 0, then it is clear that x*) = x* (Algorithm 1). The g-gamma function is given by
I =(1 —q)*V/(1-¢)*!, where z € R\{0,-1,-2,...} [1]. Note that Iy(z+1) = [z],T74(2).
The value of g-gamma function is I';(z) for input values g and z with counting the num-
ber of sentences # in summation by simplifying analysis (see Tables 1-3). For this design,
we prepare a pseudo-code description of the technique for estimating g-gamma func-
tion of order #, which is shown in Algorithm 2. The g-derivative of function f is defined
by (Dyf)(x) = L@@ 4nq (Dgf)(0) = lim,_,o(Dyf)(x), which is shown in Algorithm 3 [2].

(1-g)x
Also, the higher order g-derivative of a function f is defined by (DZf )(x) = Dq(DZ‘1 f)(x)

Algorithm 1 The proposed method for calculated (a — b);‘)’)

Input: a,b,a,n,q
1: s« 1
2: if n =0 then
3 p<1
4: else
5 fork=0tondo
6: ses*(a—b*ak)/(a—b*q‘“k)
7 end for
8 p<«a“xs
9: end if
Output: (a - b)@
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Table 1 Some numerical results for calculation of I5(x) with g = %, which is constant, for
x=95,65,110,780 in Algorithm 2

n x=95 X=65 x=110 x =780
1 2679786 4432545834 1,804,225.634753 1.29090809480473E+45
2 2674552 4423888518 1,800,701.756560 1.28838678993206E+45
3 2673899 4422808467 1,800,262.132108 1.28807224237593E+45
4 2673818 4422.673494 1,800,207.192468 1.28803293353064E+45
5 2.673808 4422656623 1,800,200.325222 1.28802802007493E+45
6 2.673806 4422.654514 1,800,199.466820 1.28802740589531E+45
7 2.673806 4422654250 1,800,199.359519 1.28802732912289E+45
8 2.673806 4422.654217 1,800,199.346107 1.28802731952634E+45
9 2.673806 4422654213 1,800,199.344430 1.28802731832677E+45
10 2.673806 4422654213 1,800,199.344221 1.28802731817683E+45
1 2.673806 4422.654212 1,800,199.344195 1.28802731815808E+45
12 2.673806 4422.654212 1,800,199.344191 1.28802731815574E+45
13 2.673806 4422654212 1,800,199.344191 1.28802731815545E+45
14 2.673806 4422.654212 1,800,199.344191 1.28802731815541E+45
15 2.673806 4422654212 1,800,199.344191 1.28802731815541E+45
16 2.673806 4422.654212 1,800,199.344191 1.28802731815541E+45
17 2.673806 4422654212 1,800,199.344191 1.28802731815541E+45
18 2.673806 4422.654212 1,800,199.344191 1.28802731815541E+45
19 2.673806 4422654212 1,800,199.344191 1.28802731815541E+45
Table 2 Some numerical results for calculation of I'y(x) with g = 3, 3,2, § for x = 9.5 of Algorithm 2
n 9=3 g=3 g=1 g=2¢
1 2.679786 136.046206 79,062.138227 6,301,918.338883
2 2674552 119.081545 41,793.335091 2,528,395.395827
3 2.673899 111.658224 26,290.733638 1,232,715.590371
4 2673818 108.178242 18,589.881264 689,176.848061
5 2.673808 106.492553 14,278.326587 426,538.394173
6 2.673806 105.662861 11,650.586796 285518687713
7 2.673806 105.251251 9946.3508930 203,363.796571
26 2.673806 104.841780 5522.283831 25,842.863721
27 2.673806 104.841780 5513.202433 25,230.371788
28 2.673806 104.841779 5505.949683 24,699.649904
29 2.673806 104.841779 5500.155385 24238446645
106 2.673806 104.841779 5477.048235 20,879.606269
107 2.673806 104.841779 5477.048234 20,879.566792
108 2.673806 104.841779 5477.048234 20,879.531702
118 2.673806 104.841779 5477.048234 20,879.337427
119 2.673806 104.841779 5477.048234 20,879.327822
120 2.673806 104.841779 5477.048234 20,879.319284

for all n > 1, where (Dgf)(x) =f(x) [2, 3]. The g-integral of a function f defined on [0, 4] is

defined by

qu(x)z'/oxf(s)dqs=x

o]

1-9)>_ ' (xq")

k=0

for 0 < x < b, provided the series is absolutely convergent [2, 3]. The g-derivative of func-
tion f is defined by (D,f)(x) = ﬂ(jj—f;()“ and (D,f)(0) = lim,_o(D,f)(x), which is shown in

Page 4 of 33
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Table 3 Some numerical results for calculation of I5(x) with g = %, % %‘/ % for x =110 of Algorithm 2
n___a=3 9=3 9=3 9=3%
1 1,804,225.634753 2.43388915243820E+32 1.10933564801075E+75 2.3996994906237E+102
2 1,800,701.756560 2.12965300838343E+32 5.41355796236824E+74 7.1431517307455E+101
3 1,800,262.132108 1.99654969535946E+32 3.19616462101800E+74 2.6837217226512E+101
4 1,800,207.192468 1.93415751737948E+32 2.14884539802207E+74 1.1944485864825E+101
5 1,800,200.325222 1.90393630617042E+32 1.58553847001434E+74 6.0526350536381E+100
6 1,800,199.466820 1.88906180377847E+32 1.25302695267477E+74 3.3987862057282E+100
7 1,800,199.359519 1.88168265610746E+32 1.04280391429109E+74 2.0741306563269E+100
8 1,800,199.346107 1.87800749466975E+32 9.02841142168746E+73 1.3555712905453E+100
9 1,800,199.344430 1.87617350297573E+32 8.05899312693661E+73 9.38129101307050E+99
10 1,800,199.344221 1.87525740263248E+32 7.36673088857628E+73 6.81335603265770E+99
1 1,800,199.344195 1.87479957611817E+32 6.86049299667128E+73 5.15556440821410E+99
12 1,800,199.344191 1.87457071874804E+32 6.48333340557523E+73 4,04051908444650E+99
48 1,800,199.344191 1.87434189862553E+32 5.18960499065178E+73 6.66324790738213E+98
90 1,800,199.344191 1.87434189862553E+32 5.18923469131315E+73 6.50025876524830E+98
91 1,800,199.344191 1.87434189862553E+32 5.18923468501255E+73 6.50013085733126E+98
92 1,800,199.344191 1.87434189862553E+32 5.18923467997207E+73 6.50001716364224E+98
93 1,800,199.344191 1.87434189862553E+32 5.18923467593968E+73 6.49991610435300E+98
118 1,800,199.344191 1.87434189862553E+32 5.18923465987107E+73 6.49915022957670E+98
119 1,800,199.344191 1.87434189862553E+32 5.18923465985889E+73 6.49914550293450E+98
120 1,800,199.344191 1.87434189862553E+32 5.18923465984914E+73 6.49914130147782E+98

Algorithm 2 The proposed method for calculated I7(x)

Input: n,q€(0,1), x € R\{0,-1,2,...}
1: p<1

2:
3:
4:

50 Ty(x) < p/(1- g !

for k=0tondo

p < p1-4g"H(

end for

Output: [7(x)

_ qx+k)

Algorithm 3 The proposed method for calculated (D,f)(x)

Input: g €(0,1), f(x), x

1:

2
3
4:
5
6.

syms z

: if x = 0 then

g < 1lim((f(z) —f(g *2))/((1 - 9)z),z,0)

else

g < (fx) —f(g*x))/((1 - g)x)

: end if

Output: (Dyf)(x)

Algorithm 3 [2, 3]. If a € [0, b], then

b o0
[ rudu= -0 32 1o (6a") - af(ad'))
a k=0

whenever the series exists [2, 3]. The operator 17 is given by (If;h)(x) = h(x) and (I;‘h)(x) =
(Iq(I;”lh))(x) for n > 1 and g € C([0, b]) [2, 3]. It has been proved that (D, (/,f))(x) = f(x)

Page 5 of 33
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Algorithm 4 The proposed method for calculated (I;f)(x)

Input: g €(0,1), o, n, f(x), x
1: s<0

fori=0tondo

Pf <« (1 _ qi+1)(x—1

s <—s+pf>kqi *f(x*qi)
end for
g < @ % (1—¢q) xs)/(I'y(x)
Output: ([;‘f )(x)

AU

and (I;(Dgf))(x) = f(x) — f(0) whenever f is continuous at x = 0 [2, 3]. The fractional
Riemann-Liouville type g-integral of the function f on J for « > 0 is defined by (Igf)(t) =
f(t) and

()0 =+ VD) dys

for t € J and « > 0 [9]. Also, the Caputo fractional g-derivative of a function f is defined
by

(‘Dgf)® = (1[“]*"‘ (D)) @)

(la]—a— 1) []
F([o{] a)/(t qs) ( f)(S 45 3)

where ¢t € J and a > 0 ([9]). It has been proved that (I,f IgNx) = (1§+ﬂf)(x) and
(D~ (I{‘;f ))(x) = f(x), where «, 8 > 0 ([9]). By using Algorithm 2, we can calculate (Igf )(x),
which is shown in Algorithm 4.

