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1 Introduction
Recently many papers [1-5] have focused on studying the existence of solutions for the

following quasilinear Schrodinger equations:

B
ifa—f =AY + W)Y — kA (h(ly ) K (v 1Py -g(lv )y, xeRY,  (1.1)

where € > 0, W is a given potential, k € R, g and / are real functions. Equation (1.1)
with various types of /& appears in several areas of physics. For example, in the case
his)=(1+s) 5 , problem (1.1) models the self-channeling of a high-power ultra-short laser
in matter, the propagation of a high-irradiance laser in a plasma creates an optical index
depending nonlinearly on the light intensity and this leads to interesting new nonlinear
wave equations [6, 7]. For more applications, we can refer to [8—10] and the references
therein. Here, we are interested in studying the case /(s) = s, which is used to model a
superfluid film in plasma physics [4], especially the existence of standing wave solutions,
that is, solutions of type ¥ = exp(—iEt/€)u(x) with E € R and function z > 0 [11-13]. After

a direct computation, problem (1.1) is equivalent to

—Au+ V(ex)u — kA (uz)u =g(w), xeRN. (1.2)
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It is well known that there exist lots of results on discussing Eq. (1.2) with k = 0, i.e., the
following semilinear case:

—Au+ V(ex)u=gu), xeRN. (1.3)

In [14] Rabinowitz used the mountain pass theorem to prove the existence of positive
solutions of (1.3) for € > 0 and V satisfying

(V0) Vs =liminfiy o0 V(%) >inf, gy V(%) =m > 0.

Later, Alves and Figueiredo [15] extended (1.3) to the p-Laplace case with 2 < p < N and
proved that these solutions concentrate at global minimum points of V(ex) as € — 0. More
results can be found in [16—-20] and so on.

Compared to the semilinear case, the quasilinear case (k # 0) becomes much more com-
plicated as there is no suitable space for the energy functional corresponding to problem
(1.2) for N > 2. In order to overcome this difficulty, in [21], by changing of variables, the
authors reduced the quasilinear equation (1.2) into the semilinear case. Based on this fact,
problem (1.2) has been widely studied by assuming different hypotheses on V and f. Moa-
meni [22] obtained the existence of a positive solution by assuming that f is a nonnega-
tive function for N > 2, and the potential function V is radially symmetric. Miyagaki and
Moreira [11] derived the existence and multiplicity of solutions for problem (1.2) when
the nonlinearity is indefinite in sign. Liu et al. [12, 13] developed a perturbation method,
the main idea of which is adding a regularizing term to recover the smoothness of the en-
ergy functional, so that the standard minimax theory can be used. Utilizing this method
and a constrained minimization argument, they proved that problem (1.2) has a positive
solution. Later, Wu [23] showed the existence of high energy solutions by employing the
perturbation method for a general quasilinear problem. Recently, Carrido et al. [1] inves-
tigated the existence of a least energy solution for a class of nonhomogeneous asymptot-
ically linear Schrédinger equations in RY via the Pohozaev manifold. It is worth to point
out that different from semilinear problems, the critical exponent of problem (1.2) is 22%,
not 2%, where 22* = ](4;_17\12' This will lead to some difficulties. For example, some properties
in the usual Sobolev space cannot be used directly. The behavior of % at infinity plays an
important role when searching for a solution to problem (1.2), mainly supercritical, criti-
cal or subcritical cases, where /1 behaves at infinity as |s]™Ls, with 7 + 1 > 22%, r + 1 = 22*
or r + 1 < 22*, respectively. The critical case of (1.2) was considered in [24—27]. The su-
percritical results can be found in [28—39] and the references therein.

However, there seems to be little progress on the existence of positive solutions for gen-
eral quasilinear elliptic equations with discontinuous nonlinearity. Based on this fact, we
will study the quasilinear Schrédinger Eq. (1.2) from a discontinuous point of view. To
some degree, the discontinuous case is more suitable to objective reality, and a smooth
situation is usually just an ideal case. Hence, we consider the existence and concentration
of solutions for the following problem:

—Au—-AwP)u+ Viex)yu=H@u-a)u?, xecRN, (1.4)
u>0, '

where €, 8 > 0 are positive parameters, p € (3,22* - 2) if N >3 or p € (3,+00) if N = 1,2,
V € C(RN,R*) satisfying (VO).
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As is well known, the interest in studying nonlinear partial differential equations with
discontinuous nonlinearities has increased since many free boundary problems and obsta-
cle problems may be reduced to partial differential equations with nonsmooth potentials.
Among these problems, we have the seepage surface problem, the obstacle problem, and
the Elenbaas equation, see [40—42]. The area of nonsmooth analysis is closely related with
the development of critical point theory for nondifferentiable functionals, in particular,
for locally Lipschitz continuous functionals based on Clarke’s generalized gradient [43]. In
1981, Chang [40] extended the variational method to a class of nondifferentiable function-
als, and directly applied the variational method to prove some existence of theorems for
PDE with discontinuous nonlinearities. It provides an appropriate mathematical frame-
work to extend the classic critical point theory for C!-functionals in a natural way, and to
meet specific needs in applications, such as nonsmooth mechanics and engineering. For
a comprehensive understanding, we refer to Refs. [44—53].

