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Abstract
In this paper, we consider the initial boundary value problem for generalized
Zakharov equations. Firstly, we prove the existence and uniqueness of the global
smooth solution to the problem by a priori integral estimates, the Galerkin method,
and compactness theory. Furthermore, we discuss the approximation limit of the
global solution when the coefficient of the strong nonlinear term tends to zero.
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1 Introduction
The Zakharov system, derived by Zakharov in 1972 [1], describes the interaction between
Langmuir (dispersive) and ion acoustic (approximately nondispersive) waves in an unmag-
netized plasma. The usual Zakharov system defined in the space R

d+1 is given by

iεt + �ε = nε,

ntt – �n = �|ε|2,

where the wave fields ε(x, t) and n(x, t) are complex and real, respectively. It has become
commonly accepted that the Zakharov system is a general model to govern interaction of
dispersive and nondispersive waves.

The generalized Zakharov system has found a number of applications in various physi-
cal problems, such as interaction of intramolecular vibrations giving rise to Davydov soli-
tons with acoustic disturbances [2], interaction of high- and low-frequency gravity distur-
bances in an atmosphere [3], and so on. In the past decades, the Zakharov system has been
studied by many authors [4–13].

Gajewski and Zacharias [14] studied the following generalized Zakharov system and
established the global existence for initial value problem:

iεt + εxx + (α – n)ε = 0,
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vt +
(

1
2

v2 – βvx + n + |ε|2
)

x
= 0,

nt + vx = 0, t > 0,

where the parameters β > 0 and α are real numbers.
You and Ning [15] considered the existence and uniqueness of the global smooth so-

lution for the initial value problem of the following generalized Zakharov equations in
dimension two:

iεt + �ε – nε = 0,

vt +
2∑

i=1

∂

∂xi
gradϕ(v) – �v + ∇(

n + |ε|2) = 0,

nt + ∇ · v = 0, t > 0,

with initial data

ε|t=0 = ε0(x), v|t=0 = v0(x), n|t=0 = n0(x),

where ε(x, t) = (ε1(x, t), ε2(x, t), . . . , εN (x, t)) is an N-dimensional complex-valued unknown
functional vector, v(x, t) = (v1(x, t), v2(x, t)) is a two-dimensional real-valued unknown
functional vector, n(x, t) is a real-valued unknown function, x ∈R

2, and ϕ(s) is a real func-
tion.

In the present paper, we study the following initial boundary value problem for gener-
alized Zakharov equations:

iεt + εxx + (α – n)ε + δ|ε|pε = 0, (1.1)

vt +
[
ϕ(v) – βvx + n + |ε|2]x = 0, (1.2)

nt + vx = 0, t > 0, x ∈ [0, L], (1.3)

with initial data

ε|t=0 = ε0(x), v|t=0 = v0(x), n|t=0 = n0(x), x ∈ [0, L], (1.4)

and boundary conditions

ε(0, t) = ε(L, t) = v(0, t) = v(L, t) = n(0, t) = n(L, t) = 0, (1.5)

where the parameters p > 0, β > 0, α, and δ are real numbers, and ϕ(s) is a real function.
Taking δ = 0, β = 0, and ϕ′(s) = Constant in this system, it becomes the classical Zakharov
equation system. From a physical point of view, this system has stronger nonlinear excita-
tion and interaction. It also can be considered as a further generalization of the generalized
Zakharov system discussed in [14]. From the perspective of both mathematical research
and physical applications, the problem is of great significance.

For convenience of the following contexts, we set some notations. For 1 ≤ p ≤ ∞, we
denote by Lp[0, L] the space of all pth-power integrable functions in [0, L] equipped with
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norm ‖·‖Lp , and by Hs,p the Sobolev space with norm ‖·‖Hs,p . For p = 2, we write Hs instead
of Hs,2. Ck(R) is the space of k times continuously differentiable functions on R. If k = 0,
then we write C(R) instead of C0(R). Let (f , g) =

∫ L
0 f (x)g(x) dx, where g(x) denotes the

complex conjugate function of g(x). The real and imaginary parts of a complex number A
are denoted, respectively, by Re A and Im A. Throughout the paper, C is a generic constant,
which may have different meanings in different places.

This paper is organized as follows. In Sect. 2, we establish a priori estimations for prob-
lem (1.1)–(1.5). In Sect. 3, we study the existence and uniqueness of global generalized
solutions for problem (1.1)–(1.5). In Sect. 4, we discuss the regularity of global general-
ized solution for problem (1.1)–(1.5). In Sect. 5, we give the approximation limit of the
global solution when the coefficient of the strong nonlinear term tends to zero.

2 A priori estimations for problem (1.1)–(1.5)
Lemma 2.1 Let ε0 ∈ L2[0, L]. Then for the solution of problem (1.1)–(1.5), we have

‖ε‖2
L2 = ‖ε0‖2

L2 .

Proof Taking the inner product of (1.1) and ε, we have

(
iεt + εxx + (α – n)ε + δ|ε|pε, ε

)
= 0. (2.1)

Since Im(iεt , ε) = 1
2

d
dt ‖ε‖2

L2 , Im(εxx + (α – n)ε + δ|ε|pε, ε) = 0, and hence from (2.1) we get

d
dt

‖ε‖2
L2 = 0,

that is,

‖ε‖2
L2 = ‖ε0‖2

L2 . �

Lemma 2.2 Suppose that (1) ε0 ∈ H1[0, L], v0 ∈ L2[0, L], n0 ∈ L2[0, L], and (2) ϕ(v) ∈ C(R).
Then for the solution of problem (1.1)–(1.5), we have

‖εx‖2
L2 +

∫ L

0
n|ε|2 dx –

2δ

p + 2

∫ L

0
|ε|p+2 dx +

1
2
‖v‖2

L2 +
1
2
‖n‖2

L2

+ β

∫ t

0

∥∥vx(x, τ )
∥∥2

L2 dτ = M1.

Proof Taking the inner product of (1.1) and –εt , we get that

(
iεt + εxx + (α – n)ε + δ|ε|pε, –εt

)
= 0. (2.2)

Since

Re(iεt , –εt) = 0, Re(εxx, –εt) =
1
2

d
dt

‖εx‖2
L2 ,
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we have

Re
(
(α – n)ε, –εt

)
= –

α

2

∫ L

0
(εεt + εεt) dx +

1
2

d
dt

∫ L

0
n|ε|2 dx

–
1
2

∫ L

0
nt|ε|2 dx

= –
α

2
d
dt

‖ε‖2
L2 +

1
2

d
dt

∫ L

0
n|ε|2 dx –

1
2

∫ L

0
nt|ε|2 dx

=
1
2

d
dt

∫ L

0
n|ε|2 dx –

1
2

∫ L

0
nt|ε|2 dx,

Re
(
δ|ε|pε, –εt

)
= –

δ

p + 2
d
dt

∫ L

0
|ε|p+2 dx,

and hence from (2.2) we get

d
dt

(
‖εx‖2

L2 +
∫ L

0
n|ε|2 dx –

2δ

p + 2

∫ L

0
|ε|p+2 dx

)
–

∫ L

0
nt|ε|2 dx = 0. (2.3)

Taking the inner product of (1.2) and v, we have

(
vt +

[
ϕ(v) – βvx + n + |ε|2]x, v

)
= 0. (2.4)

Since

(vt , v) =
1
2

d
dt

‖v‖2
L2 , (–βvxx, v) = β‖vx‖2

L2 ,

([
ϕ(v)

]
x, v

)
=

∫ L

0

[
ϕ(v)

]
xv dx = –

1
2

∫ L

0
ϕ(v)vx dx = –

1
2
Φ

(
v(x, t)

)∣∣∣∣
L

0
= 0,

where

Φ(x) =
∫ x

0
ϕ(s) ds,

(nx, v) = –
∫ L

0
nvx dx =

∫ L

0
nnt dx =

1
2

d
dt

‖n‖2
L2 ,

(|ε|2x, v
)

= –
∫ L

0
|ε|2vx dx =

∫ L

0
|ε|2nt dx,

and hence from (2.4) we get

d
dt

(
1
2
‖v‖2

L2 +
1
2
‖n‖2

L2

)
+

∫ L

0
|ε|2nt dx + β‖vx‖2

L2 = 0. (2.5)

By (2.3) and (2.5) we get

d
dt

(
‖εx‖2

L2 +
∫ L

0
n|ε|2 dx –

2δ

p + 2

∫ L

0
|ε|p+2 dx +

1
2
‖v‖2

L2

)

+
d
dt

(
1
2
‖n‖2

L2

)
+ β‖vx‖2

L2 = 0.



Wang et al. Boundary Value Problems         (2020) 2020:85 Page 5 of 31

Thus

‖εx‖2
L2 +

∫ L

0
n|ε|2 dx –

2δ

p + 2

∫ L

0
|ε|p+2 dx

+
1
2
‖v‖2

L2 +
1
2
‖n‖2

L2 + β

∫ t

0

∥∥vx(x, τ )
∥∥2

L2 dτ

= ‖ε0x‖2
L2 +

∫ L

0
n0|ε0|2 dx –

2δ

p + 2

∫ L

0
|ε0|p+2 dx

+
1
2
‖v0‖2

L2 +
1
2
‖n0‖2

L2

= M1. �

Lemma 2.3 (Sobolev estimates)
(1) Assuming that u ∈ Lq(Rn), Dmu ∈ Lr(Rn), 1 ≤ q, r ≤ ∞, 0 ≤ j < m, we have the

estimates

∥∥Dju
∥∥

Lp ≤ C
∥∥Dmu

∥∥θ

Lr ‖u‖1–θ
Lq ,

where

1
p

=
j
n

+ θ

(
1
r

–
m
n

)
+ (1 – θ )

1
q

,
j

m
≤ θ < 1,

and C is a positive constant depending only on n, m, j, q, r, and θ .
(2) For γ > 0 and s ∈ Z+, we can get a constant C (it only depends on γ and s) such that

∥∥∥∥∂ku
∂xk

∥∥∥∥
L∞

≤ C‖u‖L2 + γ

∥∥∥∥∂ su
∂xs

∥∥∥∥
L2

, k < s,

∥∥∥∥∂ku
∂xk

∥∥∥∥
L2

≤ C‖u‖L2 + γ

∥∥∥∥∂ su
∂xs

∥∥∥∥
L2

, k ≤ s.