We say f is multi-singular when it is singular at more than one point ¢. Also, we say
that Dgu(t) + h(t) = 0 is a pointwise defined equation on J if there exists a set E C J such
that the measure of E° is zero and the equation holds on E. In this paper, we use | - |1,
|- |l and [wl|, = max{||wl|,||w||} as the norm of £ = L'(J), the sup norm A = C(J), and
the norm of B = C1(J), respectively. Let ¥ be the family of nondecreasing functions ' :
[0,00) — [0,00) such that Y2, ¥"(¢) < oo forall £ > 0 [54]. One can check that ¥ (¢) < ¢ for
allz>0[54].Let T: X > X anda: X x X — [0,00) be two maps. Then T is called an «-
admissible map whenever «/(x,y) > 1 implies «(Tx, Ty) > 1 [55]. Let (X, p) be a complete
metric space, ¥ € ¥,and o : X x X — [0,00) be a map. A self-map T : X — X is called
an oy -contraction whenever (s, t) o(Ts, Tt) < ¥ (o(s, t)) for all s,£ € X’ [55]. We need the
following results.

Lemma 1 ([56]) Suppose that 0 <n—-1<a <nand uc AN L. Then I(‘;Dgu(t) = u(t) +
S cit! for some constants c; € R.

Lemma 2 ([55]) Let (X, p) be a complete metric space, ¥ € ¥, a : X x X — [0,00) be
a map, and T : X — X be an a-admissible a-y-contraction. Then T has a fixed point
whenever T is continuous and there exists xo € X such that o(xg, Txg) > 1.

3 Main results
First, we state and prove the following key results.
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Lemma3 Leto >2,a,b €], and vy € L'(J). Then v(t) = fol Gy(2,8)vo(s) ds is a solution for
the pointwise defined problem Dgu(t) +vo(2) = 0 with boundary conditions (2), where

1,
Gy(t,s) = Gg(t,s) + m/o Gq(t,s) de (4)
and
Tl =a9)¢ " — (£~ gs)
+(1-t)(a-gs)“], 0<s<t<ls<a,
(l—qs)(“*l)—(t—qs)(afl)
Gyts) =3 T Fm 0<a<s<t<l,
(1-¢5) @V +(1-)(a—gs) @~V O<t<s<a<l
Iy(a) ’ —r=2=%_="5
(1-gs) Y
T,@ 0<t<s<l,ac<s

Proof Let E C ] be such that the equation Dgu(t) + vo(t) = 0 holds for all ¢ € E and the
measure of E° is zero. Choose v € AN L such that v = vy on E. If vy € A is a solution
for the pointwise defined problem, then we put v(¢) = —Dguo(t) for all ¢ € J. Note that
ve AN L and v = vo|g. Also, we have

1
I,@)
1

_ _ (a-1)
= @ [ /[ O,t]ﬂE(t qs) vo(s)dys

+ / (t— qs)(“_l)vo(s) dqs]
[0,6)NEe

(t — g5)* Vv(s) ds

I;" (vo(t)) = /0 (t- qs)("‘_l)vo(s) dgs

- () Joane

_ 1 _ (1) d
Ty(a) I:/[~0,t]ﬁE(t 4s)" V) dgs

+ f (t - qs)(“_l)v(s) dqs]
[0,]NEE

1
Fq(a)

f t(t — 9) " Vu(s)dgs = I (v(t))
0

for each t € E. Let t € E°\{0}. Choose {t,,} in E such that ¢, — ¢~. Hence,

I;‘(vo(t)) = Fq(a),/o (t — g5)* Vvo(s) dys
- lim — / t"(t ~q5)* Dvo(s)dgs = lim I%(vo(t,))
n—)OOFq(a) 0 n—q 0 q n—oo 1 0\*n
N . 1 fn o
:nlinolo I (v(tn)) :nhlgo m /0 (t — q9)“Vv(s) d,s
1 t
) /0 (£ — qs)* Vvols) dgs = I2 (v(D)).

Page 7 of 33
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If t =0 € ES, then I;‘(vo(t)) = I(‘;(v(t)) =0, and so Ig(vo(t)) = Ig(w(t)) for all ¢ € J. Thus,
I;‘(Df;u(t)) = I;‘(—Vo(t)) for each t € J whenever Dgu(t) + 1(t) = 0 for ¢t € E. Hence,
12 (D%u(?)) = I7 (-v(¢)) on J. By employing the boundary conditions and Lemma 1, we can

conclude that

t
/ (t- qs)(“’l)v(s) +co + Cit.

Fq(a) 0

u(t) = -

Since ©/(0) = u(a), ¢; = —Ig‘v(a), and so u(t) = —I;V(t) +¢o— I;‘V(a). Hence,
b
/ u(s)ds = u(1) = —I;‘v(l) +¢o — I:;V(ﬂ).
0
So ¢y = fob u(s)ds + Iv(1) + I v(a). Thus,
b
u(t) = —Iv(t) — tIyv(a) + / u(s)dys + I7v(1) + I7v(a).
0

Put 4(t) = —I;‘v( )+ (1 - t) v(a) +17v (1). Then we get

b
u(t) = h(t) + / u(s) ds. (5)
0
We consider two cases. If ¢ > a, then

h(t) =

Tl )[/ (t- qs)"‘ 1v(s)dqs
+/ (t—qs)(“_l)v(s)dqs]

ot (e
@) /0 (a—gs) v(s)dgs

a-1)
F( )[/ 1- qs) V(s)dqs

+ / 1- qs)("“l)v(s) dgs + / 1- qs)(“_l)v(s) dqs:|

@=Dy(s) dys

Lt e D)
e /0 [(1 - 59)*™ — (¢ - gs)

+(1-t)(a- qs)“x*”]v(s) d,s

("‘ 1 —(t- qs)“’"l)]v(s) dgs

a)

_ (a-1)
+ Fq(a)/t (1—gs)* Vv(s)dys. (6)

Page 8 of 33
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If t < a, then we have

h(t) =

F( )/ (t - qs)"‘ 1V(s)dqs

__ ¢t _ ey
@ [ /0 (a—gs) v(s)dys

+ /a(a — qs)("‘_l)v(s) dqs:|

" [/ (1= ) Vu(s) d,s

/ (1-gs) )b v(s)dqs+/ 1- qs)“ B v(s)dqs]

a-1)
+ @ |:/0 (a - gs)' v(s)dgs

+ /a(a - qs)(a‘l)v(s) dqs}

1 t
= i, [0- 9 = =g

+(1=t)(a- qs)(“_1)+]v(s) dgs
iy | 0=~ tamg

+(a - qs)("‘_l)]v(s) dgs

+

1 (@-1)
o ) 0 )

Thus, equations (6) and (7) imply that A(t) = fol Gg(t, s)v(s) dgs, and by entering A(t) in

equation (5), we see that

1 b
u(t) :/ Gg(t,s)v(s) dqs+/ u(s) ds.
0 0

This implies that

/Ob u(t)dt = fobfol Gg(t,s)v(s) dgsde + /Ob/Ob u(s)dsdt
= /oll:/ob Gg(t,s)dt]v(s)dqs+ b/Obu(s)ds,

Thus, (1 - b)f0 t)dt—f0 f Gg(t,s)dt]v(s)dqs, and so

b 1 1 b
/0 u(t)dt:‘/o m[./o Gg(t,s)dt]v(s)dqs.
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1 1 b
u(t):[o Gg(t,s)v(s)dqs+/(; ﬁ[/o‘ Gg(t,s)dt:|v(s)dqs

1 1 b
:/(; |:G2(t,s)+ l—b/o Gg(t,s)dt]v(s)dqs

1 1
:f G4(2,5)v(s) dqs=/ G4(2,8)vo(s) dgs.
0 0

This completes the proof.