This paper mainly discusses the existence of positive solutions to problem (1.4). Con-
trast to the previous results, our methods are totally different from those used in previous
papers, since we are dealing with a discontinuous and non-convex problem. The main
differences are the following:

(1) Unlike [1], the lack of differentiability of nonlinearities causes some technical
difficulties. This means that variational methods for C! functionals are not suitable
in our case, since in our case, the energy functional is only locally Lipschitz
continuous. Therefore, we have to use another variational approach based on the
nonsmooth critical point theory due to Clarke [43] and Chang [54]. In contrast to
C! variational methods, this method is not adequately developed, and we need to
improve it.

(2) In [1], if the energy functional associated to problem (1.2) is differentiable, it can be
discussed on the Nehari manifold and the mountain pass level is equal to the
minimum of the energy functional on Nehari manifolds, which is a key point in lots
of papers. However, all these properties are not true for nondifferentiable problems.
Hence, the arguments used in the above references cannot be directly repeated and
we need to develop some new techniques to get over these difficulties.

(3) Due to the appearance of the non-convex term A(u?)u, some arguments used in
standard semilinear problems cannot be used, therefore lots of estimates in this
paper need to be reestablished.

(4) Since HY(RN) — LP(RN) (p € [2,2*]) is not compact, and the compact embedding
is very crucial to deduce (PS) sequences in variational methods, we have to use
other means to overcome this difficulty.

The main result is the following.

Theorem 1.1 If hypothesis (VO) holds, then there exist €*,a* > 0 such that problem (1.4)
has a positive solution u. , for € € (0,€*) and a € (0,a*). Furthermore, if y., € RN denotes
a maximum point of u. ,, we have

lim V(e =m.
(€,a)—(0,0) ( ye,a)
Our paper is organized as follows. In Sect. 2, we give some basic results involving locally
Lipschitz continuous functionals. In Sect. 3, we deal with the existence of solutions for an
auxiliary problem. Then we prove Theorem 1.1 in Sect. 4.
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2 Preliminary results
In the sequel, we will use the following basic notations.
« — means weak convergence while — means strong convergence.
« Cand C; (i =1,2,...) denote estimated constants (the exact value may be different
from line to line). 0,,(1) denotes a sequence whose limit is 0 as n — oo.
e (X, ] - I) denotes a (real) Banach space and (X*,|| - ||«) denotes its topological dual,
| - |, denotes the norm of L"(RN).

Definition 2.1 ([43]) A function /: X — R is locally Lipschitz if for every u € X there
exist a neighborhood U of u# and L > 0 such that for every v, n € U

(1) = I()| < LIv =]

Definition 2.2 ([43]) Let I : X — R be a locally Lipschitz function. The generalized

derivative of I in u along the direction v is defined by

1 -1
]O(M; v) = limsup M’
n—u,t—>0" T

where u,v € X.

It is easy to see that the function v I%(u;v) is sublinear, continuous and so is the

support function of a nonempty, convex and w*-compact set 9I(x) C X*, defined by
0l(u) = {u* exX*: (u*, U)X < I°u;v) for all v GX}.

If I € C1(X), then
() = {I'(w)}.

Clearly, these definitions extend those of the Gateaux directional derivative and gradient.

Definition 2.3 ([46])
(i) I satisfies the nonsmooth (PS). condition if every sequence {u,} C X satisfying

I(u,) — ¢ and m'(w,) >0 asn— oo,

has a strongly convergent subsequence, where m!(u,,) = infyx carq,) 14 llx-.
(ii) I satisfies the nonsmooth C-condition if every sequence {u,} C X satisfying

I(y) —> ¢ and (1 + [luull)m () — O,
has a strongly convergent subsequence, where m!(u,,) = infx corgu,) Il x+.
Proposition 2.1 ([43])

(i) (—h)°(u;2) = K(
(ii) H°(;z) = max{{

u;—z) forall u,z € X;
u*,z)x :u* € oh(u)} for all u,z € X;

Page 4 of 24



Yuan Boundary Value Problems (2020) 2020:66 Page 5 of 24

(iii) Letj:X — R be a continuously differentiable function. Then 8j(u) = {j ()}, /°(u; z)
coincides with (j'(u),z)x and (h +)*(u;2) = K°(w; 2) + (' (u), z) x for all u,z € X;
(iv) (Lebourg’s mean value theorem) Let u and v be two points in X. Then there exists a

point § in the open segment between u and v, and u; € dh(w) such that

h(u) —h(v) = (ug, u— v)

be

(v) (Second chain rule) Let Y be a Banach space and j: Y — X be a continuously

differentiable function. Then h o j is locally Lipschitz and

d(hof)(y) S oh(j(y) oj(y) forallye;
(vi) m"(u) = inf,conw) |u*|lx+ is lower semicontinuous.

Proposition 2.2 ([40, 42]) Let {u,} C X and {u}} C X* with u}, € 9I(u,). If u, - u in X

and ul, —~ u* in X*, then u* € 91(u).

