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h(|x]), H(]x]) are continuous and positive in RY. Relying on some special arguments
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1 < p < g will be obtained.
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1 Preliminaries

This paper is concerned with the following quasilinear Schrodinger equation:

Y )/Lt

—Au— [A(l + uz)j] = ah(|x|)|u|p’1u + ,3H(|x|)|u|q_1u, xeRN, (1.1)
2(1 + u?)

2-y
Pl

where 1 <y <2,a,8€RandeitherO<p<l<gorl<p<gq.

This class of equations is often referred to as so-called modified nonlinear Schédinger
%, whose solutions are related
2(1+u2) 2

to the standing wave solutions for the quasilinear Schrédinger equation

equations due to the quasilinear term [A(1 + uz)%]

iz, = -Az + V(x)z - h(|21*)z - [AW (121*) |¥'(121*)z  xeRY, (1.2)

where V is a given potential, ¥ and / are real functions.
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The quasilinear Schrodinger equation (1.2) has been derived as models of several physi-
cal phenomena corresponding to different types of ¥; see [1, 2]. The super fluid film equa-
tion in plasma physics has this structure for ¥ (s) = s2* [1, 3, 4]. For the case ¥ (s) = (1 +5)%/2,
Eq. (1.2) was used to model the self-channeling of a high-power ultrashort laser in matter
[5-8]. Especially, Cheng in [9] solved the existence of positive solutions to the following

equation by a dual approach:

~Au+ K= [ A1+ 2) ] e =l [l (1.3)

2(1 + y?)@2-«

where K >0, >1,2<g+1<p+1<a2* Similar work can be found in [10, 11] and the
references therein.

Besides, Zhang, Liu, Wu and Cui [12] focused on the existence and nonexistence of
entire blow-up solutions for the following quasilinear p-Laplacian Schrédinger equation

with a non-square diffusion term:

—Apz = Ay(|27 1217 722) = q(x)g(2), (14)

z>0, inRY, z(x) — 0o, as |x| — oo,

wherep > 2y, y > %, the nonnegative radial function g is continuous on RV, g is a contin-
uous positive and non-decreasing function on [0, 00). Chen and Chen [13] concentrated

on the nonexistence of stable solutions for the quasilinear Schrédinger equation

u

———— = h)|u" 'y, xeRY, (1.5)
2(1 + u?)2

CAu-[A(L+ )]

where N > 3, g > %, h(x) is continuous and positive in RN,

Throughout the paper, we consider (1.1) with the following two cases:

(i) O<p<l<q o B>0 h(lx|),H(x|) >0,

(i) 1<p<q, a,8>0, h(|x]), H(|x|) > 0.
With the aid of a variational argument, the question of the existence and multiplicity of
nontrivial solutions to problem (1.1) is largely open. Compared with the work on weak
solutions by variational way, we are interested in investigating the radial solutions and
asymptotic behavior. In the present paper, the first task is to obtain the nonexistence cri-
teria of positive ground state solutions to (1.1) involving superlinear nonlinearities, which
mainly relies on some special techniques. Immediately after that, the sufficient conditions
for existence of positive ground state solutions are solved by the Schauder—Tychonoff fixed
point theorem. At last, we aim at the sufficient conditions for existence of blow-up so-
lutions involving concave-convex nonlinearities by the Schauder—Tychonoff fixed point
theorem. As far as the authors are aware, it seems that there is little work concerning the
nonexistence criteria of the positive ground state solutions to problem (1.1) involving su-
perlinear nonlinearities. Furthermore, there is almost no work on the existence of blow-up

solutions involving concave-convex nonlinearities.
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Motivated by [14—17], we take the changing of variables u = g(z) or z = g"!(u), where
g(t) is given by

[T

0 -[10 =29 17 A1) 2(1+820)* 722 0) £ 0
¢ 21+ gOP7 ¢ ¢ re e =
and g(t) = —g(~#) on (-00,0].

Thus, we can obtain the properties of the function g(£) as below.

Lemma 1.1 ([8]) The function g(t) satisfies
(f1) g is uniquely defined, C* and invertible;
() 0<g' () <1,forallteR;

(fz) 1g@®)| < |t forallt e R;

(fa) g(Tt)—>1ast—>0;

(fs) g(t) <2ytg'(t) <2yg(t), for all t € R* = [0, 00);
(fs) there exists by > 0 such that

bolt| ifle =1,

g(t)| >
<o) bolt|"  if |t = 1.

