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1 Introduction

In this paper, we investigate the null controllability of the following semilinear degenerate

system:
us — (x“ux)x +g tu,uy) = h(x, ) xw, (%t) € Qr, (1.1)
u(0,8) =u(l,t)=0 if0<a<1,t€(0,T), (1.2)
x%uy(0,8) =u(l,t)=0 ifl<a<2,t€(0,7T), (1.3)
I/l(x, 0) = uo(x); S (Or 1)7 (14')

where Qr = (0,1) x (0,T), w is a nonempty open subset of (0,1), ug € L2(0,1), h(x,t) €
L?(Qr) is a control function, g(x, s, p) is Lebesgue measurable in Qr x R x R and C!
continuous with respect to s, p uniformly for (x,£) € Qr. Furthermore, we assume that g
satisfies g(-,-,0,0) = 0 and

|gs(x,t,5,p)| + 27| gy, t,5,p)| <K, V(% t,5,p) € Qr x Rx R, (1.5)

where K > 0 is a constant. Equation (1.1) is degenerate at the boundary x = 0, and it can
be used to describe some physical models, for example, in [6, 8], we can find a motivating
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example of a Crocco-type equation coming from the study on the velocity field of a laminar
flow on a flat plate.

In the last forty years, many authors have been devoted to studying control systems, the
interested readers can refer to [1-26] and the references therein. For instance, Wang in
[27-29] studied the approximate controllability of a class of systems governed by degener-
ate parabolic equations. In 2013, Du and Wang in [11] investigated the null controllability
of a class of coupled degenerate systems. Later, Du and Xu in [13] studied the bound-
ary controllability of a semilinear degenerate system with convection term. Recently, Xu,
Wang and Nie in [30] considered the Carleman estimate and null controllability of a cas-
cade control system with convection terms. For degenerate equations, one must overcome
some technical difficulties to get some necessary estimates for controllability theory. In
particular, the following system governed by a single degenerate parabolic equation has

been widely studied:
wy — (x%wy), + k(x, )w = h(x,t)x0r  (%,1) € Qr, (1.6)
w(0,8)=0 if0<a<l, (x*wy)(0,8) =0 ifa>1,t€(0,T), (1.7)
w(l,8) =0, ¢€(0,7), (1.8)
w(x,0) =wo(x), x€(0,1), (1.9)

where k € L*°(Qr). The system is null controllable if 0 < & < 2 [8, 9, 26], while not if « > 2
[7]. It is noted that the degeneracy of (1.6) is weak if 0 < « < 1 and strong if « > 1. The
null controllability of system (1.6)—(1.9) for 0 < @ < 2 is based on the Carleman estimate
for solutions to its conjugate problem

~W, — (x* W), + k(x, )W = F(x,8),  (x,£) € Qr, (1.10)
WO0,8)=0 if0<a<l,  (x*W)0,6)=0 ifl<a<2te(0,T), (1.11)
W(1,6)=0, te(0,T), (1.12)
W(x, T) = Wr(x), x€(0,1). (1.13)

Since the problem may be not null controllable, the authors introduced some new con-
cepts on controllability, the regional null controllability and the persistent regional null
controllability, which is weaker than the null controllability [7]. They proved that the prob-
lem is regional null controllable and persistent regional null controllable for all & > 0. For
semilinear problem (1.1)—(1.4), the authors also showed the regional and persistent re-
gional null controllability in [3, 5]. Moreover, the approximate controllability of degenerate
equation (1.1) with suitable boundary and initial conditions has been proved in [12, 27—
29] forall @ > 0.In [1, 19], the authors proved the null controllability of problem (1.1)—(1.4)
with

gl t,u, uy) = f(x,t, u)
and
glx, t,u,uy) = 22b(x, Oy + c(x, D), (1.14)

respectively.
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In this paper, we investigate the null controllability of semilinear problem (1.1)—(1.4).
First, we prove the approximate null controllability of linear problem (1.1)—(1.4) with
(1.14). Next, we prove the approximate null controllability of semilinear problem (1.1)-
(1.4) by using the Schauder fixed point theorem. At last, we state the null controllability
of semilinear problem (1.1)—(1.4) with the method inspired by [3]. The paper is organized
as follows: In Sect. 2, we introduce function spaces that are needed for the well-posedness
and prove the well-posedness of system (1.1)—(1.4). In Sect. 3, we prove that the semilinear

system is null controllable.

