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1 Introduction

The fractional derivatives provide an excellent tool to describe the memory and hered-
itary properties of various materials and processes. The fractional differential equations
can model some engineering and scientific disciplines in the fields of physics, chemistry,
electrodynamics of complex medium, polymer rheology, etc. [1-12]. In particular, the for-
ward and backward fractional derivatives provide an excellent tool for the description of
some physical phenomena such as the fractional oscillator equations and the fractional
Euler-Lagrange equations [3—7, 13]. Recently, many researchers have focused on the ex-
istence of solutions for boundary value problems involving both the right Caputo and
the left Riemann-Liouville fractional derivatives (see [6, 7, 13], and the references cited
therein).

Moreover, the Ulam stability problem [14] has attracted many researchers (see [15, 16]
and the references therein). Recently, the Ulam—Hyers stability of fractional differential
equations has been gaining much importance and attention [17-20].
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Sousa et al. [19] studied the y-Hilfer fractional derivative and the Hyers—Ulam—Rassias
and Hyers—Ulam stability of the Volterra integrodifferential equation:

HDEPY u(t) = f(t,u(D) + [3 K(t,s,ut)ds, te[0,T],

Iy, u(0) =0,

where @ € (0,1),8 € [0,1],y € [0,1), o is a constant, HDg;ﬁ”/’ is the y-Hilfer fractional
derivative and Iéf ¥ is the ¥ -Riemann—Liouville fractional integral.

Chalishajar et al. [20] studied the existence, uniqueness, and Ulam—Hyers stability of
solutions for the coupled system of fractional differential equations with integral boundary

conditions:

‘Dg.x(t) =f(£,5(2),  £€[0,1]
D}, y(t) = g(t x(t), telo,1],
)

) )

px(0) + gx'(0 fo a1 (x(s)) ds, px(1) + gx'(1 fo as(x(s)) ds,
() +ay0) = [y a(s)ds,  py(1) + 3y (1) = [, ax(y(s))ds,

where o, 8 € (1,2], p,q,p,q > 0 are constants, ay, s, d;,d, are continuous functions.
In this paper, we study the following boundary value problem of fractional differential
equation with two different fractional derivatives:

CD,lg’ (Ll)(())ér + )‘)M(t) =f(t: M(t)), t E] = (07 1]) (11)

U5 w)(0) =uo, Y1 ul&) = (LY, u)(n), (1.2)

where o, B, + 8 €(0,1),A>0,y>1,0>0,¢+p>1and&,n € (0,1](i = 1,2,...,m).ch7
is the right-sided Caputo fractional derivative, “DY, is the left-sided Riemann— Liouville
fractional derivative, Iéﬂ is the left-sided Riemann-Liouville fractional integral, *1, + isa
Katugampola fractional integral.

Different from the previous results, the boundary conditions considered in this paper
include the nonlocal Katugampola fractional integral, moreover, under the weak assump-
tions and using Leray—Schauder degree theory, we obtain the existence result of solutions
for the above problem (Theorem 5.3). However, to the best of our knowledge, few papers
can be found in the literature dealing with the existence result and the Ulam—Hyers sta-
bility of differential equation involving the forward and backward fractional derivatives.

The rest of this paper is organized as follows. In Sect. 2, we collect some concepts of frac-
tional calculus. In Sect. 3, we prove some properties of classical and generalized Mittag-
Leffler functions. In Sect. 4, we present the definition of solution to (1.1)—(1.2). In Sect. 5,
we obtain the existence and uniqueness of solutions to problem (1.1)—(1.2). In Sect. 6, we
present Ulam—Hyers stability result for Eq. (1.1). Three examples are given in Sect. 7 to
demonstrate the applicability of our result.

2 Preliminaries

In this section, we introduce some notations and definitions of fractional calculus.
Throughout this paper, we denote by C(/,R) the Banach space of all continuous func-
tions from J to R, by AC([a, b], R) the space of absolutely continuous functions on [a, b].
I'(-) and B(-,-) are the gamma and beta functions, respectively.
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Definition 2.1 ([3,4]) The left-sided and the right-sided fractional integrals of order § for
a function x(t) € L! are defined by

1

3 -
(L.x)(2) = )

t
/ (¢ -3 x(s)ds, ¢>a,8>0,
a
and

n _ L x(s) d. b,8>0
(b_x)(t)—m/t(s—t) x(s)ds, t<b,8>0,

respectively.

Definition 2.2 ([3, 4]) If x(¢) € AC([a, b], R), then the left-sided Riemann—Liouville frac-
tional derivative LDiuc(t) of order § exists almost everywhere on [a, b] and can be written
as

("D, x)(8) = ﬁ (it) fut(t —5)°x(s) ds = %(I;I‘Sx)(t), t>a,0<8<1.

