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1 Introduction and main results
In this paper, we consider the following chemotaxis-fluid system modeling coral fertiliza-
tion in RN with N > 3:

dre+ (u-V)e— Ae = —€(se),

s+ (w-V)s—As=—xV-(sVc) — e(se),
dic+(u-V)c—Ac=e,
du+k(w-Viu—Au+Vp=—(s+e)Vg, divu =0,

(1.1)

where e is the density of egg gametes, s denotes the density of sperm gametes, ¢ represents
the chemicals, u is the divergence free sea velocity of sea fluid, ¢ denotes the potential
function, which is given by gravitational force and centrifugal force, the constants € and

X are positive, and k € R. To complete system (1.1), the initial data are given by

eli-o0 = eo(x), 8li=0 = s0(x), Clizo =co(®), and 1wl =up(x). (1.2)
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Here we see that system (1.1) is invariant by the transformation

e(x,t) = lze(lx, lzt,), s(x, ) = lzs(lx, lzt,),
(1.3)
c(x,t) = c(lx, l2t), u(x, t) = lu(lx, lzt),

up to a change of the pressure law p = [2p for all / > 0. And a function space is called critical
space if the norm is invariant under transformation (1.3).

In the following, we will introduce the related works of this model. The most classical
chemotaxis model describing the collective motion of cells or bacteria was first proposed
by Patlak [1] and Keller and Segel [2, 3]. In their papers, the partial differential equation of
the random walk problem with orientation persistence and external bias was derived. In
[4, 5], Kiselev and Ryzhik found that the fertilization rate could be close to completion as
long as chemotaxis was strong enough. So they considered the case of the weakly coupled
quadratic reaction term

on+(-Vn—An=xV- (nV(A)_ln) —en?, in(x,t) €eR? x (0, 7). (1.4)

Here, n represents the density of egg (sperm) gametes, u is the specified spiral current
rate, and x > 0 denotes the chemotactic sensitivity constant, the term en?(g > 2) repre-
sents fertilization phenomenon. In [6, 7], under Neumann boundary condition, the au-
thors provided a simpler proof of the nontrivial bounded classical solution of the decay
profile for the following system:

dn+(u-Vn—An=-xV-(mVc) - en?, 5)
o;c+(m-V)c—Ac=—c+n. '

In [8], Espejo and Suzuki utilized the incompressible Navier—Stokes equation to describe
the chemical c and the velocity field u of fluid, which include the pressure p, and used nV¢
to simulate gravity. Those equations read as follows:

dn+(-Vn—An=-xV-(mVc) - en?,
dc+-V)c—Ac=—c+n, (1.6)
du+k(u-V)u-Au+ Vp=nVe, divu=0.

Now, we consider a more general mathematical model (1.1) by making the egg density
different from the sperm density in RV, For the chemotaxis-fluid system (1.1), many peo-
ple have done a lot of research. For example, Chae, Kyungkeun, and Lee [9] studied the
global well-posedness of coral fertilization models. Li, Pang, and Wang [10] explored the
global boundedness and decay property. Zheng [11] showed the global weak solution of
this system in a three-dimensional space. Htwe [12] proved the global classical-small data
solutions. For more models based on the Navier—Stokes equations, one can refer to [13—
16] etc.

The aim of this paper is to prove the global existence of mild solutions to the chemotaxis-
fluid system (1.1) in RN (N > 3) when the initial data are small in the scaling invariant

spaces. Furthermore, based on our results concerning the existence and uniqueness of
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mild solutions (see Theorem 1.1), the global stability of those solutions is obtained under
small initial perturbation. The main way we use is the implicit function theorem, which
is inspired by Kozono, Miura, Sugiyama [17]. Let us mention that Tan, Wu, and Zhou
[18] and Zhang, Deng, and Bie [19] applied the implicit function theorem to prove the
existence and uniqueness of mild solutions to the magneto-hydro-dynamic equations and
the nematic fluid crystals, respectively.