Lemma 4 Let G,(t,s) be given in Lemma 3. Then
0 < G, (6,5) < Ay (@, b)(1 - g5) Y,
I%(t,sﬂ < As(e, b)(1 - g5)*, where
3
Ao h) = ——>—
@D T R@
2
A , =
2 b) = =)
and finally
(1-gs)V 2- 1
0 —t G,(t, g
=TT t g =G ®)
fort,se].

Proof We consider some cases. If 0 <s <t < 1and s < a, then (a — gs)*! > t(a - qs)(“‘l)
and (1 —gs)@Y > (£ — gs)®V. Hence,

(1) + (1 =)@ —-gs)“ ™ = (t-gs5)*" = 0

and so Gg(t, s) > 0. Thus, G,(t,s) > 0. In other cases, the proof is easy. One can see that
Gg(t, s) < 3(1 —gs)@D for each t,s € ], and so

1 b
G(ts) <3(1—gs)@ D 4 — — / 3(1 - g5)@ D ds
! 1 (1-b)I,@) Jo 1

1y 3b(1-—gs)V

=3(1-gs)@Vy — T
S Y (I ST R

_3(1- gs)@V

_ _ ao)(@-1)
= Q=B = A1 (a,b)(1 - gs) .

Page 10 of 33



Rezapour and Samei Boundary Value Problems (2020) 2020:38 Page 11 of 33

From g-Green function Gg(t,s) be given in Lemma 3, since

~(t-q5)*"?~(a=g9)*"V

Tyla-1) , 0<s<t<ls<a,
0GI(t,5) %{1)2) O<s<a<t<l,
Tt ) —age@D

" A, 0O<t<s<a<l,
0, 0<t<s<la<s,
we have
laGg(t’S) _(t-g9)* P+ (a—g5)* _2(1-g5)*Y
o |~ Igla - 1) T -1
and so
an(t,S) - 2(1 — qs)ot—l . 2b(1 _ qs)(a_l)
at |7 TIyla-1) 1-b

_2(1—qs)("‘1) ) b
TS [ +1—b]

_ (a-1)
) % = Ay(at, b)(1 — gs) @Y.
q

If0O<s<t<lands <a,thent—st>0,andsot(1 —gs)—s+¢>0.Hence,s—t<(1-gs)t
and £(1 —gs) >t —gs. Since t <1 and o > 2,

1 —qs)(“‘” 1)(“‘“ 1
> — > —,
t—gs t t

and so

1-g5)“V —(t-g9)* D+ (1-0)a—gs)* P
>(1—g9)V - t(1-g5)Y+ (1-t)(a—gs)*V
=(1-8(1-g9)"" +(@-gs)Y)

> (1-£)(1-gs) .
Thus, Gg(t, 5)>(1-t)(1-gs)@ V. If0<s<a<t<]1,then

~(t—gs) D + (1 —gs) D > (1 — gs) 7V + (1 - gs) 7V

=(1-6)(1-gs)@",

0 (1-0(1-g@
and so Gq(t, s) > @ . Hence,

Gz [(l—t)(l— e 4 — / b(l_t)(l_ s)<“>dt]
e Fq(a) 1 1-bJy 1
Y p— as)eD (l—qs)("“”< _b_2>]
_Fq(a) [(1 £)(1 - gs) +—l—b b 5
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(- gs)@ 2-b?
= Fq(a) —t+ >0,

and so inequality (8) holds. O

Consider the self-map T : B — B defined by

T,(t) = /1 Gq(t,s)a)(s, u(s), u’(s),Dglu(s),Igu(s)) ds, 9)
0

where G,(¢,s) is the g-Green function in Lemma 3. By applying Lemma 3, one can easily
see that the fractional g-integro-differential equation (1) has a solution if and only if 7" has

a fixed point.
Here, we provide our first result about the existence of solutions for problem (1).

Theorem 5 Assume that the map T is defined by equation (9) and w : J x A" = Risasin-
gular function at some points t € 7, Uiseees by € L are some nonnegative real-valued maps.
Then fractional differential pointwise defined equation (1) under boundary conditions (2)
has a solution whenever the following assumptions hold.:

(1) The function w satisfies the contraction condition

4

|o(t, 1, ta) = 0t v1, ey va)| <Y i)l = vi
i=1

foralluy,... ugv1,...,va€ Bandte].

(2) There exist a natural number ky, some functions yi,..., Yk, € L,
O1,...,0 : R* = [0,00), nonnegative maps y1,..., vk, and nonnegative and
nondecreasing maps in their all components O, ..., Ok, such that
ko

|t 1., u)| < Z Yi(6)Oi(us, ..., us)
i=1

O;(w,w,w,w)

Sorall (uy,...,uq) € B andt €] and lim,,_ o =10, where ng is a

nonnegative real number with

mo

for some 8y > 0, M(,b) = max{Ai(«, b), Asz(c, D)}, and
mo =min{1, [,(2 - B1), [,(B> + 1)}.

(3) We have

A

A N s Ha
(o, b) = |:,u1 + [y + RN + 0B + 1)]M(w,b) <1,

where u; = [y (1 - s)® D pi(s) dgs = Ty(@)I2 pi(1).
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Proof Let u1,u; € B and t belong to /. Then we obtain

T 0~ 0] = [ 6t (91169, 511060 2)
- 0 (12(5), 145 (5), DE (), 1(5)) | s
= [ 1 - 091D O ol + a9~
10O DIt~ D - a9 s~ ) o

Since

1
Fq(,BZ)

ol (1, (ﬁw)z bl
_Fq(ﬂ2)<ﬂ2[(t )] ) =

Ty(Ba + DIull < ||ul. Hence,

t
’Ifzu(t)‘ < / (t - qs)(ﬁZ) |u(s)‘ dgs
0

Fy(Ba+ D[ 12wy = 12y | = Ty(Ba + D[ 12 (w1 — )| < Nz = wol.

Similarly, one can conclude that I';(2 - 8) ||Dg1 up —Df;l us|| < |lug — us || for each uy, uy € B.
Therefore

1
| T, (8) - Ty ()| < Al(a,b)/o |:M1(S)||u1 — | + po(s)]| ey — |

et — | s — s ] )
_— S)——— 1— S & d S
ne-p) MOy |t

1
=A1(Ol,b)/(; |:(M1(S) + #(sjl))(l -9 Vuy - us|

+ <,U«2(S) + %)(1 -q9) V| - uh ||] dgs

+ 13(8)

1
SAl(a,b)Ilul—uzII*/ [M1(5)+M2(S)
0

w3 (s) . Hals)
Fq(z - ,Bl) Fq(ﬂz + 1)

}(1 —gs)“Vds

i3 s iy
Fq(z - ,31) Fq(ﬁZ + 1)

=A1(Oé,b)[ﬂ1+ﬂ2+ :|||u1—u2||*. (10)

Also, we have

9G,(t,s)

1
7,,0- 7,00 < [ (s, 615, 1615, D 1 (), 2101 ())

- a)(s, uy(s), uz(s),Dg1 uz(s),lgz uz(s))| dys

1
< / As(o, b)(1 - gs) V[ pr()llur — ol + pa(s) |y — 14 |
0
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+ u3(s) ||Dglu1 —Dgluz || + 1(s) ||I§2u1 —Ifzuz ||] dgs

1
SAz(a»b)/O [Ml(S)Hul — || + pa(s) |} — s |

lluy — w5 s —woll | 0 )

+ 143(s) re—p) " 11a(s) e 1)](1 qs)“ " dys
[l

Fq(,BZ + 1)

~ N M3
=As(a, b
2 )[IM + U2+ Fq(2—ﬂ1) +

By using (10) and (11), we obtain

I Tul - Tuz Il = max{ll Tu1 - Tuz Il,

Tl/u - T1/42 H }

~ A

"3 + Ha ]
Fq(2 - ﬁl) Fq(,BZ + 1)

SM(a,b)[ﬁ1+ﬁ2+ lee1 — 2o .

i|||M1 — |-

(11)

Hence, | Ty, — Ty, ll« = 0 as ||u; — us|l, — 0, and so T is continuous. Since noM(a, b) x

ng lv:ll < mop, we can choose gy > 0 such that

ko
(10 + £0)M(ct,b) Y Iyl < mo.

i=1

Since 20vwww) 1o as w — 00, there exists 7 = A(gg) > 0 such that W < 1o + & for
all w > A(gg). So
O (w, w, w,w) < (1o + o)W (12)

for w> A(eo). Put B, = {u € B: ||u||, < r} and define « :EZ — [0,00) by a(u,v) = 1 when-

ever u,v € B, and a(u,v) = 0 otherwise. If a(u,v) > 1, then |||, and ||v|, are less than r.

