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1 Introduction

The low velocity flow of an incompressible viscous fluid can be modeled by the nonsta-
tionary Stokes equations. Such problem is typically provided with a Dirichlet boundary
condition on the velocity [1-3]. In this paper, we deal with this problem in two- or three-
dimensional bounded domain using nonstandard boundary conditions. In dimension 2,
the problem is supplied with boundary conditions on the normal component of the veloc-
ity and the Dirichlet condition on the vorticity (since it is a scalar). However, in dimension
3, it is supplied with boundary conditions on the normal component of the velocity and on
the tangential components of the vorticity vector field. This permits us to prove that the
above problem is equivalent to a time-dependent variational formulation with unknown
vorticity, velocity, and pressure [4—7]. For the discretization of this problem, we combined
the implicit Euler’s scheme in time and the spectral method in space. One can see [8] for
the analysis of this discretization in the case of the stationary Stokes problem.

In [9], the Generalized Minimal Residual method (GMRES) [10] is used to solve the sta-
tionary Stokes problem. However, this method is not easy to implement since the matrix is
not symmetric and needs a huge number of iterations to converge. In [11], a direct method
was proposed permitting to simplify and to improve the resolution.

For the nonstationary case, which is the subject of this paper, we will use the global
resolution based on the good results established in [11]. The discretization in time by the
implicit Euler method permits us to stabilize the discrete problem. The resulting global
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matrix is now symmetric and positive definite, making possible the use of the gradient
conjugate method. As a result, we obtained high accuracy with an optimized number of
iterations. Some numerical results are presented to show the time and space convergence.

The paper is organized as follows:

« In Sect. 2 the continuous problem and some regularity results are presented.

« Sect. 3 deals with the discrete problem and error estimates.

+ The nonhomogeneous case is handled in Sect. 4.

+ The implementation details of the discrete problem are developed in Sect. 5.

« Sect. 6 is dedicated to describe thoroughly the numerical results.

2 The continuous problem

Let £2 be abounded simply connected domain of R? (d = 2 or d = 3),and I" be its boundary
that we suppose connected and Lipschitz; x = (x,y) ind = 2 or x = (%,%,2) in d = 3 is the
generic point in £2. We introduce [0, T'] an interval of R where 7 is a positive constant and
n is the unit outward vector to §2 on I". The nonstationary Stokes problem is presented

as follows:
%(x, t)—vAu(x,t) + Vp(x,t) = f(x,t) in 2 x [0,T],
div u(x,t) =0 in 2 x [0, T],
u(x,2)-n(x) =0 on I x[0,T], (1)
Z(curlu)(x,t) =0 onl x[0,T],
u(x,0) = ug in £2,

where f is the data function and v is the positive constant viscosity. The unknowns are the
velocity u and pressure p. The boundary operator ¢ is defined according to the dimension
as follows:
« Indimension 2 (d = 2), ¢ represents the trace operator on the boundary I".
+ In dimension 3 (d = 3), if the vector field w = (wy, wy, w;), then ¢ (w) = curlw x n on
the boundary I.
Using the formula

—Aw = curl(curlw) — V(div w),

and the vorticity T = curl u, we prove that (1) is equivalent to the following system:

%—‘t‘(x, t)+vcurlt(x,£) + Vp(x, t) = f(x,£) in 2 x[0,T],

div u(x,£) =0 in 2 x [0,T],

7(x,t) = curlu(x, t) in 2 x [0, T], @
u(x,t)-n(x)=0 onl x[0,T],

c(t)(x,£) =0 onI x[0,T],

u(x,0) = ug in £2.

We suppose that the initial velocity and vorticity satisfy

divay=0 and 1(x,0)=19=curluy in 2. (3)
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We need to introduce the following Sobolev spaces:
WP (2) ={p € LP(2): 3% € LP(£2), V|| < m}

associated with the following norm and seminorm:

||¢>||m,p,g=<2 /Q |a“w(x)}")” and |so|m,p,9:(2 fg }a“go(x)V”)”.

la|<m la|=m

Also H™(£2) = W™2(£2) is a Hilbert space provided with the scalar product

(@, V)me = (Z (0%, a%/f)z) ,

lee|<m

where (-, -) is the L*(£2) scalar product. We denote by L2(£2) the space of functions in L2(2)
which have a null integral on £2, and D(£2) the space of infinitely many times differentiable
functions with a compact support in §2. Then we introduce the space H(div, £2) as

H(div, 2) = {g € (1*(2)) : div ¢ € I*(2))
with the norm
@l = (10122 + 141V 9l22)
and
Hy(div, 22) = {¢ € H(div,2) : ¢ -n=00n 32}
In the same way, we introduce the space H(curl, £2) by
H(curl, 2) = {(o € LZ(Q)@ :curlg € Lz(.Q)d}
with the norm

1
0 Heurt.2) = (||<p||;(md<d_n +lleurl@l} 5 0)*

and
Hy(curl, £2) = {(o € H(curl,2):¢9 xn=00n 89}.

