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1 Introduction
The Zakharov system, derived by Zakharov in 1972 [1], describes the interaction between
Langmuir (dispersive) and ion acoustic (approximately nondispersive) waves in an unmag-

netized plasma. The usual Zakharov system defined in the space R%*! is given by

ie; + Ae = ne,

Hy— An= A|<9|2,

where the wave fields e(x, t) and n(x, t) are complex and real, respectively. It has become
commonly accepted that the Zakharov system is a general model to govern interaction of
dispersive and nondispersive waves.

The generalized Zakharov system has found a number of applications in various physi-
cal problems, such as interaction of intramolecular vibrations giving rise to Davydov soli-
tons with acoustic disturbances [2], interaction of high- and low-frequency gravity distur-
bances in an atmosphere [3], and so on. In the past decades, the Zakharov system has been
studied by many authors [4—13].

Gajewski and Zacharias [14] studied the following generalized Zakharov system and

established the global existence for initial value problem:

igi 4 &xx + (@ —m)e =0,
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L, 2
vt | 5V —Bvy+n+lel”] =0,

X

n+v,=0, £>0,

where the parameters 8 > 0 and « are real numbers.

You and Ning [15] considered the existence and uniqueness of the global smooth so-
lution for the initial value problem of the following generalized Zakharov equations in
dimension two:

ie; + Ne —ne =0,

2
Ve + Z %gradw(v)—Av+ V(n+lel*) =0,

i=1 g

m+V-.-v=0, t>0,

with initial data
&lt=0 = €0(%), V=0 = vo(x), #lg=0 = np(x),

where e(x, t) = (e1(x, £), £2(x, £), ..., en(x, £)) is an N-dimensional complex-valued unknown
functional vector, v(x, ) = (vi(x,t), v2(x,£)) is a two-dimensional real-valued unknown
functional vector, #(x, t) is a real-valued unknown function, x € R?, and ¢(s) is a real func-
tion.

In the present paper, we study the following initial boundary value problem for gener-
alized Zakharov equations:

& + Epx + (@ — 1) + 8|ePe =0, (1.1)
Ve + [(p(v)—,Bvx+n+ |8|2]x=0, (1.2)
n+v.=0, t>0,x€][0,L], (1.3)

with initial data

Elizo=¢0(x),  Vlo=vox),  nlo=no(x), x€[0,L], (1.4)
and boundary conditions

£(0,t) =¢e(L,t) =v(0,t) =v(L,t) = n(0,t) = n(L,t) = 0, (1.5)

where the parameters p > 0, 8 > 0, «, and § are real numbers, and ¢(s) is a real function.
Taking 8 = 0, 8 =0, and ¢’'(s) = Constant in this system, it becomes the classical Zakharov
equation system. From a physical point of view, this system has stronger nonlinear excita-
tion and interaction. It also can be considered as a further generalization of the generalized
Zakharov system discussed in [14]. From the perspective of both mathematical research
and physical applications, the problem is of great significance.

For convenience of the following contexts, we set some notations. For 1 < p < 0o, we
denote by L”[0, L] the space of all pth-power integrable functions in [0, L] equipped with
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norm || - ||z, and by H*” the Sobolev space with norm || - || s . For p = 2, we write H*® instead
of H%2. C¥(R) is the space of k times continuously differentiable functions on R. If k = 0,
then we write C(R) instead of C°(R). Let (f,g) = fOL f(x)g(x) dx, where g(x) denotes the
complex conjugate function of g(x). The real and imaginary parts of a complex number A
are denoted, respectively, by Re A and Im A. Throughout the paper, C is a generic constant,
which may have different meanings in different places.

This paper is organized as follows. In Sect. 2, we establish a priori estimations for prob-
lem (1.1)—(1.5). In Sect. 3, we study the existence and uniqueness of global generalized
solutions for problem (1.1)-(1.5). In Sect. 4, we discuss the regularity of global general-
ized solution for problem (1.1)—(1.5). In Sect. 5, we give the approximation limit of the

global solution when the coefficient of the strong nonlinear term tends to zero.

2 A priori estimations for problem (1.1)-(1.5)
Lemma 2.1 Let o € L*[0,L]. Then for the solution of problem (1.1)—(1.5), we have

||8||iz = ||80||i2'
Proof Taking the inner product of (1.1) and ¢, we have
(i8t+8xx+(Ot—n)8+5|8|p8,8) =0. (2.1)
Since Im(ig;, &) = %% ||8||%2, Im(eyy + (@ — n)e + 8|elPe, €) = 0, and hence from (2.1) we get
2 el =0,
that is,

2 2
llell2 = lleoll72 O

Lemma 2.2 Suppose that (1) g € H'[0,L], vo € L*[0,L], ny € L?[0,L], and (2) ¢(v) € C(R).
Then for the solution of problem (1.1)—(1.5), we have

L L
268 1 1
2 2 +2 2 2
& + nle|*dx — —— elPdx+ =||v||5 + = ||n
llexllya /0 le] p+2/0 el 2II 72 2|| 72

+p /Ot||v,c(x,r)||i2 dt = M.
Proof Taking the inner product of (1.1) and —&;, we get that
(iee + €xx + (0 — m)e + 8le|Pe, —€;) = 0. (2.2)
Since

. 1d
Re(ie:, —e0) = 0,Re(enn —61) = 5 — el
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we have

o (L 1d [t
Re((a - n)e, —st) = _E/ (e8; + 884) dx + EE,/ nle|? dx
0 0

1 L
——/ nle|? dx
2 Jo

o d vd (b, 1h
=22 el + Mfo el dx—ifo el dx

1d 1 [t
=—— n|8|2dx——/ nle|* dx,
2.dt 2 Jo
(5|8|p8,—8t _—ZE/ |8|p+2dx;

and hence from (2.2) we get

d L 25 L L
dt<||8x||L2+f n|8|2dx—m/ |8|1’+2dx>—/ nle|?dx = 0. (2.3)
0 0 0

Taking the inner product of (1.2) and v, we have
(ve + [o() = Bvx + n+ |e*] ,v) = 0. (2.4)

Since

1
(Vtrv) zdt”V”Lb (_IBVxx’V) :ﬂ”Vx”iZ!

L L

L
([(p(v)]x,v) = /0 [(p(v)]xvdx = —% /0 o(V)vedx = —%@(V(x, 1)

0

where
Ox) = /0 o(s)ds,

L L 1 d
(nx,V)=—/ nv, dx = /nmdx—i 7125,

(el f 62y, dx = / 62, dx,

and hence from (2.4) we get

dft o 1. b 2
it §||V||L2+§||”||L2 + | lel"nedx + Bllvall;> = 0. (2.5)
0

By (2.3) and (2.5) we get

d 2 L 2 28 L 2 1 2
%(nsxnwfo le| dx—mfo el e+ I

d 2
o IInlle +Blvel2 = 0.

