Yuan and Feng Boundary Value Problems (2020) 2020:61 @ BOU nda ry Va I ue PrOblem S
https://doi.org/10.1186/513661-020-01358-9 a SpringerOpen Journal

RESEARCH Open Access
()]

Finite time blow-up for the nonlinear
Schrédinger equation in trapped dipolar
guantum gases with arbitrarily positive
initial energy

Yi Yuan' and Binhua Feng'”

“Correspondence:

binhuaf@163.com Abstract

"Department of Mathematics, . o . . g
Northwest Normal University, In this paper, we study the blow-up criterion for the following nonlinear Schrédinger
Lanzhou, China equation arising in trapped dipolar quantum gases:

1
i0:u :7§Au+az()<12 +X5 XU+ A |ulPu+ Ao (K = ulP)u,  (6x) €[0,TF) x R,

When a =0 ora#0, by constructing an invariant set, we establish a new blow-up
criterion, which implies the existence of blow-up solutions with arbitrarily large initial
energy. This result gives a positive answer to the problem left by Carles, Markowich,
and Sparber (Nonlinearity 21:2569-2590, 2008).
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1 Introduction

In the recent years the so-called dipolar Bose—Einstein condensate, i.e., a condensate made
out of particles possessing a permanent electric or magnetic dipole moment, has attracted
much attention; see, e.g., [2, 3, 17, 22—-24]. At a temperature much smaller than the critical
temperature, it is well described by the wave function u(¢, x) whose evolution is governed
by the three-dimensional (3D) Schrodinger equation, see, e.g., [2, 3, 24, 35]:

h2
ihd,u = —Z—Au + W)+ Uplulu + (Vap * [ul*)u, xeR>£>0, (1.1)
m

where ¢ is time, x = (%1, %3,%3)7 € R3 is the Cartesian coordinates, * denotes the convolu-
tion, /1 is the Planck constant,  is the mass of a dipolar particle,and W (x) = a?(x? +x3 +x3)
is an external trapping potential, where a is the trapping frequency. Uy = 47 h2as/m de-
scribes the local interaction between dipoles in the condensate with a, the s-wave scatter-

ing length (positive for repulsive interaction and negative for attractive interaction). The
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long-range dipolar interaction potential between two dipoles is given by

Moﬂﬁip 1-3cos%6

3
yp TER xR, (1.2)

Vdip (x) =

where 11 is the vacuum magnetic permeability, (tq;p is the permanent magnetic dipole
moment, and 6 is the angle between x € R3 and the dipole axis n € R3, with |n| = 1.

In order to simplify the mathematical analysis, we rescale (1.1) into the following dimen-
sionless Schrodinger equation:

i0pu = =3 Au+ W()u + hy|ul®u + Ao (K * [ul®)u,  (t,%) € [0, T*) x R, 13)
u(0,x) = ug(x). '

To simplify notation, we assume n = (0,0, 1). The dimensionless long-range dipolar inter-
action potential K(x) then reads as follows:

2, 42 2
X7 + x5 — 2x3

e , xeR3

K(x) =
We focus on the case when 11 and 1, € R fulfill the following conditions:

ik, ifAy>0,

)\,1 <
—%nkz, if Ay <O.

(1.4)

These conditions, following the terminology introduced in [8], define the unstable regime.

Because of important applications of equation (1.3) in physics, it has received much
attention both from physics (see [11, 26]) and mathematics (see [1-5, 7, 8, 18, 20, 21, 28]).
Carles, Markowich, and Sparber in [8] first studied the local well-posedness and proved
that the solution u(¢) of (1.3) blows up in finite time in the unstable regime if the initial
energy is small. Ma, Cao, and Wang in [20, 21] studied the sharp thresholds of global
existence and blow-up, and proved that blow-up may occur if the initial energy E(u) < d
for some d > 0. When W (x) = 0, Huang in [18] discussed the exact value of d by using
the precise characterization of ground states of (2.5). Similar sharp thresholds of global
existence and blow-up for other kinds of nonlinear Schrodinger equations are pursued
strongly in [9, 12-16, 32, 36—41].