Remark 1 Notice that the spaces H(curl, £2) and Hy(curl, £2) coincide with the spaces
H(£2) and H}(£2) in dimension d = 2.

Now we introduce the following spaces to deal with time issues. Let B be a separable
Banach space. We define C"(0, T’; B) as the set of C"-class time functions with values in B.
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Then C™(0, T’; B) is a Banach space with the norm

ll@llcmo,1;) =

where 3%¢ is the partial derivative of order k in time of function ¢. Consider also the
spaces

T
I7(0,T;B) = {(o : @ measurable on ]0, T such that / ||<p(t, ) ||§dt < oo}
0

and
H*(0,T;B) = {9 € L*(0, T;B): 9" € L*(0, T; B),m < s}.
Then L?(0, T; B) is a Banach space equipped with the norm

1
(T ()L d0?  for1<p < oo,
ll@llzzo,:8) =
supg,<7 ll@(&, )z for p = +o0,

and H*(0, T’; B) is a Hilbert space with the scalar product

1

2
(@, V) mso,T:8) = ((‘P LZOTB +Z "o, 0™ WLZOTB)) ’

If the data f € L%(0, T; (Ho(div, £2))'), where (Ho(div, £2))’ is the dual space of Hy(div, £2)
(see [12] for some properties of (Ho(div, £2))’), then we show, using the density of (D(£2))¢
in Hy(div, £2) and the density of ’D(Q)@ in Hy(curl, £2) (see [2, Chap. I, Sect. 2]), that
problem (2) is equivalent to the following variational formulation:

Find (t,u,p) € L*(0, T; Ho(curl, £2)) x L*(0, T; Ho(div, £2)) x L*(0, T; L%(£2))

Vv € Hy(div, £2), a[,v)+a(r,u,v)+b(v,p) =<f,v>,
Vg e L3(£2), b(u,q)=0, (4)
Vi € Hy(curl, £2), c(t,w;9) =0,

where < -, - > is the duality product between (Hy(div, §2))" and Hy(div, §2). The bilinear
forms af(-,-;-), b(-,-) and c(-, -; -) are defined as follows:

a(t,w;v) = v/ curl(t)(x, £) - v(x) dx, b(u,q) = —/ div u(x, t)g(x)dx and
Q fo)
c(r,u;#):/;zt(x, t)- 9 (x)dx — /Qu(x,t)-curl#(x)dx.

To prove the existence and uniqueness of the solution of problem (4), we need to define
the kernel of the bilinear form b(., -):

V ={p € Hy(div, 2) : Vg € L}(£2), b(9,q) = 0},

which coincides with the space of divergence-free functions in Hy(div, §2).
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We also introduce the kernel of the bilinear form c(-, -;-):

U ={(9,¢) € Hy(curl, 2) x V : V¢ € Hy(curl, 2),c(#, 9; ¥) = 0}

={(®,9) € Hy(curl, 2) x V: ¢ = curl #}.

Then (7, u) is a solution of the following reduced problem:
Find (z,u) € L*(0, T; U) such that

a
VeV, (a—l;,v> +a(t,wv) =<f,v>. (5)

We refer to [9, Lemma 2.3], [3, Chap. III, Theorem 1.1] and ([8, Proposition 1] regarding
the arguments of the demonstration of the following proposition.

Proposition 1 For any data function f € L*(0, T; (Hy(div, 2))'), and wy € L*(2)* which
satisfies condition (3), problem (5) has a unique solution (t,u) € L*(0, T; U) satisfying

2 2
”T “LOO(O g~L2(Q)d(d271) ) + “u"LOC(O,t;LZ(Q)d)

2 2 2
< (|l + |lu + |If ) s
= (” 0 ||L2(_Q)d(dZ_l> ” 0 ”LZ(Q)d ” ||L2(0,t;(H()(d1V,Q))/))

where c is a positive constant that depends only on §2 and T

We recall the following inf-sup condition on bilinear form b(-,-) (see [2, Chap. I,
Lemma 4.1]).
There exists a constant 8 > 0 such that
ble,q)

VgeLy(2),  sup ————— > Bliqll2 o). 6)
veHo(div,2) 191l Hdiv.2)

Using Proposition 1 and (6), we obtain the proof of the following theorem (see [8, Sect. 1]):

Theorem 1 For a function f € L*(0, T;(Ho(div, 2))), and wy € L*(2)? which satis-
fies condition (3), problem (4) has a unique solution (t,u,p) € L*(0, T; Hy(curl, £2)) x
L*(0, T; Ho(div, £2)) x L*(0, T; L3(£2)). This solution satisfies

lzl? ) P, +pl2s,,
ooz 42 res2@2)) Y IP20,422)
2 2 2
= C("t()||L2(Q)d(d2—l) + “uO“LZ(Q)d + ||f”L2(0,t;(H()(div,Q))/))’ (7)

where c is a positive constant that depends on 2 and T.
From [13, Sect. 2], [14], and [15], we derive the following regularity result.

