Mishra and Pandey Boundary Value Problems (2020) 2020:92 @ BOU nda ry Va I ue PrOblemS
https://doi.org/10.1186/513661-020-01389-2 a SpringerOpen Journal

RESEARCH Open Access

®
Well-posedness of a Neumann-type problem =&
on a gauge ball in H-type groups

Mukund Madhav Mishra' and Ashutosh Pandey?"

"Correspondence:
ashutoshpandey4521@gmail.com Abstract

’Department of Mathematics, . . . .
Facup‘ty of Mathematical Sciences We discuss the existence and uniqueness of solution for the second boundary value

University of Delhi, Delhi, India problem of potential theory often referred to as the Neumann problem, on a gauge
Full list of author information is ball for the canonical sub-Laplacian in H-type groups. In this way we extend the
available at the end of the article . . N .

classical results of the problem as well as its generalization to the Heisenberg group.

MSC: 31B20; 35H20; 35N15; 45B05

Keywords: Neumann problem; H-type groups; Sub-Laplacian; Horizontal normal
vectors

1 Introduction

In the study of partial differential equations, two boundary value problems associated with
the Laplace equation occupy a special place, namely the Dirichlet and Neumann problems.
While the Dirichlet problem asks to obtain a harmonic function in a domain whose value
agrees with a prescribed (continuous) function on the boundary, the Neumann problem
requires the normal derivative of the solution function to agree with a prescribed function
[17]. If A denotes the Laplacian on the Euclidean space R”, the Neumann problem for a
smooth domain £ in R” is finding a u € C?(£2) N C*(£2) such that

Au=0 1in$2,
(1.1)

g—z =f onaf2,
where f is a prescribed function on 952 and # is the outward normal at the boundary
082. For domains having C** boundary where « is in (0, 1], for example, a unit ball, the
Dirichlet problem is solvable for any continuous boundary value (see, for details, [10])
whereas the Neumann problem is solvable under the essential condition that the integral
of the values assigned to the normal derivative vanishes over the boundary surface (see,
for details, [14]), i.e.,

/mfds=0.
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A straight generalization of these boundary value problems involving the Laplacian in
the case of R” by replacing the operator A with an arbitrary elliptic operator has been
vastly discussed, and an extensive literature is available [7, 10, 14, 18, 19]. These problems
become more interesting when the regularity of the differential operator involved is com-
promised. The conditions of being hypoelliptic and subelliptic, that are well exposed in the
classical book [4], are weaker than ellipticity. In some sense, the first and nicest example of
a subelliptic operator is the Kohn-Laplacian on the Heisenberg group. The discussions of
boundary value problems involving the sub-Laplacian sometimes are parallel to the clas-
sical cases, while are considerably different in certain other cases. The Dirichlet problem
for the Kohn-Laplacian on the Heisenberg groups was first discussed by Gaveau [9] and
then settled completely by Jerison [11, 12]. The Neumann boundary value problem on the
Heisenberg group has been recently discussed by Dubey et al. [6]. The Heisenberg group
case, however, comes with an explicit group law and the underlying manifold structure
same as that of the Euclidean space R?"*!. Therefore, the case of Heisenberg group in [6],
up to a certain extent, is same as dealing with a subelliptic operator on Euclidean spaces.
The point where it shows contrast with the Euclidean setup is the Green’s-type identity
where, instead of the Lebesgue measure, one needs a different volume and surface element
in the integrals.

The immediate generalization, namely the H-type groups, is by definition the range of
the exponential map on an H-type Lie algebra. The group law on an H-type group, there-
fore, is not as explicit as in the case of Heisenberg group. Moreover, the manifold structure,
which is still trivial, does not enjoy a natural coordinate system and there arises a need to
find one that is most compatible with the Lie algebra structure. It is natural to see the
extent to which the techniques can be generalized and equally natural to start with the
H-type groups. The identification of characteristic points on the boundary and estima-
tion of integrals involved are two focal areas in the work of Dubey et al. [6]. The case of
H-type groups in this article has established that similar results are available in this setup
and hence opens the scope to study Neumann boundary value problems for subelliptic
operators on a more general class of 2-step nilpotent Lie groups [2, 3].