Proposition 2.3 ([40, 42]) Let ¥ (u) = [pn G(u)dx, where G(t) = fotg(s) ds. Then, ¥ €
Lipy (L7 (RN),R), 3% (u) C L% (RN) and if p € 3% (), it satisfies

olx) € [g(u(x)),fg(u(x))] ae in RN,

Lemma 2.1 ([55]) Assume @ € Lip,,.(X,R). Let K be a compact metric space, K, C K,
with Ky # @ and fy € C(Ky, X). Set

= {f € CK, X)|f I, =fo),

= inf D(f(t)).
= jef e 2 U0)

Assume that for each f € I', there is some ty € K \ Ko such that
D =P .
max @ (f()) = @ (f(t7)
Then there exists a sequence u, € X satisfying

®(u,) —c and min ””Z
U €D (uy)

X*—>0.

3 An auxiliary problem
In this section, we firstly discuss an auxiliary problem, which is very important in proving
Theorem 1.1. Note that weak solutions of (1.4) are critical points of the following func-

tional:

L ,(u) = %/RN(I + 2|u|2)|Vu|2dx + %/1;{1\1 V(ex)u? dx—/ G(u)dx, (3.1)

RN
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where G(u) = fot g(s)ds, g(t) = H(t — a)t’. While, in order to find critical points of (3.1), we
need to study the existence of solutions to problem (1.4) with € = 1, i.e.,

(3.2)

“Au—-AwPu+Vwu=Hu-a)u’, xcRN,
u>0.

The Euler—Lagrange functional corresponding to problem (3.2) I, : E — R is given by

1 1
I(u) = —/ (1 + 2|u|2)|Vu|2dx+ —/ V(x)uzdx—/ G(u) dx, (3.3)
2 RN 2 RN RN
where E = {u € H'(RY) : [on V(®)|ul*dx < oo} with the norm [u|? = [on(IVul? +
V(x)u?) dx. However, from (3.3) we can see that I, is not well defined in general in E.
In order to overcome this difficulty, we adopt an method developed by Liu et al. [56] and
Colin and Jeanjean [21]. Make the change of variables by u = f(v), where f is defined by
1=

on [0, +00)

1
J1+272(0)

and

f(=)=—f(t) on (~00,0].
From [21], one has the following lemma.

Lemma 3.1 The function f(t) and its derivative satisfy the following properties:
(f1) f is uniquely defined, C*(R) and invertible.
(f2) If'®OI <1 forallteR.
(f3) f@®I =< |t| forallt eR.
(f4) @—> last— 0.
(f5) % — 2% ast — +oo.
(f6) L2 <tf'(t) <f(0) forall ¢ > 0.
f7) @ <tf'()f (¢t) <f(t) forall t e R.
(F8) If(6)] <23|¢|2 forall t > R.
(f9) There exists a positive constant C such that

Clel,  [t1=1,

@)=
ol Clel2, |t > 1.

(f10) Foreach a > 0, there exists a positive constant C(«) such that
)] < C@)|f@]
/ 1

(F11) [F@)f ()] < 5.

(f12) Foreach ) >1andall t € R, f2(At) < A2f2(¢).
(f13) Foreach ) <1andall t € R, f2(At) > \2f2(¢).
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Therefore, after the change of variable, from I,(x) we have the following functional

1 1
J.(v) = 5 ./RN |Vv|? dx + 3 /RN V(x)fA(v)dx - /RN G(f(v)) dx, (3.4)

where ], is well defined on the space E. Arguing as in [21], if v is a critical point of the
functional J,, then u = f(v) is a critical point of the functional 1, i.e., u = f(v) is a solution
of problem (3.2). Since we are looking for positive solutions to problem (3.2), we only need
to require f(v) > 0, i.e, v>0.

Lemma 3.2 The functional ], satisfies the mountain pass geometry.

Proof We introduce the following notations for the functional J,:
Ja(v) = Q1(v) = Qa(v),
where Q;(v) = %fRN |Vv|?dx + %IRN V(x)f*(v)dx and Q;(v) = [pn G(f(v)) dx. Since Q;(v)

is a smooth continuous functions, we only need to show that Q,(v) is locally Lipschitz. Let
V1, V5 € E. Consider

|Qa(v2) = Qa(n)] < /]RN dx

=
RN

< / (77 (12) +£200) [v23) — 1 ()| v
]RN

/ Zf"(t)f/(t)dt

dx

fv ® e

IA

e :
21 ’w(x)| |V2(x)—v1(x)|dx
RN
p+4 14
=27 |V2—V1|§+1|W|1§+1

p+é
KS

4
=2+ Clwl2 vy =1l

where w(x) = max{f?(v1(x)),f?(v2(x))}. Therefore, Q, is locally Lipschitz on E.
Setting S(r) = {v € E : ||v|| = r}, we now show that there exist r, 8 > 0 such that

J(v)=pB forallveS(r). (3.5)

By (f3) in Lemma 3.1, we have
/ (|Vv|2 + V(x)f2(v)) dx < / (|VV|2 + V(x)vz) dx,
RN RN

which means that [[v]|3 = [on (IVVI? + V(x)f(v)) dx is bounded. Using this condition, from
Lemma [57, Lemma 2.4], we have

V12 = Cillv]* (3.6)
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Hence, for v € S(r), it follows from the Sobolev embedding and (f8) that

J.(v) = %/RN(WVF + V(x)f2(v)) dx — /]RN G(f(v)) dx

C 1
Z—IIIVIlz——/ fP ) dx
2 p+1 RN

p+l
C 24 +1
> P Z— | v dx
2 p+ 1 RN

) Pl
> —viIF-Glviz.