Before giving our results, we first introduce some usually used symbols and definitions
of mild solutions. We denote BC,,([0, 00); X) as the set of bounded weakly-star continuous
functions on [0, co) with values in the Banach space X and L%, (R") as the weak L”-space.

N

Definition 1 Let N > 3, and assume that the initial data {eo, so, co, o} satisfy eg € L,; (RN),
N

o € L} (RN), V¢o € LY(RN), and ug € LN (RN). We call measurable function {e,s,c,u} on

RY x (0, 00) a mild solution of (1.1) on (0, co) if the identities

e(t) = exp(tA)eg — fot exp{(t —t)A}(u- V)e(r)dr
- fot exp{(t — 7)A}e(se)(t) dr,

s(t) = exp(tA)so — [y exp{(t - T)A}(u - V)s(z) dt
— [y exp{(t - T)A)e(se)(r) dt (1.7)
- fot xV -exp{(t — T)A}(sVe) () dr,

c(t) = exp(tA)cy — fot exp{(t - 7)A}(u- V)c(r)dt + fot exp{(t — ) A}e(r) dt,

u(t) = exp(tA)ug — fot exp{(t — t)A}Plk(u- V)u + (s + e)Vo](t) dt

hold for ¢ € (0, 00), where exp(tA) denotes the heat semi-group defined by

(exped)g)) = [ Gl o) dy 18)

|x12
4¢ /55 T WKkdpk=Le,

with G(x, £) = —« exp(-
(4mt) 2

the solenoidal vector fields with the expression

el 1 ,
Py =8k + RiRy )= E(_A) 2 : Riesz operator | forj,k=1,2,...,N. (1.9)
j

Now our main results are as follows.

Theorem 1.1 (Existence) Let N > 3. Suppose that the indexes p, q, and r satisfy

N Ngq Ngq
q=>2, — <g<N, N<p«< , N<r< ,
2 N-gqg N-gq

and there exists a constant § = § (N, p, q,r) such that the initial data {ey, so, co, Wo} satisfy
the following condition:

lleoll %(RN)+ lIsoll %(RN)+ IIVColng(RN)
L2 L

w

+ luollx (RY) + IVl (RY) < 6. (1.10)
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Then there exists a mild solution {e,s, c,u} of (1.1) which satisfies

£3 % 2 € BC,(10,00); L1(RY)), (1.11)
£ (8725 € BC, ([0, 00); L1 (RY)), (1.12)
7R~ P)V¢ € BC,([0,00); L' (RY)), (113)
£3 W Pu e BC, ([0, 00); L7 (RY)). (1.14)

If the norms corresponding to spaces (1.11)—(1.14) are small enough, then the mild solution
{e,s,c,u} to (1.1) is unique. Moreover, when t — o0, the mild solution {e,s,c,u} has the
following asymptotic behavior:

le(®) - exp(¢A)eo |, (RY) = O(¢ %), (1.15)
J5(2) - exp(eA)so | o (RY) = O(¢ FF~4), (1.16)
| Vet) - Vexp(eA)eo |, (RY) = (3 7)), (1.17)
Ju(®) - exp(tA)uy |, (RY) = O(¢" 2 ¥ 7). (1.18)

Theorem 1.2 (Stability) Let N > 3, and let the exponents p,q, and r be the same as in
Theorem 1.1, and § = §(N, p, q,r) is the same constant as in (1.10). Suppose that the two
initial data {ey, So, co, Wo} and {€o, So, Co, Wo} and the two external forces ¢ and ¢~) satisfy

IIeollL% (RY) + IISollL%v (RY) + 1Veoll 1 (RY)

w

+ lluolly (RY) + 1Vl (RY) <5, (1.19)

||éo||ng (RN) + ISl (RN) +[1V&o |l v (RY)

w

+ 180 ll,x (RY) + IV (RY) <6. (1.20)

