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1 Introduction

In previous few decades, the area devoted to studying fractional calculus and derivatives
and integrals of real or complex order has got proper attention. Fractional ordinary dif-
ferential equations (FODEs) have numerous applications in the fields of physical science,
biological sciences and engineering disciplines (for further details, see [1-7] and the ref-
erences therein). The concerned area has the ability to model hereditary and memory
process of many real world problems more comprehensively than classical derivatives and
integral. Recently, some new differential operators of fractional order of nonsingular type
have also attracted attention. Various researchers are working on it, it having also many
applications in modeling real world problems. In this regard, some authors recently pub-
lished very good work [8-10].

In real world problems, many phenomena face abrupt or sudden changes in their state
of motion or rest. These abrupt changes are modeled by using impulsive differential equa-
tions. The area which addresses the aforementioned problems has been established very
well in respect of ordinary derivatives and integrals. For the concerned investigations, re-
searchers have used fixed point theory and nonlinear analysis tools. Further some results
regarding numerical analysis corresponding to impulsive problems have also established
[11, 12]. On the other hand the investigation of impulsive problems under the concept of
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fractional calculus has also developed properly. The problem related to the moments of
sudden changes like heartbeat, earthquake, temperature, shock, and so forth occurs in our
daily life problems. All of these sudden changes are concerned with the impulsive differen-
tial equations, for these types of sudden changes the investigation of impulsive differential
equations is an important tool for analysis. Large numbers of articles can be found in this
regard [13-17].

An important aspect to be investigated of the physical problems is whether the problem
physically exists or not. For the existence theory, fixed point theory has been utilized in
the last many years. But one thing which restricted the application of fixed point theory
is the requirement of strong conditions. Because when we deal with problems of integral
or differential equations by fixed point theory, we first convert it to operator equations for
which we search fixed points. To achieve this goal often we impose strong compact con-
ditions on the concerned operator, which restricts the applicability of the area to a limited
class of problems. Therefore it is necessary to search some more sophisticated methods
and theories to relax the criteria. Therefore Mawhin [18] used TDT for the first time to
deal with integral equations. Later on Isaia [19] used the same theory to investigate some
integral equations. During 2012 Wang [20] investigated some classes of initial value prob-
lems of FODEs by using the TDT including the following problem of impulsive FODEs:

DYW(t) = h(t,¥(t), t#t,0<y <1,
SV (L) = 1,(¥)),
¥ (0) = ¥,

where i = 1,2,...,1, h is a nonlinear function and /; : R — R is a nonlinear map which
is the size of the jump at ¢;. As from present literature, the mentioned method has been
used to investigate the usual initial and “boundary value problems” (BVPs) of FODEs (for
details, see [21-23]).

On the other hand BVPs have many applications in engineering disciplines; see [24,
25]. The above-mentioned problems involve different kinds of boundary conditions like
“Neumann boundary conditions and Dirichlet boundary conditions” When the aforesaid
boundary conditions are mixed then for the problem the mixed boundary conditions are
called Robin boundary conditions (RBCs) or impedance BVPs. The concerned problems
have many applications in heat transfer phenomena and electromagnetic theory. Further
problems under RBCs are increasingly used in solving Sturm-Liouville equations which
are largely used in engineering disciplines (see [26, 27]). Keeping in mind the mentioned
literature, we investigate the following nonlinear problem of impulsive FODEs under RBCs
fort € [0, T]:

DY (t)=h(t,¥(), t#t,1<y <2,
W) =L(¥(t),  8W'(t)=J(¥ ), (1.1)
a¥(0) +b¥(T) =g1(¥),  c¥'(0) +d¥'(T) = g(¥),

wherej=1,2,...,/,0 < y <2 and the nonlinear function % is continuous and I;, J; are non-
linear maps which determine the size of the jump at £;,, where 0 < t; <fy <ty <t3--- <
and (W (4) =W () - (), (W' () = ' (t]) — ¥'(¢;), the notations ¥ (£]), ¥~ (¢}), and
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w(t;), ¥~ (t7) are right and left limits, respectively, and D" represents the Caputo deriva-
tive of various orders where 1 < y < 2. We use TDT to establish some adequate results
that ensure the existence of a solution to the considered problem. A pertinent example is

given to demonstrate the main contribution.