To our knowledge, the key to showing the existence of blow-up solutions is to prove
J'(¢) <0 forall t € [0, T*), where J(£) = [gs [4|*|u(,x)|* dx. If the solution u(¢) blows up in
finite time T, i.e., || Vu(f)||;2 — oo as t — T, it follows from Lemma 2.2 that, for any
large E(up) > O, there exists § > 0 such that J”(t) < 6E(uo) — fle |Vu(t,x)|>dx < 0 for all
t € [T* -6, T*). Therefore, a natural and interesting question is whether there exist blow-
up solutions with arbitrarily large initial energy. In particular, this is an open problem
presented by Carles, Markowich, and Sparber, see Remark 5.3 in [8]. This will be the focus
of the present paper. In fact, similar problems have been studied for other kinds of non-
linear evolutional equations, e.g., semilinear pseudo-parabolic equations and nonlinear
Klein—Gordon equations, see [6, 19, 25, 27, 29-31, 33, 34].

Motivated by the above paper, in this paper, by establishing a blow-up criterion and a
rather delicate analysis, we derive the existence of blow-up solutions with arbitrarily large
initial energy. In particular, our method holds in the cases of both 2 = 0 and a # 0.
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Theorem 1.1 Leta € R, 11, 1y € R and satisfy assumption (1.4). Then, for any (v > 0, there
exists uy € X := {v € H' and |x|v € L*} such that E(u) = |1 and the corresponding solution
u(t) of (1.3) blows up in finite time.

Notation. Throughout this paper, for notational convenience, we use the following no-
tation:

F(u) := —Al/ﬂgs‘u(x)de—kz /R:«;(K* |u|2)(x)‘u(x)‘2dx forall u e H'.

Let u(t) be the solution of (1.3), we denote
J(t) = /Rs 2 |utt, ) dx,  6() =T

2 Preliminaries
In this section, we recall some preliminary results that will be used later. Firstly, let us
recall the local theory for Cauchy problem (1.3) established in [8].

Lemma 2.1 ([8]) For a,A, A2 € R, up € X :={v € H', and [ W(x)|v(x)|* dx < o0}, there
exists T = T(||luol|x) such that (1.3) admits a unique solution u € C([0, T],X). Let [0, T*)
be the maximal time interval on which the solution u(t) is well defined, if T* < oo, then
llee(2) || x — oo as t — T*. Moreover, the solution u(t) enjoys conservation of mass and en-
ergy, i.e., |u(®) |2 = lluoll;2 and E(u(t)) = E(up) for all t € [0, T*), where E(u(t)) is defined
by

E(u(t)) = %|| vut)|?, + /R 3 W () |u(t, %) dx - %F(u(t)). 2.1)

In order to prove the existence of blow-up solution, we need the following virial identity,
which can be proved by a similar argument as that in [9].

Lemma 2.2 ([8]) Let ug € X and u(t) be the solution of (1.3). Then function J(t) belongs
to C*[0, T*), and

J(t) = ZIm/ xu(t,x)Vu(t, x) dx, (2.2)
R3
J'(©) = 2| Vu@)|;, - 4 f W (%) |u(t, x)|” dx - 3F (u(t)). (2.3)
R3

Next, we recall the sharp Gagliardo—Nirenberg type inequality established in [1].

Lemma 2.3 ([1]) Let A1, Ay € R and satisfy assumption (1.4). Then, for all u € H',

4 2 2 3
F) == [ )] ds=ia [ K x uto)luef v < ChulVulaludiz, 24
R R
3
where the sharp constant Cop; = ”Q”f/g% and Q is the ground state of the following el-
12 72

liptic equation:

—%AQ+Q+AI|Q|2Q+,\2(1<*|Q|2)Q=o. (2.5)
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Moreover, the following Pohozaev’s identities hold true:

3
IVQI?, = SFQ-= 611Qll7%,. (2.6)

From (2.6) and (2.1), we can obtain the following useful result:

E(Q) = 1FQ)+ /R WP dx 2.7)

Thus, Copt can be rewritten as

(2.8)

o (g) (6E(Q) = 6 fys W(®)|QI> dx) 4
*\s QI '

Lemma 2.4 ([10]) Leta € R, A1, Ap € R and satisfy assumption (1.4). Then, for any u € X,
it holds

2 F(u)%
<Im/ qudx) 5/ |x|2|u|2dx</ |Vu|2dx—72>. (2.9)
R3 R3 R3

Copt”“”fZ

The proof is similar to the one in [10], so we omit it.