Suppose that {e,s,c,u} and {e,s,¢, 0} are mild solutions of (1.1) on [0,00) given by The-
orem 1.1 with the initial data {e, so,co, Wo} and {€y,50,Co, W} in the class (1.11)—(1.14),
respectively. Then, for any € > 0, there is a constant n = n(N, p,q,r,¢€) > 0 such that if

lleo —&oll n + llso—Soll x + Vo — Vol
L7 L7 v
+llwo =@l + VP =Vl x <, (1.21)

then we have

& 5

2_1y - 2_1 -
sup t2'N7¢ ||e(t)—e(t)”Lq+ sup t2'N"4 ||s(t)—s(t)||Lq
0<t<oo O<t<o0
N(L_1y
+ sup £2°N°T
0<t<oo

Ve(t) - Vi)

N(L_1ly ~
[t osup NP Hu(t)—u(t)”Lp <e. (1.22)
0O<t<o0

Corollary 1.1 (Self-similarity) Let N > 3, and suppose that the initial data {eo, So, ¢, to}
N N

satisfy eo € L2 , so € L} , Veo € LN, and uy € LN. Assume that, for all x € RN and all ). > 0,

Page 4 of 17
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there are eg(Ax) = A~2eg(x), so(Ax) = A7250(x), co(Ax) = co(x), wo(Ax) = A" ug(x), and p(\x) =
@(x). If the initial data {ey, so, o, Wo} and V ¢ satisfy condition (1.10), then the mild solution

{e,s,c,u} given by Theorem 1.1 is a forward self-similar one, i.e., it holds that

e(kx, kzt) =2"%e(x, 1), s(kx,kzt) =2"2s(x, 8),
(1.23)

c(kx,AZt) =c(x, 1), u(kx,kzt) =2"tu(x, 2)

forallx e RN,t>0, and all A > 0.

2 Key proposition
Firstly, we introduce two function spaces X and Y defined as follows:

N N
X = {{eo,50:co, w0, Pl €0 € Li ;50 € Ly} , Vg € LY, ug € LY, Vo € L)}

with the norm

|(e0, s0c0, 10, #) | = IIeollLWg + ||SoIILWg +IVeolly + llaolly + IVl

and

Ny
2

Y ={{es,c,ult (%~ é)e(-) € BC,([0,00);L7),

2

£35-25() € BC, ([0,00); L),

Ne1_1
2

(N=5)u() e BC,([0,00); %)}

N
t2

=

N,

'Ve() € BC,([0,00);L7), ¢

with the norm

[es,cw],
— ¥&-D ¥E-H
= sup 28 e(®)] + sup 257 s(o)]
O<t<oo
+ sup 3N Ve(t)|,, + sup t%(%_}’)”u(t)nm,
O<t<oo O<t<oo
respectively.

Here, X and Y are Banach spaces, and they have the norms || - |x and || - ||y, respectively.

For {eo, soco, ug, ¢} € X and {e, s, c,u} € Y, we define the map

F(@O,SO,CO,UO, ¢,e,S, () u) = {EISI C) U}) (21)
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where

E(t) = e(t) —exp(tA)eg + fot exp{(t —7)A}(u- V)e(r)dt
+ [y exp{(t — 1) Ae(se)(r) dx,
S(t) = s(t) —exp(tA)so + fot exp{(t —t)A}(u- V)s(r)dr
+ fot exp{(t — t)A)e(se)(t) dr
+ fot xV -exp{(t — T)A}(sVe) () dt, (2.2)
C(t) = c(t) — exp(tA)co + fot exp{(t —t)A}(u- V)c(r)dt
— Joexp{(t - 1) Ale(z) dr,
U(t) = u(t) —exp(tA)ug + fot exp{(t — t)A}Plk(u- V)u+ (s + e)Vo](t) dr,

0<t<oo.

Then we have the following key proposition.
Proposition 2.1 For N > 3, we assume that the exponents p, q, and r satisfy the condition

N Ng Ng
q=>2, — <q<N, N<p«< , N<r< , (2.3)
2 N-g N

then we deduce that:
(i) The map F defined by (2.1) is a continuous map from X x Y into Y.
(ii) For each data {eq,so,co, o, p} € X, the map F(ey, So, o, W0, P, -+, -) is of class C*
from Y into itself.