2 Background materials
Some basic notions and results [1, 2] which we need for our analysis are given as follows.

Proposition 2.1 The following statements hold:
(1) ¥(H) =0, iff H is relatively compact;
(2) V¥ is of semi-norm, that is, W (MH) = |A|W(H) and y(Hy + Hy) < ¥ (Hy) + ¥ (Hy);
(3) Hi C Hy implies (Hy) < ¢ (Ha)y (H1UH>) = max{y (H1), ¥ (H2)};
(4) ¥ (convH) =y (H);
(5) ¥(H™) =y (H).

Definition 2.1 Let ® C Y and F : w — Y a continuous bounded map, we say that F is
¥ -Lipschitz if there exists k > 0 such that W (F(H)) < ky(H), for all H C w. If k < 1, then

we say that F is a strict ¥/ — contraction.
Proposition 2.2 IfF, Fy, F3, Fy :  — Y are k-Lipschitz maps with the constants my, m,,
ms, my, respectively, then Fy, Fy, F3,Fy : 0 — Y are k-Lipschitz with the constant my + my +

ms + my.

Proposition 2.3 IfG: w — Y is a compact mapping, then we call G vr-Lipschitz with zero

constant.

Proposition 2.4 If G: w — Y is Lipschitz with the constant k, then G is yr-Lipschitz with

the same constant k.

Theorem 2.1 Let F:Y — Y be yr-condensing and
T = {lI/ € Y : there exists A € [0, T| such that ¥ = AFW}.
If T is a bounded set in Y, so there exists r > 0 such that T C B,(0), then
D(I - AF,B,(0),0) =1 forall »€[0,T].
Then F has at least one fixed point and the set of fixed points of F lies in B,(0).
Lemma 2.1 The FODE wih y >0,
D'W(t) =0,

has a unique solution of the form W(t) = > cit™ ', and c; are real constants and n =

[y]+1.
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Lemma 2.2 The next consequence holds for FODE with y > 0:

m-1
I'D'a(t)=w () + Yt
i=0

for arbitrary constant c; € R,i=0,1,2,3,...,m—-1,m=[y] + 1.
The notation Y ={W¥ : [0,T] — R: ¥ € C(I)} is used for the space. Further, (Y, || - ||) is
the Banach space under the norm ||¥ || = sup,cjo 71 |¥ ().

3 The existence results for the considered problem

Here we define some hypotheses for the existence and uniqueness theory for the problem

under consideration and we name the space PC(J, R) = 7'; is needed throughout this work.
(A1) Let there for ¥, ¥, € T exist constants Kg,, Ky, € [0,1) such that

@ (0) g (W) <Ky W1 =¥l |@(91) - @(¥2)| < Ky |91 - Wal.
(A2) Letusfor ¥ € T have some constants C,,, My, , Cg,, My, € [0,1) such that
@) < Co W[+ My, [@(¥)] < Cop| | + M,
(A3) Letusfor ¥ € T have some constants Cr, My € [0, 1) such that
|h(t,w)| < Cr + || My.
(A4) Letus for ¥ € R have some constants C;, My, Cy, M5 € [0, 1) such that
LW <Cw|+ My, [[(®)] < Cl¥|+M,.
(As5) LetI;,J;: R — R and let us have some constants K}, K} € [0, ) such that
|I:(dn) - (W) | < Kj1Wn - s, Ji(¥1) = Ji(¥)| < K| — ¥
and
(£, 1) = h(t, )| < Ky |1 - W,
forall ¥, ¥, e Randi=1,2,3,....

Definition 3.1 A function ¥ € 7" with its y -derivative that exists on [0, T| — {¢1, 2, t3, .. .,
L} is said to be the solution of the considered fractional impulsive problem under RBCs
if it verifies the considered equation (1.1).