2 Well-posedness
In this section, we first consider the linear problem

e — (¥s), + b, s + cx, u=f(x,8),  (x,0) € Qr, 2.1)
u(0,8) =u(1,6) =0 if0<a<1,te(0,T), (2.2)
Xuy(0,8) =u(1,0) =0 if1<a<2,te(0,T), 2.3)
u(x,0) = up(x), x€(0,1), (2.4)

where b,c € L®(Qr), f € L*(Qr), and ug € L*(0,1).
Define that H} (0, 1) and H2(0, 1) are the closure of C§°(0, 1) with respect to the following

norm:

1 1/2
el 111 0,0) = (/0 (u? + x*u2) dx> , u€HL0,1)

and

1 12
Il 201y = (/0 (u® + x%u + (x“ux)i) dx> , ueH0,1),

respectively.
For readers’ convenience, we denote

M =C(0,T;L%(0,1)) N L*(0, T; H}(0,1))
and

N =H'(0,T;L%(0,1)) N L*(0, T; HZ(0,1)).
Lemma 2.1 N is compactly imbedded in M.
Proof Using Aubin’s theorem ([3], Theorem 4.3) with ry = r1 = 2, Xo = HX(0,1), X; =
H(0,1), X5 = L*(0,1), and @ = 0, b = T, one can get that A/ is compactly imbedded in
L2(0, T; HL(0,1)).

Since H*(0, T; L%(0, 1)) is compactly imbedded in C(0, T; L%(0, 1)) and A is continuously
imbedded in H'(0, T;L*(0, 1)), one has that A" is compactly imbedded in C(0, T;L2(0, 1)).



Xu et al. Boundary Value Problems (2020) 2020:55 Page 4 of 14

Moreover, since N is compactly imbedded in L?(0, T; H:(0,1)) and C(0, T;L%*(0,1)),
respectively, it is obvious that A/ is compactly imbedded in M = C(0, T;12%(0,1)) N
L?(0, T; H1(0,1)), the proof is complete. O

Due to the degeneracy of the coefficient %, problem (2.1)—(2.4) may not have classical
solutions, so we need to give the definition of weak solutions.

Definition 2.1 If u € M, for any function ¢ € M with ¢, € L>(Qr) and ¢(-, T)|(01) = 0, it
holds that

1
// (—u<pt + X% Uy + 5 bugg + cmp) dxdt = / fodxdt + / uo(x)@(x,0) dx,
Qr Qr 0

then the function u is called the weak solution of the system (2.1)—(2.4).

On the basis of Theorem 2.4 [3] and Lemma 2.1 [12], the problem (2.1)—(2.4) is well
posed. Furthermore, we can get the following proposition.

Proposition 2.1 If||b]| 1) < C1, llcllz(or) < Ca.f € L*(Qr), and u € L*(0,1), then the
problem (2.1)—(2.4) uniquely admits a weak solution u € M. Furthermore, u satisfies that

(i)

1 1
sup / u?(x, t) dx + // x“uidxdt < C</ fz(x,t)dxdt+/ ué(x)dx),
(0,71 J0 Qr Qr 0

where C > 0 is a constant depending on T, Cy, and Cy.
(ii) Ifuo € HX(0,1), then u € N and it holds that

/ /Q (u + (o))

1
sc( / fA(x ) dxdt + / (u(z)(x)+xa(u6)2(x))dx>,
Qr 0

where C > 0 is a constant depending on T, Cy, and Cy.

Similar to the linear problem (2.1)—(2.4), one can give the definition of weak solution to
the following semilinear problem:

w— (x"uy), + g t,uuy) = f(x,8),  (x,t) € Qr, (2.5)
u(0,£) =u(1,t)=0 if0<a<1,te(0,7), (2.6)
ug(0,8) =u(l,5)=0 ifl<a<2,te(0,7), (2.7)
u(x,0) = up(x), x€(0,1). (2.8)

Definition 2.2 A function u is called the weak solution of the problem (2.5)—(2.8) if u €
M, and for any function ¢ € M with ¢, € L?(Qr) and ¢(-, T)|0,1) = 0, the following integral
equality holds:

1
f(pdxdt+/ uo(x)p(x, 0) dx.
0

/f (—mpt +x% Uy + gx, 1, ux)go) dxdt = /
Qr

Qr
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The semilinear problem (2.5)—(2.8) is well posed, which is proved in Theorem 3.1 [12]
and Theorem 3.7 [3].
For any w € L*(0, T; H.(0, 1)), define the functions