After making the change u = g(z), (1.1) turns into the following equation:

~Az=ah(|x)) 2@ g2 (@) + BH(1x])|e(2)| 'g(2)g' (), x€RN. (1.6)

Definition 1.1 The function z € C%*

loc(]RN) (0 < 8 < 1) is said to be a weak solution of (1.6)
if

/]RN VzVidx = AN ah(|x])Gi(2)¢ dx + /RN Bh(Ix)Ga(2)¢ dx, ¢ € Cy(RY),

where and in the sequel, G;(z) = |g(2)[P"1g(2)g'(z), Ga(2) = |g(2)|7 ' g(2)¢ (2).

We observe that z = z(|x|) = z(r) is a positive radial solution of (1.6) if and only if the
function z(r) satisfies the following equation:

~(NZ0) = arN (0 |g@) [ e@)g (2) + BrTUH( |g(2)| T g(9g (2), > 0. (17)

As usual, we focus on the existence and nonexistence of weak solutions to (1.1) via (1.7).

Our main conclusions in this work are as below.

Theorem 1.1 Let 1< p<gq,«, B >0, suppose that functions h(t), H(t) are positive, contin-
uous in RN and
(P1) Ai(r) > 0o orAy(r) — 00,asr — oo, where foralls > 0,A1(r) = [ tN"1-WN=-20+Dp () dt,
As(r) = [T N-I-W-2@ D (f) dt,
then problem (1.7) does not possess any positive ground state solutions.

Theorem 1.2 Let 1 <p<gq,«, B >0, suppose that functions h(t), H(t) are positive, contin-
uous in RN and



Li and Wang Boundary Value Problems (2020) 2020:81 Page 4 of 14

(Py) @1(t) — 00 or @yt) — oo, as t — oo, where ¢(t) = fltrN‘lh(r)dr N,
@o(t) = [{ NTH () dr - 17N,
(Ps) (Nh(p)) < %M(t), (tNH(t)) < %f*“tNH(t), forall £ >0,
then problem (1.7) has at least one positive ground state solution.

Theorem 1.3 Let0<p<1<gq,a,B >0,suppose that h(|x|), H(|x|) are positive, continuous
in RN and satisfy

L L
h(lxl)sﬁ, H(le)sﬁ, x| > 1,

where L1,Ly >0, 0 < A1 < 2, Ay > 2, then problem (1.7) has multiple positive blow-up solu-
tions.

The organization of this work is as below. Sufficient conditions for nonexistence of pos-
itive ground state solutions to (1.7) will be set up in Sect. 2. Section 3 and Sect. 4 contain

the proof of the existence of positive ground state solutions and blow-up solutions.

2 Nonexistence criteria of positive ground state solutions

In this section, we aim at deriving some useful lemmas by special techniques and then
finishing the proof of Theorem 1.1. Throughout the paper, a function z is called a ground
state solution of problem (1.1) if the weak solution z tends to zero as |x| — oo.

Let us denote operator
T(2)(r) = -(MN'2(r)".
Lemma 2.1 Let z(r) € C?(0, 00) be a positive solution of (1.7), if
T(z)(r)>0 (r>0),Z(0)=0, (2.1)

then the function F(r) = rN=2z(r) is increasing for r > 0. Moreover, F'(r) = 0 iff z(r) = cr*™¥,
where c is a constant.

Proof 1t is easy to get T'(z)(r) > 0 and

T(2)(r) = —(rN_lz’(r))/ = —rN_z((N -1)7 + rz”)

= N2 (N -2z +r7) = "NM(r), (2.2)
where M(r) = (N — 2)z + rz’ and M'(r) <0 (r > 0). Integrating (1.7) over (0,r), we have
Z(r)<O0.