Proof (i) First, we will verify that t%(%_é)E(t) € BC,([0,00); L1). Owing to the LI-LY esti-
mate of the heat semi-group, it holds that
N

exp(ta)eo]],, < CT T2 ey, (24)
L2

N 2
where C = C(N, g), which means that tf(ﬁfé) exp(tA)ey € BC,, ([0, 00); L7).
According to (2.3), one has that % - % >0, % < 119 + % < 1. Then, forall £ >0,

- CB(l _N N(l + 1) - l) sup (t%(%_%)”e(t)” )
2 2[)’ 2 P q 2 ) 0<r<co L



Hu et al. Boundary Value Problems (2020) 2020:72

¥k

Z|=

x sup (r 32 [u(r)] )¢ FE (2.5)

0<T<00

with C = C(N, p, q), and here B(s, t) denotes the beta function defined by

1
B(s,t) = / 11 —x)dx
0

for positive constants s and ¢.
Similarly, in view of 1 — % >0, -1+ % >0, % + 011 <1, we have

/t exp{(t - r)A}e(se)(r)dt
0

4

< ; ”exp{(t - t)A}e(se)(r) ”Lq dt

< C/o (- T)_%‘%I ”S(T)”Lq ”e(‘r)”Lq dt

t
X sup (T%(%_%)He(l’)”m)/ (t—t)_T?t?_zdt

O<T<00 0
i ) FL R

X sup (T R 3?||e(‘r)||m) -
O<t<00

2_1y
2'\N ¢ (26)

for all £ > 0 with C = C(N, p, q).
Combining (2.2); and (2.4)—(2.6), we get ¢

estimate

N
7 (

®-2E(t) € BC,([0,00); L9), and with the

N¢
2

2 _ l)
sup 1D p0)

2

< Cleol y +C sup ¥ ¥ e

N N %
(1+ sup T2 (% P)Hu HLP+ sup 2 )H ”Lq>, (2.7)
O<t

0<t<00

where C = C(N, p, q).
2 1
Next, we are going to prove that ¢ ¥R-7) S(t) € BC,,([0,00); L7). In fact, it holds that

exp(ta)soll,, < T P isoll . (2.8)
L2

Sincel—— ON1 1)—— 0,l+l<t1and1-250,-1+250,1+1<1, weinfer
2 p g 2q q 9" q

H/texp{(t— I)A}(u -V)s(t)dt
0

L1

5/0 ||V-exp{(t—r)A}(us)(t)”qur

Page 7 of 17
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1.1

<c / (t— o) 2G5 072 fu(o)] , s(e)] . d

N2_1 N 1
<C sup (e2770s(0)] ) sup (2N [u(r)],,)
0<t<00 T<00
X t(t—r)(%_%)_lf%%(?w)_ldt
0
1 N N/1 1 N(2_1y
:CB(E Zp’ 5 <1—7 + 5) - —) 0<s;1<poo(t2 N-q ||S(T)||Lq)
X sup (1'2 (x=p) ||u(t)||u,)t’7(%7%l) (2.9)
0<t<00

and

/t exp{(t - r)A}e(se)(r)dt
0

4

< /0 ”exp{(t - r)A}e(se)(r) ”L‘I dt

N N N2_1
=CB(1‘Z"“ 7)o (o)

2

x sup (xR0 e(@)]] )¢ 20 (2.10)
0<t<00

for all £ > 0 with C = C(N, p, q).