Page 4 of 31
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Thus

L 26 L
sl +/ el dx - —f 61P*2 dx
0 p+2Jo

1 1 t 2
e S+ Sl ¢ ﬁ/ vt )| d
0

2 L 2 26 L 2
=||er||Lz+f oleol dx——/ 6ol dx
0 p+2Jy

1 1
+ 5 lvoll 2 + S Imoll7a
=M. a
Lemma 2.3 (Sobolev estimates)

(1) Assuming that u € L1(R"), D"u e L"(R"), 1 <gq,r < 00,0 <j < m, we have the
estimates

[0l < €D ul Nl

where

1 (1 1
—=i+9<—-T>+(1—9)—,
p n ronm q

and C is a positive constant depending only on n, m, j, q, r, and 6.

<6<1,

(2) Fory >0andse Z*, we can get a constant C (it only depends on y and s) such that

oku §

’—k §C||u||L2+)/‘ » k<s,
8x s axs 12
oku $

‘W §C||M||L2+)/ ) kES.
x| 12 0xS || 12

Lemma 2.4 Suppose that the conditions of Lemma 2.2 are satisfied and 0 < p < 4. Then for
the solution of problem (1.1)—(1.5), we have

T
sup (el + Ivlz2 + Inll2) + B f |ve@,0);2 de < C.
te[0,T] 0

Proof From Lemmas 2.1-2.3 and Young’s inequality we get

1 1 ¢ 2
leallzz + 5 VI + S lml> + ﬂ/ [, 7)) 2 dx
0

ooy 2181 [* e
< |Mi| + nlel“dx| + —— le|P** dx
0 p+2Jo
2|4
2 p+2
<|Mi| + lInll21lell;a + P+2”8||Lp+2
3 ) 2|8 g s
< [M] + IIVIIILZ(CIISIILzzIISxIILZz) + (C||£x||L22||£||L§”+ )

p+2
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V4
<|1V11|+|IMIIL2(C||€|I 2 llexll )+C”<9x||22
L

1
< M|+ E”n”iz +Cllell 2 + 5||sx||§2 +C
1 3
< |M1|+4||n||Lz+ lexl?, +C

1 2
lenlle + - ||8x||Lz +C,

and hence
¢ 2
lexls + VN2 + llmll 3, + ﬂ/ |ve(x, T)| 2 dT < C. (2.6)
0

By (2.6) it follows that

T
sup (llelln + IVl 2 + Il 2) + B /0 vl 0)] 22 de < C. -

te[0,T]

Corollary 2.1 Suppose that the conditions of Lemma 2.4 are satisfied. Then we have

sup [[e]l~ < C.
te[0,T]

Proof By Lemmas 2.3 and 2.4, the result of Corollary 2.1 is obvious. d
Lemma 2.5 Suppose that the conditions of Lemma 2.4 are satisfied, and assume that

(1) 0 € H*[0,L], vo € H'[0,L], ng € H'[0,L], and (2) ¢(v) € C'(R), |¢'(v)| < C([v|? + 1),
0 < g < 2. Then for the solution of problem (1.1)—(1.5), we have

T
2
sup (el + 1Vl + Il + leell 2 + lImel2) + ﬂ/ [vaal, )| 2 de < C.
0

te[0,T]

Proof Differentiating (1.1) with respect to ¢, we get
i€4 + Expt + AE; — NE — NE; + (5|8|p8)t =0. (2.7)

Taking the inner product of (2.7) and &, it follows that

(i€ + €xae + a8, — me — neg + (8]2|Pe) ,,8,) = 0. (2.8)
Since
. 1
Im(iey, &) = 2 ll&el 725 Im(ex + e — ner, &) =0,

m((8lele) . 2.) _Im/ [<1+§>5|a|1’e + —|e|P 252 at}etdx

:—Im/ lelP~2e%g? dx,
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and hence from (2.8), (1.3), and Corollary 2.1 we get

1d 12) L A
3 g1l = mone,e) 2 tm [ epr 2672 s
0

plal, 2
= llelizelinell 2 lleellz2 + == llelzoolleclz

2 2
< C(lImell > + llecll72)

< C(IlvellZs + lleell?2).
Taking the inner product of (1.2) and —v,,, it follows that
(v[ + [(p(v) —Bvi+n+ |8|2]x, —Vxx) =0.

Since

1d
(V) =Vix) = 2 dt ”Vx”%z: (=BVixr—Vax) = B ”Vxx”iz»

L
(oW, —vee)| = fo o )y dx

L
=< C/ (V17 + 1) [V Ve | dx
0
q
< (W ag Ivallzs + Nvell2) 1Vaell 2

N T
< CL(IIA ® Mvasll ) (V5 Vsl ) TVl

+ Cllvell 2

|Vxx ”L2

3
2

I+
< Cliveell 2 * + Cllvallz2 vl 2

=

2 2
= g vaellza + CIvel7> +1),

L L 1 d 5
Ny —Vix) = — Ny Vo dX = Hylg dx = ——||n ,
( X xx) /0 xVxx /(; xhxt 2dt” x”LZ
L
[(lel2,~ve0)| 52/ llexl Ivecl d
0

< 2[lellz el 2 [Vl 12

=

L)

2
||Vxx||L2 +C,

and hence from (2.10) we get

d
%(nvxniz + 17l122) + Bllvasl?s < C(Ilvell2 + 1).

By (2.9) and (2.11) we obtain

dt

d
2 2 2 2 2 2 2
—(leclza + Ivallfa + Imallfa) + Bllvaxllza < C(Ivallzs + el + Izl +1),

(2.10)

(2.11)

Page 7 of 31
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and thus by Gronwall’s inequality we obtain

T
2
sup (llecllz + [vell22 + 1l 72) + B / [V, 1) |} dt < C. (2.12)
te[0,T] 0

By (1.1), Lemmas 2.1, 2.3, and 2.4, Corollary 2.1, Young’s inequality, and (2.12) we obtain

2p+2

lexxllz2 < lelllellz2 + lmellp2 + llecll 2 + 1811le N 20

< lalllellz2 + llellzeellnll 2 + llezll 2

P pt4
2

5 2(p+2)
+181(Cllexl S el 2

p
<lelllellz + llelizelinlig2 + llecll 2 + Cllex
= C(H??t”L2 + 1)

<C. (2.13)

By (1.3), (2.12), and (2.13) we obtain

T
2 2 2 2 2 2
sup (lexell7z + 1vall7s + Il + llEcll?a + llmell32) + ﬂ/ Vi, 2) || 2 dE < C.
te[0,T] 0

The Lemma 2.5 is proved. O

Corollary 2.2 Suppose that the conditions of Lemma 2.5 are satisfied. Then we have

sup ([lexllzoe + (Voo + [l ) < C.
te(0,T]

Proof By Lemmas 2.3 and 2.5 the result of Corollary 2.2 is obvious. 0
Lemma 2.6 Suppose that the conditions of Lemma 2.5 are satisfied, and assume that

(1) g9 € H3[0, L], vo € H?[0,L], ny € H?[0,L], and (2) p(v) € C*(R). Then for the solution of
problem (1.1)-(1.5), we have

sup (llellzs + [VIz2 + 7l + Nl + Vel 2 + 17l )
te[0,T]

v p /0 ot )| de < C.
Proof Taking the inner product of (2.7) and —e&,y, it follows that
(g0 + €xxe + a8, — me —ney + (8lelPe) , —€4x) = 0. (2.14)
Since