Theorem 2 For a data function f belonging to L*(0, T; H'~1(£2)%), the solution (t,u,p) of
problem (4) belongs to L*(0, T; H’(.Q)d(dz_l)) x L*(0, T; H'(2)%) x L*(0, T; H'(£2)) for any
r > 0 such that:

(i) r< % in the general case,
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(if) r <1 when $2 is convex,
(ili) r < % in dimension d =2 when 2 is a polygon with largest angle equal to a.

3 Discrete problems and error estimates

3.1 The time discrete problem

In this section, we start by the discretization in time of problem (4) using implicit Euler
method. We propose a partition of the interval [0, T] into subintervals [£_1, %], for 1 <
k < K, where K is a positive integer, and where

O=ty<t1<---<tg=T.

Let hy = tx — b1, b = (I, Mo, ..., hix) and |h| = maxy <x<x Hk-

For any function f € L(0, T; (Ho(div, £2))') and ug € Hy(div, £2) satisfying condition (3),
we are considering the following scheme:

Forall k,1 < k <K, find (Tk)OSkSK € (Hy(curl, £2))%+1, (uk)osksK € (Hy(div, £2))X*! and
(") 1<k<k € (L3(£2))X such that

w=u, and 1°=curlu’ in £, (8)

Vv € Hy(div, 2), (05, v) + hra(tX, ub;v) + lb(v, pb) = @51, v) + iy < 5, v >,
VgeL3(2), b(u,q) =0, )
V# € Ho(curl, 2), c(th,ub;9) =0,

where £* = £(-, £).
Foranyk,1 <k <K,let

Zz(rk,uk;v) = (uk,v) + hka(tk,uk;v) and L(v)= (uk’l,v) the <5 v .

The functional L is linear and continuous on V. Thus if (¢¥, u¥, p¥) is the solution of prob-
lem (9) then (%, u¥) belongs to U and is the solution of the following reduced problem:

YweV, a(cfusv)=Lw). (10)

Based on the property of the bilinear form a(-,-,-), proved in [8, Sect. 2], we state the
following proposition.

Proposition 2 Suppose that the data function f € L*(0,t; Ho(div, 2)') and that the initial
velocity ug € Hy(div, £2) satisfies condition (3). Then, for any k,1 < k < K, problem (8), (10)

has a unique solution (t*,uX) in U such that

k
”“k ”i%md = C("“Oniz(md + Zhi||fj||(21{0(div,9))')' (11)
j=1

where c is a positive constant independent of k.

Then, according to the inf—sup condition (6), we can state the following theorem (see
[8, Sect. 2] for its proof).
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Theorem 3 Suppose that the data function £ € L*(0,t; Ho(div, 2)') and that the initial
velocity wy € Hy(div, §2) satisfies condition (3). Then, for any k,1 < k < K, problem (8), (9)
has a unique solution (t*,uX, p¥) in Hy(curl, 2) x Hy(div, £2) x L*(£2).

3.2 The spectral discrete problem

Hereinafter, we assume that the domain £2 is a square in dimension d = 2 or a cube in
dimension d = 3. We adopt the Nédélec’s finite element method analog for the spectral
discretization [16, Sect. 2].

To define the discrete spaces, we introduce P, ,,,(£2) as the space of polynomials with
degree < n with respect to x and < m with respect to y, and P, ,,,,(£2) as the space of
polynomials with degree < n with respect to x, < m with respect to y, and < p with respect
to z. When n = m = p, these spaces are equal to IP,,(£2).

Let N be an integer > 2. The space Dy which approximates Hy(div, §2) is defined by

Pan-1(82) x Pyn_1n (82 ifd=2,
Dy = Ho(div, @) 0 1 TN 1(82) x Py_1n(82) 12)
Py n-1,n-1(82) X Pn_ivn-1(82) X Py_in-in(82)  ifd = 3.

The space Cy approximating Hy(curl, £2) depends on the dimension (see Remark 1) and
is defined by

HL$2) NPy (2) ifd=2,
Cn= (13)
Hy(curl, 2) N (Pn_1,vn(82) X Pyn-in(2) X Pyun-1(82)) ifd =3.