Lemma 3.1 Let ¥ € T be the solution of the fractional impulsive problem with n €
C([0,1],R) given by

DY (t)=n(t), t#t,l<y <2,
W) =L (), W (5) =) j=L23...1, BD
a¥(0) + b¥ (T) = g1 (¥), c?'(0) +d¥'(T) = g(¥),

Page 4 of 17
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if and only is W is the solution of the fractional impulsive integral equation as

1

) -y s
1 a k & ‘ 1 -
+a+b<r(y);/tj_l(t]—5) n(S)dS—F( )Z/ (T -s)"""n(s)ds
bdT .
(;(t Dt @i bcrd) a+bz( c+d>

k .
1 b o
-1 ;/@—1(5 —5)"n(s)ds

bdT td 1 T > 4 K
+<(a+b)(c+d)‘c+d)r(y_1) (T Tnleds+ 22 ;Ii(‘p(tz‘))
k ¢t bdT b KL T td k e
' ,21: " @ a+bZ —H- ;fz( )
bT t a)
x ((a+b)(c+d) * c+d>g2(lp)+ a+b’ (3.2)

Proof Let ¥ isasolution of (3.1), then, for n € C([0,1],R), £ € [0, T], and using Lemma 2.2
for the given problem, we have two constants f;, f1, that is,

W) =1"n(t) -fo-hit, tel0,4],

1 t 1 (33)
(0= s [ -9 G ds—fi—fit, celonl
r'@)Jo
Differentiating we get
t )
w'(t) = t —s)"~ ds—fi, telo,t]. 3.4
R el AR L LY (34)
Likewise, for ¢t € (¢, t;], there are constants d, d; with
W) =I"n(t)-do—di(t-t1), te(t,tl,
1 t (3'5)
lIl(lf) = —/ (tl —S)y_ln(S) dS—do —dl(t—tl), te [O,tl].
F(V) t1
Differentiating, we get
1 ¢ 1
w'(t) = t—8)"” ds—d;, te(t,t], 3.6
® F(y_l)/tl(l S ds—di, te (bt (36)
and
)= [ s et
t7) = —— tv—-8)"""—fo—hHti, te€]|0,t],
=Ty ), 1 o—Nilh 1 37)
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1 t
v'(t) = Ty-1 ), (L —s)"ns)ds—dy, te(ty,tal, 8
'(t) = -dy.

Next applying the impulsive conditions after simplification we get the following:

~do= %y) /0 (6= () ds—fo —futs + L (9 (1),

(3.9)
=t [ ds o (v e)
_1_F(y—1) ; 1=8)° "nis)as—jo+/1 1))-
Putting these values in the given equation we get
1 i y-1 1 " y-1
0= 75 [ -9 ds e s [ -9 o ds
t—t h
sl RCERTLS
+(t=t)h (¥ (t)) + h(¥ (1)) - fo - fit. (3.10)
Reiterating the same procedure generally for ¢ € (¢;_1,], we have
q/(t)_L/‘tl(t )7/1 )d. Zf (¢ Vl s)ds
= F(‘y) A 1—S S + . 1 —S
k 1 t} k
A . _g)r2 AY .
+ ];(t Oy (6 =) *n(s)ds + ;(t ) (¥ (1))
k
+ Y L @) —fo-fit. (3.11)
j=1

In view of the RBCs and after simplification, we have the subsequent values for the con-
stant fy, f1,

b T
fo=—— (L (T —s)""n(s)ds +

1
I'(y) Jy r( ) £ / (t; =) n(s)ds

k f
+) (T-1¢) (& —s)"~ s)ds +
D=9 [ Z

T

- bdT 1 .
+ FZI(T— ’fj)Ii(W(tj))> (a+b)c+d) (p(y ), (T - )" n(s) ds

1 S , bdT k
1_'()/ _ 1) 121/):}_1(0 _S)V T](S)ds) - m lejl(W(t]))

bdT 1
(@mea)evo)- (750

Page 6 of 17
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_ d 1 r 2 1 g -2
fi= m(m /tk (T —s)""n(s)ds + -1 IZ:‘/;_I(Q—S)V n(s)ds