Let ¢t € J. Then we obtain

1
|Tu(t)| 5/0 Gq(t,s)|a)(s,u(s),u'(s),Dglu(s),Igzu(s))idqs
1
<Ai(a,b 1—gs)@D
<A@ [ 1-g9

ko
X Z ¥i(8)O; (u(s), u/(s),Dglu(s),I(’;Zu(s)) dgs
i=1

<a@h) Y [ a-a9n
i=1 V0

/ [/l llall
X @i ||u||’ Uy ’ qu
Fq(z - 161) Fq(/s2 + 1)
ko

r r
SAl((X,b)Z@i<V;ry Fq(2—ﬁ1), Fq(ﬁz + 1))

i=1

Page 14 of 33
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1
x/ y;(s) sup(l—qs)(“’l) dgs
0

ko
r r r r
SAl(afb)Z@z<_7_r_1_)“yi”b
i1 mo mo mo Mo
where

mo =min{1, I;(By + 1), [;(2— B1)} =min{ (B, + 1), [,(2 - B1)}.

Since r > myr, by using (12) we obtain

r r
@i ) ) ’ < (770 + ‘90) )
mo mqo mo Mo mo
and so

ko
r
| Tu(t)| < As(e, b)) e o + o)yl

i=1

Al D) % ||yi||1]r<r

mo

=(710+80)|:

Hence, || T,|| < r. Also, one can conclude that

, 119G, (t,s)
o)< [ |8

1
< Ay(@,b) / (1 gs)e
0

|a)(s, u(s), ' (s), Dgl u(s), 152 ”(S)) | dgs

ko
X Y i) (uls), u'(s), D u(s), I u(s)) dgs
i=1

ko

r r
<Az, b) [Z @i(” "T2=B) T,Bs+ 1))}

i=1

1
x / (1- g9 Dy(s) s
0

ko 1
r r r r
sAz(a,b)Z@i<—,—,—,—)/ vl
i1 mo niy mo nig 0
As(a,b) S5 1y
< (no + 80)|: 2o )El'l ”yl||li|r< r
0

and || Tyl = max{|| T, | T,|l«} <r. This implies that T, and so T, € B,, that is, a(T,,
T,) > 1. Thus, T is a-admissible. Since B, # J, there exists 1, € B, such that T, € B,.
Hence, a(uy, T,yy) > 1. Put ¥ (¢) = (e, b)t for each ¢ € [0, 00), here 7(e, b) < 1. Since

o0

=1

> i w, 7(a, b)
;w (t)—;r(a,b) t—<m>t<oo
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and ¥ : [0,00) — [0, 00) is nondecreasing, we get € ¥. Note that

1
|Tu(t) - Tv(t)| < /(; Gq(t,s)|w(s, u(s), u’(s),Dglu(s),Ifzu(s))

- a)(s, v(s), V' (s), Df;l v(s), 152 v(s)) ’ dgs

A N M3 o
<Ai(a,b + [y + + U—"V|s
<A )[Ml 2 Fq(2—ﬂ1) Fq(,32+1)]" [

and so
NS 3 fa
1T, =Tl SAl(arb)[ﬂl + Ay + 2= + (b + 1)]”” = V| (13)
Also,
1
|T;(t) - Tl/,(t)| S/ aGg(tt’S) ia)(s,lxl(s),u/(s),Dglu(s),152u(S))
0

— (s, v(s),V(s), D’;l v(s), 152 v(s))| dgs

N A 3 fla
<A (a,b)[u + Qo+ + ]llM—VH .
? T Re-p) T LB+ ) )
This implies
N s fla
T -T)| <A (a,b)[u + [y + + }Hu—v”*. (14)
IT- T =4, LB B+ )

Thus, equations (13) and (14) imply that

B ]nu—vn*
r,2-p) T+ 1)

=t(@b)u-vl. =y (lu-vl.)

” Tu - Tv”* EM(Ol,b)|:/:L1 + 112 +

for wand vin B,. Hence, o (u, V)| Ty — T, ||« < ¥ (p(u,v)) for eachu,v € B. By using Lemma 2,
T has a fixed point, which is a solution for problem (1). d

Theorem 6 Let w be a real-valued function on J x A", Then the pointwise defined problem
(1) with boundary conditions (2) has a solution whenever the following assumptions hold:
(1) There exist natural numbers ki, some maps ©1,..., O, : R* — R which are

nondecreasing in their all components, @;(w,w,w,w) > 0 for all w > 0 and
O, (w,w,w,w)

- — n;asw — 0" for some n; € [0,1) (i =1,...,k1), and there are some

nomnnegative real-valued functions [11,.. ., Ly :] — [0,00) such that

|a)(t, uy, ty, u3, Ug) — @(t, vy, va,v3, V4)|

k1

<D iB)Oiuy — vy, uy — vy, s — Vs, Uy — va)
i=1

forallul,...,u4,v1,...,v4eEwith u,»zv,zO(j:l,...A)andtef.

Page 16 of 33
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(2) If M(a,b) = max{A;(«,b),As(x, b)}, then

k1
M(a,b) Y [[(1-gt)* V], < 1.
-1
O;(w,w,w,w)

Proof Since lim,,_, ¢+ =n;<1fori=1,...,k, for each g; > 0 there exist §; = §(s;) >

0 such that mlo € (0,8;) implies

w w w
O\ —,....,— S(ﬁi+8i)m—r
0

mo mo

where my = min{I,(2 - 1), [,(B2 + 1)}. Let &Y be such that n; + £ < 1 and §? = §(¢?). Put

n=max{n,..., Mk }» €0 = min{s?,...,sl‘zl}, and § = min{(S?,...,S,?l,so}. Thus, 1 + & < 1 and

w w w
@,‘ ey T <(T]l‘+8())—
My

) )
mo mo

for mlo €(0,8) and 1 <i < kq. Also,

1) ) 1)
Ol —>....— ) <+ 80)—mpy =(n +0)8 < (n+&o)eo.
my my moy

Now, we define the map « : B x B — [0,00) by a(u,v) = 1 whenever |u — v|, < § and

o(u,v) = 0 otherwise. If a(u,v) > 1, then ||u — v||« <, and so

1
|Tu(t) - Tv(t)| < /0 Gq(t,s)|a)(s, u(s), u’(s),Dglu(s),Igzu(s))

- w(s, v(s), v (s), Df;l v(s), 152 v(s)) ’ dgs

1 k1
< [ 69 Yo n
i=1

% |©((u = v)(s), (1t = v) (), DAY (e = v)(s), 182 (1t — v)(s)) | dgs
1 k1
<Ai(a,b) | 1-g9“) " pi(s)
1 A Z;

’

k1 1
<Ai(w,b) Z(/ (1-g9)“ Y uils) qu)
i=1 WO

’

x [Oi(llu=vl, || (u—-vy

B
Dql(u -v)

12 u=v)])]dys

) )
®;1 4,4, ,
* ( I,C— ) Ty(Bs + 1))

k1 1
<Ai(@,b) Z( / (1-g9)“ Y pils) dqs)
i=1 WO

( 5§ & 6 & )
X G)l‘ Ty T T oy T
mo Mgy Moy Moy
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k1
<Ai(e,b) Y (=g V] (0 + £0)8
i=1

k1
<Ai@b) )y [(1-g)*Vu 5 <s. (15)

i=1
Hence, || T, — T, ||« < 8, which implies «(T,, T,) = 1. If
k1
»=M(a,b) Y [[(1-gt)* ], (n + 20),
i=1

then by using the assumption we get A < 1. If ¥ (¢) = A, then ¥ € . If | u — v|| <4, then

k1
1T = Toll < Asle, b)Y (1= gt)* i (0 + £0) | = vl < A= vl (16)
i=1
and
k1
|75 = T < Aale, ) Y _[/(1 = g) P pac] (0 + o)l = Vil < AlJ =]l (17)
i=1