Finally, we consider the space My for the approximation of L3(2) given by
My = L3(2) N Py 1(2). (14)

If& = -1and &y = 1, we consider the nodes &;, 1 <i <N -1, and the set of N + 1 weights
0i» 0 <i <N, of the Gauss—Lobatto quadrature formula. We denote IP,,(—1, 1) the space of
restrictions to [—1, 1] of polynomials with degree < n, and then

1 N
Vo ePaa-1), [ d)de =Y 06 15)

j=0

We also recall a property from [17, (13.20)], which is useful in what follows:
N
Yoy €Px(-1,1),  llonli2chy < D exE)0; < 3llonl72 - (16)
j=0

According to (16), we define the discrete product on Py(£2), for two continuous func-

tions u# and v by

Yoo Yoito ulEn EWVIES E)pipy ifd=2,

(17)
Yoo Yo Yoo wlEn &, EIVIES &L EDpipiox ifd =3.

(M: V)N =
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Finally, let Jy denote the Lagrange interpolation operator on the nodes (£;,£;),0 <i,j <N,
in dimension 4 = 2, and on the nodes (&;,£;,£), 0 < i, j,k < N, in dimension d = 3, with
values in Py (£2).

Henceforth, we suppose that the data f is continuous on £2 x [0, T]. The spectral discrete
problem is constructed from the time semidiscrete problem (8), (9) using the Galerkin
method combined with numerical integration. It reads as follows:

If ug, = Jn(up), knowing uﬁ,‘l, we seek (t]{([,uf‘v,pﬁ,) in Cy x Dy x My such that for any
k,1<k<K,

VVN S ]DN, (ll]]i[,VN)N + hkﬂN (‘L’II\([, UQ;VN) + hkbN(VN,p]]i,)

= (uﬁ;l,vN)N +hk(3N(fk),VN)N» (18)
Van €My, by (uyan) =0,
Yy € Cy, CN(T]]\([; u]]i]; ﬂN) =0,
where the bilinear forms ay(:, -;-), bn(-,-), and ¢y (-, -; -) are defined by
an (T uisvw) = v(cur o, vy) o bn(vasgn) = —(div v, gn)ns 19)

en (TR, ulon) = (18 o), — (ks curlgy) ..

Given that

&N(r,’\‘[,uﬁ,;vN) = (ufv,vN)N + hkaN(r/\‘[,uf\[;vN) and

Ly(vn) = (' vn) y + e(In (£9),v) oo

using (16) combined with Cauchy—Schwarz inequality, we prove that the bilinear forms
an(- ), bn(,-), and ¢y (-, -;+) are continuous on (Cy x Dy) x Dy, Dy x My, and (Cy x
Dy) x Cy, respectively, with norms bounded independently of N. Moreover, as a conse-
quence of the exactness property (15), the forms b(:,-) and by (-, -) coincide on Dy x M.
We remark also that the functional Ly is linear and continuous on Dy;.

Let

Vi = {vn € Dy : Vgn € My, by(va, qn) =0}
be the kernel of the bilinear form by(-,-). It corresponds to the space of divergence-free

polynomials in Dy.
We consider also

Uy = {(#n,VN) € Cx X Vi : Yo, € Cnyen(B, vivs @) = 0},
the kernel of the bilinear form cy (-, -; -).
We consider now the following reduced discrete problem:

If u?\, = Jn(up), knowing w1, we seek (III\‘[, uﬁ[) in Uy such thatforallk, 1 <k <K,

Vvn € Vi, ZIN(Tfpuﬁ[;VN) =Lyn(vn). (20)
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The well-posedness of the reduced discrete problem (20) is based on the positivity condi-
tion and the inf-sup condition satisfied by the bilinear form ax/(-, -; -) proved in [8, Lemmas
1 and 2] (see [18, Theorem 2.1] and [19] for similar results in finite element methods). We

can presently write the following proposition.

Proposition 3 At each time step and knowing uk;*, problem (20) admits a unique solution
(X, uk,) with values in the space Uy. The discrete velocity satisfies, for any k, 1 < k <K,

k
o P < c(uu% Pt + Sl () HEW),
j:l

where c is a positive constant independent of N and k.

We recall the inf-sup condition on the bilinear form by (-, -). We refer to [20, Lemma 3.1]
for details of its proof.

Lemma 1 There exists a positive constant B independent of N such that the bilinear form
bn (-, ) satisfies
bn(VN, gN)

Vgy € My,  sup ————— > Blignll2)-
vneby IV llH(div,2)

Using above results, we obtain the following theorem.

Theorem 4 Suppose function f is continuous on 2 x [0, T| and uy belongs to Hy(div, £2)
that satisfies condition (3). For any k, 1 < k < K, problem (18) has a unique solution
(tf,,u’,i,,pf\[) in Cy x Dy x M.