=t
2
Noting that p > 3, there exist r, 8 > 0 such that

J.v)>=p8 for|v|=rveE.

Now, set ¢ € C3°(RN) with ¢ >0 and K = suptp C RN. Then, for ¢ > 0,

£ 1 1
Ju(tp) = —/ Vol dx + —/ V(x)f*(tp) dx — —— 7 (tp) dx
2 RN 2 RN p+ 1 KN[tp>al
1
+ / @ dx + Cmed(K)
p+ 1 KN[ty>a]

£ 1 1
< =llel*- / S (tp) dx + / a’*! dx + Cmed(K)
2 p+ 1 KN[tg>al b+ 1 KN[tg>al

I C pn 2l 1
< —lel? - —=t> 9" dx +
2 p+ 1 KN[tp>po) p+ 1

/ (pf)”l dx + C med(K)
KN[po>tp>a)

— —00 ast— 4090,
where ¢y = max{a, 1}. Hence for ¢, > 0 sufficiently large, we obtain e = ty¢ satisfying
J.(e) <0 witheeE\ S,(0).

Note that J,(0) = 0, then J, satisfies the mountain pass geometry. It follows from the above

lemma and Lemma 2.1 that there exists a sequence {v,} C E satisfying
JaW) = ¢, and  w*(v,) - 0, (3.7)
where ¢, is the mountain pass level of the functional J,. O
Next, we will prove that {v,} given in (3.7) is bounded in E.

Lemma 3.3 The sequence {v,} is bounded in E.

Proof By (3.7) we have

J.(v)) > ¢, and w*(v,) — 0.

Page 8 of 24
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Let {v¥} C E* satisfying m/(v,) = ||V} g+ and
V;: = Qll(Vn) - Vm

where y,, C 9Q,(v,,). Then

(V: + y,,,v,,) = (Q/l(vn), V,,) = / |V, |2 dx + / V(@)f va)f V), dx.
RN RN

Once we have 0 < (p + 1)G(f(v)) < vg(f(v))f’(v), it follows that

1 !
Qulvy) = /R Gl = — /R gfO)) ) dx

By Proposition 2.2, one has

g(f(vn))f/(vn) < yulx) < g(f(Vn))f/(Vn) ae. in RN

leading to

g(f(Vn))f,(Vn)Vn < ]/n(x)Vn a.e. in RN,

which means that

[ g Oy = [ nwnds= v,
RN RN

Hence

1 1
QZ(Vn) = m /I;N Vng(f(vn))f/(vn) dx = Im (ynx Vn)'

From (3.8) and (3.9) we have

1
p+1

1 1
=—/ |an|2dx——/ Vv, dx
2 RN p+1 RN

1 ) 1 /
+ E /RN V(x)_f (Vn)dx— m /RN V(xy(vny (Vn)Vn dx

Ca+0,(1) =Jo(vy) -

(i)

1
, /R Gl i+ v

11
> (5 - Im> /RN(WWIZ + V(x)f2(v,)) dx,

(3.8)

(3.9)

which means that [|v,]|o is bounded. Using the same arguments used in [57, Lemma 2.1]

we can obtain that ||v,|| is bounded in E, which completes the proof.

O

Page 9 of 24
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The following lemma is a key point in our analysis because the functional Q, is not
compact. For each R > 0, let Qyz : L#*1(Bg(0)) — R be the function

Q= [ 6{fw) s
BRr(0)
Furthermore, for each ¢ € L7*1(Bg(0)), define the function ¢ € L7*1(RN) by

¢(x), xeBr(0),
0, x € B{(0).

P(x) =
+1
Lemma 3.4 Let {v,} C E with v, — v in E and y, C 0Qy(v,) with y, — vy in LPT(]RN).

Then

@) € [gFOI M.gfW)f'W)] ae inRY.

Proof Firstly, we denote by v, &, ¥z, V& and o the restriction of the functions v, y,, v
and y, to B(0). For Yo € L7+1(Bz(0)), from a simple computation one has

/ YnRP dx = / Yu® dx
Br(0) RN

and
Qg,R(Vn,R: ®) = Qg(vn,R: ®).
Noting that
/ g dx < QRvn, ),
RN
we obtain
/ Vnrp dx < Q) (Vg 9), Yo € L7 (B(0)),
Br(0)
which means
Yur € 0Q2,r(Vi,R).
+1
Recalling that v, g — v in L#*1(Bg(0)) and y,,z — yoz in L% (Br(0)), from Proposition 2.2

Yor € 0Qar(VR)

and so, from Proposition 2.3

vor@) € [g(f (ve@)))f (ve(®)), g(f (ve(®)))f (va(x))] a.e.in Bg(0),
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or equivalently
vo) € [g(f (V@) )f' (v(%)), g(f (v®)))f ()] a.e. in Bg(0).
Employing the fact that R > 0 is arbitrary, we have

Yolx) € [g(f(v(x)))f/(V(x)),g(f(v(x)))f’ (v(x))] a.e.in RV, O

Theorem 3.1 Suppose that c, < ¢, Where co is the mountain pass level associated with
the functional

1 1 1
T.(v) = —/ |Vv|2dx+—/ VOQfZ(v)dx——/ fP(v)dx, VveE.
2 RN 2 RN p+1 RN

Then, problem (3.2) has at least one nontrivial solution.