1
c(x, t,w) = / gs(o, 6, Aw, Awy) dA,
0
1
b(x, t,w) = x_”‘/Z/ &, £, Aw, Awy) dA.
0
Then (1.5) yields that

|G, £, w)|| ok = K |6, &, w)|| ok = K- (2.9)

Moreover, we can obtain that

L ag(x, ¢, u, 1
g0 b1, 1) — g(%,£,0,0) = / dgle by has d) 1,

o I

L da(x, t, Mty At 1 g (x, t, Au, Aty
:/ g(x, £, hu ”)udm/ g(x, t, Au u)u
0 0

A
as ap

= c(x, t,u)u + x*2b(x, t, u)u,.
Furthermore, c(x, £, w) and b(x, t, w) satisfy the following property.
Lemma 2.2 Assume that {wi}3°, converges to w in L*(0, T; H}(0,1)), then

c(x, t, wi(x, t)) — c(x, t, w(x, t)) weakly x in L°(Qr), ask — oo, (2.10)

b(x,t, wi(x, ) — b(x, ¢, w(x, t)) weakly  in L(Qr), ask — oo (2.11)
and

(c(x, t, wr(x, t) — c(x, t, w(x, t))2 — 0 weakly * in L°(Qr), ask— 00, (2.12)

(b(x, £, wi(x, £) - b(x, t, w(x, t))2 — 0 weakly x in L*(Qr), ask— oc. (2.13)
Proof For convenience, we denote
c[wl(x, t) = c(x, t, w(x, t)), b[w](x,t) = b(x, t, w(x, t)), wel? (0, T; Holl (0, 1)).

First, we will prove

lim /:/ |c[wk](x, t) —c[w](x, t)| dxdt=0. (2.14)
Qr

k—o00

For each § > 0, let

Es={(x1) € Qr:a* <6}, Fs={(x,t) € Qr:a* >3}
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Combined giné meas E5 = 0 with (2.9), we only need to prove

lim f |c[wk](x, t) — c[w](x, t)| dxdt=0, &>0. (2.15)
Fs

k—00

Fix § > 0, since {wy};2, converges to w in L*(0, T; H,(0, 1)), then

k—o00 k— 00

lim / (we —w)?dxdt =0, lim / (Wix — wy)tdxdt = 0. (2.16)
Fs Fs

For any integers m,j > 0, denote

F5,m = {(x!t) EFS’

w(x,t)| + |wx(x, t)’ > m}
and
Fsmj= {(x, t) € Fs : there exsits k > j, such that |wk(x, t)| + ’wkx(x, t)| >m+ 1},
then
lim meas Fs,;, = 0. (2.17)
m—> 00
Furthermore, (2.16) shows that
lim meas(Fs,; \ Fsm) =0, m=1,2,---. (2.18)
]—)OO

It follows from the definition of c[w](x, t) and (2.9) that
//F |c[wk](x, t) — c[w](x, t)| dxdt
= f/ ’c[wk](x, t) —c[w](x, t)| dxdt + /f ’c[wk](x, t) — c[w](x, t)| dxdt
Fs\(Fs,mYEs,m,j) Fsm

+//1;5,m,;\F,s,m|C[Wk](x’ £) - clwl(x, )| dx dt

=/ elwil,£) — clwl(x, )| dxde
Fs\(Fs,mYEs,m,j)
+ 2K meas Fs ,,, + 2K meas(Fs,; \ Fsm)- (2.19)
Since g(x,t,s,p) is C' continuous with respect to s, p uniformly for (x,t) € Qr, then

lim / /
k=00 J J Fs\(FsuUFs my)

mj=1,2,--. (2.20)

0g

0
(2%, £, AWg, AWpy) — —g(x, t, AW, Aw,) dM\| dxdt =0,
as as

Let k — 00, j — 00, m — 00 in turn in (2.19), one can deduce (2.15) from (2.17), (2.18),
(2.20), and thus (2.14) holds.
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Fix ¢(x,t) € L(Qr), for any integer # > 0, we can deduce from (2.9) that

//Q (clwilx, 8) — c[wl(x, £)) (. £) dax it

= f/ (clwi] = c[w])p(x, t) dx dt
{(x)€Qr:lp(.t)|>n}
+ /f (c[wk] - c[w])<p(x, t)dxdt
{(x)eQr:lpxt)| <n}