+ .Xk:]"(w(t’))> - <ﬁ)gz(‘1f(ff))'

Putting these values in (3.11), we get the required solution given in (3.2) as

1 t
() = TV) ) (t—s)""n(s)ds

F(y)zf - s+ /.(t o

k k b ) .
+;(t_tj)]/(lp(tl +;IJ () - a+b(Ty) 5 (T — )" "'n(s)ds

k &
Z/ (G—s)" S)ds+Z(T t)F( 5 (- 5)"2n(s) ds
-1 V-1 -

i1

k
+Z(T—t)], (w(5) + Y _L(¥( )
j=1 j=1

bdT
T a+b)ctd

1 TT Y2p(s)d.
oD tk( —5)"""n(s)ds

1 k 4 R k gz(g[/)
+ m ,Zl:/t,-—l(tj_S)y n(s)ds + ;]j(l,l/(tj)) +=

td 1 r =
- m(ﬁ , s

1 k 4 ) k
- - ’ A
+ ) ;/tj—l(t] )Y *n(s)ds + ;L(l]l(t])))

t 1
+ <m)g2(‘1’) + (m)gl(‘l’)'

Rearranging terms so we can achieve the solution given in (3.2). On the other hand, we
presume that ¥ is a solution of the given equation, it being straightforward we give the

solution given by (3.2), by direct computation which satisfies (3.12).

Corollary 3.1 In view of Lemma 3.1, the solution of the considered problem (1.1) is given

by

t k t:
- ay-1 a T -l
lI/(t)_F(V) /tk(t s)” h(s,W(s))ds+4(a+b)F(y);Ll(t, $)" " h(s, W (s)) ds

b T B : bdT
_ m ) (T -s)” h(S, lI/(S)) ds + (;(t— t]') + m

Page 7 of 17
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b td 1 & .
_a+bZ(T_tj)_m)m§/t/_1(tj—s)y h(s,lll(s))ds

j=1
bdT td 1 T .
' ((ﬂ +h)c+d) c+ d> r'y-1J, (T =) h(s, ¥ (s)) ds
a_§ : bdT h &
' m;@(k”(tﬂ) ' (;(t_t"“ (a+b)(c+d) a+b ;(T—t;)
td k bT ¢ (@)
- m) D @) + ((d+b)(c+d) + C+d)gz(l1’) - ‘il+b. (3.12)
j=1

With the help of Corollary 3.1, the problem (3.12) is reduced to the fixed point problem
as ¥ = T(¥). Keeping in mind this operator problem we develop results regarding the
solution of the considered problem.

Next we define five operators to establish the main results as regards the existence and
uniqueness as follows:

F:T -7,

k

> (¥ (@)

j=1

. bdT b KL i \ &
+(;(t_t"“(mb)(ud)‘a+b;(T"ff)‘m>;b(w(@))

bT t a(¥)
" ((oz+b)(c+d) " c+d)g2(lp)Jr a+b’

a

Fow(r) = a+b

For the integral part we define the operators by
F.:Tr -7,

t T
FY(t) = L (t—s)y_lh(s,lll(s)) ds — (T—s)V_lh(s,W(s)) ds,

I'(y) t (a+b)I(y) t
F:T -7,
L bdT b & td
B¥(t) = (;(t—tj) taTherd ath ;(T—tj)— m)

! ok ti—s)" 2h(s, ¥ (s))d.
Xm;/t/_l(;—s) (S’ (S)) S,

F:TYT—->7T,

bdT td 1 T 2
Fw(e) = ((zz+ b)c+d) c+d) r'y-1) /tk S h(s,lI/(s)) @
Fi: T —>7,

k ‘4
. " gyl
F4d/(t)_(a+b)r(y);/t;_l(t] $)” " h(s, ¥ (s)) ds.
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Let T:7T — 7, then T is defined by
TlI/(t) = Fo'p(lf) + FllI/(t) + FQlI/(t) + Fglp(t) +F4l1/(t).