. 1 2
Im(igs, —€tax) = 2 letxll}2s Im(exx + s, —€1xx) = 0,
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L
[Im(n.e, —&1nr)| = 'Im / (11:€) 1 dx
0

L
= 'Im/ (Mix& + 1M184)E s dx
0

< C(llellzse Ineellz2 + Nlexllzoe Il 2) leexl 2
2 2
< Cllewllzz + el 7)
<C

2 2
(leella + llvaxll72),

L
|Il’1’1(—l’l£t, _Stxx)| = ‘Imf (ngt)xgtx dx
0

L
= ‘Im/ (My&t + N84 )E e dx
0

2
< C(lleellzoe Imeli 2 llewll 2 + Il el )

< C(llewlf2 + 1),

t p 2
Im((3|8|p8)t, —Stxx) = —Im/ [(1 + 5)5|8|p8t + 7|8|p_282§t:|§mdx
0

L )
=Im/ 1+E 8|8|p8t+p—|8|”_282§t € AX
0 2 2 x

< C(||€tx||§z + 1),
from (2.14) we get
E”gtx”iz < C(llewllZ2 + 1vaxl72)-
Taking the inner product of (1.2) and v,y it follows that

(v + [() = Brx + n+ [e]*] ,vsa) = 0.

Since
1d
(Vl: Vx4) = 5 E ||Vxx||%21 (_,Bvxxr Vx4) = /3 ”Vxxx”%b
L
|([eW)],ova)| = /(; [o(V)], v dx
L
= / [‘p(V)]xxvxxx dx
0
L
= / [ (V2 + @' (V) Vi | Vi dx
0

2
= C(”Vx”L4 + ||Vxx||L2)”Vxxx||L2

(2.15)

(2.16)

Page 9 of 31
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L L 1 d
(Mg, vpa) = = / MyxVans A% = / Mot A% = = — ||| 72,
0 0 2 dt
L
| et

L L
2
52/ |8||8xx||Vxxx|dx+2/ €] [Vanx | dx
0 0

| (el vas) | =

2
< 2[lellzoe el 2 1Vanellz2 + 2l €l allVanell 2
3 3
< 2llellzoe llexell 2 1Vanxllz2 + 2le Nl 2 €l 2 1 Vil 2

B 2
= Z”Vxxx”L2 +C,

from (2.16) we get

d
2 2 2 2 2
— (IVaxllfa + el o) + Blveallfa < CIvaxllza + Imxllza + 1)

dt

By (2.15) and (2.17) we obtain

d 2 2 2 2
E(”Stx”LZ + ”Vxx”LZ + ||nxx||L2) + ,BHVxxx”Lz
2 2 2
=< C(”Vxx”LZ + ||8tx”L2 + ”nxxHLZ + 1);

and thus by Gronwall’s inequality we obtain

te[0,T]
By (1.1), Young’s inequality, and (2.18) we obtain

lexnellzz < lelllexllz2 + 1&)allz2 + lleells2 + | 8(lePe) |

< lalllexllz2 + (Ilnxell 2 + lInexll 2) + el 2

1) _
+ (1 + ‘g)(Slelpax + ‘%Ialp‘zazax

12

< lerlllexllz2 + (Insell 2 + Imexliz2) + lewll 2

P plé|
. (1 ’ a)mn leee] 2+ = llePeel

<llewll2z +C

<C.
By (1.3), (2.18), and (2.19) we obtain

2 2 2 2 2
sup (ngxx”Lz + 1vaxll 2 + 1Bxxll72 + 1€} + ””tx”Lz)
te[0,T]

T
+ :B/ ”Vxxx(x: t) “iz dt<C.
0

T
2
sup (||£tx||]%2 + ”Vxx”iz + ”nxx”iz) + ,3/ ”Vxxx(x; t) ||L2 dt < C.
0

(2.17)

(2.18)

(2.19)

(2.20)

Page 10 of 31
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By (1.2) we obtain

Well2 < C[eW)], [ 2 + Bllvslliz + a2 + el o
< C|lg' v 12 + Bllvaell iz + llmell 2
+ || Exx€ + 2685 + €€ x|l 2
< Clivaligz + Bllvaxliz2 + sl 2
+2[[elloo llexxllp2 + 2l ]l oo [l €xl 2

<C. (2.21)
By (2.20) and (2.21) we obtain

sup (lellgs + IVl + 1l + lleelln + vl 2 + el )
te[0,T]

T
2
o6 [ st de <. 0
0
Corollary 2.3 Suppose that the conditions of Lemma 2.6 are satisfied. Then we have

sup ([|Exellzoe + [[Villoo + 17ellzoe + llecllzoo + llmello) < C.
te[0,T]

Proof By Lemmas 2.3 and 2.6 the result of Corollary 2.3 is obvious. g

Lemma 2.7 Suppose that (1) g, € H*?[0,L], vo € H*'[0,L], ny € H*'[0,L], | € Z*,
(2) p(v) € C*L(R), |¢'(v)] < C(Iv|7 +1),0 < g < 2,and (3) 0 < p < 4. Then for the solution of
problem (1.1)—(1.5), we have

sup ([l + IVl + 7l e + &l + 1Vell gt + el )
te[0,T]

T
B / [vyieae 0| dt < C.
0

Proof We prove this lemma by mathematical induction. By Lemma 2.6 the lemma is true
for [ = 1. Suppose it is is true for [ = k (k > 1), that is,

sup (llell ez + 1Vl gsr + 17l pien + &l pge + Vel pgior + el i)
te[0,T]

T
B / [vaeae )| d < C.
0

Next, we will show that the lemma is true for / = k + 1.

Taking the inner product of (1.2) and (=1)**?v,¢.4, it follows that
(ve + [0(v) = B+ n+ 6] L (1) Pv,20a) = 0. (2.22)
Since

1d
(Vt: (—1)k+2Vx2k+4) = E%Hvxmz ||iz»
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|([§0(V)]x’ (—1)k+21/x2/<+4)| = |([¢(V)]xk+2’(_1)k+2ka+3)|
L
/0 [¢(V)]xk+szk+3 dx

B 2 2
< Z ||ka+3 ||L2 + C(”ka+2 ”LZ + 1),

(=BVan (1) 2V 004) = BllVyess |12,

2L
(nx, (—1)k+2Vx2k+4) = —f M ks2 V k3 dx
0

M ke+2 Mg yk+2 dx

I
O\h

1d )
< 57 Ineallre,

Zdt

|8| k42 Vk+3 dx

|(|8| , (= 1)/”21/ 2k+4

/3

||v k+3 IILZ +C,
from (2.22) we get

d 2 2 2 2 2
E(nvxan2 + g2 l132) + BllvgesllZs < C(Ivre 2 + g7, +1).
By Gronwall’s inequality we obtain

T
2
sup (I1v,eez 22 + g l122) + B f Vs @, 0|72 d < C, (2.23)
te[0,T] 0

and by Egs. (1.2) and (1.3) we get

sup (1Vykll72 + 17k [172) < C. (2.24)
te[0,T]