3.3 The error estimate
For the estimation of the error between the solution (%, u¥, pk ) of problem (8)—(9) and the

solution (rf,, uﬁ[,plg,) of problem (18), we need to define the following space for » > 0:

r r dd-1) r d
H'(curl, 2) = {(peH (2) 7 :curlp e H'(£2) }

We notice that in dimension 4 = 2 this space coincides with H"*1(£2).
We have the following error estimate (see [8, Sect. 5] for the proof).

Theorem 5 Suppose that function f € L*(0, T; H? (2)?) for a real number o > % and ug €
H“(.Q)dfora real number |1 > %l. Foranyk,1 <k <K, ifthe solution (7, uk,pk) of problem
(8)—(9) belongs to H'(curl, 2) x H'(2)% x H'(R2) for a real number r > d — 1, then the
following error estimate holds between this solution and the solution (¥, ul;, pX,) of problem
(18):

I =t e + 18 = o2 + 1 el

< N[ woll gy + clhl (N7 (|| %

‘]

H (curl,2) T ““ HT(2)4

8 | ry) + Nl 20,1500 (20))- (21)
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Estimate (21) is optimal for the three unknowns, while the estimate of the pressure is
not obtained for most spectral discretizations of the Stokes problem.

Corollary 1 Assume that the data f belongs to L*(0, T; H (2)?) for a real number o >
%l and wy € H*(2)? for a real number | > g. Then for any k, 1 < k < K, the following
error estimate holds between the solution (t*,u*, p*) of problem (8)—(9) and the solution
(t{\}, uj‘\,,pf\,) of problem (18):

=" - T]<<I||H(curl,(2) +[ut - “fv”ﬂ:z)d + P -k Iz
< clhIN~"™O0@Y (€] 120, 7,000 (23 + 100 | 2

where o, is a real number > 1 depending only on $2.

4 The nonhomogeneous boundary conditions
In this section, we will focus on the nonhomogeneous boundary condition on the velocity
and generalize the results of the previous sections to the following problem:

%—‘t‘+vcurlr+gradp:f in 2 x [0,T1],
diva=0 in 2 x [0, T],
7 = curlu in 2 x [0, T],
(22)
u-n=g onl x[0,T],
s(r)=0 onI x[0,T],
u(x, 0) = ug in £,

where the function g belongs to L*(0, T; H -3 (I")) and satisfies the compatibility condition
(here (-, -) - obviously denotes the duality pairing between H -3 (I')and H 3 (I")). For each
0<t<T,

(g, 0,1),. =o0. (23)

We consider the following variational problem:
Find (t,w,p) in L2(0, T; Ho(curl, £2)) x L*(0, T; H(div, £2)) x L?(0, T;L3($2)) such that

u-n=g onl x[0,T] (24)
and

K]
Vv € Hy(div, £2), (a—?,v) t+a(t,wv) +b(v,p) =<f,v>,

Vg e L3($2), b(uq)=0, (25)

V# € Hy(curl, £2), c(r,w;d)=0.
Thanks to the arguments given in [8, Sect. 2], problem (22) is equivalent to (24)—(25). To

prove the well-posedness of problem (24)—(25), we need a lifting of the boundary condi-
tion (24) given in the following lemma (see [2, Chap. I] for the proof).
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Lemma2 AssumegisinL*(0, T; H -3 (I)) and satisfies (23). Then there exists a divergence-
free and curl-free function w, in L*(0, T; L*(2)%) such that wy, - n is equal to g on I" x [0, T.
Moreover, this function satisfies

sl 20, 7;1(div,2)) Cllgll YR N (26)

where c is a positive constant.
We obtain the following result.

Theorem 6 We assume that the data f is in the dual space of L*(0, T; Hy(div, 2)) and g is
inL*0,T; H3 (I)) and satisfies (23). The problem (24)—(25) has a unique solution (z,u, p)
in L2(0, T; Ho(curl, £2)) x L*(0, T; H(div, £2)) x L*(0, T; L3(£2)). Moreover, this solution sat-

isfies
lIe)? aa-y) 180 o022 + 121200200
LO(0,6L2(R2) 2 ) 0
2
= C(”llo” 2()d + ||f||L2(0t(H0(d1vQ + ”g” ;H_%(I")))’ (27)

where c is a positive constant.