Thus, from inequality (16), we have || T, — T,|l« < Allu — V||« = ¥(lu — v||.) and so
a(u, V)| Tu=T,ll« < ¥ (lu—v|.) foreachu,v e B.Lete > 0 be given. Since @i(mlo,..., mlo) —
0 as w — 0%, for each i = 1,..., ky, there exists §; > 0 such that @i(mlo,..., mlo) < g forall
0 < w < §;, where

k1
e [ren - aru, | o

i=1

If § =min{s; : 1 <i < ky}, then @i(mlo,...,mlo) < forallwe (0,8] and i = 1,...,k;. If
u, — u, then there exists a natural number ng such that ||u, — ull, < § for all n > ny.
Hence,

’ Tun (t) - Tu(t) }

1
< / Gyt,5)]0(5,4a(), 1,(5), DV 0 (5), 1P218,(5))
0

- a)(s, u(s), u/(s),Dgzu(s),ngZu(s)) | ds

1 ky
< fo Gyltss) > i)
i=1

X @i(”un —ull,

(tn —u)

D’;l(un —u) Ifz(un —u) ”) ds

’

il 5 5
A ,b @i 8,8, ’
=il )Zl[ ( r,2-p) Fq(ﬁz+1)>

1
<[ <1—qs)<“-”m<s)dqs]

’
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1
<[ <1—qs)<°‘-”m<s)dqs]

k1
<A@, b)5 ) |- Vi, < (18)

i=1

for t € J and n > ny. By repeating the similar method, we obtain

19G,(t,
!mw—HWEALﬁgﬂ

|o(s, un(s), 1, (5), Dgl Un(8), 152 Un(s))

- a)(s, u(s), u'(s), Dgu(s), 152 u(s)) ‘ dys

k1
& "
< As(@,b) ;II 1-g) V|, <e (19)

for all £ in J and # > 1. Now, (18) and (19) imply that || Ty, -Tull<eand |T, -T,|<e,
respectively, for n > ny. Thus,

I Tun Tyl = max{”Tun = Tull,

T, -T.}=e

for n > ny, and so T,, — T, as u,, — u. Indeed, T is continuous. Now, we show that there
exists ug € B such that a(u, T,,) = 1. In this way, we have to show that || T,,, — uol| <6 for
some 1o € B. Let o > 0 be a fixed real number. Since ©;(w, w,w,w) — 0 as w — 0%, for
each ¢ > 0, there exists 7 = n(¢) such 0 < w < %0 implies ©;(w, w,w,w) <gforall1 <i <kj.
Hence, ©;(2,...,"2) <. Put

M:max{ 1 B 1 ,1}:max[ 1 , 1 }
Fq(z_lgl) Fq(ﬁZ"’l) Fq(2_,31) Fq(ﬂZ"’l)
and choose ¢, such that

k1
Yol -an® Vi enuM(@,b) <.

i=1
Take n; = n(ey;) and choose a natural number 7, such that
k1

1
D _=a0 ] ersMle ) <6 - -
i=1

If ny = max{ny,n,}, then G)i(”M—O,..., %) <gpforl=1,...,k. Define

1
< 4
0’ t= no+1’
6n%
Ll()(t) — 6n%+5n0+2
[ﬁ _ ol g2 t ] 1 1 1
3 2ng(ng+1) no(ng+1) no+2’  no+l ng’

1 1
— — <
no? =<t
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One can easily see that i € Aand u(®) € [0, %], MO(n01+1) =0and

1
< 4
0, ) L= no+1’
/ _ 61y 2 2ng+1 1 1 1
Mo(t) - 6n%+5no+2[ no(no+1) "0("0+1)]’ no+1 <i< no’
0, L <t
no

1
no+1

, 6n3 1 1 2mp + 1
ol0) = e (s ;
6ng+5ng+2\ny  ng(ng+1) 2mp(no +1)

Hence, u{, belongs to A and u(

)= ué(%) =0. Thus, ug € B. Also, we have

1 1 1 210 1
S1x —x|—+— - <—,
Moy ny  mg(ng+1) (o +1)? Mo
and so ng |4y, ||« < 1. This implies that
| Tt (£) = 10(2) |

1
/0 G,(t, ) (s, uo(s), ué)(s),Dg1 uo(s),lé32 uo(s)) dgs — 1o (s)

1
, 1
5/ Gq(t;3)|w(5: uo(s),Mo(s),Dguo(S)szMo(S)) qu‘ + .
0 0

1
< Ay(a,b) / (1 )
0

k1
x [Zm(s)@,(nuon,
i=1

!
Uy

lluol lluoll ) d 1
, , St —
Fq(z_ﬂl) Fq(lg2+1) no
kl 1
< As(a,b) Z[(/ (1-49)“ Vi) qu)
i=1 0
y @i<r_0,r_0,r_0,’_0>] s
Nnog Ho Ho Hy IZN)

k1
=< Al(a:b)[Z”(l - qt)(a_l)lliu]&w + nio =3 (20)

i=1
fort €J,and so || Ty — toll < 8. By using a similar method, we get

|(Tuo@®) — uo@®))'| = | T, @) - up(®)]

1
= [ 250 o a5 ) Do), ) s+ -
0 ¢ 1o
k1
1
§A2(a,h)|:2”(1_qt)(a—l)ui“]gM + P <3, (21)
i-1 0

and so ||(Ty, — uo)'|l < 8. Hence, from equations (20) and (21), we obtain || T}, — uoll« =
max{|| Ty, — uoll, (T, — uo)'|l} < 8. Thus, a(uo, Tyyy) = 1. Now, by using Lemma 2, the

Page 20 of 33
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map T has a fixed point, which is a solution for the multi-singular fractional g-problem
(1). O

Now, we present our final result.

Theorem 7 Assume that @ :] x B4 — [0,00] is such that w(t,u1,us, us, us) < 0o for all
U1, Uy, Uz, g € B and t € E, where E€ is a null subset off, that is, the measure of E° is zero,
the map w(t, u1, uy, us, uy) is continuous with respect to the components uy, Uy, us, and uy
for all t € E. Then the pointwise defined problem (1) with boundary conditions (2) has a
solution whenever the following assumptions hold:
(1) There exist a natural number ny > 1 and some maps (i1, ..., n, : ] — [0,00) such
that wy,..., n, € L, the maps Fi, ..., F,, : R* — [0,00) and 2 : R* — [0,00) so that

1
15205 = sup [ 2(ue) ) 10,0 < o,
xeL Y0

I Filloo = sup{F;(w, w, w,w)} < 00
weR

fori=1,...,n; and
ny

|(D(t, Uy, U, Us, u4)| = Z wi(O)Fi(u, ua, uz, ug) + 2 (w1, Ua, u3, Us)
i=1

foruy,...,us € Bandte].
(2) There exist some maps  : R* — [0,00) and h : ] — [0,00) such that
17117 = Ty(@IZh(1) < 00 and h(t)yr(us, ..., us) < w(t,ur,..., ua) for uy,...,us € B
andte].
(3) There exist y1, Vs, vs, va € L and ¢ : [0,00) — [0, 00) such that

4
M(a,b) Y vl <1,

i=1

Oy €Y and

4
|o(t, 1, ... u) =Wt v, va)| <) v (Il - vill)

i=1

forall (uy,...,us) and (v1,...,vs) € E‘L with ||u;|l, vl € [81,82], where ¢, (z) := qb(%)
for all A € (0,00),

I Nl = min{y (uy, ..., ua) : (u1,..., us) € R},

281 () (1 — &) < [|¥ |l fll} (4 - o - 2a0) and

ny
8 > M(a, b) (Z IEdloo 21 + ||fz||1*>.

i=1
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Proof Let {u,} be asequence such that ||u, —u||. — 0. Then u, — u and &), — u'. By using
the inequalities I7,(2 - ,31)||Dgl (4, — w)|| < |(u, — ) || and

Ly(Bo+ |12y — w)| < Nt — ul],

we get D’gu,, — Dgu and 152 U, —> 15214. Since w(t, uy, ..., us) is continuous with respect to
Ui,...,uqy for all ¢ € E, we can conclude that

w(t, tns u;,Dgl u,,,152u,,) - o(tu, L/,Dg1 u,[fzu)

fort € E. Let u € B be givenand t € 7. Then we have
1 n
| T(t)| < Ay(e, b) |:/ (1-gs)*" (|:Z wi($)Fi(uls), u’(s),Dglu(s),Ifzu(s))i|
0 i=1
+ .Q(u(s),u/(s),Dglu(s),Ifzu(s))) dqs:|.
If upr(s) := max{u(s), u’(s),Dglu(s),Igzu(s)}, then uy; € A, and so