The plan of our article is as follows. In Sect. 2, we refer to [3, 5] and review some basic as-
pects of the H-type groups, sub-Laplacian, and the horizontal normal vectors. Analogous
to the normal derivative, we define a similar operator in Sect. 3 to deal with the charac-
teristic points and formulate the Neumann boundary value problem. In the subsequent
sections, we prove a few results as a build-up to the main result in this article.

2 H-type group and horizontal normal vectors
We first recall the definition of Heisenberg-type group (or H-type group) as a 2-step nilpo-
tent Lie group whose Lie algebra admits certain properties.

Let g be a real Lie algebra equipped with an inner product such that it can be represented
as an orthogonal direct sum

g:b@é,

where 3 is the center of g, [v,v] C 3 and [v, 3] = [3,3] = {0}. Define a linear mappingJ : 3 —
End(v) as

X, X')=(z,[X,X]) VX,X'evandZej;.
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Then g is called an H-type Lie algebra if for all Z € 3,
Jz* = -1ZPL

where [ is the identity mapping. A connected and simply connected Lie group G with g as
the associated Lie algebra is called an H-type group. The Heisenberg group H,, is a trivial
example of an H-type group and a nontrivial example will be discussed in the next section.

We identify g with the corresponding simply connected Lie group G under the expo-
nential map. From [16], the product in G is given by

X, 2)(X,Z) = <X +X,Z+7 + %[x,x’]). (2.1)

Denote by p and g the dimensions of v and 3, respectively, so that p + 2¢q is the homoge-
neous dimension of G. When X is regarded as a left-invariant vector field on G at the point

(X', Z), it can be represented as
1
X = DX + ED[X,)(/]. (2.2)
We fix {X1,X,,...,X,} and {Z1,2Z,,...,Z,} as orthonormal bases for v and 3, respectively,
so that {Xi,Xy,...X,,Z1,2Z,...,Z,} is an orthonormal basis of g. Then X = Zf;l(X,Xj)Xj

and Z =1 ,(Z,Z;) Z; forevery X cvand Z € 3.
The canonical sub-Laplacian on G is given by

1
Define p(«) = (%4 +1Z1%)" as the gauge of an element « = (X, Z) € G.
Theorem 2.1 (Kaplan [13]) There exists a positive constant c such that

X *

g@):= c(— 1z

—(p+29-2)/4
T )

is the fundamental solution of the sub-Laplacian, that is,
Acgp = —3p,
where gg(a) = g(B~ o) and 8g is the Dirac distribution with pole at B € G.
Just for the sake of calculations, we use a slightly modified kernel @ where
D (a, B) = 2gp (). (2.3)

Unless stated otherwise, all the derivatives of @ would be taken with respect to the first

variable «.
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An infinitesimal metric that is consistent with the automorphisms of an H-type group

happens to be a sub-Riemannian metric obtained by Koranyi in [15]. We define
(Y,Y'), =-4b’B(Y,0Y)

for all Y, Y’ € g where B denotes the killing form, 0 is the Cartan involution, and 45 =
(p+4q)7L.

Definition 2.2 A vector at any point « € G is called horizontal if it is of the form X, (X €
v). The length of a horizontal vector is given by || X, |lo = | X| where | - | denotes the norm
induced by (:,-) on v.

Vectors that are not horizontal are said to have infinite length. We call the unique
horizontal vector Vyf, the horizontal gradient of a function f on G which is defined as

(Vof ,w)o = w- f for all horizontal vectors w. We also have

14

Vof = Y (XX, (2.4)

j=1
where {X,»};’:1 is an orthonormal basis in v.

The outward horizontal normal unit vector at each point of the boundary of a domain
{F < 0} where ||VoF||p #0 is given by

a 1

ony  [[VoF|lo

3 Formulation of the problem
The unit horizontal normal vector in Eq. (2.5) is undefined at the “characteristic” points,
i.e., the points where V(F vanishes. When F is smooth, the set of characteristic points
forms a lower-dimensional subset of the boundary. In the following example, we explicitly
calculate the set of characteristic points on an H-type group.
Example 3.1 Consider the group

G=R'@R’

with the following binary operation:
1
(x,2) 0 () = (x +y,21 + w1 + i(Tl(x),yLZz + ) + (Tz(x),y)>,

where x = (%1, %2, %3,%4) € R*, 2 = (21, 22) € R?,

01 1 0 0 -1 1 0
1|-1 0 0 - 1 0 0 -1

T, = — and Th=—
J21-1 0 o0 J21-1 0 0 -1
0 1 -1 0 0 1 1 0
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Here, R? serves as the center of G. We consider the Euclidean inner product on G. The

left-invariant vector field X; on G that equals ai at the origin is given by
i

4
0 1 0
Xi=— +— E Ko | —,
/ ox; 2 ( - G0 l) 0zx

k=1,2 \ i=

where ¢, is the (j,i)th entry in T.
The left-invariant vector field Z; on G that equals 337/ at the origin is given by Z; = %
7

Denote by g the associated Lie algebra of G and represent it as
g=0Dj;.