Definition 2.3 ([3, 4]) If x(¢) € AC([a,b],R), then the right-sided Caputo fractional
derivative CDg,x(t) of order § exists almost everywhere on [a, b] and can be written as

(CDifx)(t) = (LD?T [x(s) - x(b)])(t), t<b,0<8<1.

Definition 2.4 ([21]) For p, g > 0, the Katugampola fractional integral of y(¢) is defined by

1- t
(*I%y) () = ﬁ (qq) / (¢ ") y(n)dr, t>a.

3 Properties of the Mittag-Leffler functions
In this section, we prove some properties of the Mittag-Leffler functions.

Definition 3.1 ([3, 4]) For u,v >0,z € R, the classical Mittag-Leffler function E, (z) and
the generalized Mittag-Leftler function E, , (z) are defined by

B@=2 oy B0 L Ty

Clearly, E,, 1 (2) = E,.(2).

Lemma 3.2 ([4, 22]) Let o € (0,1). Then the nonnegative functions E,, Ey 4, Eqq+1 have
the following properties:

(i) Foranyt €], Eg(~2t") < 1, Eqa(-At%) < 7gy» Eaar1 (M%) < 71y

(i) Forany t1,t, €7,
|Eo(=1£5) = Ea(-At])| = O(Ita = t1]*), ast, — ti,

|Eqa (~185) = Equ (A7) | = O(Ia = 111%),  asty — t,

IEa,a+1(—)\t§’) —Ea,a+1(—)\f(f)| = O(|tz - t1|a)> asty — t.
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Lemma 3.3 Let y,u,v,A>0,t>0,0<«,B <1, then thefollowingformulas are valid:
(i) L[ E,(-At")] = £ ZEM (=A%) (v > 1) and LE, (-1t") = —At"1E,,, (-1t");
(il) Ige (8" Epu(=As"))(2) = V} fo(t $)V I E, (- As“)ds—ty+” LE oo (—AEH);
(iii) [*Dpyes” " Eqp(=2s")1(t) = £#7" " Eq g (=129), (B > v);

(iv) [“Df-2Dg: 5" Engri1 (~2s™)](8) + MDY 5" Eqygos1 (~25*)](®) = 0;
(V) [DY DG, 5% Eg (2 )](t)+?»[CDﬁ O Eg o (=AsM)](t) = 0;

(Vi) [PL 8" Ey,(—2s)](2) = ;ﬁp;v(yl Jo ST(I — )V LE, (- A7) ds, v=caorv=a+l.

Proof 1t follows from the results in [3] that (i)—(iii) hold. Moreover,

[£D8 s Ey o (~25%)](0) = ﬁdtf (6= 9) s E, g (<1s%) ds

= OB ()] = A (10),

Similarly, we have [LDO+ S*Eg o1 (=25%)](t) = E4(—At*). Furthermore, we get
[CfoLD‘(’)ﬁs"‘Ea,Ml (—ks“)](t) + A[Cfos"‘EaMl (—ks“)](t)

= D] (Bu (1) + 2 Exns (-15°)) |
(cD-1)(t) =

This yields (iv). (v) can be obtained in a similar way. Clearly, for v =« or v =« + 1, the
v-1 a
integral fot(l — 1)1t 7 E, (A%t ) dr exists, then

[P1).5" "  Equ(—2s") y lgprv2p w(=As)ds

)’)
tp)/ﬂ) 1 v=1 o
/ 1-7)'t7 E,, (—)»t“rﬁ) dt.
"oy Jo
Thus we have proved (vi). d

4 Solutions for problem (1.1)-(1.2)
In this section, we present the formula of the solution to the problem (1.1)—(1.2).

Lemma 4.1 ([3]) For 0 > 0, a general solution of the fractional differential equation
°DY_u(t) = 0 is given by

n—1
u(t) = Zci(l ~t),
i=0

where ¢; € R,i =0,1,2,...,n - 1(n = [0] + 1), and [0] denotes the integer part of the real
number 0.

Similar to the arguments in [3], we can obtain the following result.
Lemma 4.2 Fora, B € (0,1), h € L(0,1), if ‘DY (D%, + Mu(t) = h(t),t €], then

u(t) = cot” Eq 1 (—12%) + c1t* 'Eyq (—2t%)

Page 4 of 20
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t 1
+ %ﬂ)/o /S (£ =) (x =) Euu (Mt 9)*)h(x)dr ds, te].

Formally, by Lemma 4.1, for ¢ € R, we have (“D%, + A)u(t) = ¢o + (Iffh)(t). Based on the
arguments in Sect. 4.1.1 of [3], we obtain

u(t) = 1t 'E,, (—At"‘) + /t(t —8)*E,, (—A(t - S)“) (co + (If_h)(s)) ds
0

= Cot" Eq i1 (=A%) + €1t Eg o (=A%)
¢l
+ %ﬂ) /0 /S (t=9)*"(t =) Eqo (-A(t = 5)*)h(r) dr ds.