. . 1 1,1y_1 1,1
Bya51m11arway,51nce§——> ,2( )—§>0,§+;§1,onegets

H/t xV - exp{(t - t)A}(ch)(t)dr
0

L1

5X/0 |V - exp{(t—7)A} (V) (D), d

¢ N1
< [ e ¥ o], v
0
<C sup (T¥(%7%)||S(T)HM) sup (117\](%_%) Ve(r) L,)

0<T<00

~cs(5-505 (5+3)-3) s (FEPIs0)

Page 8 of 17
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X sup (T% N7 )t’%(%’%) (2.11)
0<T<00
for all £ > 0 with C = C(N, ¢, 7).
N 2 1
2(N=g) S(t) € BC,([0, 00); L9), and with

Putting (2.2), and (2.8)—(2.11) together, one has ¢

the estimate

N2_1,
sup £ 2 NS
O<t<oo
3 é)”s(r)

= Cllsoll y +C sup 7 | .a

<1+ sup T ”)||u(T)HLp+ SUP & q)”e(f)”m
0O<t<00

+ sup e [Ve@)|,,
0O<t<00

) (2.12)

for all £ > 0, where C = C(N, p, q,7).

In the following, we will demonstrate that t3 -7 )'VC(t) € BC,(0,00;L"). Indeed, it

holds that
|Vexp(ta)eo |, < Ct 22 Veoll (2.13)
for all £ > 0. From (2.3), we have
t
HV/ eXP{(t—T)A}[(u-V)c—e](t)dr
0 I
¢ N1y
= [0 ¥ o], e d
0
rc [0 S o] ar
N(l_1y N(L_1)
<C sup (7:2 N7p ”u(t)”lﬁ) sup (1;2 N~F VC(‘L’) L’)
0<7<00
x [ - o,
0
t
+C sup (f%—é)”e(f)nw)/ (t— oy YG-D-d b
o<t
(1 N N<1 1>)
=CB - \-t-
2 2p 2\r p
< (sup Do), sup ¥AD|veco)], ) Fd-D
0<T<00 0
l_ﬁ l_l ﬁ ¥-1 )_M(l_%)
+CB(2 2 <q r)’Zq)(of:?ootz n ”e(f)”Lq 2N (2.14)

for all £ > 0 with C = C(N, p, g,r). Hence, it follows from (2.2); and (2.13)—(2.14) that

TPV C(2) € BC, ([0,00); L)

Page 9 of 17
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with the estimate

-1
r

v,

Nl
sup £2°N
0O<t<o0
1

N
2 r

N

=ClIVeollpy +C sup T

0<t<00

N
3 ( N

)| Ve(r)

+C sup t

O<t<00

N
7 (

+C sup T (R~ %)He(r)HLq

0<t

for all £ > 0, where C = C(N, p,q, 7).
Finally, we deal with U(¢). Similar to (2.4), one has

“N(L-Ly

1
p)>

forallt>0.Bythefactthat%—%>O,1—%(ILV+$

projection operator P in L?(1 < p < 00), we have

g

/t exp{(t - r)A}Pk(u -Vu(r)dr
0

< Cfo ||V . exp{(t—r)A}(u@u)(t)”Lpdr

scfot(t—r)

N
2

~\z

21
=5 2”u®u )|| pdt

L2
t
Plao,) [ e-ntted
0
N N

p>< LP)Z{

N

< C( sup T
0<t<00

1
s

N

2

sup r%(%_}’)nu(r)n (

0<t<00

2 2

and

r

/.t exp{(t - r)A} (P(s + e)V¢)(t)dt
0

< C/Ot(t—r)‘%

t _N(l,11,
+c/ (t- 1) TR D o), IVl dr
0

(F+

1
q

}7) ”S(T)”Lq ”V(’b”L{,‘\,’ dl’

N
=ClIVol Sup( 2 (
+ IVl sup (¢

~ca(1-5(

N
+CB<

1

N
1-—
2

1

+
N ¢

<1

N

1-—
"2q

2

qu

)

N

Page 10 of 17

s swp AP u)],

(2.15)

(2.16)

0 and the boundedness of the

dr

1 1)
(2.17)