We also denote {X,-};*_1 and {Zi}k-1,2 as the orthonormal bases for v and 3, respectively.

Clearly, [g,3] = {0} and [g, g] < 3. For any X € v and Z € 3, we defineamap Jz: v — v as

JzX = —={{b1(ay + as) + by(~ay + az) } Xy + {bi(—a1 — as) + by(ar — as) | Xa

N

+{b1(=a1 + as) + by(-ay — as) } X3 + {b1(az — as) + by(az + a3) } Xau},

where X = a1X; + ay Xy + a3 X3 + a4, Xy, Z = b1 Z1 + byZ, and each a;, b; is a smooth function
on G. As Jz* = —|Z|*I, we finally conclude that G is an H-type group.

Now, let F(X,Z) = % +|Z|* =1 = 0 be a smooth surface in G. Substituting VoF = 0, we
obtain

1

X F = Exl |22 + 21 (%2 + %3) + Z2(—x + %3) = 0,
1 2

XoF = Elexl +2z1(=x1 —x4) + z2(%1 —%4) =0,
1 2

X3F = 5x3|x| +21(—x1 + %4) + 2o(—x1 —x4) = 0,

1
X,F = §x4|x|2 +21 (% — x3) + 22(x2 +x3) = 0,

which further gives X = 0. Hence, the set of characteristic points is given by {(0, Z) : | Z|? -
1 = 0} which is a sphere of dimension (g — 1). Thus, the set of characteristic points is a

lower-dimensional subset of the boundary, which finishes the example.

Now we formulate the Neumann problem. Let §2 be a bounded domain in G whose
boundary is given as a level set of a smooth function T, i.e, 382 = {y € G: T(y) = 0}. To

deal with the set of characteristic points in G, we define a new class of functions

- d
&($2) = {f € CH(2) N C(£2): lim —f(x) exists for all characteristic points

x—x0 Mg

xOGB.Q},
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where the limit is taken with respect to the relative topology of £2. Define the operator
L ¢(2) > C(R) as

lim, ., %(y) if yy is a characteristic point on 952,

%(VO) if yp is non-characteristic point on 942.

3lf()’o) =

As the set of characteristic points is a lower-dimensional subset of 32, the Green’s formula
[16, Eq. (1.9)] can be rewritten as

/(uAGv—VAGu)duzf (udtv—votu)ds, (3.1)
2 a0
where
_ VoTTlo
Ivri

and ds is the surface element on 92 determined by the Euclidean measure. The homoge-
neous Neumann problem for a domain £2 in G is to find a function u € €(£2) such that

Agu=0 in £,

(3.2)
tu=g ondg,
where g € C(3£2).

4 Uniqueness
Definition 4.1 Given ¢ € C(352), for 8 € G\ 952, define

V(B) = / $(e)®(, f)dS(@) and V(B) = / (e (e, B) dS(@).
082 082

Both V and V are Ag-harmonic and are respectively called the single- and the double-
layer potentials with density ¢.

Lemma 4.2 (Green'’s first identity) Let §2 be any bounded domain in G having boundary
of class C*® and u,v be C' functions on $2, then

f votuds = / (vAgu + Vov - Vou) dp. (4.1)
a2 2

Proof The Divergence theorem [8, Corollary 3.11] when applied to vVou proves the above
lemma. O

Lemma 4.3 If Vou is zero on every open subset U of a connected domain S2 then u is
constant on 2.

Proof The proof follows along similar lines as that of [6, Theorem 3.2] O

Theorem 4.4 Let $2 be a bounded domain with smooth boundary, then the solution of
(3.2), if it exists, is unique up to an additive constant.
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Proof The difference u = u; — u, of two solutions of the Neumann problem is a harmonic
function in £2, continuous up to boundary, satisfying the homogeneous boundary condi-
tion 3-u = 0 on 3£2. Using Lemma 4.2, we get

/|V0u|2dM=/ ualudS—/ u(Agu)du =0.
o) FYe) 2

Thus, Vou = 0. Further using Lemma 4.3, # must be a constant. O

In the rest of the article, £2 will denote the open unit ball {@ = (X, Z) € G: p(a) < 1} in
G.