We define C;_,([0,1],R) = {# € C(J,R) : t'*u(t) € C([0,1],R)} with the norm ||u||;_o =
max,c[o1) £ %|u(¢)| and abbreviate C;_,([0,1],R) to C;_,.
We need the following assumptions.
(H1) f:J x R — R satisfies f(-,w) : ] — R is measurable for all ® € R and there exist
Ly >0and o € [0,1) such that

[f(t,w) - f(t,@)| < Lplw-|°.

(H2) My :=sup,; [f(¢,0)] < o0.
For convenience of the following presentation, we set

1
(Fou)(s) = (IL-f)(s) = %ﬂ) / (z -9 (v, u(v)) dr,

(Gu)() = /0 (£ — % By (08— %) (Epae)(s) s,

_ Py ! o1 1

(Gu)(t) = ,OVF()/)/O (1-5) (Gu)(ts/’)ds,

A® [ 1 E, (st d
( ’t)_pVF(y) s (1= )" Eqper(-Ats? ) ds,

A0,8) = AO,0) = & Eypor (-2EF).

i=1

s

B

Since fsl(t —s)P e lgr < l,fot(t —5)* L1 g = £2*"1B(, ) < t*" 1 B(ex, ) and

If (& u@®)] < |[f(tu®) - f(&0)| + [f(£,0)| < Lrt* Mlullo1-o + My, (4.1)

where ||#]|,1_ = Max;ejo,1) £*|u(¢)|°, one can find

L o l-a 1 M 1
e < e [ gptectar s S oo an
S

re) J r)
LfSOFl”M”a,l—a +Mf
- rp+1) ’ 42
1 ¢ w1 aLit* ' Bla, ) |ullo,1-a + My
[(Gu)(¥)| < @ Jy (t—9)""|(Fpu)(s)| ds < Fas DI+ 1) (4.3)

Page 5 of 20
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Lemma4.3 ForO<t <t <1,

/tl [(t1 —8)* L = (8 —5)* ]’ Fgu)(s ‘ds — 0, asty— i, (4.4)
0
/tz(tz —g)*! |(F,3u)(s)| ds— 0, asty— ty, (4.5)

|9 B (2t =59%) = B2l (9] ds— 0,
as ty — ty. (4.6)

Proof By the mean value theorem and Lemma 3.2, we obtain
5]
/ [(tl ) (- S)O‘_l]s"‘_1 ds
0

t 2 L
= / (8 —s)* L% L ds - / (8, —s)* 1% L ds + / (t, —s)* 1% L ds
0 0 t1

a-1

¢
+ 2 (t—1H)* =0, ast,— b, (4.7)
o

|t2a 1 20{—1 |B(O[,Ol)

/tl (# —s)*! |Ea,a (—k(tl - s)"‘) —Eyy (—A(tz - s)") |s°‘71 ds
0
=°'Bla,@)O((ta = 11)*) = 0, asty — 1. (4.8)

Then, using the inequality £5 — tf < (t — £1)* and Egs. (4.2), (4.7) and (4.8), we get

/0 (= 9% = (12 = 9| (Eu)(s)| ds

Lf”””o‘ 1-a h a-1 a-17 .a—-1 2Mf(t2 - tl)a
< - F+1) [(tl—s) —(ty —s) ]s d5+m

—0, ast,—t,

f (1 - 9| (Egu)(s)| ds

L ol-a b Me(ty — 1)*
< f”u” 1- (tz_s)a_lsa_l ds + f( 2 1)
F(ﬂ+1) al'(B+1)

a—1 (t2 - tl)a
=< [Lf||u||a,1—at1 +Mf]m

— 0, ast,—1t,

and

/0 1(7.‘1 —s)"‘_1|Ea,a (—A(tl —s)"‘) —Eyq (—A(tz —s)“)| | Fgu)(s |ds

< Lf”u”a,l—a
- Ir'+1)
tf My - O((t2 — 1))
al'(B+1)

131
(£ —5)*7! ’Ea,a (—A(tl — s)“) —Eyq (—)\(tz - s)"‘) ’s“_l ds
0
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— 0, ast,—t. O

Lemma 4.4 Assume that (H1) and (H2) hold. For u € Cy_q, t € ], we have
(i) (Gu)(t) € AC(,R);
(ii) [“Dg. (Gu)(s)I(t) = ~A(Gu)(t) + (IL-£)(t)
(i) [*Df-*DE(Gu)($)](®) + A[D}-(Gu)(s)](®) f(t u(?));
(i) [ (Gu))(e) = s [ (1= 5) X (Gu)(es? ) ds.
Proof (i)—(iii) For every finite collection {(a] b)}1<j<n on J with Z;‘zl(bj —a;5) — 0, using

the inequalities b;?‘ -af < (bj—aj)*,j=1,2,...,n,and Egs. (4.4)—(4.6), we arrive at

3 [(Gu)b) - (Gu)(a)]
j=1

n

>

j-1

- / j(ozj —8)" 1 E,, (—A(a,' — s)“)(Fﬂu)(s) ds

bj
/(; (bj - s)"‘_lEa,a (—A(bj - s)"‘)(Fﬁu)(s) ds

< re [Z/ [(@;— )" = (b; — )" ]| (Fpu)(s)| ds

+Z/ (bj -5~ li(Fﬂu)(s)|ds:|

j=1 Y%
+ Z/o "(a/ —8)* M Ewa (~Maj = 8)*) = Eq,o (A (b = )*) | - |(Fpu)(s)| ds
j=1
— 0.