Taking the inner product of (2.7) and (=1)%*12**V, it follows that
(isﬁ + Eypt + OLE, — ME — NE + (5|8|p8)t, (—1)k+18tx2k+2) =0. (2.25)
Since

1d
. k
Im(zett, (—1) +18tx2k+2) = E d_t ||8txk+1 ||i2:

Im (Exae + €y, (—1)k+1£m2k+2) =0,

L
|Im(}’lt8, (_1)k+lgtx2k+2)} = ‘Im/ (I’l,gS)xk+1§txk+3 dx
0

2
< C(||8txk+1 ||L2 + 1),

L
|Im(—net, (—1)k+18m2k+2)| = ‘Im/ (1) k1€ her1 dx
0

C(llegn 172 +1),
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L
[tm((31ePe),, (~1)Feparea)| = Im / [(51e 1), ] Funtor dx
0

2
< C(”é‘txkﬂ 72+ l),

from (2.25) we get

d
%ngtxm 125 < Cllegrr 122 +1).
By Gronwall’s inequality we obtain

sup [leqh 2 < C, (2.26)
te[0,T]

and by Eq. (1.1) we get

sup [le s}, < C. (2.27)
te[0,T]

By (2.23), (2.24), (2.26), and (2.27) we get

sup (llellgies + 1VIlgea + 7l g + el oo + IVl gt + 17l )
te(0,T]

T
B / [vese )| dt < C. 0
0

3 The existence and uniqueness of global generalized solutions for problem
(1.1)-(1.5)

Definition 1 The set of functions e(x,t) € L>(0, T; H3[0,L]) N WL>(0, T; H'[0,L]),

v(x, t) € L(0, T; H?[0,L]) N L*(0, T; H3[0,L]) N W1°°(0, T; L*[0, L]), and n(x, t) € L>(0, T;

H?2[0,L]) N W1>(0, T; H[0, L]) is called the generalized solution of problem (1.1)—(1.5) if

for any w € L?[0, L], the functions satisfy

(ig, ) + (Ea2s @) + (a8, ) — (n8,0) + (8]¢Pe, ) =0, (3.1)
e 0) + ([p(W)],, @) = (B ) + (1, 0) — (le]2,0) =0, (3.2)
(ns, @) + (v, 0) = 0, (3.3)
(6@, 0),0) = (s0(x), @),  (v(x,0),0) = (v (), ),

(n(x,0), ) = (n0(x), w), (3.4)
£(0,8) =e(L,t) =v(0,£) =v(L,£) = n(0,t) = n(L,t) = 0. (3.5)

Theorem 3.1 Suppose that the conditions of Lemma 2.6 are satisfied. Then there exists a
global generalized solution of the initial boundary value problem (1.1)-(1.5),

e(x,t) € L™(0, T H?[0,L]),  &u(xt) € L%(0, T; H'[0,L]),

v(x,t) € L®(0, T; H?[0,L]) N L*(0, T; H?[0,L]), vl £) € L(0, T5L%[0, L)),

nx,t) € L°(0, T;H*[0,L]),  my(x,t) € L(0, T; H'[0,L]).
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Proof By using the Galerkin method we choose a basis {w;(x)} € H 2[0,L] N H}[0,L] con-
sisting of the eigenfunctions of the problem

—Aa)/(x) = )»,»a)j(x), j= 1,2,...,m, (36)

a)j(x)|x=0= a),(x)}sz =0. (3.7)

Then the approximate solution of problem (1.1)—(1.4) can be written as

en@ ) =Y ), V@) =Y Bim(t)ey(),

Jj=1 Jj=1

M) = Y Yim(D)y(x). (3.8)

j=1

According to Galerkin’s method, the undetermined coefficients &, (£), Bjm(t), and yj,(2)

need to satisfy the following initial value problem of ordinary differential equations:

(i&me + Emxx + (@ — M) Em + 8l [P e, ) =0, (3.9)

(th + [¢(Vm)]x = BVmxx + Pz — |8|i1x’ w) =0, (3.10)

(Pt + Viny 0) = 0, (3.11)

Em (x7 0) = EmO(x)’ Vm(x’ 0) = VmO(x)’ N (x’ 0) = an(x)’ X € [01 L]’ (312)
where

emo(%) = go(x) in H[0,L], Vio(%) = vo(x)  in H[0,L],

Mo (%) — 1o(x)  in H[0, L], m — oo.

Similarly to the proof of Lemmas 2.1, 2.4, 2.5, and 2.6, for the solution &,(x, £), v, (x, t),
1, (%, t) of problem (3.9)—(3.12), we can establish the following estimate:

sup (lemllms + 1Vmllz2 + 1l + l€me i + 1Vmell 2 + 17t 1)
te[0,T]

T
+ﬁ/ 1Vl }s dt < C, (3.13)
0

where the constant C is independent of m. By compact argument we can choose a subse-

quence &, (x, t), v, (x,t), n,(x, £) such that, as v — oo,
&v(x,t) > e(x,t) in L>(0, T; H>[0,L]) weakly star,
&,(x,t) — e(x,t) in strong topology of L*(Qr),
&%, ) = &:(x,8) in L™ (0, T; H'[0, L]) weakly star,
v (%, t) = vix,t) in L™ (0, T; H? [O,L]) NL? (O, T;H? [O,L]) weakly star,

vy(x,t) = v(x,£) in strong topology of L*(Q7),
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vor(x, 8) = ve(x,t) in L™ (0, T;L2[0, L]) weakly star,

n,(x,t) = n(x,t) inL* (0, T; H? [O,L]) weakly star,

n,(x,t) — n(x,t) in strong topology of L*(Qr),

(%, ) = my(x,t)  in L%(0, T; H'[0,L]) weakly star,

leolPe, — |elPe  in L°(0, T;L%[0,L]) weakly star,

les]s = lel2  in L*°(0, T;L*[0,L]) weakly star,

nye, — ne  in L™(0, T;L*[0,L]) weakly star,

@(v,) > @(v) inL(0, T;L*[0,L]) weakly star,
where Qr = [0,L] x [0, T]. Hence, taking m = v — 00 in (3.9)—(3.13), by using the density
of w;(x) in L2[0, L] we get the existence of a local generalized solution for problem (1.1)—
(1.5). From the conditions of the theorem and a priori estimates in Sect. 2 we can get

the existence of a global generalized solution for problem (1.1)—(1.5) by the continuation
extension principle. O

Theorem 3.2 Suppose that the conditions of Theorem 3.1 are satisfied. Then the global
generalized solution of the initial boundary value problem (1.1)—(1.5) is unique, and

e(x,t) € L™(0, T; H?[0,L]),  Eilxt) € L®(0, T; H'[0,L]),
v(x,t) € L®(0, T; H*[0,L]) N L*(0, T; H?[0,L]), v, £) € L®(0, T;L[0, L]),

nx,t) € L°(0, T;H*[0,L]),  my(x,t) € L(0, T; H'[0,L]).
Proof Suppose that there are two solutions €1, 11, ¢1 and &, 13, @5. Let
E=¢&1 — &y, V=V —Vy, n=mny;—nj.