Lemma 4.5 Let 352 be of class C* and ¢ € C(352). For B € 092, the integral V(B) =
fm ¢(@)P (o, B) dS() exists and V is continuous throughout G.

Proof From Theorem 2.1 and Eq. (2.3), we have
|@ (@, B)] = 2cp(B~1 o) 7.

Set m = —(p +2q —2). For each B € 32, let 24(R) = {¢ € 382 : p(B~ ) <R}, R € (0,1). We
have

m

dS(a).

/ $(c)® (@, ) dS(@)
2p(R)

<29l fg LR
B

It can be observed from [16] that dS = M ds, where ds is the Euclidean surface ele-
(1X|*+64)2
ment. As §25(R) is bounded, we have

/ $(e)®(, B)dS(@)| < c1 161 / p(6'0)" ds(e),
.Qf;(R) Qﬁ(R)

for some positive constant c;. Let n denote the unit inward normal to the surface 92 at
the point 8. We denote by IT the map £25(R) > a = o — (o, n)n. Clearly, IT is a projection
of the set £25(R) onto the tangent space Ty to 052 at the point 8. The range of IT lies
inside Pg := £25(R) N T and for sufficiently small R, the map /T is a bijection on its range.
Moreover, R may be chosen small enough so that the surface element ds satisfies

ds(a) <M - ds(]'[((x)),
for some positive constant M. Let P, denote the set {fa : @ € Pg}. Then P, = 2. (R)NL

where L is the hyperplane n - g = 0 in G. By translation invariance of the surface measure
ds induced by the Lebesgue measure, we have

/Pﬁ p(ﬂla)mds:/ep(a)mds.

The group O(p) x O(q) acts on G via isometries given in [5] as (01, 02)(X, Z) = (01X, 0,2).
As the Euclidean surface measure is invariant under orthogonal maps, we may choose
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suitable (O, O,) so that the substitution (X, Z) = (01X, 0,7) gives

/ p((X,2)" ds(X,2) = / p((X,2))" ds(X, 2),

Pe 2¢(R)NLg

where the equation of the hyperplane L is x; = 0 when in standard local coordinates, X is
represented as (x1,%,...,%,). From [1, Theorem 5.12], we parameterize $2.(R) N Ly using
the polar coordinates (4,9, %,2) € (0,R) x (0, 5] x $#72 x §9°! in the following manner:

2

- -~ a
X = a./cos px, Z = " sin ¢z, (4.2)
where x = m(kz,%g, csXp), Z= %, and the measure ds is given by
1 p+2q-1 [ cg-1 P
ds=—a cos2  @sin? " pdadydxdz, (4.3)

44

where dx and dz denote the usual surface area measures on P~ and S7°!, respectively.
By the substitution relations, we have a = p(X,Z) = p(X,2). If (X,Z) is a point that cor-
responds to I1(x) for « € 25(R) then a < p(«) so that a” > p(a)” as m < 0. Using [1,
Eq. (1.1)], we have

1 (R 3
f pla)"ds <— / zzdzz/ cos?7! psin? g dy / dicf az.
Py 41 Jo 0 o2 Jsa

Hence, the integral exists on £24(R). Moreover, we have

/ $(c)®(, B) dS(a)
12\24(R)

<2¢l$lloe / R4 gS(a),
92\24(R)

_ 2¢l¢lloo
— Rp+2q9-2)

1982].

Hence, the integral exists for all 8 € 2. Further, since dS is a Radon measure, a routine
proof may be given to establish the uniform continuity of convolution of two integrable

functions with respect to dS over a compact set. In particular, V is continuous. 0

For fixed 8 € 952, define
V(g) = lim V(B+hB) and 31Vi() = lim B-VV(BLhp),

where f denotes the unit normal in the direction of 8 and limit is in the sense of uniform
convergence over the compact neighborhoods of . In what follows, we show that the

limits exist and hence determine their values.