In fact, we have M(t) > 0 for every ¢ > 0. Otherwise, there exists ¢, > 0 such that M(t,) <0,
then

rZ <M(r) < M(ty), r>to,

thatis, Z/(r) < M, 7>ty
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Integrating the above inequality over [, 7], one can see

z(r) < z(ty) + M(to) In ti — —00, asr— 00,
0

which gives rise to a contradiction with the positive solution z(r). Therefore,
M@r)=(N-2)z+rZ = (rN_zz)/r?”N >0, forallr>0.

which implies the function F(r) = ¥N=2z(r) is increasing for r > 0. Moreover, F'(r) = 0 iff
z(r) = cr*N. O

Proof of Theorem 1.1 By (2.2), one can get

T(2)(r) = =M (r) = a7 1) (@) " g (2)g (2) + B H()|g(2)|" ' g(2)g (2).
Namely

~M'(r) = arh()|g@)|" "' g@)g @) + BrH()|¢)|" ¢ (@).
Since z(r) is a positive ground state solution and g(z) satisfies properties

() |g@)| = bolzl, Izl <1, (f) £ —>1 asz—0,

(f5) g(t) <2ytg'(¢) <2yg(),
there exist b1, by > 0 such that
—M'(r) > birh(r)2 (r) + borH(r)Z4(r), (2.3)

integrating (2.3) over [s, r] yields

_M(r) + M(s) > by f " th(e) () dt + by / ")) dt. (2.4)

Note that 7¥N2z(r) is an increasing function, then
M(s)>b / [th(e)2!(¢) + tH(6)Z9(t) ] dt
=b / [th(2) (N 22(2)) NP

s

+ tH(8) (N 22(1)) e N 2] at

> b(s"22(s))” / NN ) gy

+b(sN22(s))" / N2 )y

= bmin{(s"22(s))", (N 22(s)) "} (A1(r) + Ax(r)), (2.5)
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where b = min{by, b,}. By (P1), A1(r) — 00 or Ay(r) — oo as r — 00, it gives rise to a
contradiction. Thus, there is no positive ground state solution to (1.7).
Otherwise, A;(r) < 00 and A,(r) < 00 as r — 00. Denote

Bi(s) = / T NN g By(s) = / NN ()
which implies that B (s), B(s) are bounded for all s > 0. One can see that
B(s) = —sNIWN2De D), Bl (s) = —sN TN g (),
On the other hand, one can have
F(r) = (r'N_Zz(r))/ =rN-3 ((N -2)z+ rz/) = N3 M(r)
and by (2.5), one can obtain

F'(s) = sN3M(s)
> bsM 2 min{ (s"2(s))’, (N 22(s)) 7}

. ( / T N2 ) gy 4 | T ey dt)

= psN 73 min{FP(s),Fq(s)}(Bl(s) + Bz(s)), asr — oo. (2.6)

If min{F?(s), F4(s)} = FP(s), one can get

;((Z)) > bsN 3 (Bl(s) + B, (s)). (2.7)

Integrating (2.7) over [s, r], one can have

ﬁ [F2(r) - F*(s)]

> b/rtN*S(Bl(t) +By(t)) dt

b

=3 [zN‘z(Bl(t) +By (1)1} - /s N2 (B (1) + By(t)) dti|

_ ﬁ [ 2B,() - 8 2By(5) + 2By () — 2By (s)]

b [ [ ’

+ [/ tN_l_(N_Z)ph(t)+/ tN—l—(N—Z)qH(t)dt} (2.8)
N-2]J s

which implies that

1
—— Fflw»
—F76)

> N—’i 5 ( / NP () dt—sN‘zBl(s))

Page 6 of 14
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+ N’i 5 ( / NNy ) gy —sN_ZBz(s)>
= % (A’lk(r) —sN72By(s) + Aj(r) - sN’ng(s)), (2.9)

where Aj(r) = [ NTIWN2p(e) dt, Ay(r) = [T ENT-ND9H(2) dt.

If A3(r) — oo or Aj(r) — oo as r — 00, we can get F177(s) — +00. Since the function
F(s) is increasing, we have F(s) < 0. It yields a contradiction.

As to the other case, if min{F?(s), F4(s)} = F(s), we can apply the same argument. Thus,
Eq. (1.7) has no positive ground state solution and the proof is completed. d

Remark 2.1 Since

Ay (r) = / rtN‘l‘(N"z)(p“)h(t) dt < A%(r) = / rtN‘l‘(N‘z)Ph(t) dt, fors>1,
we can get

Ai(r) > 00 = Aj(r)—>o00, asr— oo.

3 Existence of positive ground state solutions
Let us consider (1.7),

(N2 () = arNTh(n)|g(2) P g(2)g (2) + BrNTTH(r) g ()17 g(2)g (2),

2o = z(0) > 0, r>0, z(r) =0, asr— oo,
where «,8>0,1<p<gq.