Proof From Lemma 3.2 and Lemma 2.1, there exists a sequence {v,} C E satisfying
J.(v) > ¢, and w*(v,) — 0.

By using standard arguments, we can assume, without loss of generality, that {v,} is
bounded in E and v,(x) > 0 for all x € RN, Then there exists v € E such that, passing to a
subsequence if necessary,

v,—vVv inE (3.10)
and

vo > v inL{ (RY) forqe[1,2%). (3.11)

loc

Claim 1 The weak limit v is nontrivial.

In fact, if v = 0, the limit v,, — 0 in E does not hold as ¢, > 0. From Lions lemma [58],
there exist {y,,} C RY and «, r > 0 satisfying

n— 00

liminf/ [val2dx>a > 0.
Br(yn)

Since we are assuming v = 0, from the Sobolev embedding theorem we obtain that {y,} is
unbounded. Now set

Wn(x) = V(X + yp). (3.12)

Employing the boundedness of {v,} in E, we infer that {w,} is bounded in E. Thus, there
exist w € E \ {0} and subsequence of {w,}, still denote by itself, such that

w,—w inE (3.13)
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and

Wy —> W inL?OC

(RY),
1<sifN=1,2and1<g<2*if N >3.
Set ¥ € C3°(RN) satisfying ¥ (x) = 1 for x € B1(0), ¥(x) = 0 for x € B5(0), 0 < ¢ (x) < 1

and Yr(x) = ¥(%) for R > 0. Then, there exists v;, € 9J,(v,,) such that

(V:, (Yrwa)(- _yn)> =0,(1)
as the sequence {(¥zxw,,)(- — y,)} is bounded in E. Hence

/N (VVnV(WRWn)(x —Yn) + V(x)f(vn)f/(vn)(wan)(x _yn)) dx

R

= [ )=+ 0,0

where y,, € 0Q,(v,), and so
f (IVwul*r + V(& + yu)f W) (W)W r) dx
Bar
+ / w,Vw, Vip dx < / fp(Wn)f/(Wn)anR dx.
Bor Bar
By Fatou’s lemma, we have
| (vwiun) + Vot opwa)
Bar
+ / wVwWVpdx < / SPW)f (w)wirg dx.
Bor Bar
Passing to the limit of R — +00, from the above inequality one deduces that
/ (IVW]* + Voo f W)f (W)w) dx < / SEW)f (w)wdx. (3.14)
RN RN

Once we have w # 0, there exists ¢ > 0 such that tw € .4, where .45, is the Nehari mani-
fold associated with J, defined by

N = {v €EN{O}: ] (v)v= 0}.
Then
/ (t2|V1/|2 + Voof(tv)f’(tv)tv) dx = / fP@v)f (tv)tvdx,
RN RN

ie.,

/ <|W|2 + vw%%) dx:/ J%{/(tv)vzdx. (3.15)
RN RN
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Note that

[f" (8)f"(s) ]/ _ 62 6) + P ()ls — P () ()

s 52
_ [of P (s)f*(s) — 2fP*1 (s)f"*(s)]s — f2(s)f " (s)
$2
_f L) (s)[pf (s)s — 21> (s)f > (s)s — £ (5)]
2

= 6 6o~ 17 05~ f6)]
= oY1)

>0 fors>0

and

N N

[f (s)f(s) ] _5f2() +f )" (s)s —f(s)f'(s)
2

A0

2
where @1 (s) = f'(s)s — 2f%(s)f®(s)s — f(s). Since
@1(5) =f"(s)s +£'(s) = 4f (5)f (s)s — 6f *(s)f *(s)f " (s)s — 2f*(s)f ° (5) — f"(s)
:f(s)f/3(s)[—6f/(s)s + 1272 (s)f 3 (s)s — 2f(s)]

12f%(s) ,
T 2f2(s)f (s)s — 2f(s)]

=f(s)f*(s) |:—6f "(8)s +

< =2f*(s)f"(s)
<0

for s > 0, it demonstrates (M)/ < 0 for s > 0. The above inequalities mean that L))

S tv
a decreasing function and J%{(m is an increasing function. Then from (3.14) and (3.15)

we infer that £ < 1.

is

By virtue of a result found in Willem [59, Theorem 4.2] we have
o0 < i f o0 i
o =) )
from which it follows that ¢ < J(£v). Consequently

oo < Joo(t9) = —— T ()t
p+1

£ 1 1
= —/ |Vv|2dx+—/ Voqu(tv)dx——/ S (tv) dx
2 Jrn 2 JrN p+1 gy

2
p+1

1
2 !
/N |Vv|“dx — 1 /N Voof (t0)f (tv)tv dx
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1 / fPv)f (ev)tvdx

1 ) 2
(3757 v [ s

- Veof @) (2v)tv dx.
V4 RN
Set A(s) = 3f%(s) — IMf(s)f’ (s)s. Then

A'(s) =f(s)f'(s) - lﬁ [f/z(s)s +f(s)f"(s)s + f (s)f/(s)]

L0 — 2260 M 5)s + £ (5]

=f(s)f'(s) -
p+1

=f'(s) [f (s) - L (f "(8)s = 2f2(s)f ™ (s)s + f (S)J”(S))]

(oo L]

= rore(1--%)

>0 forp>3,5>0.