Lemma 4.6 The kernel @ satisfies

0 @ (e, B)| < Cp(B~'ar) "1,

whenever 8 # o and for some C > 0, depending on .
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Proof We have
D(a, B) = @e(ﬁ_la) = Zcp(ﬂ_la)_(pﬂq_m.
It can be observed from [16, Eq. (1.12)] that

X Xt
ai=(1—6 +|Z|2|X|2> (T +]Z>X for all (X, Z) € 352 such that |X| #0.

For o = (X, Z) and B8 = (X', Z’) in G for which |X| # 0, we write

E)ino(p(a’ﬁ) - —g(p +2q-2)(p(87 ) P (1x1° + 1612171 ?) l X

q
x (1XI° + |X/|2) + 21X X' 1Py X (X/ X+ Z]Z,.X/ .X)
j=1

= 2IX14X, X) = IXPP(IX]* + \X/\Z)X’.X +A41X\ X - X

q
+ 81X 1P X (X/ JX 4+ X -JZX> —4(XP + |X'[)
j=1

X X' JzX +16J7X - JzX - 16]7X’ ~]ZX}, (4.4)

where “.” represents the Euclidean dot-product. Clearly,

. d
lim —&(a, B) =0.
[X|—0 dng

Hence & (-, B) € €(£2). Now for B € 32 there exists € > 0 such that |o ()| > % for every
a € B.(B) where B.(B) = {a: p(a™!B) <€} and o (a) = 6 (X, Z) = %6 +1]Z|%|1X?|. Since 2 is
bounded, for 8 # «

0 ®(, )| < (%)p(ﬁ‘la)_(mzqm (4.5)

for some ¢ > 0. O

Lemma 4.7 On the boundary 052, the kernel @ satisfies

-2, Bes2,
/ 3 d(a, B)dS(@)=1-1, Bedsf,
a2
0, BeG\SR.

Proof Using appropriate substitutions in (3.1), the value of the integral on £2 and G \ £2
is obvious. For B € 352 and r > 0, set £24(r) = {¢ € G: p(B~'a) < r}. Now using Green'’s
formula (3.1) with u =1 and v = @(-, 8) on £2 \ £24(r), we have

f 1@ (o, B)dS(a) =0,
A2\25(1)
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which implies

lim 1@ («, B) dS(a) = — lim 9t (o, B) dS(a)
=0 Ja2\24() =0 Jenaegr
1
=——1lim 1@ (o, B) dS().
2r=0J50240)

From [16, Eq. (1.15)] and (2.3), we finally have

f 3t @ (o, B)dS(a) = —1. 0
ko)
Corollary 4.8 For ¢ € C(382) and B € 952,
/ d(2)dt P (o, B) dS(a) < 0. (4.6)
o}
Lemma 4.9 For sufficiently small hy > 0, consider a small neighborhood Ny (hy) of 952

that consists of points B € G which can be represented uniquely in the form 8 =y + hy,
where y € 082 and h € [-hy, ho)]. Define

up)= [ (o) -o))o o pdsi
a0
for B € Nyo(ho) \ 082. Then
hlir& uly +hy)=uly), yecodf2

uniformly over compact neighborhoods in Nyg (hy).

Proof Define 382(y;r) = 02 N 2[y;r] where 2[y;r] = {& € G: pla~ly) < r} and let
p(B7ly) = A. Take r < p(B8~'y) for a sufficiently small r > 0. Using p(8~'y) < p(B~la) +
pla~ty), we have A —r < p(8~'a).

Consider

/ D (@, B)dS(ar) < / p(5710) M ds(a), p A
A2(y;r)

32(y;r)

1
<c ————dS(«a)
lémmwk—ﬂwmm
1
SCI(A—I)WMQ(%F)‘, (4.7)

where p, g denote the dimension of b and 3, respectively. The mean value theorem implies

01 @(a, B) - 8+ @ (o, )| < c2p(By )| (V,) (04 g5 (@)
p(By™)

_1)(p+2q+2) :

<c3
p(ya
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Hence,

p(By™)

_1)(p+2q+2) ’

(4.8)
p(ya

f |0t ®(a, B) - 3 P (e, y)| dS(at) < ca
32\082(y;r)

for ¢4 > 0. Combining (4.7) and (4.8), we obtain

p(By™) }

rlp+2q+2)

[u(B) —uly)| < c{ max |¢(cr) - p(y)| +
aef(y;r]

for r sufficiently small and a positive constant c.
As ¢ is uniformly continuous on 942, for any given € > 0, there exists § > 0 such that