From (1.1)—(1.5) we get

I8 + Eyx + 0E — N1E1 + N289 + 8|61|PE1 — 8|82|PEy =0, (3.14)
ve+ [p()], = [0()], = Bax + s + |e1 % — |e2l = 0, (3.15)
n+ v, =0, (3.16)

with initial data
€lt=0 =0, Vlt=0 =0, Hli=0=0 (3.17)
and boundary conditions
£(0,t) =¢e(L,t) =v(0,t) =v(L,t) = n(0,£) = n(L,t) = 0. (3.18)
Taking the inner product of (3.14) and ¢, it follows that

(iet + Exy + XE — 181 + M8y + 8|61 [PE1 — 8|82|p£2,8) =0. (3.19)
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Since

1
Im(is;, ) = 5 ||8||%2, Im(s,, + ag,€) =0,

L
[Im(r61 — mae2, )| = ’Im/ nei€dx
0

1
2 2
< §||81||L°°(||n”L2 +llell7)

< C(llmlz2 + llellz2)-
By the Lagrange mean value theorem we get

|le1lPer — |ealPea| = |le1Per — a1/ er + [e11Per — 62l &2
<le1ller — &a] + &2l (ler [ — |2 1?)

-1 -1
< le1llel + pleal sup (lerl’™ leal?) el
te[0,T]

<(@+1) sup (|a1l",le2l?)lel.
te(0,T]

Therefore

L
[Im(8(|e1lPe1 — |e2lPe2), €)| < ISI/ |le1lPer — |ealPen || dx|
0
L
<181 | (+1) sup (le1l”le1l?)lel* dx
0 te[0,T]

<181(p+1) sup (llexllfos lE1llfe)ll€ll72
te[0,T]

2
=Cllelp-

Hence from (3.19) we get

d. o 2 2
el = C(Inlf + llelz2)-

Taking the inner product of (3.15) and v, it follows that

(ve + [p)], = [9()], = Bax + me + |E11 — |€2l3,v) = 0.

Since

1d
(ve,v) = 27 V7 (=Bvaov) = BlvallZ,

[([e0)], = [0w2)],v)| = |(¢' €D, v2)|
< |0/ @ o IVl Vel 2
< C(IE1 + 1) V2 sl 2
< C(Iillde + 1200 + D) IWl2 vl 2

2 2
< C(IVIIz2 + 17e1172),

(3.20)

(3.21)
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1
()| < E(Ilnlliz + 1mell72),

L

(lex = lealov) = ‘f (61 = les]2) vy dx
0
L

/ (681 + &28) v dx

0

< (lealizoe + llezllzoe ) lle 2 11l 2

2 2
< C(llellg> + lInellz2),

from (3.21) we get

d
2 2 2 2 2
2l = C(llelZa + VIZ + Il + Inell72)-

Since
d 2 d (" 2 2 2
E”n”LZ = ifo n=dx < |nll;2 + |nell72s

by (3.20), (3.22), and (3.23) we get

dt
Taking the inner product of (3.15) and —v,,, it follows that
(Vt + [‘/)(Vl)]x - [QO(VZ)]x = BVax + 1y + |81|§ - |£2|926: —Vxx) =0.

Since

1
(Vt’ _Vxx) = 5 % ”Vx”iz: (_,Bvxx: _Vxx) = ﬁ ”Vxx”ib

L
|([pn)]. - [0 0], —ves)| = /0 [0(n) — () ]vese dx

= |(¢/(E)V’ Vxxx)|
= ”‘/)/(E)”Loo |(Vx> Vxx)|
< @' @IVl 2 1Vaxl 12

< C(IEN" + 1) Ivxll 2 Ivael 2

< C(Ivill o + Ivall oo + D) l1vall2 Vel 2

i
2

2

S 12’

2
[Vaxllz2 + Cllvell

L L 1 d )
(Myy —Viy) = —/0 HyVay A :/(; ol dX = EZHH’CHLZ’

d 2 2 2 2 2 2 2
—(lelZo + V7 + Inl7) < CllelZs + InlFs + IVIIZ2 + lmel72)-

(3.22)

(3.23)

(3.24)

(3.25)
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L
(a2 = €212 ~vss) | = f (16112 = [e22) vir
0

L
= / (6x81 + €0x€ + E€1x + 8284 ) Vix dX
0

L
= / (6xE1 + £28x)Vx dX
0

L
+ / (8814 + 2485 Vax dx
0

L
/ (6xE1 + €984 )xVx dx
0

L
+ / (6815 + E2xEx)xVx dx
0

L
S/ (|81|+|82|)|Sx||vxx|dx
0

L
+f (lewel + lea]) lelIvxx| dx
0

< (lerllz + leallzoe) llexll g2 Vaxll 2

+ (lerelizoe + lleaxllzoe) el 2 1vael 2

B 12 2
= S lvaeliza + Clielz,

from (1.3) and (3.25) we get

d 2 2 d 2 2 2 2
E(”Vx”Lz + 17l 72) = %(Ilmlle + 17l 72) < C(llellza + Ivallza)-

By (3.24) and (3.26) we obtain

d 2 2 2 2 2
i(IISIILz +vIZ2 + Iml7s + 7l + mell7)

2 2 2 2 2
< C(llellfs + Inlgs + VI + Imelifa + lnell72)-

By using Gronwall’s inequality we obtain

and hence
€1 =282 Vi="V, n =ns.
Therefore the proof of Theorem 3.2 is completed.

4 The regularity of global generalized solution for problem (1.1)-(1.5)

To get the regularity of the global generalized solution for problem (1.1)—(1.5), we need

the following lemma and corollary.

(3.26)
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Lemma 4.1 Suppose that the conditions of Lemma 2.6 are satisfied, and assume that (1)
g0 € H*[0,L], vo € H3[0,L], ny € H?[0,L], and (2) ¢(v) € C3(R). Then for the solution of
problem (1.1)—(1.5), we have

sup (lells + IVIlgs + Inlls + Nl + vl + lmellp2)
te[0,T]

T
B / [yt 0| de < C.
0

Proof Taking the inner product of (2.7) and —¢,,4, it follows that

(ie,, + Exxt + OLE; — 1€ — NE; + (8|8|p8)t, —atxz;) =0. (4.1)
Since
, 1 2
Im(igs, —€44) = 27 lemalliar  Im(exer + 0er, —44) = 0,

L
[Im(n,e, —,,4)| = Im/ (1248) xxE rxx AX
0

L
= Im/ (l’lxtg + ntgx)xgtxx dx
0

L
= Im/ (nxxt8 t HytEx + NxEx + ntexx)gtxx dx
0
2 2
= C(||8txx||L2 + ”Vxxx”Lz),

L
|Im(_n8t) _Stx4)| = ‘Im/ (nst)xxgtxx dx
0

< C(llews?2 + 1),

t P 2
Im((3|8|p8)t, _8[x4) = Im/ |:(1 + §>8|8|p8t + ?|8|P282§t:|§§4) dx
0

L
1)