Lemma 2.4 Suppose that the conditions of Lemma 2.2 are satisfied and 0 < p < 4. Then for
the solution of problem (1.1)–(1.5), we have

sup
t∈[0,T]

(‖ε‖H1 + ‖v‖L2 + ‖n‖L2
)

+ β

∫ T

0

∥∥vx(x, t)
∥∥2

L2 dt ≤ C.

Proof From Lemmas 2.1–2.3 and Young’s inequality we get

‖εx‖2
L2 +

1
2
‖v‖2

L2 +
1
2
‖n‖2

L2 + β

∫ t

0

∥∥vx(x, τ )
∥∥2

L2 dτ

≤ |M1| +
∣∣∣∣
∫ L

0
n|ε|2 dx

∣∣∣∣ +
2|δ|
p + 2

∫ L

0
|ε|p+2 dx

≤ |M1| + ‖n‖L2‖ε‖2
L4 +

2|δ|
p + 2

‖ε‖p+2
Lp+2

≤ |M1| + ‖n‖L2
(
C‖ε‖ 3

2
L2‖εx‖

1
2
L2

)
+

2|δ|
p + 2

(
C‖εx‖

p
2
L2‖ε‖

p+4
2(p+2)
L2

)
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≤ |M1| + ‖n‖L2
(
C‖ε‖ 3

2
L2‖εx‖

1
2
L2

)
+ C‖εx‖

p
2
L2

≤ |M1| +
1
4
‖n‖2

L2 + C‖εx‖L2 +
1
2
‖εx‖2

L2 + C

≤ |M1| +
1
4
‖n‖2

L2 +
3
4
‖εx‖2

L2 + C

≤ 1
4
‖n‖2

L2 +
3
4
‖εx‖2

L2 + C,

and hence

‖εx‖2
L2 + ‖v‖2

L2 + ‖n‖2
L2 + β

∫ t

0

∥∥vx(x, τ )
∥∥2

L2 dτ ≤ C. (2.6)

By (2.6) it follows that

sup
t∈[0,T]

(‖ε‖H1 + ‖v‖L2 + ‖n‖L2
)

+ β

∫ T

0

∥∥vx(x, t)
∥∥2

L2 dt ≤ C. �

Corollary 2.1 Suppose that the conditions of Lemma 2.4 are satisfied. Then we have

sup
t∈[0,T]

‖ε‖L∞ ≤ C.

Proof By Lemmas 2.3 and 2.4, the result of Corollary 2.1 is obvious. �

Lemma 2.5 Suppose that the conditions of Lemma 2.4 are satisfied, and assume that
(1) ε0 ∈ H2[0, L], v0 ∈ H1[0, L], n0 ∈ H1[0, L], and (2) ϕ(v) ∈ C1(R), |ϕ′(v)| ≤ C(|v|q + 1),
0 ≤ q ≤ 2. Then for the solution of problem (1.1)–(1.5), we have

sup
t∈[0,T]

(‖ε‖H2 + ‖v‖H1 + ‖n‖H1 + ‖εt‖L2 + ‖nt‖L2
)

+ β

∫ T

0

∥∥vxx(x, t)
∥∥2

L2 dt ≤ C.

Proof Differentiating (1.1) with respect to t, we get

iεtt + εxxt + αεt – ntε – nεt +
(
δ|ε|pε)t = 0. (2.7)

Taking the inner product of (2.7) and εt , it follows that

(
iεtt + εxxt + αεt – ntε – nεt +

(
δ|ε|pε)t , εt

)
= 0. (2.8)

Since

Im(iεtt , εt) =
1
2

d
dt

‖εt‖2
L2 , Im(εxxt + αεt – nεt , εt) = 0,

Im
((

δ|ε|pε)t , εt
)

= Im
∫ L

0

[(
1 +

p
2

)
δ|ε|pεt +

pδ

2
|ε|p–2ε2εt

]
εt dx

=
pδ

2
Im

∫ L

0
|ε|p–2ε2ε2

t dx,
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and hence from (2.8), (1.3), and Corollary 2.1 we get

1
2

d
dt

‖εt‖2
L2 = Im(ntε, εt) –

pδ

2
Im

∫ L

0
|ε|p–2ε2ε2

t dx

≤ ‖ε‖L∞‖nt‖L2‖εt‖L2 +
p|δ|

2
‖ε‖p

L∞‖εt‖2
L2

≤ C
(‖nt‖2

L2 + ‖εt‖2
L2

)
≤ C

(‖vx‖2
L2 + ‖εt‖2

L2
)
. (2.9)

Taking the inner product of (1.2) and –vxx, it follows that

(
vt +

[
ϕ(v) – βvx + n + |ε|2]x, –vxx

)
= 0. (2.10)

Since

(vt , –vxx) =
1
2

d
dt

‖vx‖2
L2 , (–βvxx, –vxx) = β‖vxx‖2

L2 ,

∣∣([ϕ(v)
]

x, –vxx
)∣∣ =

∣∣∣∣
∫ L

0
ϕ′(v)vxvxx dx

∣∣∣∣
≤ C

∫ L

0

(|v|q + 1
)|vx||vxx|dx

≤ (‖v‖q
L4q‖vx‖L4 + ‖vx‖L2

)‖vxx‖L2

≤ C
[(‖v‖

3q
4 + 1

8
L2 ‖vxx‖

q
4 – 1

8
L2

)(‖v‖ 3
8
L2‖vxx‖

5
8
L2

)]‖vxx‖L2

+ C‖vx‖L2‖vxx‖L2

≤ C‖vxx‖
q
4 + 3

2
L2 + C‖vx‖L2‖vxx‖L2

≤ β

4
‖vxx‖2

L2 + C
(‖vx‖2

L2 + 1
)
,

(nx, –vxx) = –
∫ L

0
nxvxx dx =

∫ L

0
nxnxt dx =

1
2

d
dt

‖nx‖2
L2 ,

∣∣(|ε|2x, –vxx
)∣∣ ≤ 2

∫ L

0
|ε||εx||vxx|dx

≤ 2‖ε‖L∞‖εx‖L2‖vxx‖L2

≤ β

4
‖vxx‖2

L2 + C,

and hence from (2.10) we get

d
dt

(‖vx‖2
L2 + ‖nx‖2

L2
)

+ β‖vxx‖2
L2 ≤ C

(‖vx‖2
L2 + 1

)
. (2.11)

By (2.9) and (2.11) we obtain

d
dt

(‖εt‖2
L2 + ‖vx‖2

L2 + ‖nx‖2
L2

)
+ β‖vxx‖2

L2 ≤ C
(‖vx‖2

L2 + ‖εt‖2
L2 + ‖nx‖2

L2 + 1
)
,
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and thus by Gronwall’s inequality we obtain

sup
t∈[0,T]

(‖εt‖2
L2 + ‖vx‖2

L2 + ‖nx‖2
L2

)
+ β

∫ T

0

∥∥vxx(x, t)
∥∥2

L2 dt ≤ C. (2.12)

By (1.1), Lemmas 2.1, 2.3, and 2.4, Corollary 2.1, Young’s inequality, and (2.12) we obtain

‖εxx‖L2 ≤ |α|‖ε‖L2 + ‖nε‖L2 + ‖εt‖L2 + |δ|‖ε‖2p+2
L2p+2

≤ |α|‖ε‖L2 + ‖ε‖L∞‖n‖L2 + ‖εt‖L2

+ |δ|(C‖εx‖
p
2
L2‖ε‖

p+4
2(p+2)
L2

)

≤ |α|‖ε‖L2 + ‖ε‖L∞‖n‖L2 + ‖εt‖L2 + C‖εx‖
p
2
L2

≤ C
(‖εt‖L2 + 1

)
≤ C. (2.13)

By (1.3), (2.12), and (2.13) we obtain

sup
t∈[0,T]

(‖εxx‖2
L2 + ‖vx‖2

L2 + ‖nx‖2
L2 + ‖εt‖2

L2 + ‖nt‖2
L2

)
+ β

∫ T

0

∥∥vxx(x, t)
∥∥2

L2 dt ≤ C.

The Lemma 2.5 is proved. �

Corollary 2.2 Suppose that the conditions of Lemma 2.5 are satisfied. Then we have

sup
t∈[0,T]

(‖εx‖L∞ + ‖v‖L∞ + ‖n‖L∞
) ≤ C.

Proof By Lemmas 2.3 and 2.5 the result of Corollary 2.2 is obvious. �

Lemma 2.6 Suppose that the conditions of Lemma 2.5 are satisfied, and assume that
(1) ε0 ∈ H3[0, L], v0 ∈ H2[0, L], n0 ∈ H2[0, L], and (2) ϕ(v) ∈ C2(R). Then for the solution of
problem (1.1)–(1.5), we have

sup
t∈[0,T]

(‖ε‖H3 + ‖v‖H2 + ‖n‖H2 + ‖εt‖H1 + ‖vt‖L2 + ‖nt‖H1
)

+ β

∫ T

0

∥∥vxxx(x, t)
∥∥2

L2 dt ≤ C.