Proof Let uy = u—uy, where u, is the function introduced in Lemma 2. Then (z,u, p) is a
solution of problem (24)—(25) ifand only if (7, uy, p) is a solution of problem (4). Theorem 1
provides the existence and uniqueness of (7, u, p). Combining (7) and (26), we derive the
estimate (27). O

The time nonhomogeneous semidiscrete problem is written as follows:

For any function f € L(0, T; (Ho(div, £2))') and ug € Hy(div, £2) satisfying condition (3),
find (X)ozk<x € (Ho(curl, 2))K*1, (@M)ozier € (H(div, 2))! and (ph)1<x=x € (L3(82))K
such that

w=u and 7°=curlu’ in £,

forallk,1 <k <K,
uk~n:gl< onl’ (28)

and

=1 V) + g < £5,v >,

Vv € Hy(div, 2), (05, v) + hra(tX, ub;v) + hib(v, pb) = (u
Vg e L3(2), b(u*,q) =0, (29)

V# € Ho(curl, 2), c(th,ub;9) =0,

where £ = (-, #;) and g = g(-, ). Let u/g = uy(, tx) be such that u],; -nis equal to g on I’
and

95 ey = el 3 (30)
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Theorem 7 Assume that for any k,1 < k < K, t* € (Hy(div, 2)), g€ € H? (I') and that
the initial velocity uy € Hoy(div, 2) satisfies condition (3). Then problem (28)—(29) has a
unique solution (t¥,uf, p*) in Hy(curl, 2) x H(div, £2) x L*(2) such that

k
o2 g0 = c(nuonzw S Iy + e H,i%m)’ o
j=1

where c is a positive constant independent of k.

Proof Forany k,1 < k <K, if u} = u* —u}, then (¢, u¥, p) is a solution of problem (28)—
(29) if and only if (t* ,u’,;, pY) is a solution of problem (8)—(9). Theorem 3 permits us to
deduce the well-posedness of problem (28)—(29), and the estimate (31) is derived by com-
bining (11) and (30). O

Since we handle the nonhomogeneous boundary condition on the velocity, we define
the following new discrete space for the discrete velocity:

5 Prnn-1(82) x Pyn_1.n($2) ifd=2,
N =
Pnn-1,n-1(82) X Pn_1 v n-1(82) X Py_in-1n(82)  ifd = 3.

Suppose that for any &, 1 < k < K, the function g€ € L*(I") and g, is the approximation of
g~ defined as follows: On each edge (d = 2) or face (d = 3) I}, of 2,1 < r < 2d, gf,m is equal
to the image ofg(}r by the orthogonal projection operator from L*(I7) onto Py_1 (7). Thus
we write the following spectral discrete problem:

If u = Jn (o), knowing ukr?, find (5, uk, p%;) in Cy x Dy x My such that for any

k,1<k<K,
u]]i[-n:gf\‘] onl, (32)
and

Yvn €Dy, (ul,vn)y + hxan (T8 wh; vi) + hibn (Vi PY)
= (o) + A€, ) o )
Vq S MN, bN(uﬁl,qN) = 0,

VI}N € CN, CN(‘L']G,I.IK[; 171\]) =0.

Theorem 8 If for any k,1 < k < K, the data function f* is continuous on 2 and g is in
L*(I) satisfying (23), the problem (32)—(33) has a unique solution (rI(‘,,u’;\[,pﬁ,) in Cy x
ﬁN X MN.

Proof Writing problem (32)—(33) as a square linear system, we deduce from Theorem 4
that the unique solution of this problem when the data X and gjlf, are zero is (0,0,0). This
yields the existence and uniqueness property. d

We derive the following error estimate from those proved in the homogeneous case (see
[8, Sect. 5]) using slight modifications.
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Theorem 9 If the assumptions of Theorem 5 hold and for any k,1 < k < K, the data g
satisfies condition (23) and is such that each g|k1",f 1 <r <2d, belongs to H* (I';) for a nonneg-
ative real number T, then the following error estimate holds between the solution (t*, u*, p*)
of problem (24)—(25) and the solution (1:]’\‘,, uﬂ‘\,, pf‘\[) of problem (29)—(30):

H -y ”H curl,2) T ”uk —uy ”H(div,Q) + ”pk -\ HLZ(Q)

S )

2
o o1
AN o 0 + N2 D6

r=1

d+ k

H(curl,2) T Hu | HS (2

H m)) ' (34

Corollary 2 Assume that for any k,1 < k < K, the data (f*,g*) belongs to H’ (£2)% x
H"‘%( I') for a real number o > % and that condition (23) is satisfied. Then the following
error estimate holds between the solution (t*,u*, p*) of problem (24)—(25) and the solution

(tN,uN,pN of problem (29)—(30):

” - T1<<1||H(curl,9) + ”“k - uﬁl“H(div,Q) + “Pk _p§[||L2(Q)

([ PR P I @)
where the real number og, is same as in Corollary 1.

5 The implementation of the discrete problem
In this section, we propose a global method for the resolution of the discrete problem (18).
This method was used to solve the stationary Stokes problem for the same formulation (see
[11]). This new algorithm enhanced the performance of the previous resolution of Stokes
problem (2D and 3D bounded domain) (see [9]) and optimized the execution time. In the
following, we start by presenting the linear system. Afterwards, we describe the resolution
algorithm.

