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Uy (t, x) — div(al)gradu(t,x)) = f(u,Du,DyDu), x € R",t>0,
with small initial data, where a(x) > 0, Du = (Uy,, Uy, ..., Ux,) and

DyDu = (U, kI =0,1,..,n k+ 1= 7).
Then we find a new phenomenon. The Cauchy problem

2
U (t,X) = Au(t, X) = ult, )™ x e R%t>0,
is globally well-posed for small initial data, while for the combined nonlinearities
Uee(6,X) = AU(EX) = U(t, ) (€ 4+ 1) x e R, 1> 0

with small initial data will blow up in finite time. Moreover, we obtain the lifespan
results for the above problems.
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1 Introduction and main results
1.1 Introduction

The blow-up results concerning the semilinear wave equation
n
dpu—» 0ju=|uf, (tx)eR" xR',n>2, (1)
i=1

were firstly studied by John [8] when # = 3. More precisely, he showed that the semilinear
wave equation (1) has the global solutions if p > 1 + +/2 and initial data are sufficiently
small. Meanwhile, he proved the finite time blow-up of solutions if p < 1 + +/2 and the
initial data are not both identically zero. Then Strauss conjectured, when # > 2, the exis-

tence or nonexistence of global solutions to equation (1) for p € (p.(n), 00) or p € (1, p.(n)],
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where p.(n) is the positive root of the quadratic equation
mn-1)p*—(m+1)p-2=0.

After that, there has been much work concerning this conjecture. We give a brief summary
here. To see the global existence of solutions to (3), one can refer to Glassey [3] for n =
2, Lindblad and Sogge [14] for n < 8 for n > 4; Georgiev, Lindblad, and Sogge [2] for
n>4and p, <p < Zi_ti’ To see the finite time blow-up of solutions to (3), one can see
Glassey [4] for n = 2 and Sideris [15] for n > 4, Yordanov and Zhang [21] and Zhou [23]
for n > 4, Takamura and Wakasa [18] and Zhou and Han [25] for #» > 2 and the sharp
upper bound of the lifespan of the solution by using a different method, respectively. The
lifespan T'(¢) of the solutions of (1) is the largest value such that solutions exist for x € R”,
0 <t < T(¢). To the best knowledge of the authors, there is little work concerning the
analog of the Strauss conjecture on cosmological spacetimes except the work of Lindblad
et al. [13]. They showed the global existence of solutions for the semilinear wave equation
on Kerr black hole backgrounds. Zhou and Han [24] first obtained a blow-up result on
semilinear wave equations with variable coefficients and boundary. Lai and Zhou [9, 10]
obtained finite time blow-up result for nonlinear wave equations in exterior domains. Yan
[19] verified this conjecture on blow-up result for semilinear wave equation in de Sitter
spacetimes. After that, Li, Li, and Yan [11] gave the blow-up results of semilinear damped
wave equation in de Sitter spacetimes. We refer the reader to [1, 5, 12, 22] for more related
results. In this paper, one of our main results is to study the blow-up result on quasilinear
wave equations with variable coefficients.

Another problem concerns the blow-up solution of nonlinear wave equation with expo-
nential type nonlinearity. The global existence of initial value problem for the nonlinear
wave equation with exponential type nonlinearity

g (t, %) — Au(t,x) = u(t,x)e™ @ (t,x) e (R,R?) (2)

was studied by Ibrahim, Majdoub, and Masmoudi [6]. They showed that if the initial en-
ergy is small, then the nonlinear wave equation with exponential type nonlinearity is glob-
ally well-posed. Here « is a positive constant in (0,47]. A scattering problem in the en-
ergy space for Klein—Gordon equations with nonlinearity of exponential growth in two
space dimensions was studied in [7]. Struwe [16] established the global well-posedness
of solutions to the Cauchy problem for the wave equations with exponential nonlineari-
ties in the super-critical regime of large energies for smooth and radially symmetric data.
Then, he [17] showed that the Cauchy problem for wave equations with critical expo-
nential nonlinearities in two space dimensions is globally well-posed for arbitrary smooth

initial data.

1.2 Main results
In this paper, we consider the following Cauchy problem with small initial data in n > 2
space dimensions:

uy(t, x) — div(oz(x)gradu(t, x))

= F(|u(t,%)],

Vu(t, x)

Au(t,x)|) + k0|ut(t,x)|p°, (3)

’

t=0: u = €f (x), u; = eg(x),
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where (£,x) € R* x R”, a(x) is a positive smooth function,

F(‘u(t,x)

| Vu(t, %)

Au(t,x) |)

H

= O()»ﬂu(t,x)}pl +k2|Vu(t,x)’p2 + A3|Au(t,x)’p3), @
4

Du = (Uyy Uy ...  Ux,), X0 =1,

D.Du = (thy,x;, k,1=0,1,...,n,k +1>1),

f(x), glx) € C°(R"), € is a small parameter, Ax (k = 0,1,2,3) are nonnegative constants,
Pk > 1. Here, for simplicity of notations, we write xg = £.