3 Invariant evolution flow
In this section, we construct a set which is invariant under the flow generated by Cauchy
problem (1.3).

Proposition 3.1 Leta € R, A1, Ay € R and satisfy assumption (1.4). Taking an initial data

uy € X such that 4E(ug) > ———— and 6'(0) < —. /22, where y,, = 4E(uo) —
27C3 o, V2

Define the set K by

8
27Celluoll?,

K={veH, FW) > 7}
{ 27C3 V112,

Ifuy € K, then the corresponding solution u(t) € K for all t € [0, T*).

Proof Let uy € K and u(¢) be the corresponding solution of (1.3). We deduce from ug € K
and (2.1) that

8

—_—. (3.1)
27Cgpt ll40 ||]%2

2||Vu0||i2 + 4/3 W/(x)|u0(x)|2 dx — 3F (ug) < 4E(uo) —
R

In fact, with the notation of y,, and J”(0), formula (3.1) implies that o . 3'7‘” This com-

2
bined with the assumption 6'(0) < —, /2 implies that

wey . L (17O 2
9(0)_@< 5 —(9(0)))<0. (3.2)

Page 4 of 9
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This implies that there exists £ > 0 such that 6”(¢) < 0 for all ¢ € [0, tp]. We then deduce
that 6'(¢) < 6'(0) < —,/ %, and so

©'®) > %’” t € [0, t). (3.3)

Next, using (2.1), (2.3), and the conservation of energy, we derive that
F(u(t)) =4E(ug) -] (t) - 8/ W(x)|u(t, x)|2 dx, (3.4)
R3
| Va(t) |2, = 6E(uo) - " (2) - 10 / i W () |u(t, %)) dx. (3.5)
R

Applying (3.4), (3.5), conservation of mass, and the definition of J'(¢) in (2.2), we deduce
from Lemma 2.4 that

)’ < 41(t){6£(uo) -J"(5)-10 fR . W () |u(t, x)|” dx

- ;2/3 <4E(uo) -J'(t) - 8/ W(ac)|u(t,x)|2 dx) ’ }
R3

Copt "u0 ”LZ
< 4](t){6E(u0) ~J"(t)-8 / W (%) |u(t, %) dx
R3

- ;2/3 (4-E(uo) -J"(t) - Sf W(x)’u(t,x)’2 dx) ’ }
R3

Copt ” Uo ||L2
We consequently obtain

/ 2
0'(2))" = ({H(Z; < n(}“(t) +8 /R X W(x)|u(t,x)|2dx), (3.6)

where

(4E (o) - y)3

n(y) = 6E(uo) -y —
Coptlluol175?

(3.7)
Now, we deduce from (3.3) and (3.6) that
n(]”(t) + S/RS W(x)’u(t,x)|2dx) > y—; =1n(ym)

for all £ € [0, £]. Thus J"(¢) + 8 [z W (x)|u(t, %)|* dx # y,, for all ¢ € [0,%]. By continuity,
it follows that J”(¢) + 8fR3 W (x)|u(t,x)|> dx < y,, for all ¢ € [0,£], which, together with

(2.3) and the definition of y,,, implies F(u(¢)) > m for all ¢ € [0,£y]. Moreover,
opt 2
=4 [p3 W)lulto.x)|* dx '

6" (to) = 52 (92 — (6 (19))?) < 5lt0)

(to)* 2
Bootstrap argument, we can obtain

< 0. Therefore, applying an elementary

8 8
F(u(t)) > =
() 27Couelluoll}s  27Colu(®)12,

for all ¢ € [0, T*). This completes the proof. d

Page 5 of 9
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4 Existence of blow-up solutions
In this section, we use the same notations as in Sect. 3 and prove Theorem 1.1. Firstly, we
establish the following blow-up criterion for (1.3).