For the discrete problem (18), as a linear system, we have to choose a basis of the discrete
spaces Cy, Dy, and M.

The Lagrange polynomials in Py (1, 1) linked with the nodes &; are denoted as ¢;, 0 <
j < N.We define

o1(0) :wj@)i"

&
’ ) 36
Al (36)

where J* is the set {0,...,N} \ {j*} and j, is the integer part of % Forany k, 1 <k <K, the
unknowns ¥, uf; = (uk,, uf\,y), and a pseudopressure 7%, admit the expansions, in dimen-

sion d = 2 for simplicity,

-1N-1

TN(x» = Z Z Tij pix)@;(y

i=1 j=1

N-1

N-1
W @) =YY wFe@er ), uly9) =YY Wi er@e0),

i=1 jeJ* ieJ* j=1
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vy = Y phel@er o).

ie]*,je]* (i,j)#(0,0)

The function fal,i, vanishes in (-1,-1) but no longer belongs to L3(£2); however, the real

pressure pX; can easily be recovered in a postprocessing step, thanks to the formula

Ph) = ) — 5 (7 1) (37)

For any k, 1 < k < K, we denote by @k, U*, and P* the vectors made of these coefficients.
Their respective dimensions are equal to @Nd’z(N -1)%, dN“Y(N - 1), and N - 1.
Hereinafter, by supposing the viscosity v = 1, problem (18) is equivalent to the following
square linear system:

If U° = (U, U3), the components of the vectors U} and U are respectively u(&;, ) and

u(&:,&) where wg = (1, u), then forany k, 1 <k <K,

Dk Akt o\ [oF 0
Ak g uk = | Fr, (38)
0 Bt 0 Pk 0

T T . .
where AX" and B*" denote the transposed matrices of AX and B, respectively.
Matrix A*:
Matrix A is written as

A%o
k 1
A= <OA’2‘> '

Foranyk,1 <k <K, curl(rl(‘,) = (Bytll\(,, —erl(‘,), and then the coeflicients of the matrices All‘

and A5 are deduced respectively from the two terms (3,78, uk, )x and (3,7%, uﬁ,y)N. Thus,
(09} 0097 ) = @(,9)8irps 1<ijr <N =-1;s€J*
and
(Vi 0rs) =alisn)disps; 1<ij,s<N-1LreJ*,
where
a(j,5) = (&) ps + (& — &) (5 )5 (Eix) i
and §;; is the Kronecker symbol.
We notice that the matrices A’l‘ and Alz‘ are not square. They have N*-2(N - 1)? lines and
d—(dz_l)Nd’z(N —1)? columns.
Matrix B:

For any k, 1 < k < K, matrix Bk is defined as

B =B}, B5].
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The coefficients of the matrices BY and B5 are found respectively from the terms

(Bxu’;,x,pﬁ[)]\[ and (8yu§,y,p]1§[)N. Let then

(il 0r9r) = alisnBls), 1<i<N-1jrse]*
and

(or e} 0i0l)y =ali9)Blr), 1<j<N-1Lirse],
where

B(r,s) = 8spr + (& — &) (& — Sz*)fﬂ;(&*)%(&* )P

We also note that matrices B and B are not square, having N% — 1 lines and AN (N — 1)
columns.

Matrix DF:

Matrix DX is a diagonal matrix with @N 4-2(N —1)? lines and columns. Its coefficients

are equal to

(i) 0r@s)N = 8iSjsprpss 1 <i,j,r,s <N —1. (39)

Matrix I*:
Matrix I¥ is written as

I ;{0
“\oik )

For any k, 1 < k < K, the coefficients of the matrices IX and I} are respectively equal to
SiorBG,s), 1<i,r<N-1;jse]J*
and
8iosBlisr), 1<js<N-Lire]*
Lastly, for any k, 1 <k < K, we denote
Ff

F'=|Ff
0

The components of the two entries F{‘ and Fé are respectively (uﬁ,;l,gorgos*)N + KK (flk,
09 )N, 1 <r<N-1;s€l* and (uﬁ,}l,wﬁps)N + hk(fzk,go;‘ws)N, 1 <s<N -1;r el*, where
the data function is f = (f1,f2).

We solve the linear system (38) using the gradient conjugate method preconditioned by

LU incomplete factorization.
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6 Experimental results

6.1 Two-dimensional experiments

In this section, at first, we focus on the time convergence. We consider the square 2 =
1-1,1[%. We look at a given solution obtained from the formulas u = curl ¥ and 7 = curlu
in the two cases:

Case (i). Regular functions ¥ and p, defined by

¥ (x,9) = tsin(zx) sin(y), px,y) = e'xy. (40)

Case (ii). Less regular functions ¥ and p, defined by

[S]

Y (x,y) =t(1- x2)3(1 )2 py) =etx(1-4%) : (1 +y2)_%. (41)

The velocity is a Gaussian which is null for ¢ = 0. We consider the spectral discrete param-
eter N = 30, T =1 and the time steps % € {0.1,0.001,0.0001}.