Since ¢ < 1, we have

1
= - Vv|*d.
COQS(2 P+1> ]RN| v
1 9 1 ,
+ Voo “ V) dx — Voof W v)vdx.
2 JrN p+1 Jgn

According to Fatou’s lemma and the inequality g(f $))f'(s)s = (p + 1)G(f(s)) for all s > 0,

we derive that

Coo < 1innii£f[(% _ﬁ)f Vv, dx + —/R V(x)fA(v,) dx
(g(f V) Vi)V Gl (v”))) dx}

p+1

1
p+1

/ V) )f Vv dx + f

RN

§linrgggf (__Im>/ [V, dx+—/ V(x)fA(v,) dx

1 , 1
- L VeSO s /R v - /R G(fw)dx

that is,

Coo < liminf[]a(vn) - L(J/n,vn)] = 1im [J(vs) + 0,(1)] = ca,

p+1

which is a contraction. Hence v > 0 and v # 0.
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In the following, we will prove that v is a solution of problem (3.2). With this aim in

mind, we need to show

-Av(x) € x)f(v)) a.e. in RN,

< g e 2] -

Noting that {v,,} C E is a (PS),, sequence, there exist v} € 3/,(v,) and y, C 9Q,(v,) satis-
fying

| *
n

0 (3.16)
and

(viy) = / (VvuVy + V@) va)f (via)y) dx —/ vaydx, YycE, (3.17)

RN RN

where y,(x) € [g(f(v,,))f’(v,,),g(f(v,,))f/(v,,)] a.e. in RN, The boundedness of {v,} combined
with (3.17) means that {y,,} is bounded in Ll%l (RN). Hence, there exist y, € Ll%l (RN) and
a subsequence of {y,}, still denoted the same, such that

Yo — o in L% (RN) (3.18)
It follows from (3.13) and (3.18) that

/ (VvVy + V) (v)f' (v)y) dx = / yoydx VyeE.

RN RN

Furthermore, by Lemma 3.4 we have

Yo(x) € [g(f(v))f’(v),g(f(v))f/(V)] a.e.inRY, (3.19)

which means that v is a nonnegative weak solution of the following problem:

1
—AV(X) = ——(v0 = V() (v)). (3.20)
,/1+2f2(v)(y0 f )
Hence (3.19) and (3.20) mean that v is a weak solution of problem (3.2). O

Remark 3.1 Due to the fact that V(x) > m for all x € RY, it is easily to verify, by using
the Stampacchia theorem, that {x € R : f(¥(x)) = a} has null measure for a small enough.

Thus the weak solution v satisfies

—-Av(x) = (H(f(v) - a)fp(v) - V(x)f(v)) a.e. in RN,

1
V1+2f%(v)

This is very important in many applications.
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4 Existence and concentration of solution for (1.4)
In this part, we define the space

E. = {u eHl(RN) :/ Viex)|u|* dx < oo}
RN
endowed with the norm
fluel|* = / (IVul® + V(ex)u?) dx.
RN

Similar to (3.2), the dual energy functional associated with (1.4) is defined by

1 1
Jeav) = —/ |Vv|2dx + —/ V(ex)f*(v) dx—/ G(f(v)) dx,
2 RN 2 RN RN
and ¢, , denotes its mountain pass level. Now, we are ready to prove Theorem 1.1.
Proof of Theorem 1.1 Divide the proof into two steps.

Step 1. We firstly show the existence of solutions to problem (1.4). Let ¥ € H'(RN) be a

positive ground state solution of the problem

—AV:Jﬁ?@V”ﬂ—wan inRY, (4.1)

v>0.

If Jo : HY(RN) — R is the energy functional associated with (4.1) given by

]0(1/)=1/ |Vv|2dx+Z/ fz(v)dx— 1 /fp(v)dx,
2 RN 2 RN p+1 RN

we have Jo(?V) = ¢ and Jj(¥) = 0, where ¢, is the mountain pass level of Jy. Define ¢ €
CS°(RN) satisfying

0<¢px <1, o¢kx)=1 forVxeB;(0) and ¢(x)=0 forVxe B5(0).

For each R > 1, we denote by ¢z and v the functions

¢Mw=¢(§) and  T(x) = Qr(x)P(x).