Proof Taking the inner product of (2.7) and –εtxx, it follows that

(
iεtt + εxxt + αεt – ntε – nεt +

(
δ|ε|pε)t , –εtxx

)
= 0. (2.14)

Since

Im(iεtt , –εtxx) =
1
2

d
dt

‖εtx‖2
L2 , Im(εxxt + αεt , –εtxx) = 0,
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∣∣Im(ntε, –εtxx)
∣∣ =

∣∣∣∣Im
∫ L

0
(ntε)xεtx dx

∣∣∣∣
=

∣∣∣∣Im
∫ L

0
(ntxε + ntεx)εtx dx

∣∣∣∣
≤ C

(‖ε‖L∞‖ntx‖L2 + ‖εx‖L∞‖nt‖L2
)‖εtx‖L2

≤ C
(‖εtx‖2

L2 + ‖ntx‖2
L2

)
≤ C

(‖εtx‖2
L2 + ‖vxx‖2

L2
)
,

∣∣Im(–nεt , –εtxx)
∣∣ =

∣∣∣∣Im
∫ L

0
(nεt)xεtx dx

∣∣∣∣
=

∣∣∣∣Im
∫ L

0
(nxεt + nεtx)εtx dx

∣∣∣∣
≤ C

(‖εt‖L∞‖nx‖L2‖εtx‖L2 + ‖n‖L∞‖εtx‖2
L2

)
≤ C

(‖εtx‖2
L2 + 1

)
,

Im
((

δ|ε|pε)t , –εtxx
)

= – Im
∫ L

0

[(
1 +

p
2

)
δ|ε|pεt +

pδ

2
|ε|p–2ε2εt

]
εtxx dx

= Im
∫ L

0

[(
1 +

p
2

)
δ|ε|pεt +

pδ

2
|ε|p–2ε2εt

]
x
εtx dx

≤ C
(‖εtx‖2

L2 + 1
)
,

from (2.14) we get

d
dt

‖εtx‖2
L2 ≤ C

(‖εtx‖2
L2 + ‖vxx‖2

L2
)
. (2.15)

Taking the inner product of (1.2) and vxxxx, it follows that

(
vt +

[
ϕ(v) – βvx + n + |ε|2]x, vx4

)
= 0. (2.16)

Since

(vt , vx4 ) =
1
2

d
dt

‖vxx‖2
L2 , (–βvxx, vx4 ) = β‖vxxx‖2

L2 ,

∣∣([ϕ(v)
]

x, vx4
)∣∣ =

∣∣∣∣
∫ L

0

[
ϕ(v)

]
xvx4 dx

∣∣∣∣
=

∣∣∣∣
∫ L

0

[
ϕ(v)

]
xxvxxx dx

∣∣∣∣
=

∣∣∣∣
∫ L

0

[
ϕ′′(v)v2

x + ϕ′(v)vxx
]
vxxx dx

∣∣∣∣
≤ C

(‖vx‖2
L4 + ‖vxx‖L2

)‖vxxx‖L2

≤ C
(‖vx‖

3
2
L2‖vxx‖

1
2
L2 + ‖vxx‖L2

)‖vxxx‖L2

≤ β

4
‖vxxx‖2

L2 + C
(‖vxx‖2

L2 + 1
)
,
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(nx, vx4 ) = –
∫ L

0
nxxvxxx dx =

∫ L

0
nxxnxxt dx =

1
2

d
dt

‖nxx‖2
L2 ,

∣∣(|ε|2x, vx4
)∣∣ =

∣∣∣∣
∫ L

0
|ε|2xxvxxx dx

∣∣∣∣
≤ 2

∫ L

0
|ε||εxx||vxxx|dx + 2

∫ L

0
|εx|2|vxxx|dx

≤ 2‖ε‖L∞‖εxx‖L2‖vxxx‖L2 + 2‖εx‖2
L4‖vxxx‖L2

≤ 2‖ε‖L∞‖εxx‖L2‖vxxx‖L2 + 2‖ε‖ 3
4
L2‖εxx‖

5
4
L2‖vxxx‖L2

≤ β

4
‖vxxx‖2

L2 + C,

from (2.16) we get

d
dt

(‖vxx‖2
L2 + ‖nxx‖2

L2
)

+ β‖vxxx‖2
L2 ≤ C

(‖vxx‖2
L2 + ‖nxx‖2

L2 + 1
)
. (2.17)

By (2.15) and (2.17) we obtain

d
dt

(‖εtx‖2
L2 + ‖vxx‖2

L2 + ‖nxx‖2
L2

)
+ β‖vxxx‖2

L2

≤ C
(‖vxx‖2

L2 + ‖εtx‖2
L2 + ‖nxx‖2

L2 + 1
)
,

and thus by Gronwall’s inequality we obtain

sup
t∈[0,T]

(‖εtx‖2
L2 + ‖vxx‖2

L2 + ‖nxx‖2
L2

)
+ β

∫ T

0

∥∥vxxx(x, t)
∥∥2

L2 dt ≤ C. (2.18)

By (1.1), Young’s inequality, and (2.18) we obtain

‖εxxx‖L2 ≤ |α|‖εx‖L2 + ‖(nε)x‖L2 + ‖εtx‖L2 +
∥∥δ

(|ε|pε)x

∥∥
L2

≤ |α|‖εx‖L2 +
(‖nxε‖L2 + ‖nεx‖L2

)
+ ‖εtx‖L2

+
∥∥∥∥
(

1 +
p
2

)
δ|ε|pεx +

pδ

2
|ε|p–2ε2εx

∥∥∥∥
L2

≤ |α|‖εx‖L2 +
(‖nxε‖L2 + ‖nεx‖L2

)
+ ‖εtx‖L2

+
(

1 +
p
2

)
|δ|∥∥|ε|pεx

∥∥
L2 +

p|δ|
2

∥∥|ε|pεx
∥∥

L2

≤ ‖εtx‖L2 + C

≤ C. (2.19)

By (1.3), (2.18), and (2.19) we obtain

sup
t∈[0,T]

(‖εxxx‖2
L2 + ‖vxx‖2

L2 + ‖nxx‖2
L2 + ‖εtx‖2

L2 + ‖ntx‖2
L2

)

+ β

∫ T

0

∥∥vxxx(x, t)
∥∥2

L2 dt ≤ C. (2.20)



Wang et al. Boundary Value Problems         (2020) 2020:85 Page 11 of 31

By (1.2) we obtain

‖vt‖L2 ≤ C
∥∥[

ϕ(v)
]

x

∥∥
L2 + β‖vxx‖L2 + ‖nx‖L2 +

∥∥|ε|xx
∥∥

L2

≤ C
∥∥ϕ′(v)vx

∥∥
L2 + β‖vxx‖L2 + ‖nx‖L2

+ ‖εxxε + 2εεx + εεxx‖L2

≤ C‖vx‖L2 + β‖vxx‖L2 + ‖nx‖L2

+ 2‖ε‖L∞‖εxx‖L2 + 2‖ε‖L∞‖εx‖L2

≤ C. (2.21)

By (2.20) and (2.21) we obtain

sup
t∈[0,T]

(‖ε‖H3 + ‖v‖H2 + ‖n‖H2 + ‖εt‖H1 + ‖vt‖L2 + ‖nt‖H1
)

+ β

∫ T

0

∥∥vxxx(x, t)
∥∥2

L2 dt ≤ C. �

Corollary 2.3 Suppose that the conditions of Lemma 2.6 are satisfied. Then we have

sup
t∈[0,T]

(‖Exx‖L∞ + ‖vx‖L∞ + ‖nx‖L∞ + ‖εt‖L∞ + ‖nt‖L∞
) ≤ C.

Proof By Lemmas 2.3 and 2.6 the result of Corollary 2.3 is obvious. �

Lemma 2.7 Suppose that (1) ε0 ∈ Hl+2[0, L], v0 ∈ Hl+1[0, L], n0 ∈ Hl+1[0, L], l ∈ Z+,
(2) ϕ(v) ∈ Cl+1(R), |ϕ′(v)| ≤ C(|v|q + 1), 0 ≤ q ≤ 2, and (3) 0 < p < 4. Then for the solution of
problem (1.1)–(1.5), we have

sup
t∈[0,T]

(‖ε‖Hl+2 + ‖v‖Hl+1 + ‖n‖Hl+1 + ‖εt‖Hl + ‖vt‖Hl–1 + ‖nt‖Hl
)

+ β

∫ T

0

∥∥vxl+2 (x, t)
∥∥2

L2 dt ≤ C.

Proof We prove this lemma by mathematical induction. By Lemma 2.6 the lemma is true
for l = 1. Suppose it is is true for l = k (k ≥ 1), that is,

sup
t∈[0,T]

(‖ε‖Hk+2 + ‖v‖Hk+1 + ‖n‖Hk+1 + ‖εt‖Hk + ‖vt‖Hk–1 + ‖nt‖Hk
)

+ β

∫ T

0

∥∥vxk+2 (x, t)
∥∥2

L2 dt ≤ C.

Next, we will show that the lemma is true for l = k + 1.
Taking the inner product of (1.2) and (–1)k+2vx2k+4 , it follows that

(
vt +

[
ϕ(v) – βvx + n + |ε|2]x, (–1)k+2vx2k+4

)
= 0. (2.22)

Since

(
vt , (–1)k+2vx2k+4

)
=

1
2

d
dt

‖vxk+2‖2
L2 ,
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∣∣([ϕ(v)
]

x, (–1)k+2vx2k+4
)∣∣ =

∣∣([ϕ(v)
]

xk+2 , (–1)k+2vxk+3
)∣∣

=
∣∣∣∣
∫ L

0

[
ϕ(v)

]
xk+2 vxk+3 dx

∣∣∣∣
≤ β

4
‖vxk+3‖2

L2 + C
(‖vxk+2‖2

L2 + 1
)
,

(
–βvxx, (–1)k+2vx2k+4

)
= β‖vxk+3‖2

L2 ,

(
nx, (–1)k+2vx2k+4

)
= –

∫ 2L

0
nxk+2 vxk+3 dx

=
∫ L

0
nxk+2 ntxk+2 dx

≤ 1
2

d
dt

‖nxk+2‖2
L2 ,

∣∣(|ε|2x, (–1)k+2vx2k+4
)∣∣ =

∣∣∣∣
∫ L

0

(|ε|2)xk+2 vxk+3 dx
∣∣∣∣

≤ β

4
‖vxk+3‖2

L2 + C,

from (2.22) we get

d
dt

(‖vxk+2‖2
L2 + ‖nxk+2‖2

L2
)

+ β‖vxk+3‖2
L2 ≤ C

(‖vxk+2‖2
L2 + ‖nxk+2‖2

L2 + 1
)
.