Then, (Gu)(¢) is absolutely continuous on J. Hence, for almost all ¢ € J, [LDg,,(Gu)(s)](t)

exists and from Lemma 3.3 it follows that
[LD‘5‘+ (Gu)(s)] (t)

R S L PO
_F(l—a)dt/O/O(t 8) (s = )" Ega(-A(s — 1)) (I-f ) (x) dr ds

d ! ¢
= p(ll_ ) E/O (1) () / (t—5) (s — 1) Ego(-A(s — 7)*) dsdt

d t
= %/0 (If_f)(r)Ea(_)‘(t_T)a)dT

= -MGu)(®) + (1) @).
Furthermore,

[<DY-"Dg. (Gu)(5)](8) + A[D}-(Gu)()](2)
= [*DI- (-M(Gu)(s) + (I£) () J®) + A[“D}- (Gu)(5)] ®)
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=1 (& u(?)).

(iv) It follows from (4.3) that "Iéﬁ, (Gu)(t) exists, and

1324 :pliy ' p_ P\ 1op-1
[ IO+(Gu)(s)](t) o) ), (t s ) 7 (Gu)(s) ds
74 1 1

Lemma 4.5 Assume that (H1) and (H2) hold. A function u is a solution of the following

fractional integral equation:

u(t) = (Pu)(£) + (Qu)(t) (4.9)

if and only if u is a solution of the problem (1.1)—(1.2), where

(Pu)(t) = [_%ta a,a+1(_)‘-ta) + tailEa,a (_)"ta)iluo;
Qup(e) = - =X CIE) o (e 1 (G,

A, )

Proof (Sufficiency) Let u be the solution of (1.1)—(1.2), Lemma 3.3, Lemma 4.2 and Lemma
4.4 imply

u(t) = cot*Eqqs1 (=A%) + €18 Eq o (-12%) + (Gu)(t), te€],
(I57¥u)(8) = cotEqp(=At%) + c1Ey (-22%) + [157 (Gw) | (2),

("’I(};+ u)(t) =coA(a, t) + c1A( — 1,8) + (Gu)(2),

where ¢y, ¢; are constants. Using the boundary value condition (1.2), we derive that ¢; = ug

and
Co Y & Eagrt (-AEF) + o Y & Eun(—AE7) + Y (Gu)(&)
i=1 i=1 i=1
= coA (e, ) + uoAla — 1,m) + (Gu)(n),
then

(Gu)(n) = 3714 (Gu) (&) + oA e 1, )
A, ) '

Co=—

Now we can see that (4.9) holds.
(Necessity) Let u satisfy (4.9). From Lemma 3.3(iv), (v) and Lemma 4.4(iii), it follows
that [°D¥_LDY, u](t) exists and °D_ (D%, + \)u(t) = f (¢, u(t)) for t € J. Clearly, the boundary

value condition (1.2) holds and hence the necessity is proved. O

Page 8 of 20
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5 Existence results for problem (1.1)-(1.2)
In this section, we deal with the existence and uniqueness of solutions to the problem
(1.1)-(1.2).

Lemma 5.1 Letv e C([0,1],R) satisfy the following inequality:
t pl
|V(t)| <a+ b/ / £t - 5)* Nz — )P 1go@ ) |v(t)|a dt ds
0 Js

m & ol
+ CZ/ / R () L € S)ﬂ_l‘fa(a_l)|v(1') |U dr ds
i-1 0 s

1 ns% 1
+d / f f Ho1 - s)V-l(ns% - r)“‘l(; ~ 7)o@V y(¢)|” de¢ dr ds,
0 0 T

where a, b, c,d > 0 are constants. Then |v(t)| < M, where M is the only positive solution of

the equation

M=a+|b+c Ef“"+dn°‘"’B<y,
[ Z p B

i=1

a—0+p):|B(a,1—a)Ma

Proof Let m = maxe[o,1] [V(¢)], using the following estimates:

o(a—l)(l _S)/S Sa(a—l)

1
s
(v —s)f 1o Dygr < < , (5.1)
/s B p
t p1
/ / (t—9)* Nz —s)P1eo@ D gr ds
0 Js
< 1 t(t —5)@ gD gg o EB(cz 1-0) (5.2)
B Jo B
1
1 pts? pl ) vt
/ / / Q-5 (ts? —1) (¢~ 1)o@ Vde deds
0 0 T
Bla,1- 1 wo B(a,1-0)B(y, =>*)
< M/ (1—s)" Y (t57)" ™ ds = 2o, (5.3)
B 0 B
we conclude that
m _ , 1 _
M<a+ b+CZE;x—U +d7]a_aB(]/,a (o2 +)0> B(a O-)Wo"
i=1 1% B
thus m < M. O