Proof of Theorem 1.2
Step 1. We claim that, for all z > 0, there exist § > 0 and z = z(r) such that

—(rN‘lz’(r))/ = ar™ 1 h(r) |g(z)|p_1g(2)g’(2)
+ BNTUH() |g(2)| " g(2g (2), 7€ (0,5), (3.1)

with 2 < z(r) <z, r €[0,8]; Z(r) <0, r € (0,8).
By (f5), we have g(z) > 0, thus (3.1) can be rewritten as

~(MNZ() =N (g (2)g () + BN HNg!(2)g (2), 7 € (0,8). (3.2)
Since the functions /(t) and H(t) are positive and continuous, we can get

r t/g N-1 r trg N-1
lim </ <—> h(s) ds) dt=0, lim (/ (—) H(s) ds) dt=0,
r—0 Jq 0 t =0 Jq 0 t

and there exists § > 0 such that

bt/ \N! 2 D\ “
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Let U denote locally convex space of all continuous function on [0, 00) with the usual
topology and consider the set

X= {ze ull’%‘) <z2(r) <zore [0,6]},

and the operator 7 : X — CJ0, §]

r t N-1
e[ ) srewas)a
r t s N-1
_ s o
ﬁ/o </0 <t> H(s)g"(s)¢ (s) dS> dt. 04

It is easy to get 7X C X, the operator 7 is continuous and relatively compact. Therefore
there exists az € X such that 7z = zholds by the Schauder—Tychonoft fixed point theorem.
Besides, the solution z = z(r) can be extended and satisfies z'(r) < 0 as long as z(r) > 0.

Denote
Y = {rz 0|z(¢) >0,0 <t< r}.
In fact, we have Y = [0, 00). Otherwise, if Y # [0, 00), then there exists R > 0 such that
z(t) > 0, 0<t<R; z(R) =0, Z(t) <0, 0<t<R

Multiplying both sides of (3.2) by —rZ/(r), we can obtain

1 N27/
g[fN(Z)]+

N

-2 N / + / p + /
= l(z)2=—%/vh(r)[gp '(2)] —mrNH(r)[gq 2], 35)

then integrating (3.5) from [0, R], one can see

o

P+ )¢ @)

LN, RIN=2 ..,
sREwy s [{X 2
¥ %"N H('”)[gq”(z)]/}drzo. (3.6)
On the other hand, by (3.2) we get
R R
/ rN—l(Z/)Z dr = [YN_IZ/Z]|§—/ Z(I’N_lz/),dz
0 0
R R
= O‘_/ rN_lh(r)gp(Z)g,(Z)zdr+ﬂ/ N UHP G (2)d Qzdr  (37)
0 0

and

R R
/0 Mh(n)[g" )] dr = () (@ @) |5 - /O (N h(r)) g2 (2) dr
R
0

- / (M h(r) ¢ (@) dr, (3.8)
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and analogously

R R
/0 NH(r)[g" (2)] dr = - fo (MH(r)) g7 (2) dr. (3.9)

Substituting (3.7), (3.8), (3.9) and (f5) into (3.6) gives
1 REN -2 1 ,
0= iRN(z’(R))2 + a/(; [TrN‘lh(r)gp(z)g/(z)z - Im(rNh(r)) gp”(z)] dr
R
e[| 552 O @ (O e | ar
=

1 R N-2 1 ,
R (Z(R)’ +a /0 gP*l(z)[Terh(r) - m(rNh(r)) } dr

R
+B /0 gq+1<z>[ACL—‘y2rN1H( (rNH<r>)/] dr, (3.10)

1
r)— ——
g+1

thus it gives rise to a contradiction with (P3), so Y = [0, 00).
Step 2. We consider the asymptotic behavior of solution z(r), that is, z(r) — 0, as r — oo.
Since the function rN~!(-z’) is increasing, we have rN~1(-z') > —Z/(1), r > 1, then inte-
grating from [t, R], we get
1
z(t) — z(R) > —z/(l)m(Rz_N - tz_N), R>t>1, (3.11)
and z(t) > z(00) = 2/(1) 5 >N, r =1, R — oo.