By Gronwall’s inequality we obtain

sup
t∈[0,T]

(‖vxk+2‖2
L2 + ‖nxk+2‖2

L2
)

+ β

∫ T

0

∥∥vxk+3 (x, t)
∥∥2

L2 dt ≤ C, (2.23)

and by Eqs. (1.2) and (1.3) we get

sup
t∈[0,T]

(‖vtxk ‖2
L2 + ‖ntxk+1‖2

L2
) ≤ C. (2.24)

Taking the inner product of (2.7) and (–1)k+1ε
2(k+1)
t , it follows that

(
iεtt + εxxt + αεt – ntε – nεt +

(
δ|ε|pε)t , (–1)k+1εtx2k+2

)
= 0. (2.25)

Since

Im
(
iεtt , (–1)k+1εtx2k+2

)
=

1
2

d
dt

‖εtxk+1‖2
L2 ,

Im
(
εxxt + αεt , (–1)k+1εtx2k+2

)
= 0,

∣∣Im(
ntε, (–1)k+1εtx2k+2

)∣∣ =
∣∣∣∣Im

∫ L

0
(ntε)xk+1εtxk+3 dx

∣∣∣∣
≤ C

(‖εtxk+1‖2
L2 + 1

)
,

∣∣Im(
–nεt , (–1)k+1εtx2k+2

)∣∣ =
∣∣∣∣Im

∫ L

0
(nεt)xk+1εtxk+1 dx

∣∣∣∣
≤ C

(‖εxk+1‖2
L2 + 1

)
,
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∣∣Im((
δ|ε|pε)t , (–1)k+1εtx2k+2

)∣∣ = Im
∫ L

0

[(
δ|ε|pε)t

]
xk+1εtxk+1 dx

≤ C
(‖εtxk+1‖2

L2 + 1
)
,

from (2.25) we get

d
dt

‖εtxk+1‖2
L2 ≤ C

(‖εtxk+1‖2
L2 + 1

)
.

By Gronwall’s inequality we obtain

sup
t∈[0,T]

‖εtxk+1‖2
L2 ≤ C, (2.26)

and by Eq. (1.1) we get

sup
t∈[0,T]

‖εxk+3‖2
L2 ≤ C. (2.27)

By (2.23), (2.24), (2.26), and (2.27) we get

sup
t∈[0,T]

(‖ε‖Hk+3 + ‖v‖Hk+2 + ‖n‖Hk+2 + ‖εt‖Hk+1 + ‖vt‖Hk + ‖nt‖Hk+1
)

+ β

∫ T

0

∥∥vxk+3 (x, t)
∥∥2

L2 dt ≤ C. �

3 The existence and uniqueness of global generalized solutions for problem
(1.1)–(1.5)

Definition 1 The set of functions ε(x, t) ∈ L∞(0, T ; H3[0, L]) ∩ W 1,∞(0, T ; H1[0, L]),
v(x, t) ∈ L∞(0, T ; H2[0, L]) ∩ L2(0, T ; H3[0, L]) ∩ W 1,∞(0, T ; L2[0, L]), and n(x, t) ∈ L∞(0, T ;
H2[0, L]) ∩ W 1,∞(0, T ; H1[0, L]) is called the generalized solution of problem (1.1)–(1.5) if
for any ω ∈ L2[0, L], the functions satisfy

(iεt ,ω) + (εxx,ω) + (αε,ω) – (nε,ω) +
(
δ|ε|pε,ω

)
= 0, (3.1)

(vt ,ω) +
([

ϕ(v)
]

x,ω
)

– (βvxx,ω) + (nx,ω) –
(|ε|2x,ω

)
= 0, (3.2)

(nt ,ω) + (vx,ω) = 0, (3.3)
(
ε(x, 0),ω

)
=

(
ε0(x),ω

)
,

(
v(x, 0),ω

)
=

(
v0(x),ω

)
,

(
n(x, 0),ω

)
=

(
n0(x),ω

)
, (3.4)

ε(0, t) = ε(L, t) = v(0, t) = v(L, t) = n(0, t) = n(L, t) = 0. (3.5)

Theorem 3.1 Suppose that the conditions of Lemma 2.6 are satisfied. Then there exists a
global generalized solution of the initial boundary value problem (1.1)–(1.5),

ε(x, t) ∈ L∞(
0, T ; H3[0, L]

)
, εt(x, t) ∈ L∞(

0, T ; H1[0, L]
)
,

v(x, t) ∈ L∞(
0, T ; H2[0, L]

) ∩ L2(0, T ; H3[0, L]
)
, vt(x, t) ∈ L∞(

0, T ; L2[0, L]
)
,

n(x, t) ∈ L∞(
0, T ; H2[0, L]

)
, nt(x, t) ∈ L∞(

0, T ; H1[0, L]
)
.
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Proof By using the Galerkin method we choose a basis {ωj(x)} ⊆ H2[0, L] ∩ H1
0 [0, L] con-

sisting of the eigenfunctions of the problem

–�ωj(x) = λjωj(x), j = 1, 2, . . . , m, (3.6)

ωj(x)
∣∣
x=0= ωj(x)

∣∣
x=L = 0. (3.7)

Then the approximate solution of problem (1.1)–(1.4) can be written as

εm(x, t) =
m∑

j=1

αjm(t)ωj(x), vm(x, t) =
m∑

j=1

βjm(t)ωj(x),

nm(x, t) =
m∑

j=1

γjm(t)ωj(x). (3.8)

According to Galerkin’s method, the undetermined coefficients αjm(t), βjm(t), and γjm(t)
need to satisfy the following initial value problem of ordinary differential equations:

(
iεmt + εmxx + (α – nm)εm + δ|εm|pεm,ω

)
= 0, (3.9)

(
vmt +

[
ϕ(vm)

]
x – βvmxx + nmx – |ε|2mx,ω

)
= 0, (3.10)

(nmt + vmx,ω) = 0, (3.11)

εm(x, 0) = εm0(x), vm(x, 0) = vm0(x), nm(x, 0) = nm0(x), x ∈ [0, L], (3.12)

where

εm0(x) → ε0(x) in H3[0, L], vm0(x) → v0(x) in H2[0, L],

nm0(x) → n0(x) in H2[0, L], m → ∞.

Similarly to the proof of Lemmas 2.1, 2.4, 2.5, and 2.6, for the solution εm(x, t), vm(x, t),
nm(x, t) of problem (3.9)–(3.12), we can establish the following estimate:

sup
t∈[0,T]

(‖εm‖H3 + ‖vm‖H2 + ‖nm‖H2 + ‖εmt‖H1 + ‖vmt‖L2 + ‖nmt‖H1
)

+ β

∫ T

0
‖vm‖2

H3 dt ≤ C, (3.13)

where the constant C is independent of m. By compact argument we can choose a subse-
quence εν(x, t), vν(x, t), nν(x, t) such that, as ν → ∞,

εν(x, t) → ε(x, t) in L∞(
0, T ; H3[0, L]

)
weakly star,

εν(x, t) → ε(x, t) in strong topology of L2(QT ),

ενt(x, t) → εt(x, t) in L∞(
0, T ; H1[0, L]

)
weakly star,

vν(x, t) → v(x, t) in L∞(
0, T ; H2[0, L]

) ∩ L2(0, T ; H3[0, L]
)

weakly star,

vν(x, t) → v(x, t) in strong topology of L2(QT ),
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vνt(x, t) → vt(x, t) in L∞(
0, T ; L2[0, L]

)
weakly star,

nν(x, t) → n(x, t) in L∞(
0, T ; H2[0, L]

)
weakly star,

nν(x, t) → n(x, t) in strong topology of L2(QT ),

nνt(x, t) → nt(x, t) in L∞(
0, T ; H1[0, L]

)
weakly star,

|εν |pεν → |ε|pε in L∞(
0, T ; L2[0, L]

)
weakly star,

|εν |2x → |ε|2x in L∞(
0, T ; L2[0, L]

)
weakly star,

nνεν → nε in L∞(
0, T ; L2[0, L]

)
weakly star,

ϕ(vν) → ϕ(v) in L∞(
0, T ; L2[0, L]

)
weakly star,

where QT = [0, L] × [0, T]. Hence, taking m = ν → ∞ in (3.9)–(3.13), by using the density
of ωj(x) in L2[0, L] we get the existence of a local generalized solution for problem (1.1)–
(1.5). From the conditions of the theorem and a priori estimates in Sect. 2 we can get
the existence of a global generalized solution for problem (1.1)–(1.5) by the continuation
extension principle. �

Theorem 3.2 Suppose that the conditions of Theorem 3.1 are satisfied. Then the global
generalized solution of the initial boundary value problem (1.1)–(1.5) is unique, and

ε(x, t) ∈ L∞(
0, T ; H3[0, L]

)
, Et(x, t) ∈ L∞(

0, T ; H1[0, L]
)
,

v(x, t) ∈ L∞(
0, T ; H2[0, L]

) ∩ L2(0, T ; H3[0, L]
)
, vt(x, t) ∈ L∞(

0, T ; L2[0, L]
)
,

n(x, t) ∈ L∞(
0, T ; H2[0, L]

)
, nt(x, t) ∈ L∞(

0, T ; H1[0, L]
)
.

Proof Suppose that there are two solutions ε1, n1, ϕ1 and ε2, n2, ϕ2. Let

ε = ε1 – ε2, v = v1 – v2, n = n1 – n2.

From (1.1)–(1.5) we get

iεt + εxx + αε – n1ε1 + n2ε2 + δ|ε1|pε1 – δ|ε2|pε2 = 0, (3.14)

vt +
[
ϕ(v1)

]
x –

[
ϕ(v2)

]
x – βvxx + nx + |ε1|2x – |ε2|2x = 0, (3.15)

nt + vx = 0, (3.16)

with initial data

ε|t=0 = 0, v|t=0 = 0, n|t=0 = 0 (3.17)

and boundary conditions

ε(0, t) = ε(L, t) = v(0, t) = v(L, t) = n(0, t) = n(L, t) = 0. (3.18)

Taking the inner product of (3.14) and ε, it follows that

(
iεt + εxx + αε – n1ε1 + n2ε2 + δ|ε1|pε1 – δ|ε2|pε2, ε

)
= 0. (3.19)
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Since

Im(iεt , ε) =
1
2

d
dt

‖ε‖2
L2 , Im(εxx + αε, ε) = 0,

∣∣Im(n1ε1 – n2ε2, ε)
∣∣ =

∣∣∣∣Im
∫ L

0
nε1ε dx

∣∣∣∣
≤ 1

2
‖ε1‖L∞

(‖n‖2
L2 + ‖ε‖2

L2
)

≤ C
(‖n‖2

L2 + ‖ε‖2
L2

)
.