Lemma 5.2 LetV € C([0, 1], R) satisfy the following inequality:
t pl
”17(t)} < E/ / (- 5)* (g —s)f Lot |T7(t)’ dtds
0 Js

o & 1
+ bZ/ / 1 = 5) (r —s)P et ‘7({)! dtds
=1 Y0 Vs
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—

1 s P
+?/ /n / (1 -s)" " (ns? —z)afl(g =) e W(©g)| de dr ds,
o Jo

where @, b, > 0 are constants.[f(’d+52?il gx 1+ 1B(y, © ll)”’))B(ﬁ <1,thenv(t)=0.

Proof Let i1 = maxcjoq] [V(¢)|, from the following inequalities:

a—1
a-1
/ / (t— )% (r — s)P179 i dis < %}“’“), (5.4)
/ /"IS /‘ }’)Sﬂ _ )a_l(C _ t)ﬁ—lg.ot—l d( dt ds
el B(a,a)
/ (- 5
=’7ﬁ (@ )B(y,“ ;”’), (55)

we deduce that

- . TN gl ~ ol a—-1+p\\mBa,a)
< a+b§ E 7+ e Bly, 5 ,
, P
i=1

thus m = 0. a

Next, we study the existence result of solutions for (1.1)—(1.2). For convenience of the
following presentation, we set

[|A(a 1)l ] ol . 1 ,
+ o 5 M2— —_—;
|A(a, m)] Fla+1) | A, )| T (e + 1)

1 1 | MyM. M, + 1
Ms = |:23m2+i|

; My=— .
T BTG) gl Y T T@re)

Theorem 5.3 Assume that (H1) and (H2) are satisfied, then the problem (1.1)—(1.2) has
at least one solution u € C1_,.

Proof We consider an operator F : C;_, — C;_, defined by

(Fu)(t) = (Pu)(t) + (Qu)(2).

Clearly, F is well defined, and the fixed point of F is the solution of the problem (1.1)-
(1.2).

Let {u,} be a sequence such that u, — u in C;_, then there exists ¢ > 0 such that ||u, —
ull1-« < € for n sufficiently large. By (H1), we have |f(¢, u,(¢)) — f(¢, u(t))| < Lft"("’l)ec’
Moreover, from (5.1)—(5.3), we have

|(Fpuu)(s) - (Fpu)(s)]
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< %,3) /1(1 =) (1, un(r)) = f (7, (7)) | dT

Lfg ﬂlaul) Lf‘sam1
Smm/krﬂ TETED

|(Gu,) (1) - (Gu)(8)]

<o / (= |(Epun)(s) - (Fyu)(s)| i
Lye?
ST@rED Jo
t*“Bla,1-0)Ls
r@rg+1)

|(Gu)(2) - (Gu)(2)]

( _s)ot—lso'(oz—l) ds

< ;/1(1—5)}’"1|(Gu (57 ) — (Gu) (57 )| ds
~ 7L (y) !

Mt“"B 1-0)L
3 (aﬂ o)Lse® /(1 715 ds

M;3t*°B(a, 1 - 0)B(y, “=3*2)Ly
= &%,
B

furthermore,

£ (Fun)(8) = (Fu)(0)] < £7%)(Quu)(£) - (Qu)(8)|

<M, D(@un)(n) — G|+ _|(Gu)(E) - (Gu)(Ei)q + 617 |(Gu)(8) - (Gu)()|

i=1

— 0, asn— oo.

Now we see that F is continuous.
For 0 <t <t <1, from (4.4)—(4.6), we find

|(Gu)(&2) - (Gu) (1)

_ / (b = )" Eue (<22 ~ $)°) (Fyu) (5) s
0

_ / (11 = 9 B (—0(81 — ) (Fpa0)(s) s
0

1 t ol wl to -
Em[/o [(t1-9) "= (ta—9) ]I(Z—"ﬂu)(s)|ds+/t1 (£ —5) |(Fﬂu)(s)|ds]

. /0 (11 = 9% | Eune (=181 = ) = Eua (<A(t2 = 9)%)| - | (Epr)(5)| i

— 0, ast,—t,

moreover, according to (4.3) and Lemma 3.2, we know that [(Qu)(2) — (Qu)(¢1)| — 0 and
|(Pu)(t2) — (Pu)(t1)| — 0 as t, — #;. Hence the operator F is equicontinuous.
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We just need to prove the existence of at least one solution u € C;_, satisfying u = Fu.
Hence, we show that F : Bx — C;_, satisfies the condition

u#0Fu, VuedBgVoe[0,1], (5.6)

where Bg = {u € Ci_y : t"*|u(t)| < R,R > 0}. We define H(0,u) = 0 Fu,u € C1_y,0 € [0,1].
By the Arzela—Ascoli theorem, a continuous map /4y defined by hy(u) = u — H(0,u) = u —
0 Fu is completely continuous.