- !
» ) i d
I,@-f) Fq(ﬁ2+1)>]/o il ds

1
. /0 2 (1019, ar(5), i (5), upa () s

v

| T(2)| sAl(a,b){ZFi(nuu,
i=1

ny
<A(e,b) [Z 1Eilloo ll il + IIQIIT]'

i=1

Similarly, one can see that | T/,(¢)| < Aa(ct, D)X | Filloo lpeill + 182115]. Thus,

ny
1 Tull« < M(e,b) |:Z I Eilloo Il 2l + IIQII’{:| <00 (22)

i=1

for all u € B. By using the Lebesgue dominated convergence theorem, we conclude
that

1
T, (0) = / Gyt 5)00(5, 16n(5) 14, 5), D 1 (5), T2 14,(5)) dys
0

1
— / Gy(t,s)w(s, uls), u’(s),Dglu(s),I[fzu(s)) dgs = Ty(2)
0

for ¢ belonging to J, and so the self-map T on B is continuous. Define the map « : B -
[0,00) by a(u,v) = 1 whenever |u., |[v|« € [61,82], a(u,v) = 0, otherwise. If a(u,v) > 1,
then || ull. |||« € [61,62], and so

1
| T.(t)] = ‘/0 Gy(t, ) (s, uls), u'(s), D uls), I u(s)) dgs

(1 —gs)b! 2-b?
=), @ [‘”2(1—2;)}]“(”
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X Y [u(s), L/(S),Df;1 u(s),I(’;Zu(s)] dys

_ 1
> ||W||m|:ﬁ/ (1-g9)*h(s)dys

(bl
21 b)/ h(s)d s]

1 2-0*
> IIwIImIIhIII[Fq(a) + m]

4-b*-2b
205 (a)(1 —b)}

= ||w||m||h||€[

for ¢t € J. Thus, 2I,(«)(1 = DI Tl = 1Y Il (4 — b? — 2b), and so

= 1V il (4~ b ~26)
“H= 2 (e)(1-b) =

By using (22), we obtain

ny
AR 5M(a,b)(2 IEiloo 221 + IIQII’I> =

i=1

and so «(T,,F,) > 1. If uy € [61,8,], then it is easy to check that (T}, up) > 1. Let
u,v € [81,8,]. Then

()| Tul) - Ty(2)]

1
E/
0

— (s, v(5), V' (5), DI v(s), I/v(s)) | dgs

a)(s, u(s), u'(s), Df;l u(s), 152 u(s))

1
<A (a,b) ]0 1-g9)“"V(n($)p(lu—vl) + ya(s)p (|’ - v])
+73()9 (| u— D ]) + a9 (|17 — 112v])) dys

1
<A (a,b) fo (1-gs)@V (yl(sw(nu—vn) +y(8)0(|4 =)

I =V lu=v
+ V3(S)¢(F (2_/31)) + V4(S)¢(1_, o 1))> dgs
™ b)/ (nu v||*)[zyl(s)} .

B 1
sAl(a,bw(%) 3 [ a-arneas
i=1

4
<y ||1¢><”” ;"")srbm(llu—vll*). (23)
i=1
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Algorithm 5 The proposed method for calculated f: f(r)dgr
Input: g€ (0,1), «, n, f(x),a, b

1: s<0

2: fori=0:ndo

32 s<s+q xbxfbxq)—axflaxq))

4

5

: end for
s g < (1—q)*s
Output: f:f(r) dgr

Similarly, we conclude that
a(,V)| T, = T, < by (e —vll,). (24)

Now, (23) and (24) imply that a(u, v)| T, — T, || and a(u, v)|| T, — T, ||« are less than or equal
to Gy (llu — vll,) for all u,v e B. By using Theorem 2, the self-map T has a fixed point,

which is a solution for problem (1). O

4 Examples and algorithms for the problem

Here, we provide some examples to illustrate our main results. In this way, we give a com-
putational technique for checking problem (1). We need to present that a simplified anal-
ysis could be executed on values of the g-gamma function. To this aim, we consider a
pseudo-code description of the method for calculation of the g-gamma function of order
n in Algorithms 2, 3, 4, and 5 (for more details, see the link https://en.wikipedia.org/wiki/

Q-gamma_function).
Example 1 Consider the following pointwise defined problem, similar to (1):

7 2 1
D u(t) + (leel + [ | + [ Dg ] + [ 17 ]} = 0 (25)

1
96/7[g()]3
1
with boundary conditions #'(0) = u(%), u(1) = ;2 u(s)ds, and u”(0) = 0, where g(¢) = 0
whenever t € J N Q, g(t) = t whenever t € J N Q°. Let a = %, B = %, Bo = %, a= g, and

b= % Then we have

M(a,b) = max{Al(oz,b),Az(a,b)}

_ 3 2
} max{ (-0 1-ba-1) }
3

—max{ 2 } (26)
- (1—%)1}(%)’(1—%)1}(%)

and

mo =min{I;(2 - B1), [y(B2 + 1)} = min{]"q<§), Fq@) } (27)


https://en.wikipedia.org/wiki/Q-gamma_function
https://en.wikipedia.org/wiki/Q-gamma_function
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Table 4 Some numerical results of M(ct, b) in equation (26) in Example 1 for g = %, %/ %

n qg=1 qg=1 g=4

Ai(a,b) A, b) M(ex, b) Ai(a,b) Az, b) M, b) Ai(a,b) Az, b) Mo, b)

1 4.8544 3.7471 4.8544 24645 2.8302 2.8302 0.1472 0.5474 0.5474
2 4.8685 3.7575 4.8685 2.7543 3.0915 3.0915 0.2357 0.7566 0.7566
3 4.8705 3.759 4.8705 2.9055 3.2248 3.2248 0.3356 0.9602 0.9602
4 4.8708 3.7592 4.8708 2.9826 3.292 3.292 04424 1.1541 1.1541
5 4.8709 3.7592 4.8709 3.0216 3.3258 3.3258 0.5522 1.336 1.336

15 4.8709 3.7592 4.8709 3.0608 3.3596 33596 14427 24896 24896
16 4.8709 3.7592 4.8709 3.0608 3.3597 3.3597 1.5002 2.5526 2.5526

80 4.8709 3.7592 4.8709 3.0608 3.3597 3.3597 2.0086 3.0741 3.0741
91 4.8709 3.7592 4.8709 3.0608 3.3597 33597 2.0088 3.0743 3.0743
92 4.8709 3.7592 4.8709 3.0608 3.3597 3.3597 2.0088 3.0744 3.0744
93 4.8709 3.7592 4.8709 3.0608 3.3597 33597 2.0089 3.0744 3.0744
94 4.8709 3.7592 4.8709 3.0608 3.3597 3.3597 2.0089 3.0744 3.0744

Table 5 Some numerical results of mg in equation (27) in Example 1 for g = %, %, g
n g=3 q=1 q=1%
Fq(ﬂz+1) Fq(Z—ﬂ]) mo Fq(ﬂ2+‘\) Fq(2—ﬂ1) Mo Fq(ﬂ2+]) Fq(zfﬁw) mo

1 0.9661 0.9656 0.9656  0.9965 0.9772 09772  1.6936 1.389 1.389

2 09644 0.9642 09642 0.9565 0.9493 0.9493 14923 1.2733 1.2733

3 0.9641 0.964 0.964 0.9382 0.9364 09364 13628 1.1967 1.1967

4 09641 0.964 0964 09294 09302 09294 12721 11419 11419
10 0.9641 0.964 0.964 0.921 0.9243 0.921 1.031 0.9905 0.9905
" 0.9641 0.964 0.964 0.9209 0.9242 09209 1.0124 0.9783 0.9783
12 09641 0.964 0.964 0.9209 0.9242 0.9209 0.9967 0.9681 0.9681
13 09641 0.964 0.964 0.9209 0.9242 09209 0.9833 0.9593 0.9593
14 09641 0.964 0.964 0.9209 0.9242 0.9209 09719 09517 0.9517
15 09641 0.964 0.964 0.9209 0.9242 09209 0.962 0.9452 0.9452
67  0.9641 0.964 0.964 0.9209 0.9242 09209 0.8928 0.8988 0.8928
68  0.9641 0.964 0.964 0.9209 0.9242 0.9209 0.8928 0.8988 0.8928
69 09641 0.964 0.964 0.9209 0.9242 09209 0.8928 0.8988 0.8928
70  0.9641 0.964 0.964 0.9209 0.9242 0.9209 0.8927 0.8988 0.8927
71 0.9641 0.964 0.964 0.9209 0.9242 09209 0.8927 0.8988 0.8927
72 0.9641 0.964 0.964 0.9209 0.9242 0.9209 0.8927 0.8988 0.8927