»
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v &P -3 (-5 2.1
x (IVelly sup 7282 |e(r)], )¢ b (2.18)
0<t<00
for all £ > 0 with C = C(N, p, q).
Combining (2.2), with (2.16)—(2.18), we have
Fy-p) [P
sup t Z ||L[(r)||Lp € BC,,(0,00; L7)
O<t<00
with the estimate
JX 1 l)
sup £2 %70 [u(o)],
O<t<oo
M 1 l) M(L_l)
<C||UO||LN+C sup t? (¥ ||u(r)||Lp<1+ sup T2 N7p ||u(r)||u,)
0O<t<00
(2.19)

+CIVolyy sup T 235D (|s0)] o + @] o)

for all £ > 0, where C = C(N, p, q).
Based on (2.7), (2.12), (2.15), and (2.19), we conclude that

F(eo, S0, Co, g, P, 8,5,¢c,u) ={E,S,C,U} e Y

with the estimate

||F(€0, 50, €0, Uo» ¢) es,c,u || Y

< C|| {BO;SO,CO’u0’¢}||X

+C{es,cu}|, (1+|{escu}, + ”V‘f’”LL\,’)’

where C = C(N, p, g, r). This means that F is a continuous map from X x Y to Y’
(ii) We need to prove that F is C!. For each {e,s,c,u} € Y, we define a linear map

Liescu(85,¢1) = {E,S,C, U} on Y by

E(t)=&(t) + [, expl(t - 1) A}(u- V)é(r) dt

+ fot exp{(t - )A}(t- V)e(r)dt

+ [5 expl(t — 7) AJe(Be + s8)() d,

S(6) =53() + [, expl(t - ) A}[(u- V)5 + (@
+ fo exp{(t — 1) A}e(se + se)(t) dt
+ fot xV -exp{(t - 1)A}(sVe +5Vc)(t) dr,

C(e)=¢t) + fot exp{(t — t)A}(u- V)c+ (- V)c](r)dr

— Joexp{(t - 1) A)E(z) dr,
U(t) = a(t) + [, expi{(t — ©) A}Plk(u- V)a
k(@-V)u+($s+e)Vel(r)dr

-V)sl(t)dt
(2.20)
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We shall show that, for each fixed {eo, 0, ¢o, W0, @} € X, Lie,cuy is the Fréchet derivative of
F(eo, s0,co, uo, 9, 6,5, ¢,u) at {e,s,c,u} € Y. We define {&, G, €, 4} by

{€,6,¢, 4}
= F(eo,50,C0, W, P, € + &5 +5,c + ,u + )

- F(e()7 80, Co, o, ¢; 6S,C, u) - L(e,s,c,u} (é1 gl &1 ﬁ)

Then it holds that
E(t) = e(t) + &(t) — exp(tA)eg + /ot exp[(t - T)A]([(m+ 1) - V](e +8))(x)dT
/texp[(t— D)A](e(s +3)(e +2))(v) dr
( ) —exp(tA)eg + /:exp[(t— T)A](u- V)e(r)dr

+

s~

exp [(t-1)A] e(se)(r)dt)
(e(t)+ exp{(t—7)A}(u- V)e(r)dt+/0texp{(t—r)A}(ﬁ-V)e(r)dt
/Oexp{(t-z)A} (§e+sé)(t)dr>

= /Otexp{(t—r)A}(ﬁ-V)é(r)dr+/texp{(t—r)A}e(Eé)(t)dr. (2.21)

0

Hence, it follows from (2.5) and (2.6) that

1 N N/1 1 1 Ne2_Ly,
les =85 3,05 () ~3) om (F 4 P lecol)

N N 2 1y,
+CB(1— Z,—1+ ;) OS?POO(T x q)||s(r)||Lq)
X sup (r%(%’_%)Hé(r)HLq)t_ﬂﬁ_%) (2.22)

0<t<00

forallz>0.