If (5.6) is true, then the Leray—Schauder degrees are well defined and from the homotopy
invariance of topological degree, it follows that

deg(hy, Bg,0) = deg(I — 0.F, Bg,0) = deg(h, Bg,0)

= deg(h()! BR; 0) = deg(IJBR) 0) =1 #01 0e BR'

Let v(¢) = t1~*u(¢), we obtain the following estimate:

1

1
- _q)B-1
|(Fpu)(s)| < F(ﬂ)£ (r =) f (v, ulr))|dr

Ly /1 p-1 01,7 |° My
< — T—8) % V(r)| dt +
S0 S( ) [v(7)] N

and hence
Ly ‘ot a-1 B-1_o(a-1) o
’(Gu)(t)’fWF(ﬁ)/0 /S -9 (-9t ‘V(t)’ dtds
My

T+ )rB+1)
then
|(Gu)(n)|

77)0)’

<
P I (y) Jo

1 1
1-s)t |(Gu)(n55) | ds

1
1 pns? pl
<Mj I:Lff /'7 / (1- s)”’l(m% - r)a_l(g — 7)o@V y(¢)|” dg d ds
0 0 T

R ﬂ}.
afy

Applying (5.2) and (5.3), we obtain
V@) = |t u@)| < £ [|(Pu)®)] + [(Qu)(®)|]
<My £ [Mz(uéu)(n)\ . Z|(Gu)(a>|) + |(Gu>(t>|}

i=1

t pl
<a +E/ / £t -9 (x - 9)f 7D |u(r)|” dr ds
0 Js
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m & prl
+EZ/ / £ (& - 9)* (T - )P 1@V |u(x)|” dr ds
=1 Y0 Vs

1
_ 1 nsP 1
+ d/ / / £ —s)V‘l(ns% - r)a_l(; —)flgelD |v(§)|‘7 d¢ dt ds,
0 0 T

where

_ L Myl
a=M, + MM, b=—L cu

i — =——71  d=MM:l;.
@) (B) (@) (B) el

al

Then from Lemma 5.1, we find || u||1-¢ < M, where M satisfies

a—-o+p)\ |Blal-0)~
M b a—0 (XUB MO'
a+|: +CZ.§ < p ):| 5

i=1

Set R = M + 1, then (5.6) holds. This completes the proof. d

Next, we study the uniqueness of solution, for this purpose, we give the following as-
sumptions.
H1') f:] x R — R satisfies f(-,w) : ] = R is measurable for all w € R and there exist
L Mf >0and g € [0,1) such that

fl
f ()| < Lilol” + My.
(H2') There exists a constant Zf > 0 such that

[f(t,0) —f(t,®)| <Lflo-a|, forw,deR,te].

Theorem 5.4 Assume that (H1') and (H2') hold, then the problem (1.1)—(1.2) has a unique
solution u € Cy_y, provided that

(T ol )P

Proof By (H1’) and the proof of Theorem 5.3, it is not difficult to see that (1.1)—(1.2) has
a solution u(-) € Cy_,. Let u(-) be another solution of the problem (1.1)—(1.2). According
to (H2), we find

|(Fpu)(s) — (Fpi)(s)|

< Fﬂ)/ (r =)/ Mul(r) - 5(x)| dr,
[(Gu)(t) - (G)(1)]

1 ! a—1
fm/()(t—s) |(F,3u)( (Fgu)(s |ds

T t pl
S#j}(ﬂ)/o /S (t-9)*"(r =) u(r) - u(r)|dr ds,
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|(Gu)(®) - (GR)(2))|

1 1 ) 1
- -1 Iy 1
= g, 4Gt (@ (st

1 ts% 1 1
< MBZf/O /0 / (1-s)7 " (ts7 - t)a_l(g -0 Mu(e) - 9(¢)| d¢ dr ds.
Let (t) = t"~*(u(t) — %(t)), then

0
=" |u(e) - u(t)|

= £(Qu)(®) - (Qi)(2)|

1
nsP 1
<M, |:M3Lf/ / / £ - s)y‘l(ns% - t)a_l(g — ) lpet |§(§)| dt dr ds

F(a)F(ﬂ) Z/ / e () L C ) s 2l /€9 |drds:|

* #j}(ﬁ)/o / (=) N T =) e o(r) | d ds.

Furthermore, from Lemma 5.2, it follows that u(¢) — %(¢) = 0. This yields the uniqueness
of solution to the problem (1.1)—(1.2). O

In order to obtain another result for uniqueness of the solutions, we make the following
assumption:
(H3) There exists a constant Zf > 0 such that

[f(6:67 o) - f(6,t°7'®)| <Lflw - @], te]w,deR.