We assume that compactly supported nonnegative data f and g satisfy
fx),gx) =0, flx)=g(x)=0 for |x|> 1. (5)
Here we give one of our main results.

Theorem 1 Let f, g be smooth functions with compact support f,g € C3° and satisfy (5),
space dimensions n > 2. Assume that problem (3) has a solution (u, u;) € C([0, T), H!(R") x
L' (R"), ax) > 0 and %5

x)) € (0,C(1 + |%|***)™Y) is local Holder continuous, where r =
max{2, po} such that

supp(u, u;) C {(t,%): |x| <1+1¢},
and the index po > 1, p2 > 1, p3 > 1 and p, satisfies

1+ 26)[(71 + 1)(1 —pal) +P51] -2+ n)(l —p{)l)

<pr<n(l-pg")+ (@ +28)[(n+1)(1-py") + Py

Then the solution u(t,x) will blow up in finite time, that is, T < co. Moreover, we have the
following estimates for the lifespan T (€) of solutions of (3): there exists a positive constant
C, which is independent of €, such that

_r1po-D(p1-1)
T(e) < Cye prol1+D-2 |

where Cy is a positive constant which is independent of €.
Secondly, we consider the following problem:

uy(t,x) — Au(t, x) = u(t, x) (e”(t"‘)2 + e”t(t”‘)z), xeR%t>0,
(6)
t=0: u = €f (x), u; = eg(x).

We assume that compactly supported nonnegative data f and g satisfy

fx)=0, gx) =0, gx)=0 for x| >1. )

Page 3 of 12
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Theorem 2 Let g be a smooth function with compact support g € C3°(R?) and satisfy (7).
Assume that problem (6) has a solution (u,u;) € C([0, T), H' (R?) x L2(R?)) such that

supp(u, u;) C {(t,x): lx] <1+ t}.

Then the solution u(t,x) will blow up in finite time, that is, T < co. Moreover, we have the
following estimates for the lifespan T (€) of solutions of (6): there exists a positive constant
C, which is independent of €, such that

T(e) < Coe2.
where Cy is a positive constant which is independent of €.

The organization of this paper is as follows. In Sect. 2, we recall some blow-up criteria
on ODEs. Section 3 is devoted to proving the finite time blow-up of solutions for the
quasilinear wave equation (3) with variable coefficients. In the last section, the proof of

Theorem 2 is given.

2 Preliminaries

This section recalls some blow-up results for ordinary differential inequality. The first
relevant result on ODE was established by Sideris [15]. The following blow-up result can
be found in [18, 21] as Lemma 2.1.

Lemma 1 ([18]) Letp>1,a>0,and (p — 1)a = q — 2. Assume that G € C([0, T)) satisfies

G(t) = Kt* fort > Ty,
G'(t) = At + R)_q|G(t)|p fort>0,

G(0) >0, G'(0)>0,

where K, Ty, A, and R denote positive constants with Ty > R. Then T must satisfy T < 2T
provided that K > Ky, where

-2
I(()Z q - 4 1_— ! ) lemax TO’L 4
25g\ p+1 29 G'(0)

with arbitrarily chosen § satisfying 0 < § < ’%1 and a fixed positive constant B.

A more general blow-up result was given in [19]. One can see Lemma 2.2 in [19] for

more details on the proof.
Lemma 2 ([19]) Let p > 1. Assume that G € C%([0, T)) satisfies
G(t) = Ka(t) fort=> Ty, (8)

G'(t) > Ab (¢t + R)|G(t) ’p fort>0, 9)

G(0) >0, G'(0)>0, (10)
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where K, Ty, A, and R denote positive constants with Ty > R, a(t) and b(t) are positive
-1

strictly increasing smooth functions, and b3 (t+R)a"T>(t) isa strictly decreasing smooth

function for t > 0, and there exist fixed ty > 2T and a positive constant K such that

~ to —
Ra™(Ty) < / b3t + R)a™ () dt. (11)
T

Then T must satisfy T < 2T provided that K > Ky, where

2

Ko:(8f< ’%)ﬁ, T1=maX{TO,%} (12)

with arbitrarily chosen § satisfying 0 < § < ’%1.
Now we have a new blow-up result.

Lemma 3 Letp > 1and by —ai(p — 1) = 2. Assume that G € C%([0, T)) satisfies

G(t) > Ke™'  fort > Ty, (13)
G'(t) = AR |GR) [ fort >0, (14)
G(0) >0, G (0)>0, (15)

where K, Ty, A, and R denote positive constants with Ty > R.
Then T must satisfy T < 2T provided that K > Ky, where

Ko = (f(‘s ll%l)w, T, :max{To, %} (16)

- L > 1
for arbitrarily chosen § satisfying 0 < § < ”Tl, and a positive constant K > a;8e”2.