On the other hand, integrating both sides of (3.2) on [0, R], we can acquire
R !
/ (N2 (r) dr = -RN7'Z(R)
0
R R
= a/ M (rg? (2)g (z)dr + B / N1H(r)g(2)g () dr. (3.12)
0 0
Let 0 <zp <1in X, since (fg), (fa) and %0 < z(r) < zy, there exist ¢1, ¢y > 0 such that
R R
—RNIZ(R) > 01/ N2 (r) dr+02/ NUH(NZ(r) dr
1 1
R R
> clzp(R)f N () dr + czzq(R)/ NYH(r) dr
1 1
R R
> cmin{z”(R),zq(R)} (/ N h(r) dr +/ NUH () dr), (3.13)
1 1

where ¢ = min{cy, ¢3}. If Z2(R) = min{z”(R), z7(R)}, then we can have

~Z'(R) R N1 IV 1N
7@ Zc(/1 N h(r)dr - R +/1 N IH@E)dr - R )

= c(@1(R) + ¢2(R)), (3.14)

Page 9 of 14
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where ¢;(R), i = 1,2 denoted by (P,). Integrating (3.14) over [1, R], one can have

R—Z/(t) ~ 1 - . R R
20 dt—g[z P(R) -z p(l)]zc(/l <pl(t)aft+_/1 wz(t)dt>. (3.15)

Hence, by hypothesis (P,) we obtain

R R >
zZ(R) < |:z1q(1) —clp- 1)(/1 1(t) dt+/; goz(t)dt)i| —- 0, asR— oco. (3.16)

As to the other case, if z7(R) = min{z”(R),z4(R)}, we can apply the same argument. Thus

lim,_, o 2(r) = 0 is proved and the proof of Theorem 1.2 is completed. d

4 Existence of positive blow-up solutions
In this section, we investigate (1.7) with concave-convex nonlinearities and give a proof of
Theorem 1.3. Throughout the paper, a function z is called a blow-up solution of problem
(1.1) if a weak solution z satisfies z — 0o as |x| — 0.

We consider (1.7),

(N2 () = arN T h(r)|g(2) 1P g(2)g () + BrNTTH(r)|g(2) |17 g(2)g (=),

zo = z(0) > 0, r>0, z(r) - 00, asr— oo,
where o, 8>0,0<p<1l<g.

Proof of Theorem 1.3 At first, we choose zy > 0 such that

20 (220 [max{ fy h(s) ds, 5 ) ooy < 5

2-A+kp — (41)
1 Z
2p(2z0) Imax{ [y H(s)ds, x5 < 2,
and
1 1
2o 20
aCal [ H9ds=%, powy [ HEds <, @2)
0 4 0 4
where k = % = % >0,0<A; <2, Ay >2.
It is well known that (1.7) is equivalent to the following integral form:
r t
z(r) = zo + af tl’Nf sNh(s)g? (2)g (z) ds dt
0 0
r t
+ ,B/ tl’N/ sNUH(s)g(2)g () ds dt. (4.3)
0 0

Let U, denote locally convex space of all continuous function on [0, 00) with the usual

topology and consider the set

W = {z € Uplzo < 2(r) < A(r),r 2 0},
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and the operator 7 : W — CR,, R, = [0, +00) is given by Tz =7,
r t
Z(r) = zg + a/ tl_N/ SN Un(s)gP (2)g (z) ds dt
0 0
r t
+B / tl‘N/ N H(s)g(2)g (2) ds dt. (4.5)
0 0

Obviously, W is a nonempty closed convex set of CR,. In order to apply the Schauder—
Tychonoff fixed point theorem, we are going to verify in three steps.
Step 1.7 maps W into itself. For 0 < r < 1, by (4.2) we have

r t r t
Z(r) <zo + a/ tl‘N/ SNVh(s)2 (s) ds dt + ,3/ tl‘N/ SNLH(5)Z9(s) ds dt
0 0 0 0
r t r t
<zy+ a(2zo)p/ f h(s)dsdt + ,6(2z0)q/ / H(s)dsdt
o Jo o Jo
1 1 % Z
<zy+ O((ZZo)p/ h(s)ds + ,3(220)‘7/ H(s)ds <zp+ 2 + n < 2z, (4.6)
0 0

and for r > 1, by (4.1),(4.2), we have

1 r t
Z(r) = zo + a(/ +f )tl_N/ SN n(s)g? (2)g (z) ds dt
0 1 0

1 p ;
1-N 1 N
+,6</0 +/1 )t /0 SN H(s)g"(2)g'(z) ds dt

r t
<zt 2,2 +oz/ tl-N/ NU(s)2 (s) ds dt
4 4 1 0

' 1-N ! -1 q
+ﬂ./1 t /OSN H(s)z9(s) ds dt

= % +Ol/1rt1_N</Ol+/lt)sN_1h(s)zp(s)dsdt
+B /1 rth( /O 1 + /1 t>SN1H(s)zq(s) dsdt