< 21(// lo(x,t)| dxdt
{(x,)eQT:|p(x,t)|>n}

+ n// |c[wk](x, t) — c[w](x, t)| dxdt (2.21)
{x0)eQr:lo(xt)|<n}
and

f/() (clwid (%, 8) — c[w](, t))2<p(x, t)dxdt

= // (c[wk] - c[w])2<p(x, t)dxdt
{(x0)eQr:lp(xt)[>n}
+ / / (clwi] - clw]) o (x, 1) dx dt
{(x)eQr:lpx.0)|<n}

541(2f/ |<p(x,t)‘dxdt
{(x)eQr:lpx.t)|>n}

+2nK // |c[wk](x, t) — c[w](x, t)| dxdt. (2.22)
{(x0)€Qr:lpx.0)|<n}

Let kK — oo and then # — oo in (2.21) and (2.22), it follows from ¢ € L'(Qr) and (2.14)
that

k— o0

lim // (c[wk](x, t) — c[w](x, t))(p(x, t)dxdt =0
Qr

and

k—o00

lim f f (clwil(@,t) — c[wl(x, ) p(x, £) dxdt = 0.
Qr

The convergence for b[w](x, t) can be proved similarly, the proof is complete. d

Theorem 2.1 For any f € L*>(Qr) and uy € L*(0,1), the problem (2.5)—(2.8) has a unique
weak solution.

Proof We divide the proof into two steps.
Step 1. Let us prove the existence of the weak solution to the problem by using the
Schauder fixed point theorem. It follows from Proposition 2.1 that the problem

U — (x"‘ux)x +x2b(x, t, W), + c(x, t, W) =f(xt) —g(x,£0,0), (xt)€Qr, (2.23)

u(0,t) =u(l,£) =0 if0O<a<1,t€(0,7), (2.24)
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2Pu0,) =u(l,)=0 ifl<a<2,te(0,T), (2.25)

u(x,0)=0, xe(0,1) (2.26)
admits a unique weak solution. Define an operator A:
Aw)=u, welL?*(0,T;H,(0,1)),

where u is the weak solution to problem (2.23)—(2.26). For any {w;}°, C L2(0, T; H2(0,1)),
it follows from (1.5) that {c(x,t, wi)}32, and {b(x,t, wi)}2, are uniformly bounded in
L*(Qr), respectively. Therefore, there exists a subsequence of the integer set k, denoted
by itself for convenience, such that {c(x, £, wi)}72; and {b(x, £, wi)}Z2, converge weakly
in L*(Qr), respectively. Then, it is deduced from Corollary 2.3 in [12] that there exists a
subsequence of {A(wy)}2,, which converges in L*(0, T; H1(0, 1)), hence A is precompact.

Now we assume that {w;}{°, converges to w in L?(0,T;HL(0,1)), it follows from
Lemma 2.2 that

(c(x, t, wi(x, t)) - c(x, t, w(x, L‘)))2 — 0 weakly * in L*(Qr),

(b(x, &, wi(x, 1)) — b(x, £, Wi, t)))2 — 0 weakly * in L*(Q7).

From the convergence above and Corollary 2.4 in [12], A(wx) converges to A(w) in
L2(0, T; H1(0,1)), therefore A is continuous.

According to the discussion above, we know that A is precompact and continuous on
the closed and convex hull of its range, then A satisfies the hypotheses of the Schauder
fixed point theorem. Therefore, there exists a function u € L*(0, T; H1(0, 1)) such that u =
A(u) € M is the weak solution to the problem (2.5)—(2.8).

Step 2. Let us prove the uniqueness of the weak solution. Assume that # and v are two
weak solutions to the problem (2.5)—(2.8) and set

wix, t) = u(x, t) —v(x, t), (xt) € Qr.

Note that

1
d
glx, tu,uy) —glx, t,v,vy) = / ﬁg(x, Lau+ (1 =A)v, Au, + (1 = A)vx) di
0
! ]
= / (u— V)a—g(x, tLAu+ (1 =2y, Au, + (1 - k)vx) dx
0 N
1 d
+ / (u— v)xa—g(x, tdu+ (L= M), Aty + (1 = M)vy) dA
0 4

1
d

= w/ 8—g(x, LAu+ (1 =2, Aug+ (1 - A)Vx) dx
0 S

1
0

+ wx/ —g (%t 2+ (1= M), Aty + (1 = A)vy) dA
o op

=00, )w+ 2y (x, wy,  (x,8) € Qr,
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where