By the Lagrange mean value theorem we get

∣∣|ε1|pε1 – |ε2|pε2
∣∣ =

∣∣|ε1|pε1 – |ε1|pε2 + |ε1|pε2 – |ε2|pε2
∣∣

≤ |ε1|p|ε1 – ε2| + |ε2|
(|ε1|p – |ε2|p

)
≤ |ε1|p|ε| + p|ε2| sup

t∈[0,T]

(|ε1|p–1, |ε2|p–1)|ε|
≤ (p + 1) sup

t∈[0,T]

(|ε1|p, |ε2|p
)|ε|.

Therefore

∣∣Im(
δ
(|ε1|pε1 – |ε2|pε2

)
, ε

)∣∣ ≤ |δ|
∫ L

0
||ε1|pε1 – |ε2|pε2

∣∣|ε|dx
∣∣

≤ |δ|
∫ L

0
(p + 1) sup

t∈[0,T]

(|ε1|p, |ε1|p
)|ε|2 dx

≤ |δ|(p + 1) sup
t∈[0,T]

(‖ε1‖p
L∞ ,‖ε1‖p

L∞
)‖ε‖2

L2

≤ C‖ε‖2
L2 .

Hence from (3.19) we get

d
dt

‖ε‖2
L2 ≤ C

(‖n‖2
L2 + ‖ε‖2

L2
)
. (3.20)

Taking the inner product of (3.15) and v, it follows that

(
vt +

[
ϕ(v1)

]
x –

[
ϕ(v2)

]
x – βvxx + nx + |ε1|2x – |ε2|2x, v

)
= 0. (3.21)

Since

(vt , v) =
1
2

d
dt

‖v‖2
L2 , (–βvxx, v) = β‖vx‖2

L2 ,
∣∣([ϕ(v1)

]
x –

[
ϕ(v2)

]
x, v

)∣∣ =
∣∣(ϕ′(ξ )v, vx

)∣∣
≤ ∥∥ϕ′(ξ )

∥∥
L∞‖v‖L2‖vx‖L2

≤ C
(|ξ |q + 1

)‖v‖L2‖vx‖L2

≤ C
(‖v1‖q

L∞ + ‖v2‖q
L∞ + 1

)‖v‖L2‖vx‖L2

≤ C
(‖v‖2

L2 + ‖nt‖2
L2

)
,
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∣∣(nx, v)
∣∣ ≤ 1

2
(‖n‖2

L2 + ‖nt‖2
L2

)
,

(|ε1|2x – |ε2|2x, v
)

=
∣∣∣∣
∫ L

0

(|ε1|2 – |ε2|2
)
vx dx

∣∣∣∣
=

∣∣∣∣
∫ L

0
(εε1 + ε2ε)vx dx

∣∣∣∣
≤ (‖ε1‖L∞ + ‖ε2‖L∞

)‖ε‖L2‖nt‖L2

≤ C
(‖ε‖2

L2 + ‖nt‖2
L2

)
,

from (3.21) we get

d
dt

‖v‖2
L2 ≤ C

(‖ε‖2
L2 + ‖v‖2

L2 + ‖n‖2
L2 + ‖nt‖2

L2
)
. (3.22)

Since

d
dt

‖n‖2
L2 =

d
dt

∫ L

0
n2 dx ≤ ‖n‖2

L2 + ‖nt‖2
L2 , (3.23)

by (3.20), (3.22), and (3.23) we get

d
dt

(‖ε‖2
L2 + ‖v‖2

L2 + ‖n‖2
L2

) ≤ C
(‖ε‖2

L2 + ‖n‖2
L2 + ‖v‖2

L2 + ‖nt‖2
L2

)
. (3.24)

Taking the inner product of (3.15) and –vxx, it follows that

(
vt +

[
ϕ(v1)

]
x –

[
ϕ(v2)

]
x – βvxx + nx + |ε1|2x – |ε2|2x, –vxx

)
= 0. (3.25)

Since

(vt , –vxx) =
1
2

d
dt

‖vx‖2
L2 , (–βvxx, –vxx) = β‖vxx‖2

L2 ,

∣∣([ϕ(v1)
]

x –
[
ϕ(v2)

]
x, –vxx

)∣∣ =
∣∣∣∣
∫ L

0

[
ϕ(v1) – ϕ(v2)

]
vxxx dx

∣∣∣∣
=

∣∣(ϕ′(ξ )v, vxxx
)∣∣

=
∥∥ϕ′(ξ )

∥∥
L∞

∣∣(vx, vxx)
∣∣

≤ ∣∣ϕ′(ξ )
∣∣‖vx‖L2‖vxx‖L2

≤ C
(|ξ |q + 1

)‖vx‖L2‖vxx‖L2

≤ C
(‖v1‖q

L∞ + ‖v2‖q
L∞ + 1

)‖vx‖L2‖vxx‖L2

≤ β

2
‖vxx‖2

L2 + C‖vx‖2
L2 ,

(nx, –vxx) = –
∫ L

0
nxvxx dx =

∫ L

0
nxnxt dx =

1
2

d
dt

‖nx‖2
L2 ,
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∣∣(|ε1|2x – |ε2|2x, –vxx
)∣∣ =

∣∣∣∣
∫ L

0

(|ε1|2x – |ε2|2x
)
vxx dx

∣∣∣∣
=

∣∣∣∣
∫ L

0
(εxε1 + ε2xε + εε1x + ε2εx)vxx dx

∣∣∣∣
=

∣∣∣∣
∫ L

0
(εxε1 + ε2εx)vxx dx

∣∣∣∣
+

∣∣∣∣
∫ L

0
(εε1x + ε2xεx)vxx dx

∣∣∣∣
=

∣∣∣∣
∫ L

0
(εxε1 + ε2εx)xvx dx

∣∣∣∣
+

∣∣∣∣
∫ L

0
(εε1x + ε2xεx)xvx dx

∣∣∣∣
≤

∫ L

0

(|ε1| + |ε2|
)|εx||vxx|dx

+
∫ L

0

(|ε1x| + |ε2x|
)|ε||vxx|dx

≤ (‖ε1‖L∞ + ‖ε2‖L∞
)‖εx‖L2‖vxx‖L2

+
(‖ε1x‖L∞ + ‖ε2x‖L∞

)‖ε‖L2‖vxx‖L2

≤ β

2
‖vxx‖2

L2 + C‖ε‖2
L2 ,

from (1.3) and (3.25) we get

d
dt

(‖vx‖2
L2 + ‖nx‖2

L2
)

=
d
dt

(‖nt‖2
L2 + ‖nx‖2

L2
) ≤ C

(‖ε‖2
L2 + ‖vx‖2

L2
)
. (3.26)

By (3.24) and (3.26) we obtain

d
dt

(‖ε‖2
L2 + ‖v‖2

L2 + ‖n‖2
L2 + ‖nt‖2

L2 + ‖nx‖2
L2

)

≤ C
(‖ε‖2

L2 + ‖n‖2
L2 + ‖v‖2

L2 + ‖nt‖2
L2 + ‖nx‖2

L2
)
.

By using Gronwall’s inequality we obtain

ε ≡ 0, v ≡ 0, n ≡ 0,

and hence

ε1 = ε2, v1 = v2, n1 = n2.

Therefore the proof of Theorem 3.2 is completed. �

4 The regularity of global generalized solution for problem (1.1)–(1.5)
To get the regularity of the global generalized solution for problem (1.1)–(1.5), we need
the following lemma and corollary.
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Lemma 4.1 Suppose that the conditions of Lemma 2.6 are satisfied, and assume that (1)
ε0 ∈ H4[0, L], v0 ∈ H3[0, L], n0 ∈ H3[0, L], and (2) ϕ(v) ∈ C3(R). Then for the solution of
problem (1.1)–(1.5), we have

sup
t∈[0,T]

(‖ε‖H4 + ‖v‖H3 + ‖n‖H3 + ‖εt‖H2 + ‖vt‖H1 + ‖nt‖H2
)

+ β

∫ T

0

∥∥vx4 (x, t)
∥∥2

L2 dt ≤ C.

Proof Taking the inner product of (2.7) and –εtx4 , it follows that

(
iεtt + εxxt + αεt – ntε – nεt +

(
δ|ε|pε)t , –εtx4

)
= 0. (4.1)

Since

Im(iεtt , –εtx4 ) =
1
2

d
dt

‖εtxx‖2
L2 , Im(εxxt + αεt , –εtx4 ) = 0,

∣∣Im(ntε, –εtx4 )
∣∣ =

∣∣∣∣Im
∫ L

0
(ntε)xxεtxx dx

∣∣∣∣
=

∣∣∣∣Im
∫ L

0
(nxtε + ntεx)xεtxx dx

∣∣∣∣
=

∣∣∣∣Im
∫ L

0
(nxxtε + nxtεx + nxtεx + ntεxx)εtxx dx

∣∣∣∣
≤ C

(‖εtxx‖2
L2 + ‖vxxx‖2

L2
)
,

∣∣Im(–nεt , –εtx4 )
∣∣ =

∣∣∣∣Im
∫ L

0
(nεt)xxεtxx dx

∣∣∣∣
≤ C

(‖εtxx‖2
L2 + 1

)
,

Im
((

δ|ε|pε)t , –εtx4
)

= Im
∫ L

0

[(
1 +

p
2

)
δ|ε|pεt +

pδ

2
|ε|p–2ε2εt

]
ε

(4)
t dx

= Im
∫ L

0

[(
1 +

p
2

)
δ|ε|pεt +

pδ

2
|ε|p–2ε2εt

]
xx

εtxx dx

≤ C
(‖εtxx‖2

L2 + 1
)
,

from (4.1) we get

d
dt

‖εtxx‖2
L2 ≤ C

(‖εtxx‖2
L2 + ‖vxxx‖2

L2
)
. (4.2)

Taking the inner product of (1.2) and vx6 , it follows that

(
vt +

[
ϕ(v) – βvx + n + |ε|2]x, vx6

)
= 0. (4.3)

Since

(vt , vx6 ) =
1
2

d
dt

‖vxxx‖2
L2 , (–βvxx, vx6 ) = β‖vx4‖2

L2 ,
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∣∣([ϕ(v)
]

x, vx6
)∣∣ =

∣∣∣∣
∫ L

0

[
ϕ(v)

]
xvx6 dx

∣∣∣∣
=

∣∣∣∣
∫ L

0

[
ϕ(v)