Figure 1 presents the curves of convergence for the three terms log ||t — T || H(curl.2)
(in red), log lu — u};|lz(div,2) (in blue), and log||p — py |l 2(e) (in green) as a function of
log(h). Figures 1(a) and 1(b) correspond respectively to the resolution for the continuous
solutions defined in (40) and (41). We notice that the time convergence order is almost
equal to 1.

Hereinafter, we consider / = 0.0001 and 7' =1,

Figure 2 presents the spectral error curves on the vorticity, velocity and the pressure
(log(]error]) as a function of log(N) for N varying from 5 to 30).

In Fig. 2(a), the discrete solution is computed from (40). We obtain a very good (expo-
nential) convergence due to spectral discretization.

In Fig. 2(b), the discrete solution is calculated from (41). We get lower convergence due
to the irregularity of the solution.

We notice that the convergence of the pressure is of the same order as for the vorticity

and velocity.

Error vorticity
Error velocity
Error pressure

Error vorticity
Error velocity
Error pressure

log(Error)
log(Errar)

. .
10 10? 10 10 10? 10
log(h) log(h)

(a) Solution defined in (40) (b) Solution defined in (41)

Figure 1 The time error curves
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—& —yelocity H{d) norm
—8—vorticity H(curl) norm 0

== pressure L2-norm
—& —velocity H(div) norm
—8—vorticity H(curl) norm

log(error)
log(error)

10° \ ) \2'\‘
o \ 10 w2
10'00 0 - 1 2 10‘ 0 - 1 2
10 10 10 10 10 10
log(N) log(MN)
(a) Solution defined in (40) (b) Solution defined in (41)

Figure 2 Error curves for the spectral discretization

L)
““ ';lll’ll"

i
-

o)

SR

ST SOOI
=

Figure 3 The solution (t,uy, uy,p) for the data f defined in (42) and g =0

Figure 3 corresponds from top to bottom and left to right to the discrete vorticity, the
two components of the discrete velocity, and the discrete pressure for the data

f=(f)= (txzy, 0), ug = (0,xy), (42)

homogeneous boundary conditions g =0 and N = 30.

Figure 4 corresponds from top to bottom and left to right to the discrete vorticity, the
two components of the discrete velocity, and the discrete pressure for the data f and ug
defined in (42), with g given by

go-D=—t(1-2%)%,  gwl)=t(1-#)%,  g1,)=0, (43)

and N = 30.

Page 17 of 20



Abdelwahed et al. Boundary Value Problems (2020) 2020:94 Page 18 of 20

AR J
N [ s

3 T S
AR N

Figure 4 The solution (t, uy, uy, p) for the data (f, g) defined in (42)-(43)

We mention that the discrete vorticity 7y and the discrete pressure py are roughly the

same in Figs. 3 and 4.

6.2 Three-dimensional experiments
We now work in the cube £2 =] — 1, 1[> with g = 0. We consider a less regular solution

constructed using on the formulas u = curl¢ and t = curlu with ¢ = (¢, ¢y, ¢,) and p

defined by
9:(0,3,2) = t(1-7")(1-2) 5, by (x,3,2) = (1 - xz)% (1-22)°,
_42)3 (44)
by =t1-) (1-7)E playa=et

(L+y2)2(1+22)3

In Fig. 5, we deal with the spectral convergence curves for the discrete solution com-
puted from (44). The error is for the vorticity, velocity and pressure (log(|error|) with re-
spect to log(N) for N varying from 5 to 18), when /4 = 0.0001. We notice that the conver-

gence slopes of the error are similar to those in Fig. 2.

7 Conclusion

This work concerns the numerical implementation of the implicit Euler scheme in time
and the spectral discretization in space of the nonstationary vorticity—velocity—pressure
formulation of the Stokes problem. We present clearly the details of the linear matrix sys-
tem and the algorithm of its resolution. Some numerical tests are presented which confirm
the optimality error estimates for the three unknowns (vorticity, velocity, and pressure).
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Figure 5 Error curves for the solution defined by 1o’
=% -pressure L 2-norm
(44) =& —velocity H(div) norm
—8—vorticity H{curl) norm
10° kY 4

log(error)
5,

L
10 10! 10
log(N)

This estimation depends only on the regularity of the solution. Our forthcoming work con-
cerns the nonlinear nonstationary vorticity—velocity—pressure formulation of the Navier—
Stokes problem.
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