1

d

O(x,t) = / a—g(x, tdu+ (1= Ay, Ay + (1= M)vy) dA,
0 S

1
0
V(x,t) = 52 / ﬁg(x, tau+ (1= A)v, A, + (1 — A)vx) dh.
0
Then w(x, £) is the solution to the following problem:

wy — (x%wy)  +0(x, t)w + 22y (x, we =0,  (x,8) € Qr,
w(0,8) =w(l,£) =0 if0<a<1,t€(0,T),
xwe(0,8) =w(1,t) =0 ifl<a<2,t€(0,7T),

w(x,0)=0, x€(0,1).
It follows from Proposition 2.1 that
w(x,t) =0, (x,¢)€Qr,
which yields
ulx, t) =vix,t), (xt)eQr.
The proof is complete. d

3 Null controllability
In this section, we first consider the approximate null controllability of the linear problem

e — (1) + 672D, )ity + (0, Ot = h(x, O X (%:£) € Qr, (3.1)
w0,0)=u(1,6)=0 if0<a<1,t€(0,T), (3.2)
u(0,8) =u(l,) =0 ifl<a<2,te(0,T), (3.3)
u(x,0) = up(x), x€(0,1), (3.4)

where b,c € L®(Qr), h € L*(Qr), and ug € HX(0,1).

Theorem 3.1 The problem (3.1)—(3.4) is approximately null controllable, which means
that, for any € > 0, there exists a function h, € L*(Qr) such that

T 1
/ / h? dxdt < C/ u(z)(x) dx, ||u5(x, T) ||L2(0 =6 (3.5)
0 Jo 0 ’

where C > 0 is a constant independent of ¢ and u, is the solution of (3.1)—(3.4) with h = h,.

Proof Define a functional

T 1
Jo(h) = 1/ /hzdxdt+ i/ u(x, T)dx, hel*(Qr),
2 0 ® 2¢e 0
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where u is the solution to problem (3.1)—(3.4). It is not hard to prove that the functional

has a unique minimum point

He = =Qc X (3.6)

where ¢, is the solution to the conjugate problem

(@e)e + (2 (@e)), + (x*"*bgps) . —c9 =0, (x,8) € Qr, (3.7)
0:(0,8) =:.(1,£) =0 ifO0<a<1,te€(0,T), (3.8)
x(0.):(0,8) = 0.(1,£) =0 ifl<a<2,t€(0,T), (3.9)
0w T)= “uwT), %O, (3.10)

Multiplying (3.7) by u. and then integrating by parts, one can get that

1 1
/ ue(x, T (x, T) dx — / uo(x) . (x, 0) dx
0 0

- f / (e — (0 )e), + 2B 2) (0t + (o Dt ) e et
Qr

T
=/ /hg(ps dxdt. (3.11)
0 w

A combination of (3.6), (3.10) and (3.11) implies that

T 1 1 1
/ /hg dxdt + —/ uﬁ(x, T) dx:/ uo(x) e (x,0) dx. (3.12)
0 Jo €Jo 0

As shown in Lemma 3.1 [19], there exists a constant C such that

1 T
2 2
/0 9. (x,0)dx < C/O /w((pg) (x,t) dx dt. (3.13)

Using Holder’s inequality with (3.12) and (3.13), one has

/oT/whg = /Oluo(x)%(x,omx
1/2 12
= ([ ) ([ o
S( uo(x)dx) <C/ /(pg(x,t)dxdt)
)

1/2 1/2
<C1/2< uo(x)dx < /hz(x,t)dxdt>

/2

Page 10 of 14
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and

1 1
/ ul(x, T)dx < e / uo(x)@: (x, 0) d
0 0

1 1/2 1 1/2
<e¢ ( /0 u%(x) dx) ( /0 %Z(x, 0) dx)
1 1/2 T 1/2
< 8(/ ug(x) dx) (C/ / hg dx) ,
0 0 w

thus (3.5) holds and the proof is complete. O

Theorem 3.2 Ifug € H:(0, 1), then the semilinear system (1.1)—(1.4) is approximately null
controllable, it means that, for any & > 0, there exists a control function h, € L*(Qr) such
that

T 1
/ / h? dxdt < C/ Z't(z)(x) dx, ” ug(x, T) ||L2(0 n =6 (3.14)
0 Jo 0 '

where C > 0 is a constant independent of ¢ and u, is the solution of (1.1)—(1.4) with h = h,.