Therefore, investigating the solution to the given (3.12) the problem is just like investigat-

ing the fixed point for the operator T

Theorem 3.1 The operator Fy: Y — T is Lipschitz with constant K; = ZZI K} € [0,1).
Consequently Fy is -Lipschitz with the same constant K ,‘ € [0,1). Further Fy verifies the

following relation:
IFo¥ |l <A+ B|¥], (3.13)
where
A= a M+ IT + ——— M
Tla+b| (@a+b)(c+d) >
+ bT + T M,, + a M (3.14)
(a+b)c+d) c+d| & |a+b| ’
and
bdt
B= C+|IT+ —|C
a+ (
bT T a
C Cy,. 3.15
" (a+b)(c+d)+c+d RN RG (3.15)
Proof Using (A1) and (A4), we have
sup |Fo¥1 — Fo¥s|
te[0,T]
k k
a bdT
= su lI/ lI/ t) + _—
te] OpT] b/Z i 2 (1_21 a+b)(c+d)
‘ td bT
Wi (t)) = Ji (W (& e —
; ))[]J( 1(1)) ]1( 2(}))]+<(a+b)(c+d)
t 1
+ n)(gz(‘l’l) W) + b(gl(%)—gl(‘lfz)) .
Further simplification yields
a , bdT ;
Fo¥, — FoW,|| < |—— |K{||¥1 — & IT+ —— K} || — -
| Fo¥h — Fo 2”_‘a+b I =¥ + t @b d ¥ = |

bT
a+bcrd) ¢

1
P Ky [|[¥1 = Wa.

p kg |11 — s | +
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Hence one has

1oty — Fowll < (|- |xci s lim e — 24T g T, T Ik
0FL TR =\ gt @+b)c+d)| 7 |@+b)c+d)  c+d|®
+_TE@JX"%_%W (3.16)
Using
a . bdT . bT T
K= (|——|Ki+|iIT+ ———|K k
! (‘a+b 1 +(a+b)(c+d) it (a+b)(c+d)+c+d &2

K )

Then (3.16) becomes

+b

|1Fo¥1 — FoWall < Ky ||¥1 — Wa.

Thus Fj is Lipschitz with constant K € [0, 1).
For the growth relation using (A4;) and (As), we get the following:

S i+ (Y- T
m;’ )+ | =)+

j=1

|[Fo¥| = sup
te[0,T]

g

bT t v 1 w
¥ ((a+b)(c+d) * c+d)g2( )+ (m)gl( )

b\ < td
5 Yo m)b(lﬁ(tj))

’ (3.17)
a bdT
FV | <|—|(CL|l¥] + M IT+ —— (G| + M
IFo¥ |l < a+b‘( W+ M) + +(a+b)(c+d)‘( 2N+ My)
+ bT + T (Ce, I1¥ || + My,)
(a+b)c+d) c+d|* 2 &
1
+ m‘(CgIHWH‘FMgI).
Then (3.17) becomes
[|Fow 0] <A +BI¥],
where A and B are given in (3.14) and (3.15). a

Lemma 3.2 The operator

FY(@t): T —> 7T
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is continuous and satisfies the following growth condition:

1Y < <1 +

b r (Cr + My l1¥ 1) (3.18)
+ . .
@+b)|)ry+n 7
Proof Let ¥, be asequencein By = {¥ € Y : ||¥|| <r} such that ¥,, - ¥ as n — oo.
This implies that

t-sr!

) (h(s, W) — h(s,¥)) = 0, n— o0,

and

(T —s)r1

o) (h(s, W) = h(s,¥)) = 0, n— oo.