In the same manner, we infer that
&(t) = /texp{(t— r)A}(ﬁ -V)s(t)dt + /texp{(t - t)A}e(§E)(r)dr
0 0
+ /t)(V . exp{(t - t)A}(EVE)(r)dr.
0

Putting (2.9), (2.10), and (2.11) together yields

1 N N/1 1 1 N(2_1y
o0l =cB(3- 55 (54 7)) 3w (P fsco],)
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+04L5§*+§)@pv**PWﬂm>

O<t
1 NN/l 1\ 1 N2 1y
*CG—520+9-QQ&WNqW%M
X sup (r%(ﬁ P ve(r) L,)t_%[(ﬁ_%) (2.23)
0<7<00
Similarly, for €(¢), it follows that
t
@(t):/ exp{(t—t)A}(ﬁ-V)E(t)dr.
0
Then one gets from (2.14) that
L
1 N N/1 1
<CBl=-—,—|-+-=
2 2p 2\r p
X ( sup t7 Np) ||u ”U, sup TP VE(r)HL,>t Yo7, (2.24)
0<7<00
Similar to (2.21), it holds that
t
£U(2) =/ exp{(t - T)A}Pk(w - V)u(r)dr.
0
From (2.17), we get
N N Ne1_1 2 Ne1_1
)|, <CBl{=-—,— (su 2y u(r) ) 2y (2.25)
o], = (5 - 5.5 ) (w0 2P,

for all £ > 0. Thus, by (2.22)—(2.25), we have

I{&, 6, Uy
m TP R e —
Iesgally—0 [[{e,s,c,u}lly

= lim

Jasim (||F(eo,so,co,u0,¢,e+ &s+5,c+c,u+n) — Fleg,So, Co, g, P, €8, ¢, 1)
e,S. —0

L{escu} e:S;C; H /H{e,S,C,ll}” )

for each {ey, so, co, W, @} € X and each {e,s,c,u} € Y. This implies that the Fréchet deriva-
tive of F at point {ey, so, co, Wo, P, €,8,¢c,u} € X X Y in the direction to {e, s, ¢, u} is equal to
L{e,s,c,u} (é: g; E, ﬁ) O
3 Proof of the main results

This section is devoted to proving Theorems 1.1-1.2 and Corollary 1.1.
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Proof of Theorem 1.1 Firstly, we shall show bijectivity of the Fréchet Ly at {e,s,c,u} =
{0, O, 0, 0} From (220), we have that L{o,o,o,o}{é, 5, E, ﬁ} = {E(),S(), C(), f}o}, where

Eot)=2),  So®)=3(t),  Co(t)=2(t)- / exp{(t - 1)A}e(r)dr,
0
Uy(t) = u(t) + fﬁ exp{(t - r)A}P[(E + é)VqS] dt
0
for {2,5,¢,1} € Y. Therefore, Eo(t) = So(t) = Co(t) = Up(t) = 0 implies that &(¢) = 5(¢) = &(t) =

a(£) = 0, which means that Ly, is injective.
For each {EO,SO, Co,fjo} €Y, we can take {¢,s,c,u} € Y as

t
e(t) = Eo(2), 5(2) = So(2), c(z) = Co(t) + / exp{(t — 1) A}Eo(t) dx,
0
~ t ~ ~
a(z) = Up(e) - / exp{(t — ) A}P[(So(t) + Eo(2)) Vo] dr,
0

then we obtain

Lioo001{8,5,¢ 1) = {Eo, So, Co, U}
This means that L0, is surjective from Y to Y.

Now, using the Banach implicit function theorem, we could see that there exists a Cct-

map h: X5 — Y,

def
Xé § {(eO:SO,CO’u0’¢) GX;

(60, S0, Co, Wo, ¢) ”X < 8 };

Ys def {(e, s,c,u) €Y;

(e,s,c,u)HY < 8}
for some §(N, p, q,r) > 0 such that
h(O, O, O, 0) = {0, 0,0,0}, F(e(),S(),C(),UQ,¢,h(€0,So,Co,UQ,¢) = {0,0, 0,0}

for all {ey, so, co, wg, P} € X;s.