]
xxxvx4 dx

∣∣∣∣
≤ β

4
‖vx4‖2

L2 + C
(‖vxxx‖2

L2 + 1
)
,

(nx, vx6 ) = –
∫ L

0
nxxxvx4 dx =

∫ L

0
nxxxntx3 dx =

1
2

d
dt

‖nxxx‖2
L2 ,

∣∣(|ε|2x, vx6
)∣∣ =

∣∣∣∣
∫ L

0
|ε|2xxxvx4 dx

∣∣∣∣ ≤ β

4
‖vx4‖2

L2 + C,

from (4.3) we get

d
dt

(‖vxxx‖2
L2 + ‖nxxx‖2

L2
)

+ β‖vx4‖2
L2 ≤ C

(‖vxxx‖2
L2 + ‖nxxx‖2

L2 + 1
)
. (4.4)

By (4.2) and (4.4) we obtain

d
dt

(‖εtxx‖2
L2 + ‖vxxx‖2

L2 + ‖nxxx‖2
L2

)
+ β‖vx4‖2

L2

≤ C
(‖vxxx‖2

L2 + ‖εtxx‖2
L2 + ‖nxxx‖2

L2 + 1
)
,

and thus by using Gronwall’s inequality we obtain

sup
t∈[0,T]

(‖εtxx‖2
L2 + ‖vxxx‖2

L2 + ‖nxxx‖2
L2

)
+ β

∫ T

0

∥∥vx4 (x, t)
∥∥2

L2 dt ≤ C. (4.5)

By (1.1) and Young’s inequality we obtain

‖εx4‖L2 ≤ |α|‖εxx‖L2 +
∥∥(nε)xx

∥∥
L2 + ‖εtxx‖L2 +

∥∥δ
(|ε|pε)xx

∥∥
L2

≤ C
(‖εtxx‖L2 + 1

)
. (4.6)

By (1.3), (4.5), and (4.6) we obtain

sup
t∈[0,T]

(‖εx4‖2
L2 + ‖vxxx‖2

L2 + ‖nxxx‖2
L2 + ‖εtxx‖2

L2 + ‖ntxx‖2
L2

)

+ β

∫ T

0

∥∥vx4 (x, t)
∥∥2

L2 dt ≤ C. (4.7)

By (1.2) and Lemma 2.6 we obtain

‖vtx‖L2 ≤ C
∥∥[

ϕ(v)
]

xx

∥∥
L2 + β‖vxxx‖L2 + ‖nxx‖L2 +

∥∥|ε|xxx
∥∥

L2

≤ C
∥∥[

ϕ(v)
]

xx

∥∥
L2 + β‖vxxx‖L2 + ‖nxx‖L2

+
∥∥(εxxε + 2εεx + εεxx)x

∥∥
L2

≤ C
(‖vxxx‖L2 + 1

)
≤ C. (4.8)
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By (4.7) and (4.8) we obtain

sup
t∈[0,T]

(‖ε‖H4 + ‖v‖H3 + ‖n‖H3 + ‖εt‖H2 + ‖vt‖H1 + ‖nt‖H2
)

+ β

∫ T

0

∥∥vx4 (x, t)
∥∥2

L2 dt ≤ C. �

Corollary 4.1 Suppose that the conditions of Lemma 4.1 are satisfied. Then we have

sup
t∈[0,T]

(‖Exxx‖L∞ + ‖vxx‖L∞ + ‖nxx‖L∞ + ‖εtx‖L∞ + ‖ntx‖L∞ + ‖vt‖L∞
) ≤ C.

Proof By Lemmas 2.3 and 4.1 the result of Corollary 4.1 is obvious. �

Theorem 4.1 Suppose that the conditions of Lemma 4.1 are satisfied. Then there exists a
unique global generalized solution of the initial boundary value problem (1.1)–(1.5), and

ε(x, t) ∈ L∞(
0, T ; H4[0, L]

)
, Et(x, t) ∈ L∞(

0, T ; H2[0, L]
)
,

v(x, t) ∈ L∞(
0, T ; H3[0, L]

) ∩ L2(0, T ; H4[0, L]
)
, vt(x, t) ∈ L∞(

0, T ; H1[0, L]
)
,

n(x, t) ∈ L∞(
0, T ; H3[0, L]

)
, nt(x, t) ∈ L∞(

0, T ; H2[0, L]
)
.

Proof By using Theorem 3.1, Lemma 4.1, and Corollary 4.1 we can easily get this theo-
rem. �

Theorem 4.2 Suppose that the conditions of Lemma 4.1 are satisfied. Then there exists a
unique global classical solution of the boundary value problem (1.1)–(1.5).

Proof By using Theorem 4.1 and the embedding theorems of Sobolev spaces we can easily
get this theorem. �

Theorem 4.3 Suppose that the conditions of Lemma 2.7 are satisfied. Then there exists a
unique global smooth solution of the initial boundary value problem (1.1)–(1.5), and

ε(x, t) ∈ L∞(
0, T ; Hl+2[0, L]

)
, εt(x, t) ∈ L∞(

0, T ; Hl[0, L]
)
,

v(x, t) ∈ L∞(
0, T ; Hl+1[0, L]

)
, vt(x, t) ∈ L∞(

0, T ; Hl–1[0, L]
) ∩ L2(0, T ; Hl+2[0, L]

)
,

n(x, t) ∈ L∞(
0, T ; Hl+1[0, L]

)
, nt(x, t) ∈ L∞(

0, T ; Hl[0, L]
)
.

Proof By Lemma 2.7 and the embedding theorems of Sobolev spaces the result of Theo-
rem 4.3 is obvious. �

5 Approximation of solution
We now suppose that the generalized solution of initial boundary value problem (1.1)–
(1.5) is approximated by the generalized solution of the following problem:

iηt + ηxx + (α – m)η = 0, (5.1)

ut +
[
ϕ(u) – βux + m + |η|2]x = 0, (5.2)
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mt + ux = 0, t > 0, x ∈ [0, L], (5.3)

with initial data

η|t=0 = η0(x), u|t=0 = u0(x), m|t=0 = m0(x), x ∈ [0, L], (5.4)

and boundary conditions

η(0, t) = η(L, t) = u(0, t) = u(L, t) = m(0, t) = m(L, t) = 0, (5.5)

where the parameters p > 0, β > 0, and α are real numbers, and ϕ(s) is a real function.
Letting F(t, x) = ε(t, x) – η(t, x), G(t, x) = v(t, x) – u(t, x), H(t, x) = n(t, x) – m(t, x), we ob-

tain

iFt + Fxx + αF – (Hε + mF) + δ|ε|pε = 0, (5.6)

Gt +
[
ϕ(v) – ϕ(u)

]
x – βGxx + Hx +

(|ε|2 – |η|2)x = 0, (5.7)

Ht + Gx = 0, t > 0, x ∈ [0, L], (5.8)

with initial data

F|t=0 = 0, G|t=0 = 0, H|t=0 = 0, x ∈ [0, L], (5.9)

and boundary conditions

F(0, t) = F(L, t) = G(0, t) = G(L, t) = H(0, t) = H(L, t) = 0, (5.10)

where the parameters p > 0, β > 0, α, and δ are real numbers, and ϕ(s) is a real function.

Lemma 5.1 Suppose that the conditions of Theorem 3.1 are satisfied. Then for the solution
of problem (5.6)–(5.10), we have

‖F‖2
H2 + ‖G‖2

H1 + ‖H‖2
H1 + ‖Ft‖2

L2 + ‖Ht‖2
L2 ≤ C|δ|

|δ| + 1
eC(|δ|+1)t + C|δ|2.

Proof Taking the inner product of (5.6) and F , it follows that

(
iFt + Fxx + αF – Hε – mF + δ|ε|pε, F

)
= 0. (5.11)

Since

Im(iFt , F) =
1
2

d
dt

‖F‖2
L2 , Im(Fxx + αF , F) = 0,

∣∣Im(Hε + mF , F)
∣∣ ≤ C‖ε‖L∞‖H‖L2‖F‖L2 ≤ C

(‖H‖2
L2 + ‖F‖2

L2
)
,

∣∣Im(
δ|ε|pε, F

)∣∣ ≤ |δ|‖ε‖p+1
L2p+2‖F‖L2

≤ |δ|‖εx‖
p
2
L2‖ε‖

p+1
2

L2 ‖F‖L2

≤ C|δ|(‖F‖2
L2 + 1

)
,
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from (5.11) we get

d
dt

‖F‖2
L2 ≤ C

[(|δ| + 1
)(‖F‖2

L2 + ‖H‖2
L2

)
+ |δ|]. (5.12)

Taking the inner product of (5.7) and G, it follows that

(
Gt +

[
ϕ(v) – ϕ(u)

]
x – βGxx + Hx +

(|ε|2 – |η|2)x, G
)

= 0. (5.13)

Since

(Gt , G) =
1
2

d
dt

‖G‖2
L2 , (–βGxx, G) = β‖Gx‖2

L2 ,
∣∣([ϕ(v)

]
x –

[
ϕ(u)

]
x, G

)∣∣ =
∣∣(ϕ′(ξ )(v – u), Gx

)∣∣
≤ ∥∥ϕ′(ξ )

∥∥
L∞‖G‖L2‖Gx‖L2

≤ C
(|ξ |q + 1

)‖G‖L2‖Gx‖L2

≤ C
(‖v‖q

L∞ + ‖u‖q
L∞ + 1

)‖G‖L2‖Gx‖L2

≤ C
(‖G‖2

L2 + ‖Ht‖2
L2

)
,

∣∣(Hx, G)
∣∣ ≤ 1

2
(‖H‖2

L2 + ‖Ht‖2
L2

)
,

(|ε|2x – |η|2x, G
)

=
∣∣∣∣
∫ L

0

(|ε|2 – |η|2)Gx dx
∣∣∣∣

=
∣∣∣∣
∫ L

0
(Fε + ηF)Gx dx

∣∣∣∣
≤ (‖ε‖L∞ + ‖η‖L∞

)‖F‖L2‖Ht‖L2

≤ C
(‖F‖2

L2 + ‖Ht‖2
L2

)
,

from (5.13) we get

d
dt

‖G‖2
L2 ≤ C

(‖G‖2
L2 + ‖F‖2

L2 + ‖H‖2
L2 + ‖Ht‖2

L2
)
. (5.14)