€
max_[p(a@) - ¢(y)| <
a€R[y;r] 2¢

for all y € 9£2. Taking § < ”p;iq+2,we get |u(B) — u(y)| < € for all p(By 1) < 6. O

Theorem 4.10 Let ¢ € C(952). Then it is possible to extend V from 2 to 2 and from G\ 2
to G\ §2 in a continuous fashion with the following limiting values:

Vi(B) = fm P(@)d- (o, f)dS(@) £ p(B), Bed. (4.9)

Proof By Corollary 4.8, the above integral is a continuous function on 92. Take N (k)

as in the previous lemma and write V' in the following form:

V(B)=u(B) +p(y)w(B),  B=y+hp eNyalho)\ds2,

where

u(p) = /B {9le) =6} Dla ) dS(@)
and

() = /a 00, p)dS(a).

Now using Lemma 4.9, the proof follows. O

Theorem 4.11 For ¢ € C(952), we have
DLV (B) - /8 60 0 HAS@E4(B), peig.

Proof Let V and Njg(ho) be as in the proof of Theorem 4.10. Then for B = y + hy €
Nya(ho) \ 982 and using (V)g(@ (@, B) = (V)« (P (@, B), we can write

p-V(V(B)+ V(B) = /m{;? + B - Vo (@(a, B)p () dS(a).

Page 11 of 14
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Analogous to V in Theorem 4.10, the right-hand side can be shown to be continuous on
Ny (hy). Now, the remaining proof follows from Theorem 4.10. O

Theorem 4.12 The following limit holds uniformly for all € 952:

A

lim B-{VV(B+hB)-VV(B-hp)}=0.
h—0+
Proof The proof follows along similar lines to the proof of Theorem 4.10. O

5 Existence of solution
Define integral operators Wy, W : C(0§2) — C(952) as

(W10)(B) := /d N ¢(a) (0 P(a, B)), dS(@), Beof2
and
(Way)(B) := /m V(@) (8" ®(,B)),dS(), Beds.

As 382 is of class C! and by using the estimate (4.5), we can easily conclude that W7, W,
are compact. Also with respect to the dual system (C(9£2), C(952)), defined by

@)= [ pvds s ecan)
a2
the operators W1 and W, are adjoint.
Theorem 5.1 The operators I + W1,1 + Wy have one-dimensional nullspaces.

Proof Let N(I + W) denote the nullspace of I + Wy, ¢ € N(I + W7) and let V be the corre-
sponding double layer potential. By Theorem 4.10, V' is bounded and harmonic in G \ £2.
By (4.9), V. = ¢ + Wi = 0 on 32 and therefore V can be extended continuously on £2
by zero. Let V' denote this extension. Then V’ is bounded harmonic on G and by Liou-
ville theorem for the sub-Laplacian [3, Theorem 5.8.7], V' = 0 on G \ £2. Hence using
[3, Theorem 8.2.16], V =0a.e on G \ 2. Moreover, from Theorem 4.12, 31 V_ = 0 on
9£2. Uniqueness of the exterior Neumann problem then implies that ¢ is constant on £2.
Again from (4.9), we deduce that ¢ is constant on 3§2. So N(I + W) C span{s}, where s is
a constant. Using Lemma 4.7, we have s + Ks = 0. and hence N(I + W;) = span{s}. By first
Fredholm theorem [17], N(I + W) also has dimension one. O

Theorem 5.2 For y € C(352), the single layer potential

V)= v(@P,p)dS(@), BeL2

2

is a solution of the interior Neumann problem provided v solves the following integral equa-
tion:

v(p) + /d V@0, pds) - glp), B edL
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Proof The proof follows from Theorem 4.11. O

Theorem 5.3 The interior Neumann problem is solvable if and only if

/ gdS=0.
a0

Proof (Necessity) This can be proved using the identity (3.1). For v = 1 and a solution u of
the interior Neumann problem (3.2), we have

/ gdsS=0.
002

(Sufficiency) By Fredholm’s theorem, the inhomogeneous problem ¥ + W5 = g has a so-
lution if and only if g is orthogonal to a solution of ¢ + Wi¢ = 0. By Theorem 5.1, it is
equivalent to (1,g) =0, i.e.,

f gdS=0.
a2

Now using Theorem 5.2, the interior Neumann problem has a solution. 0
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