As a result, by condition (1.10), we may find that the function /(ey, so, ¢o, 0o, ¢) gives the
unique solution of (1.7) satisfying properties (1.11)—(1.14).

The uniqueness of solutions {e,s,c,u} of (1.7) with the small norms corresponding to
the class (1.11)—(1.14) is a consequence of the existence of the C'-map % from X; to Y;.
This shows that the asymptotic behaviors (1.15)—(1.18) follow from estimates (2.5)—(2.6),
(2.9)-(2.11), (2.14), and (2.17)—(2.18), respectively. O

Proof of Theorem 1.2 The estimate of stability (1.22) under condition (1.21) is a conse-
quence of the continuity of the map /4 : X5 — Y;. The proof of Theorem 1.2 is complete. [J

Proof of Corollary 1.1 Assume that {e, s, ¢, u} is the solution of (1.7) by Theorem 1.1. Then
one has

e(x, t) = ei(x,t) — E(e,s,c,u)(x, 1), s(x, t) = s1(x, t) — S(e, s, c,u)(x, t),
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cx,t) = c1(x, t) — Cle, s, ¢, u)(w, £), u(x, t) = u(x,£) — Ule,s, ¢, u)(x, £),
where
at0= [ Gw-noab)dn s [ Ge-yonb)d
RN [
c1(x,t):_/ G(x -y, t)co(y) dy, ul(x,t):/ Glx -y, )uo(y) dy,
RN »
and
E(e,s,c,u)(x, ) = /0 /;{N Glx—y,t—7)(u- V)ely, 1) dydr
' /0 /RN Glx—y,t—1)e(se)(y, ) dydr,
S(e, s, c,u)(x,t) = /0 _/RN Glx—y,¢ - 7)(u- V)s(y, 7) dyde
" v/o ,/RN G(x -yt —1)e(se)(y, T)dydrt
+/(; /RN xVG(x—y,t—1)(sVe)(r)(y, t)dydr,

cloveminn - ./ot/RN Glx—y,t—1)((u-V)e(y, 7) — ey, 7)) dydr,
t N
titess, e Wi 1) = Eix—y,t—
(e,s,c,u)(x, ) fO/RN; j(x—y,t-1)
a ou;
X :;kuka—y;(%r)+(s+e)v¢j(y,7) dyde

fori=1,2,...,N, with

2

+ —[G(,0)* '), ij=1,2,...,N,
3

E,’j(y, 'L') = G()/, '[)8,‘1‘

ry)=———Iy™N forN>3.
) (N_z)leyl or N >

By the assumption on homogeneity of ey, it holds that

el()»x, )»Zt) = / G(Ax—y, Azt)eo(y) dy
RN

1 -y
_/RN (4 A2E)N/2 eXp(_ v

AN |l — 2|2 N
= | L exp[ -2 )e(r)AN d
/RN (A t)N2 exP( 4t >e°( 2N dz

1 le—z2\ . _ _
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where in the third equality, we have used the fact z def 2, Similarly, we have s; (Ax, 17£) =
A2s1(x, 1), c1 (A, A2E) = c1(x, £), uy (Ax, A%E) = A hay (%, £) for all x € RN, £ > 0.

Since the solution {e, s, ¢, u} of system (1.7) in Theorem 1.1 is given by the mapping / :
Xs — Y5, in order to demonstrate Corollary 1.1, we will use the following proposition, and

as its proof is quite standard, here we omit it. d

Proposition 3.1 Let N > 3 and {e, s, c,u} satisfy (1.23). Then one has

22E(e, s, c,u) (kx, Azt) = E(e,s,c,u)(x, t),
228(e, s, c,n) ()»x, Azt) =S(e, s, c,u)(x, £),
Cle,s,¢,u)(Ax, 2%t) = Cle,s,¢c,w)(x, 1),

AlU(e, s, c,a) (Ax, )»Zt) =Ule,s,c,u)(x,t)

forallx e RNt >0 and all ). > 0.
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