Tables 4 and 5 show the values of M(«,b) in equation (26) and m in equation (27), re-
spectively. Put

1 2 1
o(t, u(®), ' (&), DP u(e), IP2u(t)) .= ———— (ull + ||o/ | + | D2 | + |12 u),
( O 10) = sl ] + [+ 1)
1(t) = pa(t) = pa(t) = palt) = u(t) = ——, n(0) = y(t) = ys(t) = yalt) = y(t) = ——
) 96/7t3 L ) 96/mt3
and O;(uy, uy, us, uy) := ||lu;|| fori=1,...,4. Then ||l = ||yl = VR ~ e

’a)(tx Uy, Uz, U3z, Lt4) - a)(t¢ V1,V2,V3, V4)}
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——— ) lul =il
96«/_(g( )3 121:

96f(g Z l24; = vill

Z lai = vi]
96\/_t3

4
= Zﬂ(t)ﬂui =vill,
i=1

and

|a)(tr Uy, U, Mg,lx[4)| 96\/_(g(t Z ||b£ ”

96ft3 Z [

4
= Z Y (OOi(u1, uz, u3, ua)

i=1

_4 p—
for all (u1,us,u3,us) and (v1,v9,v3,v4) € B and t € J. On the other hand, we have
O;(w,w,w,w)

limy,— 00 =1, and by equations (26) and (27), we get

= o = o >1
M@,b) Y @)l M) YL, ly@®)h

(28)

Table 6 shows the values of A. Choose 8y > 0 such that my > M(«a, b) Z?zl I Il1 + 8o. Since

! 7 1 1
1 =/0 (1-g9)F D u(s)d,s 5/0 w(s)ds = |l = N
we obtain
N N ﬁ /:\L
e [M e I;(2-p1) * (B + 1)]M(a,b)
P [1+1+L4 1 ]M(ab)<1 "
o4 LG LG

Table 7 shows the values of t(«, b). Now, by using Theorem 5, the pointwise defined prob-

lem (25) has a solution.

Example 2 Consider the fractional g-integro-differential equation

2 4

0.09 3 g(u(t)"’u (t )+D u(t)+1, (t))

D2 o)+ 71[1_ (_> }:0 (30)
ti(t—1)s >
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Table 6 Some numerical results of A > 1 in equation (28) in Example 1 for g =

(2020) 2020:38

118

7'2'9
noo4=7 9=73 q=1%

mo M(ee, b) A mo M, b) A mo M, b) A
1 0.9656 4.8544 5.6396 09772 2.8302 9.7893 1.389 0.5474 71.942
2 0.9642 4.8685 56151 0.9493 3.0915 8.706 1.2733 0.7566 47.7144
3 0.964 4.8705 56116 0.9364 3.2248 82327 1.1967 0.9602 353353
4 0.964 48708 56113 0.9294 3292 8.0044 1.1419 1.1541 28.0524
5 0.964 4.8709 56112 0.9251 3.3258 7.8864 1.1007 1.336 23.3586
6 0.964 48709 56112 0923 3.3427 7.8287 1.0685 1.505 20.129
15 0.964 4.8709 56112 09209 3359 77716 09452  2.48% 10.7641
16 0964 48709 56112 09209 33597 77714 09396 25526 104363
17 0.964 4.8709 56112 09209 33597 77714 09346 26089 10.1567
95 0.964 48709 56112 0.9209 3.3597 77714 0.8927 3.0744 8.2325
9% 0.964 4.8709 56112 0.9209 3.3597 77714 0.8927 3.0744 82325
97 0.964 48709 56112 0.9209 3.3597 77714 0.8926 3.0744 8.2315
98 0.964 4.8709 56112 0.9209 3.3597 77714 0.8926 3.0744 82315
99 0.964 48709 56112 0.9209 3.3597 77714 0.8926 3.0744 8.2315
Table 7 Some numerical results of T(w, b) < 1 in equation (29) in Example 1 for g = % 3 g. Note that
(@ =1T%(B2+1),(b) =142~ B1)and (0) = M(a, b)
noa=; =3 =3

(@) () © T (a) (b) © T (a) (b) © T
1 09661 09656 4.8544 0.1742 09965 09772 28302 0.1005 16936 1389 05474 0016
2 09644 09642 48685 0.1749 09565 09493 3.0915 01117 14923 12733 0.7566 0.0231
3 09641 0964 48705 0.175 09382 09364 32248 0.1175 13628 1.1967 09602 0.0302
4 09641 0964 48708 0175 09294 09302 3292 0.205 12721 1.1419 1.1541 0.0373
5 09641 0964 48709 0.175 09251 09272 33258 0.122 1205 1.1007 1336 0.044
10 09641 0964 48709 0.175 0921 09243 33586 0.1234 1.031 0.9905 20511 0.072
1109641 0964 48709 0.175 09209 09242 33591 0.235 1.0124 09783 2158 0.0763
1209641 0964 48709 0175 09209 09242 33594 0.1235 09967 09681 22544 0.0802
1309641 0964 48709 0.175 09209 09242 33595 0.1235 09833 09593 23413 0.0838
14 09641 0964 48709 0.175 09209 09242 3359 0.1235 09719 09517 24194 0.087
15 09641 0964 48709 0.175 09209 09242 33596 0.1235 0962 09452 24896 0.09
62 09641 0964 48709 0.175 09209 09242 33597 0.1235 0.8929 08989 3.072 0.1146
63 09641 0964 48709 0175 09209 09242 33597 0.1235 08929 08989 3.0723 0.1147
64 09641 0964 48709 0.175 09209 09242 33597 0.1235 0.8928 0.8989 3.0725 0.1147

_ 1
for ¢ € ], with boundary condition #'(0) = u(}) and u(1) = [y u(s)ds. Puta = 3, By =

,Bzzé,az%,bz L and k; = 1. Note that

M(a,b) = max{

= max{
a

77

3

2

)
3

2

~HrG) a-hrd

u—bgmyu—wgm—n}

I

NI

(31)

Page 27 of 33
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Table 8 Some numerical results of M(ct, b) in equation (31) in Example 2 for g =

(2020) 2020:38

1
2

8

)
nooo9=7 9=} 9=3%
Ab)  Aab  Mab  Aeb  Aeb  Mab Awb  A@b  Mab)
1 3.2787 24151 3.2787 24764 2.3414 24764 0479 13777 1.3777
2 3.2878 24195 3.2878 2.7051 24394 2.7051 0.662 1.5636 1.5636
3 3.2891 24201 3.2891 28217 2487 28217 0.8402 1.7122 1.7122
4 3.2893 24202 3.2893 2.8805 2.5105 2.8805 1.0098 1.8343 1.8343
5 32893 24202 32893 20101 2522 29101 1169 19364 19364
6 3.2893 24202 3.2893 2.9249 2.528 2.9249 1.3169 20229 2.0229
13 32893 24202 32893 29396 25338 29396 20486 23729 23729
14 32803 24200 32893 29397 25338 29397 2117 24000 24009
15 32893 24202 32893 29397 25338 29397 21784 24255 24255
16 32803 24200 32893 29307 25338 20397 22335 24472 24472
17 32893 24202 32893 29397 25338 29397 22828 24662 24662
18 32803 24202 32893 29397 25338 29397 2327 24831 24831
88 32893 24202 32893 20397 25338 29397 269 26139 269
89 3.2893 24202 3.2893 2.9397 2.5338 29397 2.69 26139 2.69
90 32893 24202 32893 20397 25338 29397 269 26139 269
91 3.2893 24202 3.2893 2.9397 2.5338 29397 26901 26139 2.6901
92 32893 24202 32893 29397 25338 29397 26901 26139 26901
93 3.2893 24202 3.2893 2.9397 2.5338 29397 26901 26139 26901
o4 32803 24202 32893 29397 25338 29397 26901 26139 26901

Table 8 shows the values of M(«, b) in equation (31). Define

a)(t,ul,.. .