A direct computation shows that
vg— v inH'(RY)as R — +oo.
Thus ¢ # 0 for R sufficiently large. By this, there exists £z > 0 such that

Jo(trvr) = T?>ag<]o(tl~’1e)
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and so
/ [sz N mf(tf/k){f/(tﬁk)i,%} e fP(tﬂk)Jif(tf/k)f/i "
Bor tvg Bor Vi
and
lim tp = 1.
R— o0

These facts mean that

V=Wt — v in HI(RN) as R — oo.
Once that ¢) < ¢s (see [14]), we can choose 8, R > 0 such that

. )

co+d8<cy and Jo(Px) <co+ X

and ¢ > 0 satisfying J. ,(¢*Vx) < O uniformly for €, a > 0 small enough.
Next, we consider y (¢) = t(t*Vx) for ¢ € [0,1], where y € I'. By the definition of ¢, one

has

Ce,a = MAxX ]e,a(tak) :]e,a(zf/k)
te[0,1]

for some ¢ = t(¢,a,R) > 0.
For each given R > 0, it is obvious that there exist positive constants A; and A, such that
A <t<A,fore, a>0small enough. Note that m < V(x) for all x € RN, Then

cy = Cea < r?fgije,a(tf’k) (42)

Without loss of generality, we suppose that V(0) = m. Hence, for each ¢ > 0, there exists
€ > 0 such that

0<V(ex)—m<¢ fore €(0,€) and x € sup t¥ = Byg(0)
from which one deduces that

/ V(ex) z(f/k)dx<f (m + O)f () dx.
RN RN

By the above inequality we have

a0+ 5 [ Pl @0 d

Bar P+ 1 Jyniin=<al
1
+ / a’*ldx,
p+ 1 szﬁ[zf/kw,l]

which implies

8
Cea<co+CCi+ 2 + CoaP*l,

Page 17 of 24
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where C;, C; do not depend on €,a > 0. Hence for €, > 0 small enough we have

>
>

Ce, <CO+E+§+Z<CO+8<COO (43)

It follows from Theorem 3.1 that problem (1.4) has at least one nontrivial solution for €,
a > 0 sufficiently small.

Step 2. Now, we begin to prove the concentration of the solution. Denote by v, the

p+l
solution given by step 1. Thus, there is y., € L 7 (RN) such that
1

V1+22(ven) (ea

With ‘J/E ﬂ e [g(f(VG a f, VG ﬂ (f(VG a f/ VE ﬂ(‘x))] a.e. ln RN
Now, fixe, = 0,a, = 0.V, =V, 4, and ¥, = Ve, 4,- We are ready to discuss the behavior

—AVe (%) = — V(x)f(vg,a(x))) a.e. in RN (4.4)

of the maximum points related to {v,}, more precisely, if y, € RN denotes a maximum
point of v,,, we will show that

hm V(€nyn) =
By just the same method as used in (4.2) and (4.3), we obtain

lim ¢, 4, =co>0. (4.5)

n—00

Claim 2 There exist {z,} C RN and n,r > 0 such that

liminf/ [val2dx>n>0.
By(zn)

n—00

In fact, if the claim does not hold, from a result due to Lions, one has

lim [vu|Tdx =0
n—>00 JpN

for g € (2,2*). This limit combined with the fact that v, is a solution of (1.4) with € = ¢,
and a4 = a,, means that

lim ¢, 4, = lim J¢, 4,(v,) =0,
H—0Q H—0oQ
which contradicts (4.5).
Claim 3 The sequence w, = v, (- — z,,) is strongly convergent in H'(RN). Furthermore,

hm wu(x) =0

|x|— 00

uniformly in n € N, that is, for Vi > 0, there exists R > 0 such that

’w,,(x)‘ <n VxeRN\ B(0).
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Using the same arguments in Claim 1, we can assume that {€,z,} is a convergent se-
quence in RN with €,z, — z* € V(). Moreover, we obtain that if w is the weak limit of
{w,}, then

Wy —> W inHl(]RN).
In the following, we prove that

lim w,(x)=0. (4.6)

|x|— 00

The main idea is borrowed from [15]. For VR > 0,0 < r < % Set ¢ € C*(RYN), ¢ € [0,1]
with ¢(x) =1if x| > Rand ¢ =0 if [x| <R -rand |V¢| < % Note that

g W) < [FW)] <25 W <& + ey (4.7)
For each n € Nand L > 0, set

va(x), valx) <L,

L, va(x) > L,

VL,n(x) =
2(8-1) B-1

2
Yn =9V, Vu and wp, = OVaVE . s

where 8 > 1 is to be determined later.