:Im/ |:(1+€>5|8|p8t+p—|8|p282§t] Cpux AX
o 2 2

XX

S C(Hstxxniz + 1);

from (4.1) we get

d
Ensmniz < C(llewelZ2 + 1Varell ). (4.2)

Taking the inner product of (1.2) and v, it follows that
(ve+[o(v) = Bvx + 1+ |e]*] ,v,6) = 0. (4.3)

Since

1d
(ve, Vxﬁ) = 5 Z ”Vxxx”%z’ (=BVsxs Vxﬁ) = Bllv,a ”iz»
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[([eW)],

/ Va6 dx

xxxVx4 dx

/3
=7 vallzs + C(IvasllZz + 1),

L
1d
2
(12, vy6) = _/ PV A% = / MaxaMpys A% = — 1Ml ]2
0 0 2dt

L
/ |e|2, Vya dx
0

(16 vie) | = < %wn; N

from (4.3) we get

2 2 2 2 2
E(”Vxxx”LZ +1mxallf2) + Blvallzs < C(IlVansllz2 + 1Mxxll > + 1)

By (4.2) and (4.4) we obtain

d 2 2 2 2
E(”gtxx”p + ”Vxxx”LZ + ”nxxx”LZ) + ,B||Vx4||L2
2 2 2

C(”Vxxx”LZ + ||8txx||L2 + ”nxxx”Lz + 1)»

and thus by using Gronwall’s inequality we obtain

te[0,T]
By (1.1) and Young’s inequality we obtain

lewllzz < lollexlzz + | (78)xx | 2 + lmellzz + |8(16Pe) |

< C(llewsllz2 +1).
By (1.3), (4.5), and (4.6) we obtain

2 2 2 2 2
sup (||8x4 ”LZ + ”Vxxx”LZ + ”nxxx”LZ + ||8txx||L2 + ”ntxx”LZ)
te[0,T]

T
2
B / v 0] de < C.
0
By (1.2) and Lemma 2.6 we obtain

Vel < C [ |12 + Blvasalizz + 1naeliz2 + [l | 2
< C|[eM],. |12 + Blverellzz + 1l 2
+ [ (e + 268, + £812):|
< C(lIvaxellz2 +1)

<C

T
2
sup (leewell?s + 1Vanel 2 + 170 72) + B / |vatet)|;,de < C.
0
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By (4.7) and (4.8) we obtain

sup (el + IVIgs + 172lls + Nl + vl + 1mellg2)
te(0,T]

T
2
B / v D)% de < C. 0
0
Corollary 4.1 Suppose that the conditions of Lemma 4.1 are satisfied. Then we have

SUp (Il Exxxllzoe + [Vasllzoe + 1Mxllzoe + ll€gllzoe + 17ellzoe + Ivillzo) < C.
te[0,T]

Proof By Lemmas 2.3 and 4.1 the result of Corollary 4.1 is obvious. 0

Theorem 4.1 Suppose that the conditions of Lemma 4.1 are satisfied. Then there exists a
unique global generalized solution of the initial boundary value problem (1.1)—(1.5), and
e(x,t) € L(0, T; H*[0, L]), E(x,t) € L™(0, T; H*[0,L]),
v(x,t) € L=(0, T; H>[0,L]) N L*(0, T; H*[0,L]), ve(x,£) € L®(0, T; H'[0, L]),
n(x,t) € L*(0, T; H[0,L]), ny(x,t) € L°(0, T; H[0,1]).

Proof By using Theorem 3.1, Lemma 4.1, and Corollary 4.1 we can easily get this theo-

rem. -

Theorem 4.2 Suppose that the conditions of Lemma 4.1 are satisfied. Then there exists a
unique global classical solution of the boundary value problem (1.1)—(1.5).

Proof By using Theorem 4.1 and the embedding theorems of Sobolev spaces we can easily
get this theorem. O

Theorem 4.3 Suppose that the conditions of Lemma 2.7 are satisfied. Then there exists a
unique global smooth solution of the initial boundary value problem (1.1)—(1.5), and
e(x,t) e (0, T; H'*[0,L]),  e(xt) € L*(0, T;H'[0,L]),
v(x,t) € L®(0, T;H*'[0,L]),  wilx,8) € L®(0, T; H'*[0,L]) N L*(0, T; H'**[0, L),
n(x,t) € L°(0, T;H*'[0,L]),  me(x,8) € L(0, T; H'[0,L]).

Proof By Lemma 2.7 and the embedding theorems of Sobolev spaces the result of Theo-
rem 4.3 is obvious. O

5 Approximation of solution
We now suppose that the generalized solution of initial boundary value problem (1.1)—
(1.5) is approximated by the generalized solution of the following problem:

int + Ny + (O[ - m)ﬁ =0, (51)

Uy + [(p(u)—,Bux+m+ |n|2]x=0, (5.2)
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my+u, =0, t>0,x€l0,L], (5.3)
with initial data

Me-o=m0(*),  ulo =uo(x),  mleo=mo(x), x€][0,L], (5.4)
and boundary conditions

n(0,2) = n(L, ) = u(0,£) = u(L,t) = m(0,t) = m(L, t) = 0, (5.5)

where the parameters p > 0, 8 > 0, and « are real numbers, and ¢(s) is a real function.
Letting F(¢,x) = (¢, x) — (¢, %), G(t,x) = v(t,x) — u(t,x), H(t,x) = n(t,x) — m(t, x), we ob-

tain
iF; + Fyy + aF — (He + mF) + 8|efPe =0, (5.6)
G+ [p() - pw)], - BGux + Hy + (I6]* = In]*), =0, (5.7)
H; +G,=0, t>0,x€(0,L], (5.8)

with initial data

Fli=0 =0, Gli=0 =0, H|;.0=0, x€][0,L], (5.9
and boundary conditions

F(0,t)=F(L,t) = G(0,£) = G(L,t) = H(0,t) = H(L,t) = 0, (5.10)
where the parameters p >0, 8 > 0, «, and § are real numbers, and ¢(s) is a real function.

Lemma 5.1 Suppose that the conditions of Theorem 3.1 are satisfied. Then for the solution
of problem (5.6)—(5.10), we have

Cl3|
IFIFn + 1Gl3 + IH I + IEN G + I Hel 7 < mec(‘a'“)t +Cl8J%.