Proof For any w € M, we first consider the following problem:

U — (x"‘ux)x + x"‘/zb(x, t, w(x, t))ux + c(x, t, w(x, t))u =hxe, (1) e€Qr, (3.15)
u(0,t) =u(l,t) =0 if0O<a<1,t€(0,7), (3.16)
xu(0,t) =u(l,t) =0 ifl<a<2,t€(0,7), (3.17)
u(x,0) = up(x), x€(0,1). (3.18)

For any /& € L2(Qr), we denote u[w] to be the solution to the problem (3.15)—(3.18). The-

orem 3.1 shows that, for any ¢ > 0, there exists a function /4.[w] = rr%in J:[w](h) such
hel*(Qr)
that

1
0

T ) ,
/0 /(he[w]) dxdth/ uy(x) dx, ||u€[w](x, T)||L2(0’1) <e, (3.19)

where

T 1
Jew](h) = %/0 /hzdxdt+$/o W [wl(x, T)dx, heL*(Qr)

and u,[w] is the solution to problem (3.15)—(3.18) with /4 = /. Define an operator as fol-
lows:

' weMw u,w]e M.

It is easy to prove that I" is a bounded and compact operator from Proposition 2.1 and
Lemma 2.1.

Now we will focus on proving the continuity of I'. If {wy}?2, converges to w in M, then
we have (2.10) and (2.11) from Lemma 2.2. Since /. [wy] is bounded due to (3.19), then
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there exists a subsequence of {/,[wi]}72;, denoted by itself for convenience, such that
{he[wil}72, converges weakly to h, in L*(Qr). Moreover, it follows from Proposition 2.1
and Lemma 2.1 that there exists a subsequence of {u,[wi]};2,, denoted by itself for con-
venience, such that {u,[w]}32, converges to i, in M. Similarly, we can get that, for any
h e L*(Qr), {u[wi]}2, converges to u[w] in M. From Definition 2.1, we know that, for
any function ¢ € M with ¢; € L*(Qr) and ¢(-, T)|(0,1) = 0, the following integral equality
holds:

/ /Q (—tte [wid e + &% (e [Wi]) 0x + 2% b(x, £, wi) (e [i]) 0
+ c(x, £, wi)u,g [wk](p) dxdt

1
= / he (Wil X dx dt + / uo(x)@(x, 0) dx. (3.20)
Qr 0
Letting k — oo in (3.20), we have

// (—L'ts(pt + X% (1 )x@x + X%2b(x, £, W) (e )5 + (%, 1, w)z'tgga) dxdt
Qr

1
=// }_zgxw(pdxdt+/ uo(x)p(x, 0) dx,
Qr 0

which means that i, is the weak solution to the problem (3.15)—(3.18) with % = .. To
prove the continuity of I", we only need to prove h, = h,[w]. Since k. [wy] is the minimum
of J.[wy], then for all 1 € L2(Q7), it is obvious that

lfT/(h [wi])” dxdt + ifl(u [wil)*(x, T) dx
2 o .\ e Wk % o e Wk ’
- E/T/hzdxdn ifl(u[w 1)(6, T) dx (3.21)
-2 0 ® 2¢e 0 k ’ ) ’
Note that
ho[wi] — B in LY(Q7), wuelwi] = i, in M,  ulwi] — u[w]in M, ask — oo.

Let k — oo in (3.21), we obtain that

L [y 1o,
5/(; /L;(hg) dxdt+£/0 (31:)*(x, T) dx
1 T 1 1
=< 5‘/0\ /;hzdxdt+£/(; (M[W])2(x’ T)dx

Thus, &, = h[w] = min J.[w] (h), so I' is continuous.
heL%(Qr)
From the discussion above, one can get that I" satisfies the hypotheses of the Schauder

fixed point theorem. Therefore, there exists a fixed point u € M such that I' () = u, it
means that u is the solution to problem (1.1)—(1.4) and satisfies (3.14). The proof is com-
plete. d
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Inspired by the proof of Theorem 3.6 and Theorem 3.8 in [3], one can prove the null
controllability of system (1.1)—(1.4).

Theorem 3.3 The problem (1.1)—(1.4) is null controllable. More precisely, for any u, €
L%(0,1), there exists a control function h € L*>(Qr) such that the solution u to the problem
(1.1)—(1.4) satisfies

ulx,T)=0, a.e x€(0,1).
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