5

3) Z(uy++ug)

. 3 %(M*“‘*’M)
77 11-( =2 ,
el ]

One can easily see that ® is nondecreasing in all its components and & (w, w,w,w) >0

for all w > 0. Assume that (u3,...,u4) and (vy,...,vs) belong to E4 and u; > v; > 0 for

i=1,...,4 Since (2)" > (3)4,

)1

and so

G

3

3

5

X
X

)]
)]

3

5

=

3

5

=

-
JEON!

)ui
’
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By replacing u;, v; with 2 S i 2 >°% , vi, respectively, we get

3\ Tk 3\ 3Tk AR A
1-(2 —|1-(= <1-(:z :
5 5 5

Hence, @ (u1,...,uq) — Ov1,...,v4) < O(u1 —v1,...,us — v4). On the other hand, we have
o(t,uy, ..., us) —o(t,v1,...,va) < p(O)O(uy —vi,...,ts — v4)

and

. @(W,W,W,W) . 1_(2)4X%W 2 3

lim ———— = 1lim ———=-4( - |[In{ =) |=0.81<1.
w—0+ w w—0* w 5 5

Now, by using Theorem 6, the fractional g-integro-differential pointwise defined equation

(30) has a solution.

Example 3 Consider the fractional g-integro-differential equation

3 0.01

DJu(t)+ 2 F(uld) W (0, DS uld) [ u(®) +2=0 (t]) (32)

4 _
with boundary condition #'(0) = u(%) and u(1) = [;> u(s) ds, where g : ] — [0, 00) is defined
by g(£) = 0 whenever t € QN J and g(t) = v/t whenever t € Q° N] and the map F : R* —
[0, 00) is defined by

% Z?:l 1_”_“5)1” ) Ul Us € [0) 29]:

|sin(uy + -+ +uq)|, U1,...,Uq € (—00,0),
F(uy,...,us) = 299 /1 4

E(Z Zi:l L{i—24), Uiy..., Uy € [29,30],

0, otherwise.

Puto = %, B1= %, By = %,zz: %,andb: %. Then we have
3 2
Mla,b) = max{ (1-b)I(a) A-b) e~ 1)}
—max{ 3 2 } (33)
B A-Hr,3) a-Hr,3)
and
) . 5 5 5
mo =min{I;(2 - B1), [y(B2 + 1)} = mm{Fq<§), Fq<§>} = Fq(g). (34)

Tables 9 and 10 show the values of M(«, b) and m in equations (33) and (34), respectively.
By simple checking, we can see that ||F||« = 1. Let #; = 1. Define the maps ¥ (i1, ..., us) :=
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Table 9 Some numerical

(2020) 2020:38

results of M(ex, b) in equation (33) in Example 3 forg= -

1

18

7'2'9
nooq=3 =1 9=1%
Arle,b) Ao, b) M(ee, b) Ao, b) Ax(a,b) M(at, b) Arle, b) A, b) M(e, b)
1 14.0518 10.3504 14.0518 106131 10.0347 106131 2.0529 5.9045 5.9045
2 14.0906 10.3693 14.0906 11.5932 104546 11.5932 28373 6.7012 6.7012
3 14.0962 10.372 14.0962 12,0928 10.6587 12.0928 3.6008 7.3381 7.3381
4 14.097 10.3723 14.097 12.345 10.7594 12.345 43279 7.8613 7.8613
5 14.0971 103724 14.0971 124717 10.8094 124717 5.0102 8299 8299
6 14.0971 10.3724 14.0971 12.5352 10.8344 12.5352 5.6437 8.6696 8.6696
18 14.0971 10.3724 14.0971 12.5987 10.8592 12.5987 99727 10.6418 10.6418
19 14.0971 103724 14.0971 12.5987 10.8592 12.5987 10.1419 10.7056 10.7056
20 14.0971 10.3724 14.0971 12.5988 10.8592 12.5988 10.2931 10.7619 10.7619
21 14.0971 103724 14.0971 12.5988 10.8592 12.5988 104282 10.8118 10.8118
22 14.0971 10.3724 14.0971 12.5988 10.8592 12.5988 10.5487 10.8559 10.8559
105 14.0971 10.3724 14.0971 12.5988 10.8592 12.5988 11.529 11.2026 11.529
106 14.0971 103724 14.0971 12.5988 10.8592 12.5988 11.529 11.2026 11.529
107 14.0971 10.3724 14.0971 12.5988 10.8592 12.5988 11.5291 11.2026 11.5291
108 14.0971 103724 14.0971 12.5988 10.8592 12.5988 11.5291 11.2026 11.5291
109 14.0971 10.3724 14.0971 12.5988 10.8592 12.5988 11.5291 11.2026 11.5291
110 14.0971 103724 14.0971 12.5988 10.8592 12.5988 11.5291 11.2026 11.5291
Table 10 Some numerical results of M(e, b) in equation (33) in Example 3 for g = % % g. Note that
(@) =mo, (b) =0.02 x M(at,b), and (c) = 2.02 x M(ct, b)
n g=1 q=1 g=2
() (6) (© () (b) © (@) (b) ©
1 0.9738 0.281 28.3846 1.0314 02123 214385 2.1001 0.1181 11.9271
2 09717 0.2818 28463 0.9796 02319 234183 1.7825 0.134 13.5364
3 09714 0.2819 284743 0.9561 0.2419 244275 1.5838 0.1468 14.823
4 09714 0.2819 284759 0.9448 0.2469 24,9369 1.4475 0.1572 15.8798
5 09714 0.2819 284761 0.9393 0.2494 25.1928 1.3484 0.166 16.764
6 09714 0.2819 284761 0.9365 0.2507 253211 12733 0.1734 17.5126
19 09714 0.2819 284761 0.9338 0252 254494 0.9646 02141 216253
20 09714 0.2819 284761 0.9338 0.252 254496 0.958 0.2152 21.739
21 09714 0.2819 284761 0.9338 0252 254496 0.9522 02162 21.8398
22 09714 0.2819 284761 0.9338 0.252 254496 0.947 02171 21.9289
23 09714 02819 284761 0.9338 0.252 25.4496 0.9426 02179 22.0079
103 09714 0.2819 284761 0.9338 0252 254496 0.9086 0.2306 23.2886
104 09714 0.2819 284761 0.9338 0.252 254496 0.9086 0.2306 23.2886
105 09714 02819 284761 0.9338 0.252 25.4496 0.9086 0.2306 23.2886
106 09714 0.2819 284761 0.9338 0.252 254496 0.9086 0.2306 23.2886
107 09714 02819 284761 0.9338 0.252 25.4496 0.9086 0.2306 23.2888
108 09714 0.2819 284761 0.9338 0.252 254496 0.9086 0.2306 23.2888
109 09714 02819 284761 0.9338 0.252 25.4496 0.9085 0.2306 23.2888

F(uy,...,uq), u(t) = h(t) = y(¢) := 0.01¢, and ¢(¢t) = %t. If 2(uy,...,us) =2,

w(t’uly~'1u4) =

0.01

&0

T(ul,...,u4) + 2,
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and [8;,8,] = [0,29], then w(¢, uy, 1o, us, ua) < 00 for uy,...,us € B and t € E := QNnJ,
o(t, uy, Uy, us, ug) is continuous with respect to the components uy, uy, us, and uy for all
teE,

1

F(uy,...,uqg) +2 > h(t)y(u,...,us)
g

a)(t,ul,...,u4) =

and

’a)(t,ul,...,u4)—a)(t,vl,...,m)! 52— X —— ||u; — vi|

w2 v

4
=> vy @®(lu - vill)

i=1

for all (u1,...,u4), (V1,...,v4) € E4 and ¢ € . Note that Omy €V,

4

M(e,b) Y Ivill =4 x 0.005 x M(2,b) = 0.02 x M(@,b) < 1, (35)
i=1

Lig _ 2 _
1V lnlihlf(4—a?=20) 0 o (36)
2Ty (@)1 - a)
and
M@, D)(IFlscllilly + 192117) < (1 x 0.02 + 2)M(er, b) <29 =55 (37)

Table 10 shows the values of equation (37). Now, by using Theorem 7, the fractional g-
integro-differential pointwise defined equation (32) has a solution.
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