Proof Taking the inner product of (5.6) and F, it follows that

(iF,+Fm+aF—H8—mF+8|8|ps,F) =0. (5.11)
Since
. 1d )
Im(iF;, F) = 27 IFN72 Im(F,, + aF,F) =0,

Im(He + mF,F)| < Cllellz<|H I 2 |Fll2 < C(IIHIIZ, + IFlI72),

+1
[Im(8le[Pe, F)| < 1811117502 |l 2
r pl
<I18lllexll Hllell, 3 I1F 12

< CI8|(IIF|I7, + 1),
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from (5.11) we get

%HFH; < C[(181 + 1) (IFII72 + | HIIZ2) +181]-
Taking the inner product of (5.7) and G, it follows that
(G + o) = ()], = BGrx + Hee + (le* = InI?) , G) = 0.
Since

1d
T IGI2:,  (=BGax G) = BlIGkl s,

t
(¢, - [¢)],.6)| = |(¢'©) - 1,Gy)]
<[ '@, 1G 211G 2

< C(IE1+ 1) IGll 21 Gxll 2

(Gt: G) =

< C(IVl7o + lullfse + 1) 1Gl2[1Gxll 2

< C(IGI7 + I1HelI7),

(Hx, G)| < S (IH11Z> + IHl72),

N =

L

(s 1012,6) = | [ (1 - 1) 6.
0
L

/ (Fg + nF)Gy dx
0

< (llellzee + lnllzoe ) IF |2 1 He l 2

< C(IFII2 + I1H:[172),
from (5.13) we get
d 2 2 2 2 2
d_t”G”L2 < C(IGII72 + IFII72 + 1HII 72 + [ Hell72)-
Since
%HHllfz = %/OLHZ dx < |H|7, + | H: 172,
by (5.12), (5.14), and (5.15) we get

d
E(IIFlliz + Gl + 1H17.) < C(181 + 1) (IFII7. + Gl 72)

+ C(181 + 1) (IH2 + |1 H.N122)

+Cl8|.
Differentiating (5.6) with respect to ¢, we get

iFy + Fpu + aF, — (He + mF); + 8(|ee), = 0.

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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Taking the inner product of (5.17) and G, it follows that
(iFH + Fppx + 0F; — (He + mF); + 5(|8|p8)t,Ft) =0.
Since

) 1d )
Im(iFy, F;) = E%”F}”Lz: Im(Fyy, + Fy, Fy) = 0,

L
[Im((He + mF),,F,)| = ’Im/ (H,e + He, + m,F + mF,)F, dx
0

L
= ‘Im/ (H,e + He, + m,F)F, dx
0

=< llellzee 1Hell 2 Fell 2 + lleclzoe 1 H 2 | El 2
+ [l oo [ Fll g2 1 Fell 2

< C(I1H 122 + | He 72 + IIF 17 + 1E1122),
L
[Im(8(|elPe),, F)| < |8|‘Im/ (lelPe) ,Fy dx
0

L ) _
=Im/ 1+1Z 5|8|p8t+p—|8|p_282§t F.dx
0 2 2

< CIBI(IF:lI2 + 1),

from (5.18) we get
a F|? F|12, + |Fol| %y + |1 HI% + | He |
E” tl72 < CL(I81+ ) (IIF 172 + IEll2 + NHIF2 + I HlT) +181].
Taking the inner product of (5.7) and —Gy,y, it follows that
(Gt + [QO(V)]x - [w(u)]x —BGxx + Hy + |8|92¢ - |7]|92¢r —Gxx) =0.
Since
1d 9 )
(Gt: _Gxx) = 5 E ||Gx||L27 (_,BGxx: _Gxx) = ﬁ ”Gxx”LZr

L
([e®)], - [¢0)],,~Gue)]| = /0 [00) — ()] G dx

=[(¢'(¢)G, Gxx) |

= 0" ©)] ;= |(Gr, Gr)|

< @' @©)]| 1 | Gell 21| Gl 2

< C(I&17 + )Gl 21| Grell 2

< C(IVlfo + llfoe + 1)1Gall 21| Guell 2

B

2 2
< S1Gul}: + CIG:I,

(5.18)

(5.19)

(5.20)
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L L 1d 5
(Hy, —Gax) = _/ H.Gypdx = / HiHydx=—— ”Hx”LZ’
0 0 2dt

L
‘(|8|;2¢_|n|;2cr_Gxx)’= A (Fxg+an+F§x+nfx)Gxxdx

L
= ‘/ (Fy& + NF )Gy dx
0

L
+ / (F&x + N3 Fx)Gyy dx
0

L
/ (Fy& + nFy)<Gy dx
0

L
+ / (F&x + N3 Fy)xGy dx
0

L
5/ (1] + 171) | Fsl | Goel dx
0

L
+/ (sl + [ns])€]1Gos| dx
0

< (lellzee + lInllzoe ) IFell 2 | Gall 2

+ (llexllzoe + lInxllz) I1F 211 Grell 2

4
2

=

I1Gxli72 + CIFNZ + 1Fxll7),

from (5.8) and (5.20) we get

d d
E(”Ht”iz + | Hel72) = E(IIlelfz + | Hell72)

< C(IIFI72 + IFel72 + Gl 72)-
Taking the inner product of (5.11) and F,,, it follows that
(iF; + Fx + oF — He —mF + 8|¢|Pe, Fyy) = 0.
Since

, 1d__
Im(lFt:Fxx)z E%”Fx”Lzr Im(Fxx+aFrFxx)=O:

L
|Im(He + mF,Fxx)| = ’Im/ (He + mF)Fy dx
0

=

L
Im / (Hye + Hey + mF + mF,)F, dx
0

< Cllellzoe 1Hxll 2 + llexllzoe | H I 2) | Fxll 2

+ C(llmllzoe IFll 2 + Il zoe | Fxll2) | Fxll 2

< C(IIH 12, + | Hell22 + | F1I% + 1 Fell?2),

(5.21)

(5.22)
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L
lIm(5lelPe, Eve) | = ‘Im [ sliete) s
0

L
< |5|/ ((lele + elPes)|IEsl dx
0

<ol [ L‘[§|e|f’-2(ex€+e€x) + |s|”ex] IF) d
< CI8|(IIF:lI2, + 1),
from (5.22), we get
d 2 2 2 2 2
%”Fx”LZ < C[(181 + 1) (IH 32 + IHlZ> + IF 1122 + [IFell72) +181]- (5.23)

By (5.16), (5.19), (5.21), and (5.23) we obtain

d
E(IIFIIfz +NENG + IE N + GG + IHIZ + 1HIZ, + 1 Hll72)
< C(I81+ 1) (IFIIZ, + Bl 7> + IF:N72) + Cl3|

+ C(>181+ 1) (IGIZ> + IHIZ2 + I Hel7> + 1Hxll7)-
By using Gronwall’s inequality we obtain

2 2 2 2 2 2 2
72 + IFxllze + [1Fellz2 + 1GH72 + [1H N2 + 1 Hxllf2 + 1 HEll

< Cl3] oCUsI+ DL
8+ 1

By (5.8) we get
IEIIZ, + I Fell7 + IFel72 + G172 + 1Gall 72 + IH 7

Clé|
N 2, 2 s+ 5.24
1Hellp2 + 1Hell> < Bl1’ (5:24)

By (5.6) and (5.24) we obtain

2 2
IFexllZs < [l IFll 2 + | e + mFl 2 + | Fell 2 + ||8lelPe | 5 ]
2 2 2 2
< C[laPIENZ + |Hell2, + [lmEF |2
2 2 2p+2 \2
+ IE% + 1812 (el o) ]

12p+2

2 2 2 2
< Cllal”IFIIZ, + el IH 17> + Imllze< I FII7

préd
+[|1Fell72 + |6|2(C||ex||f2||e||jé"7*” )]