Theorem 4.1 Leta € R, A1, Ay € R and satisfy assumption (1.4). Assume that ug € X such
that J'(0) < 0. If

4|12, E(u0) > 1QII%F(Q), (4.1)

lluo 172 F (o) > 1QII7-F(Q), (4.2)
) (J'(0))? ) )

E(Mo)||u0||Lz<1 - m) <lQl% (E(Q) - /R  W@IQl dx), (4.3)

then the solution u(t) of (1.3) blows up in finite time.

Proof Firstly, it follows from (2.7) and (4.1) that ||u0||i2E(u0) > ||Q|| (E(Q) - ng W(x) x
|Q|? dx). On the other hand, by (2.8) and the definition of y,,, we can obtain

lluto 12 <E(uo) - —) = QlI% (E(Q) / W (x)|QI dx) (4.4)
These imply that (4.1) is equivalent to y,, > 0, and (4.3) is equivalent to
0'0)* = nym) = %’" (4.5)

In addition, the assumption J'(0) < 0 implies 6'(0) < 0. In view of (2.7) and (4.4), assump-
tion (4.2) yields the estimate

o172 F (10) > 41 QI 72 (E(Q) - /R ; W(x)Iledx) = 4lluoll 72 <E(M0) - yz””)
which, together with (3.4), implies
7'(0) +8 / W () |uo ()| dx < Y. (4.6)
R3

Therefore, F(ug) > . It follows from Proposition 3.1 that F(u(t)) > for

27c3ptu uoll?, 27c3ptnu [
all ¢ € [0, T*). Moreover, we know from the proof of Proposition 3.1 that (9'(¢))? > y " for
all ¢ € [0, T*). We consequently obtain

o= (10

/ 2 *
50 - (9 (t)) ) <0 forallte [0, T ) (4.7)

This implies that the solution u(t) of (1.3) blows up in finite time. If not, i.e., T = +00, it
follows from 6’(0) < 0 and (4.7) that

(1) = 6(1) + /tef(s) ds <0(1) +0'(1)(t-1) <0,
1

for sufficiently large ¢, which is a contradiction with 6(¢) > 0 for all ¢ € [0, T™). (]
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Finally, we give the proof of Theorem 1.1.

Proof of Theorem 1.1 We claim that the result in Theorem 4.1 can be valid for arbitrarily
large energy. Let vo = y2Q(yx) for y > 0. By some simple calculations, we have

Ivoll72 = ¥ QI F(vo) = y°F(Q),
and
3 5
Y 1 Y
Ew) = 2 19QIE + 5 [ wwiards- 1 FQ.
2 Y JRr3 2
These yield
4”"0”%2E(V0) = ||Q||izF(Q) and ||V0||22F(V0) > ||Q||22F(Q) (4.8)
for sufficiently large y > 0.
Let up(x) = ei*‘x‘zvo(x) with A < 0 and u(t) be the corresponding solution of (1.3). It easily
follows that
ol = lIvoll?, and  E(uo) = E(vo) + 222 [lxvo||2, + 24 Im / Vox - Vg dx, (4.9)
R3
Im/ itox - Vugdx = Im/ Vox - Vvodx + 2A||xvo||%2. (4.10)
R3 R3
Combining (4.9) and (4.10), we further infer

(Im s - Vit da? (I i o Vv d)
= 0 —

E(uo) -
2llxvoll2,

’

2o,

which implies (4.3). In addition, due to (4.8), the estimate (4.2) also holds. Choosing suffi-
ciently small A € (-00,0), we deduce from formulas (4.9) and (4.10) that

4lluol7>E(uo) > |QII7.F(Q) and Im 3xﬁoVuo dx<O0.
R
Applying Theorem 4.1, the solution u(¢) of (1.3) with initial data %o blows up in finite time.
On the other hand, we see from (4.9) that E(ug) — +00 as A — —o0. Therefore, the initial
energy can be arbitrarily large. This completes the proof. O

5 Conclusions

In this paper, we study the existence of blow-up solutions for the nonlinear Schrédinger
equation arising in trapped dipolar quantum gases with arbitrarily large initial energy. We
consider two cases, one is that the system is free, the other is that a harmonic potential is
added. In both cases, by constructing an invariant set, we establish a new blow-up crite-
rion, which implies the existence of blow-up solutions with arbitrarily large initial energy.
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