Proof We verify condition (11). Let ty = 2T. Then direct computation shows that

to _
b3t + R)a™ () dt
T

2T 1 p-1
— / e—jbl(t+R)+a1(T—8)t dt
Ty

-1
_ e—%bm(_%bl ra <P; 1 B 8)) (e(_%blml(l%l_a))zn _ e(_%b1+a1(1%1_5))T1)

- ,—adT;
Ke 1

v

with K > 4186’%. This completes the proof. 0

It follows from Yordanov and Zhang [20] that we introduce ¢y(x) € C2(R") and

$1(x) = / & dw >0,
Sn—l
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which are solutions of

Ago(x) + V(x)go(x) = 0,

Agy(x) + V(x)p1(x) = 1 (%),

respectively. It is easy to see that ¢o(x) # ¢1(x).
Then one can verify ¢o(x) and ¢;(x) (see [26]) such that

C <polx) <C, (17)
0<pix) < Ce™ (1+1a)7, n=>2, (18)
P1(x) ~ C,,e"“‘|x|‘an1 as x| — oo, (19)

where C is a positive constant.

Moreover, we introduce a test function
Yi(t,x) = e 1 ().
It is easy to see
Ay (t,x) = Y4, %).
One can see [20, 21, 26] for more details.

3 Proof of Theorem 1

Rewrite the variable wave equation (3) as

Uy (t,%) — A(a(x)u(t,x)) + (Aa(x))u(t,x)

= F(|u(t,x)

Vu(t,x)|, | Ault,x)|) + ro|u(t, x)["° (20)

’

with the initial data (uo, 1) satisfying (5), where F takes the form of (4).
Define

Gl) - /R (e )00,

Aa(x)
a(x)

Since 0 < < C(1 + |#|>*®)~! is local Holder continuous, we derive

/W(A(a(x)u(t, x)) - (Aa(x))u(t, x))¢0(x) dx

= /Rn (a(®)u(t,x) Ado(x) — (Aalx))u(t, x)po(x)) dx

- /R a@u(t, (A«po(x) - A"—(’“’<z>o<x>) dx

a(x)

=0. (21)

Page 6 of 12



Li et al. Boundary Value Problems (2020) 2020:59 Page 7 of 12

So multiplying (20) both sides by ¢o(x) and using (21), we have

G - /R Bl )ole) dx

Vu(t,x)

, Au(t,x)|) + A0|ut(t,x)|p0)dx

- /R ol (E ([0,

> o /R o]t (22)

where the last inequality is derived by noticing F(|u(t,x)|, |Vu(t, x)|, | Au(t,x)|) > 0 from
(4).
Similarly, by (4) and (17), we obtain

Vu(t,x)

| Ault,x)|) + do|ut, %)) dx

G'(t) = /R ol (E(|ut0),

> C / lutt, )" di. (23)
Rn

By the Holder inequality, we have

f ¢0(x)|ut(t»x)|p0 dx > ‘f Po () us(t, x) dx
RrR~7 R”

Po po-1
( f $o(x) dx)
|x|<t+R

o
> C(vol(B”))_l(t + R)po-D

/ G0ty (t,) dx
RYI

Thus it follows from (22) that

Po
G'(£) = roC(vol(B")) ™ (¢ + R)™"¥o~D

/ G0 (e (1, ) dix
Rn

= xoC(vol(B")) (¢ + R G (1) ",

which implies that

d

= |G'(®)|" ™ < (1 = po)roC* (vol(B")) (¢ + Ry "®0 D), (24)

Integrating (24) over [0, t], we get

’G/(t)| > (M c! (VOI(B"))I) Po-1

(¢ +R)" o1, (25)
n-1

On the other hand, it follows from (22) that G'(¢) = fRn 9:u(t, x)¢o(x) dx is an increasing
function for ¢ > 0. Since g(x) > 0 in (5), G(¢) is also an increasing function for ¢ > 0. By
f(x) > 0in (5), we know that G(¢) > 0. Thus it follows from (25) that

G@t) > <L}f: D c-l(vol(B"))‘1>m ( " 11 + 1)(1: + R T (26)

Po—
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On the other hand, by the Hélder inequality, we derive

G(@) = /1;{” u(t, x)po(x) dx

1 1-L
< p1 \ 1 s1
_( /R e, 0uto)| ) ( fw dx)
<C(1+ t)”“‘p"ﬂ( f |u(t,x)wo(x)|“)“,

]RVI

which combining with (17) gives that

C f |u(t, %) dx > < / |u(t, )0 (%) |"1> dx> (1+)"P=VEN (1),
R” R”
Then by (23) we obtain
G'(£) = Cy, (1 +0)"17VG(8), Vpi> 1, (27)

where C; is a positive constant which depends on ;.
Let

a,=n+ +1, by =n(p; - 1). (28)