Since

d
dt

‖H‖2
L2 =

d
dt

∫ L

0
H2 dx ≤ ‖H‖2

L2 + ‖Ht‖2
L2 , (5.15)

by (5.12), (5.14), and (5.15) we get

d
dt

(‖F‖2
L2 + ‖G‖2

L2 + ‖H‖2
L2

) ≤ C
(|δ| + 1

)(‖F‖2
L2 + ‖G‖2

L2
)

+ C
(|δ| + 1

)(‖H‖2
L2 + ‖Ht‖2

L2
)

+ C|δ|. (5.16)

Differentiating (5.6) with respect to t, we get

iFtt + Ftxx + αFt – (Hε + mF)t + δ
(|ε|pε)t = 0. (5.17)
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Taking the inner product of (5.17) and Gt , it follows that

(
iFtt + Ftxx + αFt – (Hε + mF)t + δ

(|ε|pε)t , Ft
)

= 0. (5.18)

Since

Im(iFtt , Ft) =
1
2

d
dt

‖Ft‖2
L2 , Im(Fxxt + αFt , Ft) = 0,

∣∣Im(
(Hε + mF)t , Ft

)∣∣ =
∣∣∣∣Im

∫ L

0
(Htε + Hεt + mtF + mFt)Ft dx

∣∣∣∣
=

∣∣∣∣Im
∫ L

0
(Htε + Hεt + mtF)Ft dx

∣∣∣∣
≤ ‖ε‖L∞‖Ht‖L2‖Ft‖L2 + ‖εt‖L∞‖H‖L2‖Ft‖L2

+ ‖mt‖L∞‖F‖L2‖Ft‖L2

≤ C
(‖H‖2

L2 + ‖Ht‖2
L2 + ‖F‖2

L2 + ‖Ft‖2
L2

)
,

∣∣Im(
δ
(|ε|pε)t , Ft

)∣∣ ≤ |δ|
∣∣∣∣Im

∫ L

0

(|ε|pε)tFt dx
∣∣∣∣

= Im
∫ L

0

[(
1 +

p
2

)
δ|ε|pεt +

pδ

2
|ε|p–2ε2εt

]
Ft dx

≤ C|δ|(‖Ft‖2
L2 + 1

)
,

from (5.18) we get

d
dt

‖Ft‖2
L2 ≤ C

[(|δ| + 1
)(‖F‖2

L2 + ‖Ft‖2
L2 + ‖H‖2

L2 + ‖Ht‖2
L2

)
+ |δ|]. (5.19)

Taking the inner product of (5.7) and –Gxx, it follows that

(
Gt +

[
ϕ(v)

]
x –

[
ϕ(u)

]
x – βGxx + Hx + |ε|2x – |η|2x, –Gxx

)
= 0. (5.20)

Since

(Gt , –Gxx) =
1
2

d
dt

‖Gx‖2
L2 , (–βGxx, –Gxx) = β‖Gxx‖2

L2 ,

∣∣([ϕ(v)
]

x –
[
ϕ(u)

]
x, –Gxx

)∣∣ =
∣∣∣∣
∫ L

0

[
ϕ(v) – ϕ(u)

]
Gxxx dx

∣∣∣∣
=

∣∣(ϕ′(ξ )G, Gxxx
)∣∣

=
∥∥ϕ′(ξ )

∥∥
L∞

∣∣(Gx, Gxx)
∣∣

≤ ∥∥ϕ′(ξ )
∥∥

L∞‖Gx‖L2‖Gxx‖L2

≤ C
(|ξ |q + 1

)‖Gx‖L2‖Gxx‖L2

≤ C
(‖v‖q

L∞ + ‖u‖q
L∞ + 1

)‖Gx‖L2‖Gxx‖L2

≤ β

2
‖Gxx‖2

L2 + C‖Gx‖2
L2 ,
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(Hx, –Gxx) = –
∫ L

0
HxGxx dx =

∫ L

0
HxHxt dx =

1
2

d
dt

‖Hx‖2
L2 ,

∣∣(|ε|2x – |η|2x, –Gxx
)∣∣ =

∣∣∣∣
∫ L

0
(Fxε + ηxF + Fεx + ηFx)Gxx dx

∣∣∣∣
=

∣∣∣∣
∫ L

0
(Fxε + ηFx)Gxx dx

∣∣∣∣
+

∣∣∣∣
∫ L

0
(Fεx + ηxFx)Gxx dx

∣∣∣∣
=

∣∣∣∣
∫ L

0
(Fxε + ηFx)xGx dx

∣∣∣∣
+

∣∣∣∣
∫ L

0
(Fεx + ηxFx)xGx dx

∣∣∣∣
≤

∫ L

0

(|ε| + |η|)|Fx||Gxx|dx

+
∫ L

0

(|εx| + |ηx|
)|ε||Gxx|dx

≤ (‖ε‖L∞ + ‖η‖L∞
)‖Fx‖L2‖Gxx‖L2

+
(‖εx‖L∞ + ‖ηx‖L∞

)‖F‖L2‖Gxx‖L2

≤ β

2
‖Gxx‖2

L2 + C
(‖F‖2

L2 + ‖Fx‖2
L2

)
,

from (5.8) and (5.20) we get

d
dt

(‖Ht‖2
L2 + ‖Hx‖2

L2
)

=
d
dt

(‖Gx‖2
L2 + ‖Hx‖2

L2
)

≤ C
(‖F‖2

L2 + ‖Fx‖2
L2 + ‖Gx‖2

L2
)
. (5.21)

Taking the inner product of (5.11) and Fxx, it follows that

(
iFt + Fxx + αF – Hε – mF + δ|ε|pε, Fxx

)
= 0. (5.22)

Since

Im(iFt , Fxx) =
1
2

d
dt

‖Fx‖2
L2 , Im(Fxx + αF , Fxx) = 0,

∣∣Im(Hε + mF , Fxx)
∣∣ =

∣∣∣∣Im
∫ L

0
(Hε + mF)xFx dx

∣∣∣∣
≤

∣∣∣∣Im
∫ L

0
(Hxε + Hεx + mxF + mFx)Fx dx

∣∣∣∣
≤ C

(‖ε‖L∞‖Hx‖L2 + ‖εx‖L∞‖H‖L2
)‖Fx‖L2

+ C
(‖mx‖L∞‖F‖L2 + ‖m‖L∞‖Fx‖L2

)‖Fx‖L2

≤ C
(‖H‖2

L2 + ‖Hx‖2
L2 + ‖F‖2

L2 + ‖Fx‖2
L2

)
,
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∣∣Im(
δ|ε|pε, Fxx

)∣∣ =
∣∣∣∣Im

∫ L

0
δ
(|ε|pε)xFx dx

∣∣∣∣
≤ |δ|

∫ L

0

∣∣(|ε|pxε + |ε|pεx
)∣∣|Fx|dx

≤ |δ|
∫ L

0

∣∣∣∣
[

p
2
|ε|p–2(εxε + εεx) + |ε|pεx

]∣∣∣∣|Fx|dx

≤ C|δ|(‖Fx‖2
L2 + 1

)
,

from (5.22), we get

d
dt

‖Fx‖2
L2 ≤ C

[(|δ| + 1
)(‖H‖2

L2 + ‖Hx‖2
L2 + ‖F‖2

L2 + ‖Fx‖2
L2

)
+ |δ|]. (5.23)

By (5.16), (5.19), (5.21), and (5.23) we obtain

d
dt

(‖F‖2
L2 + ‖Fx‖2

L2 + ‖Ft‖2
L2 + ‖G‖2

L2 + ‖H‖2
L2 + ‖Ht‖2

L2 + ‖Hx‖2
L2

)

≤ C
(|δ| + 1

)(‖F‖2
L2 + ‖Fx‖2

L2 + ‖Ft‖2
L2

)
+ C|δ|

+ C
(|δ| + 1

)(‖G‖2
L2 + ‖H‖2

L2 + ‖Ht‖2
L2 + ‖Hx‖2

L2
)
.

By using Gronwall’s inequality we obtain

‖F‖2
L2 + ‖Fx‖2

L2 + ‖Ft‖2
L2 + ‖G‖2

L2 + ‖H‖2
L2 + ‖Hx‖2

L2 + ‖Ht‖2
L2

≤ C|δ|
|δ| + 1

eC(|δ|+1)t .

By (5.8) we get

‖F‖2
L2 + ‖Fx‖2

L2 + ‖Ft‖2
L2 + ‖G‖2

L2 + ‖Gx‖2
L2 + ‖H‖2

L2

+ ‖Ht‖2
L2 + ‖Hx‖2

L2 ≤ C|δ|
|δ| + 1

eC(|δ|+1)t . (5.24)

By (5.6) and (5.24) we obtain

‖Fxx‖2
L2 ≤ [|α|‖F‖L2 + ‖Hε + mF‖L2 + ‖Ft‖L2 +

∥∥δ|ε|pε∥∥L2
]2

≤ C
[|α|2‖F‖2

L2 + ‖Hε‖2
L2 + ‖mF‖2

L2

+ ‖Ft‖2
L2 + |δ|2(‖ε‖2p+2

L2p+2

)2]
≤ C

[|α|2‖F‖2
L2 + ‖ε‖L∞‖H‖2

L2 + ‖m‖L∞‖F‖2
L2

+ ‖Ft‖2
L2 + |δ|2(C‖εx‖

p
2
L2‖ε‖

p+4
2(p+2)
L2

)2]
≤ C

[|α|2‖F‖2
L2 + ‖ε‖L∞‖H‖2

L2 + ‖m‖L∞‖F‖2
L2

+ ‖Ft‖2
L2 + C|δ|2]

≤ C
(‖F‖2

L2 + ‖Ft‖2
L2 + ‖H‖2

L2 + |δ|2)

≤ C|δ|
|δ| + 1

eC(|δ|+1)t + C|δ|2. (5.25)
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By (5.24) and (5.25) we obtain

‖F‖2
H2 + ‖G‖2

H1 + ‖H‖2
H1 + ‖Ft‖2

L2 + ‖Ht‖2
L2 ≤ C|δ|

|δ| + 1
eC(|δ|+1)t + C|δ|2. (5.26)

�

Lemma 5.2 Suppose that the conditions of Theorem 3.1 are satisfied. Then for the solution
of problem (5.6)–(5.10), we have

‖F‖2
H3 + ‖G‖2

H2 + ‖H‖2
H2 + ‖Ft‖2

H1 + ‖Gt‖2
L2 + ‖Ht‖2

H1

≤ C|δ|
|δ| + 1

eC(|δ|+1) + C|δ|2eCt + C|δ|2.