3 r 1 t
% + oe/ N [(ZZo)p/ h(s)ds + (2z9)P L1 / N-1hghe ds] dt
1 0 1

IA

r 1 t
1-N q q —1-A2 kq
+ﬁ,/1 t |:(2z0) /0 H(s)ds + (2zp) Lg/1 sN s ds:| dt

E)’ZO ! Ll " 1-N . N—
— +2a(2 ds, ————— PN NRrke gy
5 + 2a( zo)p|:max{/0 h(s)ds N—)»1+kp}:|/1

1 r
L,
q 1-N (N-Ap+kq
+2B(2z) [max{/o H(S)dS’N7—12+kq”/1 NN dt

IA
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3 ! L-1 1
< 2% + 20(220)” | max f h(s)ds, . L p2htkp
2 0 N — A +kp 2-A +kp
+28(229)7| max /IH(S) ds Ly . 1 . p2ratkq
° 0 ’N—)»2+kq 2—)»2+kq
3
=St st 4.7)
2 4 4

where2—)\1+kp=k,2—A2+l<q=k,thatis,l<=@:%with0<kl<2,k2>2,thus

1_ 4
we prove that TW C W.
Step 2.T is continuous. Let {z,} be a sequence in W which converges to z € W uniformly
on each compact subinterval of R,.
Let

om(r) =r'N / T h(s)g? (zm)g (zm) ds + r' N / "y (5)g%(zm)g (zm) dis,
0 0
o(r) = rl‘N/rsN‘lh(s)gp(z)g/(z) ds + rl‘N/rsN‘lH(s)gq(z)g’(z) ds.
0 0
Then one can see
) - o) < /O H$) & () (z) - (2 (2)] di
+ ‘/0 H(3)|g%(zm)g (zm) — g1(2)g (2)| ds (4.8)
and
2 =20)| = [ lonts) - 906 ds, (49)
0
from (4.8), (4.9), we see that {¢,,} converges to ¢ uniformly and {Z,,} converges to Z uni-

formly on each compact subinterval of R,. Hence, the mapping 7 is continuous.
Step 3. T (W) is relatively compact. For R > 0 an arbitrary constant, one can have

r/s N-1 "/ N-1
z0-a [ (2) hoge@dss (1) Hog@e s
' » ' q
< oz/o h(s)Z(s) ds+ﬁ/0 H(s)z4(s) ds
R R
< oz/ h(s)AP (s) ds + ,3/ H(s)A(s) ds, (4.10)
0 0

it implies the local boundedness of the set {Z'(r)|z € W}. Thus, the relatively compactness
of T (W) can be shown by the Ascoli—Arzeld theorem.

Therefore, the Schauder—Tychonoff fixed point theorem guarantees a z € W satisfying
Tz = z, namely, z(r) satisfies (1.7). Thus, z(|x|) gives a solution of (1.1). Besides, multiple
occurrences zq fulfill (4.1) and (4.2), so multiple positive radial solutions of (1.1) can be
constructed.

Step 4. We consider the asymptotic behavior of solution z(r), that is, z(r) — oo, as

r— Q.

Page 12 of 14
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Givenzp>1,r>1,y —1<p<1l<gandz <z(r) < A(r), one can get

0 _ 170, w

PR > —@) ) = b)) T =50, (411)

2y z 2y  z

and g?(z)g'(z) > b3 > 0. Then

rl’N/rsN’lh(s)gp(z)g’(z) ds + rl’N/rsN’lH(s)gq(z)g’(z) ds
0 0

szrl_N/ SN_lh(s)ds+b3r1_N/ SNLH(s) ds. (4.12)
0 0

By the hypothesis (P,), we can verify that lim,_, « z(r) = co and the proof of Theorem 1.3
is completed. d
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