Po—1

Next we apply Lemma 2 to prove our result. Let 0 < § < min{ %, ’”T_l }. It follows from (26)—

(27) that (8)—(10) hold. The rest is to verify conditions (11) and (12). Substituting (28) into
(11), direct computation shows that if we take py > 1 and

(1 +28)[(n+1)(1-pp") +P5'] - 2+ m)(1-pgt)
<p1< n(l —pal) +(1+ 28)[(11 + 1)(1 —pal) +P51],

then (11) holds.
Taking a fixed positive constant K such that

—p1+l r1
- A -1 _ 25(pg-1) -1 25 1\ 2
K> (%c-l(vol(lsn)) 1) ’ (” ¥ 1> (%) >0,
n p—

Po—1

=8

then (12) holds.
Thus G(¢) will blow up in finite time, then the solutions to problem (3) will blow up in
finite time. At last, we estimate the lifespan result. Since G”(¢) > 0 and G'(0) > 0, G(¢) is

an increasing smooth function. So it holds

Glt) = / ult, X)pol) dx > € / Flx)dolx) dx > Ce.
Rn Rn
It follows from (27) that

G'(t)> (1 +t)"@rDelt vy, > 1.
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Furthermore, we have

__ -
T(e) < Cye ®1-Dar-b1+2

_r1po-D(p1-1)

where C, is a positive constant which is independent of €. We complete the proof of The-

orem 1.

4 Proof of Theorem 2

Then we consider the approximation equation of (6)

m (m)
ul(t,x) — AUl (8 %) = ult, x) ("I 4 " ), 09)
29

t=0: u™ =0, ™ = eg(),

where (t,x) € R* x R and m € N.

By the local existence of classical solutions, the solution to Cauchy problem (29) can
be approximated by Picard iteration. Set #® = 0. Then uﬁ"’ = 0. So by the positivity of
the fundamental solution of the wave operator in two space dimensions, we can prove
that " (¢, x) is a series of approximate solutions to (29) by induction. Let m —> oo, we
conclude that u(¢, x) is a nonnegative solution to (6).

Letr = |x| and G(r) = %r% g(r), x € R%, The radial symmetric form of equation (6) is

2

1
(04 — 8,,)(r%u) = Zr_%u + r%u(e” + e”%) (30)
with initial data
t=0: r2u =0, r%ut = er%g(r). (31)

Using (31) and D’Alembert’s formula, for r > £, we have

ruz(tr)—e/ gs)dg+—//rr+” 2u(r§)drd§

+T

1 r+t—-t ! ()
+ //r éu(r £) (e ‘ie )drdé. (32)

t+7

Differentiating (32) with respect to ¢, we get

r%ut(t, r) = e(g(i” +1) +G(r—1t))

1 [ 3 3
+ g/(; (E_zu(f,‘i:)k:”t—z +€:_§u(f’£)|é=r—t+r)d7

1 14 1 2
+ 5/ (Szu(‘[’g)(e(u(r'é)) (ut(ré) )|E rter

FE2U(T,6) (T 4 O ) de (33)
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For ¢t > % and % <r—t< %, by the form of G, it follows from (33) that
u(t,r), u:(t,r) > Cer 3. (34)
Let

G(t) = / u(t,x) dx.
R2
Note that e > u for u > 0. By (34), direct computation shows that
G'(t) > / u(t, x)e )
R2
> / u3(t, x) dx, (35)
R2
and
G'(t) > / u(t, x)e"t )
RZ
> / ult, x)u(t, x) dx
R2
3
> [ Ced / f% -rdr
t+3
> Ce(1+1)2,
which implies that
Gt) > Ce(1+8)2, t>1. (36)

Since ue” isa positive function, by the Holder inequality, we derive

G@) < </1; ug(t,x)dx>§ </ dx)§
2 |x) <1+t

<C(l+ t)% (/ ug(t,x)dx>§,
R2

which combining with (35) gives that

G'(t)>C1+1)"*G ). (37)
Let

611:; by =4, p=3.
It is easy to see that (16) holds for 0 < § < % Applying Lemma 1 to G(¢), we know that G(¢)
will blow up in finite time, then the solutions to problem (6) will blow up in finite time.

Furthermore, we have T(¢) < Coe2, where C, > 0 is independent of €. We complete the
proof of Theorem 2.
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5 Conclusion

In our paper, we show blow-up phenomena for two kinds of nonlinear wave equations,
i.e., nonlinear wave equation with with variable coefficient and wave equation with ex-
ponential type nonlinearity. The importance of our results is that if the null condition or
weak null condition cannot be satisfied, a perturbation of quasilinear term can destroy the
global well-posedness.
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