Proof Taking the inner product of (5.17) and –Ftxx, it follows that

(
iFtt + Ftxx + αFt – (Hε + mF)t + δ

(|ε|pε)t , –Ftxx
)

= 0. (5.27)

Since

Im(iFtt , –Ftxx) =
1
2

d
dt

‖Ftx‖2
L2 , Im(Fxxt + αFt , –Ftxx) = 0,

∣∣Im(
(Hε + mF)t , –Ftxx

)∣∣ =
∣∣∣∣Im

∫ L

0
(Htε + Hεt + mtF + mFt)xFtx dx

∣∣∣∣
=

∣∣∣∣Im
∫ L

0
(Hxtε + Htεx)Ftx dx

∣∣∣∣ +
∣∣∣∣Im

∫ L

0
(Hxεt + Hεtx)Ftx dx

∣∣∣∣
+

∣∣∣∣Im
∫ L

0
(mxtF + mtFx)Ftx dx

∣∣∣∣
+

∣∣∣∣Im
∫ L

0
(mxFt + mFxt)Ftx dx

∣∣∣∣
≤ C

(‖F‖2
L2 + ‖Fx‖2

L2 + ‖Ft‖2
L2

)
+ C

(‖H‖2
L2 + ‖Hx‖2

L2 + ‖Ht‖2
L2

)
+ C

(‖Ftx‖2
L2 + ‖Htx‖2

L2
)

≤ C|δ|
|δ| + 1

eC(|δ|+1)t + C|δ|2 + C
(‖Ftx‖2

L2 + ‖Htx‖2
L2

)
,

Im
((

δ|ε|pε)t , –Ftxx
)

= – Im
∫ L

0

[(
1 +

p
2

)
δ|ε|pεt +

pδ

2
|ε|p–2ε2εt

]
Ftxx dx

= Im
∫ L

0

[(
1 +

p
2

)
δ|ε|pεt +

pδ

2
|ε|p–2ε2εt

]
x
Ftx dx

= Im
∫ L

0

[(
1 +

p
2

)
δ|ε|pxεt +

(
1 +

p
2

)
δ|ε|pεtx

]
Ftx dx

+ Im
∫ L

0

(
pδ

2
|ε|p–2

x ε2εt +
pδ

2
|ε|p–2ε2

xεtεtx

)
Ftx dx

+ Im
∫ L

0

pδ

2
|ε|p–2ε2εtxFtx dx

≤ C|δ|(‖Ftx‖2
L2 + 1

)
,
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from (5.27) we get

d
dt

‖Ftx‖2
L2 ≤ C

(|δ| + 1
)(‖Ftx‖2

L2 + ‖Htx‖2
L2

)
+

C|δ|
|δ| + 1

eC(|δ|+1)t + C|δ|2. (5.28)

Taking the inner product of (5.7) and Gx4 , it follows that

(
Gt +

[
ϕ(v) – ϕ(u)

]
x – βGxx + Hx +

(|ε|2 – |η|2)x, Gx4
)

= 0. (5.29)

Since

(Gt , Gx4 ) =
1
2

d
dt

‖Gxx‖2
L2 , (–βGxx, Gx4 ) = β‖Gxxx‖2

L2 ,

∣∣([ϕ(v) – ϕ(u)
]

x, Gx4
)∣∣ =

∣∣∣∣
∫ L

0

[
ϕ(v) – ϕ(u)

]
xGx4 dx

∣∣∣∣
=

∣∣∣∣
∫ L

0

[
ϕ(v) – ϕ(u)

]
Gx5 dx

∣∣∣∣
=

∣∣∣∣
∫ L

0
ϕ′(ξ )GGx5 dx

∣∣∣∣
≤ ∥∥ϕ′(ξ )

∥∥
L∞‖G‖L2‖Gx5‖L2

≤ ∥∥ϕ′(ξ )
∥∥

L∞‖Gxx‖L2‖Gxxx‖L2

≤ C
(|ξ |q + 1

)‖Gxx‖L2‖Gxxx‖L2

≤ C
(‖v‖q

L∞ + ‖u‖q
L∞ + 1

)‖Gxx‖L2‖Gxxx‖L2

≤ β

4
‖Gxxx‖2

L2 + C‖Gxx‖2
L2 ,

(Hx, Gx4 ) = –
∫ 2L

0
HxxGxxx dx =

∫ 2L

0
HxxHxxt dx =

1
2

d
dt

‖Hxx‖2
L2 ,

∣∣((|ε|2 – |η|2)x, Gx4
)∣∣ =

∣∣∣∣
∫ L

0

(|ε|2 – |η|2)xGx4 dx
∣∣∣∣

=
∣∣∣∣
∫ L

0
(Fxε + ηxF + Fεx + ηFx)Gxxx dx

∣∣∣∣
≤ β

4
‖Gxxx‖2

L2 + C
(‖F‖2

L2 + ‖Fx‖2
L2

)

≤ β

4
‖Gxxx‖2

L2 +
C|δ|

|δ| + 1
eC(|δ|+1)t + C|δ|2,

from (5.29) we get

d
dt

(‖Gxx‖2
L2 + ‖Hxx‖2

L2
) ≤ C

(‖Gxx‖2
L2 + ‖Hxx‖2

L2
)

+
C|δ|

|δ| + 1
eC(|δ|+1)t + C|δ|2. (5.30)
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By (5.28) and (5.30) we obtain

d
dt

(‖Ftx‖2
L2 + ‖Gxx‖2

L2 + ‖Hxx‖2
L2

) ≤ C
(‖Ftx‖2

L2 + ‖Gxx‖2
L2 + ‖Hxx‖2

L2
)

+
C|δ|

|δ| + 1
eC(|δ|+1)t + C|δ|2,

and thus by Gronwall’s inequality we obtain

‖Ftx‖2
L2 + ‖Gxx‖2

L2 + ‖Hxx‖2
L2 ≤ C|δ|

(|δ| + 1)2 eC(|δ|+1)teCt + C|δ|2eCt

≤ C|δ|
|δ| + 1

eC(|δ|+1)t + C|δ|2eCt . (5.31)

By (5.8) we obtain

‖Ftx‖2
L2 + ‖Gxx‖2

L2 + ‖Hxx‖2
L2 + ‖Htx‖2

L2 ≤ C|δ|
|δ| + 1

eC(|δ|+1)t + C|δ|2eCt . (5.32)

By (5.6), Young’s inequality, and (5.32) we obtain

‖Fxxx‖2
L2 ≤ C

[|α|‖Fx‖2
L2 +

∥∥(Hε + mF)x
∥∥2

L2
]

+ C
[‖Ftx‖2

L2 +
∥∥δ

(|ε|pε)x

∥∥2
L2

]
≤ C‖Fx‖2

L2 + C‖Ftx‖2
L2

+ C
(‖Hxε‖L2 + ‖Hεx‖L2 + ‖mxF‖L2 + ‖mFx‖L2

)2

+ C
∥∥∥∥
(

1 +
p
2

)
δ|ε|pεx +

pδ

2
|ε|p–2ε2εx

∥∥∥∥
2

L2

≤ C‖Fx‖2
L2 + C‖Ftx‖2

L2

+ C
(‖Hxε‖2

L2 + ‖Hεx‖2
L2 + ‖mxF‖2

L2 + ‖mFx‖2
L2

)

+ C
(

1 +
p2

4

)
|δ|2∥∥|ε|pεx

∥∥2
L2 + C

p2|δ|2
4

∥∥|ε|pεx
∥∥2

L2

≤ C
(‖F‖2

L2 + ‖Fx‖2
L2 + ‖Ftx‖2

L2
)

+ C
(‖H‖2

L2 + ‖Hx‖2
L2‖L2

)
+ C|δ|2

≤ C|δ|
|δ| + 1

eC(|δ|+1)t + C|δ|2eCt + C|δ|2. (5.33)

By (1.3), (5.32), and (5.33) we obtain

‖Fxxx‖2
L2 + ‖Ftx‖2

L2 + ‖Gxx‖2
L2 + ‖Hxx‖2

L2 + ‖Htx‖2
L2

≤ C|δ|
|δ| + 1

eC(|δ|+1)t + C|δ|2eCt + C|δ|2. (5.34)
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By (5.7) we obtain

‖Gt‖2
L2 ≤ C

[∥∥[
ϕ(v) – ϕ(u)

]
x

∥∥2
L2 + β‖Gxx‖2

L2 + ‖Hx‖2
L2

+
∥∥(|ε|2 – |η|2)x

∥∥2
L2

]
≤ C

[∥∥ϕ′(ξ )
∥∥

L∞‖Gx‖2
L2 + β‖Gxx‖2

L2 + ‖Hx‖2
L2

+
∥∥(Fxε + ηxF + Fεx + ηFx)

∥∥2
L2

]

≤ C|δ|
|δ| + 1

eC(|δ|+1)t + C|δ|2eCt + C|δ|2. (5.35)

By (5.34) and (5.35) we obtain

‖F‖2
H3 + ‖G‖2

H2 + ‖H‖2
H2 + ‖Ft‖2

H1 + ‖Gt‖2
L2 + ‖Ht‖2

H1

≤ C|δ|
|δ| + 1

eC(|δ|+1)t + C|δ|2eCt + C|δ|2. �

By Lemmas 5.1 and 5.2 we obtain the following:

Theorem 5.1 Suppose that the conditions of Theorem 3.1 are satisfied. If (ε, v, n) is the
solution to problem (1.1)–(1.5) and (η, u, m) is the solution to problem (5.1)–(5.5), then

‖ε – η‖2
H3 + ‖v – u‖2

H2 + ‖n – m‖2
H2 ≤ C|δ|

|δ| + 1
eC(|δ|+1)t + C|δ|2eCt + C|δ|2,

where C is a positive constant.
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