Take y; , as a test function in (4.4), then

/11; gozvif 1)|Vv,,|2dx =-2(8 - 1)/ 10 vnvLﬂ Vv, Vv, dx
_2./1R <pvi(5 v,,Vv,,Vngx+/]R Vn® va Yy, dx
- /R Vx)f (va)f' V,,)go an )V,, dx.
For & sufficiently small, (4.7) and y,,(x) < f?(v,)f'(v,) yield that
/1;{ <pan |an| dx < 2/ wviff_l)v,,anVw dx
o [ S e, ds
< —2/ wviff_l)vanano dx + C3/ gazvi(f I)Vn* dx.
RN RN
For each € > 0, by Young’s inequality we have
/]R (pzvif VIV, P dx < Cg/ (pzvi(f Y V2 dx+2$/ 9021/%5 V|V, |? dx

+2Cg/ 14 vi(f V1Vg|? dax.
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Taking & > 0 sufficiently small, the above inequality becomes
/ <p2vif D |Vv,|?dx < C/ v <p2viﬁ 2 dx+C/ viviff_l)wwzdx. (4.8)
RN

By Holder’s inequality and a Sobolev embedding, we conclude that

2 2
|WL,n|2* =< C|VWL,n|2

= C/N(V(pvnvf;ql + gonnvf;ll +(B - 1)<pv,,vf;12VvL,n)2 dx
R
§Cﬂ2[/ vf,|Vg0|2Vif 2 dx+/ e an |VV,,| dx] (4.9)
RN RN

It follows from (4.8) and (4.9) that

|WL,,,|§* §Cﬂ2[/ v |V¢|2an dx+/ gozvz(’S Dy dx] (4.10)
RN RN

*2
We assert that v, € LT (l#| = R) for R large enough and uniformly in #. In fact, set 8 = %
By virtue of (4.10) one has

|WL,,,|§* SCﬂz[/ % |V<p|2an )dx+/ % szn 2V2* dxi|,
RN RN

or equivalently
|WL,,,|§* < Cﬂz[f 1% |V(p|2an Ddx + /N V,Q VLZH Z)Vf*’z) dx:|.
RN R

Using Hélder’s inequality with the exponent %- and 57—, we see that

|wL,n|§*ECf52M 2|V gy

*

2522 o > . =
+ (vav, ) ) dx v, dx .
RN ’ |x|>R/2
From the definition of wy ,,, we obtain
2%_2 =
— 2* 2*
( / (vagv, 2 ) dx)
RN
2%_2

2
. 22 e\ F .\ T
< C,32|:/ VIV 22 P dx + <f (vupv, 2 ) dx) </ V2 dx) :|
RN ’ RN ’ |x[=R/2

Observing that v, — v in H'(RN), for R sufficiently large, we infer that

* 0 .
/ vfl dx <& uniformly in 7.
[x|>R/2
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Hence

22 % 2%
2 *_
2 2 2. (2%-2)
(/ (Vavir ) dx) <Cp ViV, | dx,
[%|>R RN

or equivalently

2
252 o« 2% «
(/ (vVavy ;. )2 dx) fCﬂZ/ V2 dx < M < o0.
l*1=R RN

By Fatou’s lemma in the variable L, one derives

2*2
/ Ve dx < 00,
[x|=R

which proves the claim.
Notice that if 8 = 2D with ¢ = then B>1, 75 <2"and v, € Lt T (lx| = R~-r).
By (4.10) one has

2B-1) * 2(B-1
WL nloe < c,32</ VZVLf dx+/ V2 vaf )dx>,
R-r<|x|<R R-r<|x|

or equivalently

2
lWruloe < Cﬁ2</ v2P dx +/ V2 vaﬂn dx).
R-r<|x|<R R-r<|x|

g o ¢
Hélder’s inequality with exponent ;= and ¢ shows that

-1 1
2 2 2 = ‘
[WLul5 <cB / vitdx / 1dx
R-r<|x|<R R-r<|x|<R
1 ” =1
* L 2Pt t
+ cﬁ2</ Y22 dx) (/ Vit dx> .
R-r<|x| R-r<|x|

Since (2* — 2)¢ = 2*2, we infer that

-1
2 2 s -
-1
[Wrnly < CB / v dx .
R-r<|x|

Note that

2 2% * 2%(B-1)
|VL,”|2fﬂ(\x\>R) = (/ VLfdx) = </ 2 V2 VI, nﬂ dx)
- |x|>R-r RN

2 2 2 t_tl
w <c Vit =CB%v
ey = ([ ) o

and therefore, from Fatou’s lemma, we obtain

2 2
¥ ¥

|Vn|2*ﬁ (1x|=R) = C.B |Vrt|2f$t (x|>R-r)’
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2%(t-1) 2t

5§ = -7, we can show that

Choosing 0 =

m_g—i m_g—i
[Valmasgugzry < CH O vy ae (12] 2 R~ 1),

which means ||v, ||z (%] = R) < C|v,l2x(xj>r-r)- Applying the convergence of v, — v in H,

given € > 0, there is R > 0 such that
Vallzoo(uizr) <€ VmeN.
Hence

lim w,(x) =0 uniformly in n.
|%|—o00

Furthermore, from (4.5) we infer that lim,_. . [|[Wy gy > O and there exist §* > 0 and
1o € N such that

Walloory = 8%, Vn > ng.

Choose n = % and R > 0 such that

*

)
wy(x) < > Vx € RN\ Br(0) and n € N,
and so, if y,, denotes a maximum point of w,,, we derive
wu(y,) > 8% and y, € Br(0).

Setting y, to be the maximum point of v,,, we have ¥, = y, + z,, which means €y, = €,y,, +

€2, — Z°. From the continuity of the function V' one derives

lim V(e,y,) = V(z*) =m.

n—00

Thus the proof is completed. d
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