< CllalPlIFI72 + el 1H 172 + llmll o< | FlI 2,
+[|E:l72 + 18]

< C(IFI7s + IEe 172 + I HI22 +181%)

Cls|

=5 e o, (5.25)
+
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By (5.24) and (5.25) we obtain

eCBIHDE L 1512 (5.26)
O

Cl4]
IE G0 + 1GIz + IH I3 + IEN T + I H N7 < S

Lemma 5.2 Suppose that the conditions of Theorem 3.1 are satisfied. Then for the solution
of problem (5.6)—(5.10), we have

2 2 2 2 2 2
IENzs + 1G5 + 1H W + 1 Felln + 1Gellf2 + 1 Hell

8
< ﬂew“” +Cl81%e% + C|8%.
18] + 1

Proof Taking the inner product of (5.17) and —Fjy,, it follows that
(iFtt + thx + OlFt — (HE + mF)t + 6(|8|p8)t, —thx) =0. (527)
Since

. 1d
Im(iFy, —Fixx) = 2 dt ||th||i2» Im(Fy; + aFy, —Fpx) = 0,

L
[Im((He + mF)y, ~Fpa) | = 'Im/ (Hye + Hey + meF + mF,)Fox dx
0

L L
= ’Im/ (Hye + Hyex)Fp dx| + Im/ (Hye; + Hep)F oy dx
0 0

L
+ Im/ (MyeF + myFy)Fp dx
0

+

L
Im/ (myF, + mFy)Fy dx
0

< C(IFIZ + 1l + IEN7)

+ C(IHIZ + 1Hx 172 + 1Hell72) + C(I el + 1 Heel72)

Clé
< eI CISP O + IHl:),
+

g p pé -
Im((8|ee),, —Frax) = —Im / [(1 + §>8|slp€t + 7|8|p_282§t:|l:txxdx
0
g p 12 -
:Im/ 1+ —)8|a|”8t +—|elP2e%, | Fuedx
0 2 2 X
g p p -
= Im/ [(1 + 5)5|8|§:8£ + <1 + 5>8|8|petx]thdx

0
L/ ps 20— P 2.2 7
+Im/ S el e e + Lol e Bk | Frndx
0

L
I _
+Im/ %|s|p‘282§mﬂxdx
0

< CI8I(IFel72 + 1),
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from (5.27) we get

d C|8]
Enaxniz < C(I18] + 1) (IFull? + | HexllZ5) + meq"”“)t +C|8]% (5.28)

Taking the inner product of (5.7) and G,4, it follows that
(G +[0(v) = ()], = BGrx + Hy + (le* = In|?) , Ga) = 0. (5.29)
Since

1d
(Gt’ Gx4) = EE”Gxx”ib (_,BGxx) Gx4) = /3||Gxxx||%2:

L
([o0) - 0], G)| = | [ o) - 0] G

L
= /0‘ [¢(V)—¢(u)]Gx5 dx

L
= / ¢'(§)GG 5 dx
0

< e’ @] . 1Gl211Gus 12
< @' @) joc Gl 2 | Gl 2
< C(IE1" + )Gl 21| Gl 2

q q
< C(IMlfse + Nutllfoc + 1)1 Grxll 21| Gl 2

B
=< Z”Gxxxniz + Cll Gl 72,
2L 2L 1d
(Hy, Gya) = = HyyGrx dx = HyHxe dx = = — ”Hxx”iz’

L
(16 = 1nP),, G| = \ / (16 = 1nP?), Gos

L
/ (Fy& + NyF + F&y + NFy) Gy dx
0

=

< 1Gueellfa + CIFIZ + IFI72)
B LBl
4

|8| 1 C(|8|+1)¢ + C|8|2,

2
| Gaxxll72 +

from (5.29) we get

d
%(”Gxx”iz + 1Hxll2) < C(I1Gael 72 + 1 Hrxll7)

Cls
S eI L 512,

5.30
18] + 1 (5:30)
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By (5.28) and (5.30) we obtain

(IIthlle +1GaxllZ2 + 1 Haxll72) < C(IFlFa + 1Grell o + 1 Haxl72)

C|8
o B jewsrn, cjsp,
|§] + 1
and thus by Gronwall’s inequality we obtain
F G C| | (\5|+1)t Ct +Cl8 2 _Ct
IFell2s + | GrellZ + | Hesll?2 < ————€ [8]7e
(|5| 1)?
< C|8| eC(\ﬁHl)t C|8|2 Ct (5.31)
8] +1
By (5.8) we obtain
Clé| +
IFeellZ2 + | Guell 72 + | Hxell 72 + [ Hill 2 < ———€“W1D 4 Cls[7e. (5:32)

6] +1

By (5.6), Young’s inequality, and (5.32) we obtain

IFwslZs < CllalIE N2, + | (He + mF),|},]
+ ClIFsI2 + [8(1217) | 2]
< C||E|%, + ClIFul%

2
+ C(IHxell> + | Hexll 2 + ImaFl 2 + lmEy |l 2)

5 2
+ CH (1 + §)5|8|p8x + %lsV”ZEZEx

12
” 2 + t. 2

2 2 2 2
+ C(I1Hxell7 + 1Hexl 72 + mxFll7 + llmFyll7>)

+c<1 )|8| llePex|7, + C”' i llelPex ;2

< C(IFIZ: + I1Eel 72 + 1 Fixll72)
+ C(IH 72 + 1 Hl721122) + CI81

Cls
< L eusiene +Cl8%“ + C8%. (5.33)
[+1°

By (1.3), (5.32), and (5.33) we obtain

2 2 2 2 2
I Faxllza + 1Fxll 72 + 1 Gaxllpa + 1 Hxwll 2 + 1 Hexll72
Cl3|

=5 leC("S‘*“f +Cl8%“ + C|8)%. (5.34)
+



Wang et al. Boundary Value Problems (2020) 2020:85 Page 30 of 31

By (5.7) we obtain

1G: 12 < C[[[[e0) - 0@)],[|}> + Bl Gaal%2 + I1Hxll 2
(1 =), [172]
C[||<ﬂ’($)HLoo IIGxIIEz + ﬁIIGxxlliz + IIHxlliz

+ | (7 + nF + Fex + ED)| ]

IA

Cls
< B e, ciapect 4 ciap. (5.35)
18]+ 1

By (5.34) and (5.35) we obtain

2 2 2 2 2 2
IEl7s + 1G5 + 1H W + 1 Felln + 1Gellz2 + 1 Hell 7

C|s
- Lecqghl)t +C|8%e% + |52 O
18] +1

By Lemmas 5.1 and 5.2 we obtain the following:

Theorem 5.1 Suppose that the conditions of Theorem 3.1 are satisfied. If (¢,v,n) is the
solution to problem (1.1)—(1.5) and (n, u, m) is the solution to problem (5.1)—(5.5), then

Cl3|
2 2 2 C(|8]+1 2 Ci 2
e =nll2s + lv—ull?y + ln - m|?, < ———e“BFV 4 Cls%e + Cl8)%,

18 +1

where C is a positive constant.
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