Theorem 5.5 Assume that (H3) holds, then the problem (1.1)—(1.2) has a unique solution
u € Cy_q, provided that

e Ly |: +M2(1+W1,0V1“(y+1))i|<1
rg+1)r(a+1) o’ (y +1)

Proof We consider an operator F : C;_, — C;_, defined by
(Fu)(t) = (Pu)(t) + (Qu)(?).

Clearly, F is well defined. According to (H3), we find

|(Fgu)(s) — (F5a0)(s)|

p— 1 1-« o~
< F(ﬂ)[ (v — 91 u(z) ~ 7(z)| dr < F(ﬁ =Tl
(Gu)(t) — (GE) (o)
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o1 Lf ~
<o )/(t—s> (B9 = (B ds = oz~

|(Gu)(®) - (Ga)(2))|

1 1 ) 1
—_ )/—1 5 _ ;
= 7 ) 49 Gt - @@t as

Lyllu— 1o
T B+ DM+ DIy +1)

Then

|(Fu)(&) - (Fi)(®)]
= |[(Qu)(®) - (Qu)(®)|

I(Gu)(n) - (@) + X7, 1(Gu) (&) - (GH)(E)]
A, )T (o + 1)

+](Gu)(®) - (G )|
< Mllu =l

this means that F is a contraction, and by the Banach fixed point theorem there exists a
unique solution u € C;_. O

6 Ulam-Hyers stability
Let € be a positive real number. We consider Eq. (1.1) with inequality

Dy (LD + 1)x(®) —f (t,2(1)| <€, te]. (6.1)

Definition 6.1 Equation (1.1) is Ulam—Hyers stable if there exists ¢ > 0 such that for each
€ > 0 and for each solution x(¢) of the inequality (6.1) there exists a solution y of Eq. (1.1)
with

|x(t) —y(t)| <ce, te].

Remark 6.2 A function x € C;_, is a solution of the inequality (6.1) if and only if there
exists a function g € C;_, such that (i) |g(¢)| < €; (ii) CD’ff (EDE, + M)x(t) = £ (£, x(2)) + g(2).

Let
#(6) - [—Mt‘* et (A7) £ 1E, (_w)]uo
Ala,m)

(G -3 1(Gx)(&)
Ala, )

Ea,ot+1(_)\ta) + (GX)(t),
where

¢l
(Gx)(t) = %,3) / / (t =9t =) Eqo (—A(t = 8)*)f (1, %(x)) dr ds,

_ yl %
vr()/ V7 G7) s

(Gx)(t) =

Page 15 of 20
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Remark 6.3 Let x € C;_, be a solution of the inequality (6.1) with (7 I 2x)(0) = uo,
> x(&) = (°1Y.x)(n). Then x is a solution of the inequality |x(¢) — %(£)| < M3€

Indeed, by Remark 6.2, one can see

DI (*Dg. + 1)x(t) = f (£, %(D)) +g(t),

(137x) (0) = uo, Zx(él) = ("I5.%) ().

Then we have

Mt“ war1 () + T Ey (—At“):|uo
Ala,n)

_ (Hx)(n) - Yo (Hx)(&)
Aler,m)

x(t) = |:—

£ Eqan1 (M%) + (Hx)(2),
where

¢ o1
(Hx)(t) = %}3) / / (t—9)* (1t =) Eg (-1t - %) [f(r,%(x)) + g(z)] dr ds,

bb—‘

(Hx)(2) =

/ (1— 97" (Hn) (157 ) ds

VF()

M3€

It is easy to check that |x(f) — x(¢)| < by

Theorem 6.4 Assume that (H3) is satisfied. If M < 1, then Eq. (1.1) is Ulam—Hyers stable.

Proof Let x € C;_, be a solution of the inequality (6.1) with (Ié:"‘x)(o) = uo, Z;ﬁlx(gi) =
(°I3.x)(n). y denotes the unique solution of the following problem:

DE_(EDE, + A)y(t) =f(t,y(t), te],
Ur“yO) =uy, D7, ulE) = (C15.)(0).

It follows from (H3) that

(G0)(0) - (GY)@)]

Lf”x Y-«
I'(e)r ()

(G0)() - (Gy)(@)]

Zf||9€ Y-
“TrB+0)(a+1)

/(t—s)“ Yz —s)fldrds <
1
_ 1 ptsP o pl L a_l .
<MLyl [ [ [ a9 e -0 -0 g das
0 0 T

Lyllx =yl o
T B+ DM+ DIy +1)

Page 16 of 20
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Then we have

|x(2) - y(2)]
< |x() - %(5)] + |%(2) - (1)

_ Ms€ s 1(Gx) (1) - (@y)(Nn)l + 21 (Gr)(E) = (Gy) (&)
~apy | A, )T (e + 1)

+](Gx)(t) - (Gy)(®)|
M3E

< — +M||x_y||l—ou
afy

M3€

which implies ||x — y|l1-q < TITETE furthermore
M€ MMse M€

O =0l < D~ aBy -3

that is, Eq. (1.1) is Ulam—Hyers stable. (|

7 Examples
In this section, we give two examples to illustrate our results.

Example 7.1 We consider the following boundary value problem:

DS (DG, + 2)ult) - £ sin(7¢3 |u(t)|2 +3t3), te):=(0,1], (7.1)
4
IO =up, LG uld)=(Ru)d). (7.2)

Corresponding to (1.1)—(1.2), we have « = %, B =
1,2,...,100), n = 1 and

(9211
>
I
N
ks
I
[N
<
I
L
EAL
I
82—
—
<
Il

St u@) = % sin(7t% |u(t)|% + St%).

We define the space C% ={ue C(,R): t%u(t) € C([0,1],R)} with the norm IIullg =

maxsejo) £ [u(t)].
Obviously, [f(t,u(t)) —f(t,(t))| < 70|u(t) — i(t)|2 and |f(£,0)| = $lsin 3t| < 30. By
Theorem 5.3, the problem (7.1)—(7.2) has at least one solution.

Example 7.2 We consider the following boundary value problem for nonlinear fractional
differential equation:

Dy (D3, +3)ult) = L - |u<;)\+u\/(?+|u<t>| vk, tef=01], (7.3)
Uw© = u(h)+u(d) = CLLuD). (7.4)
Set
F(bu®) = ———. ) b

1499 u(®)] +/1+u@)] 10
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For ¢t € J, we have

[ (& u®)]
1 ) .
‘Wmmmuuﬂmm%IOIW

|f (&, u) — £ (¢, )]

ute)|* +

u u

lul + T+ 1a ||+ 1+
- 1 |:2|u—it||12| +|u—ul/1+ |u] + a1+ [u] -1+ |ft||:|

<
— 100

100 (lul + T+ Tul)(J2] + /1 + i)
1 .

< —lu-ul
25

Leta—g,ﬁ:l A=3,p=2y=3 &= =1n=0,L=1:0=2% M =1
and Lf 5=. We define the space Cz ={ueC(,R):t¢t t3 u(t
||M||§ = MaXe[o,1] 5 lu(®)|.

By direct computation, we have

31\ 1 [! 310
A(—,—)=?/ 5130(1—s)2E38<— Ss )ds~67x10 5,
52 2% Jo 55 25
3 3 3 3
~(3 1 31 1\5 1\5 1\>5 1\5
A =Al-=,=)-|l=) E3zs|-3x|= +( =) Ezs|[-3 x|~
5 2 52 5 5’5 5 4 5'5 4
~ -0.43;
1 1 3
M= o N26L My = e e V914 % 107,
|A(z, §)|F( ) 8I'(z)I(z)I"(3)
Then
(1 + M, ZZI %‘I,"“l +M2M3)7“_IB()/, a—-1+ p)) B(Ol,Ol)Lf
T'(@)C(B) P B
1[1+My(55 +45) 4 33
- | A T 25 MM;B(3, - ) [B( S, 2 ) 075 < 1.
sl réra) 5 5'5

Thus by Theorem 5.4, the problem (7.3)—(7.4) has a unique solution.

Example 7.3 We consider the following boundary value problem for nonlinear fractional

differential equation:

CD6 (LDg+ +2u(t) = sin(1+£2u(t)), tej:=(0,1], (7.5)

10J

GO = )= CLu). (7.6)

Page 18 of 20
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Set

£t ule)) = %% sin(1+ £2u(t)).

For ¢ € J, we have

I—

té

10/t

If ( t‘%u(t)) -f( t‘%ﬁ(t))| < |u(e) - a(e)| < % |u(t) — a(t)|.

Leta:%,ﬂ:%,2»:2,,0:%,)/:5,51:%,n:%,D:%.Wedeﬁnethespace(?% ={ue

C(U,R): t%u(t) € C([0,1],IR)} with the norm ||u||% = MaXse[o,1] t3 lu(t)].
By direct computation, we get

21 1 ! 2
(—, —) = 72/ s(1-5)*E> 5 (——i) ds ~ 1.07 x 1075;
3710/ 10*r(5)(3)° Jo 3\ 103

BN

~(2 1 2 1 1 3 1

Al=-,— |=Al=—)-| =) E2 §(—23)%—0.33;M2:W%3.34;
310 310 2 3’3 |A(§,1—0)|F(§)

_ L M(1 rr 1

= f 14 2(1+mp? I'(y +1))
rB+1)r(a+1) pYL(y +1)

1 [ My(1+(3)°I(6))

B IOF(%)F(g) (%)SF(6) :|%0.54< 1.

Then by Theorem 6.4, the problem (7.5)—(7.6) has a unique solution and Eq. (7.5) is Ulam—
Hyers stable.
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