Using the Lebesgue dominated convergence theorem, ||F;(¥,) — F1(¥)|| — 0 as n — oo,
this implies that F; is continuous.
For the growth relation, using (43), we then find

|F1(¥ (1)) / (t-9)""|h(s, ¥ (s))|ds

=TO)

+ u+b V1|hslI/ )|ds,

r)J;

t—1t)”
sup |F1(¥(®))| < sup <( 0 +
te[0,7] telo, )\ (¥ +1)

b (e Mpw)
a+b|| )y +1) ] ) 0

b ‘(T—tk)y

I+ 1))(Cf +Mpl¥ 1)),

a+b

IE1¥ | < (1 +

Theorem 3.2 The operator defined as F, : Y — Y is compact and \-Lipschitz with con-
stant zero.

Proof Clearly F; satisfies the growth condition so F; is bounded on By ={¥@ € Y : |¥| <

r}.
Let ¥ € By, we have

1Y < (1 +

: = Cr+ M| W) <
W‘)m(ﬁ Il < Qi

Hence F; is bounded.
Further for 0 < ¢; <t, < T, we show F] is equi-continuous.

|F1(¥ (1)) —Fl(‘l’(tz))|

L (t —s)’” 1|h(s,l,l/(s)|ds TGO )/ (tr —8)"~ 1|h(s,lI/(s))|a's

=T ),
b 1 (T i
+a+bm/tk (T =5 [h(s, w6))| ds

' T-s)! ’h(s, lP(s)) ’ ds.

Ca+bI(y) ),

Page 11 of 17
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One has

(Cr + MrlI¥ D)

|F1(¥ () - Fi (¥ (%)) < T+

(1 —8)" = (2 —1)7).

Asty — by, then |F1(¥(41)) - F1(¥(£,))| — 0. Hence Fj is equi-continuous so F; is compact.
Then, by Proposition 2.3, F; is ¥ -Lipschitz with constant zero. O

Lemma 3.3 The operator
FE:T—>7T

is continuous and satisfies the following growth condition:

bd 77+
D ) (Cr + My 1l). (3.19)

LR (l+ (a+Db)(c+d)

Proof Let W, be asequence in By = {¥ € Y : |¥| < r} such that ¥, — ¥ as n — oo.
This implies that

(t;—s)r>

m (h(S, Wn) - h(S, l[/)) — 0, n— 0o,

Using the Lebesgue dominated convergence theorem, we see that
|E2(w) = ()| = 0 asn— oo.

This implies that F; is continuous.
Further for the growth relation using (A3), then one has

k k
bdT b
’FZ( Zl (a+b)(c+d) a+b]ZT 5) c+d
(- s s WM d
X;/t,_l “Fo (s, (s)) | s,
which yields

sup |F( t) ‘< sup Xk: L x// w’h(s lI/(s))’ds
o) teorl| Ta+b)crd) roy) "V ‘

Thus one has

|Faw)] < e+

Cr +Mf||11/||).

(a+w@+dﬂxzwm(

This is the required relation. O

Lemma 3.4 The operator defined as F, : Y — Y is compact and F, is -Lipschitz with
constant zero.
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Proof It can be easily derived similarly to Lemma 3.3. O

Lemma 3.5 The operator
F:T->7T

is continuous and satisfies the following growth condition:

IEw || < ' (Cr+ Myl ). (3.20)

bd Tv+1
(a+b)(c+d)' “TO)

Proof Let ¥, be asequencein By ={¥ € Y : |¥| <r} such that ¥, - ¥ as n — oo.
This implies that

(T —s)r2

o -1 (h(s, W) — h(s,¥)) = 0, n— oo.

Using the Lebesgue dominated convergence theorem
|E5(@,) = F3(#)|| — 0 asn— oo.

This implies that F; is continuous.
For the growth relation using (As3), then

bdT td 1T 5
BEO) =T e s c+d' “Te-D /tk (=97 hls v 9) s
bdT T _2
S PO 2, gy > [ - e vl

Hence one has

bd y+1 c
FW)|| < M| ]|).
10 < || * 7 & 19)
This is the required relation. d

Lemma 3.6 The operator defined by F5: Y — Y is compact and Fs is -Lipschitz with
constant zero.

Proof The proof is so easy that we omit it. O
Lemma 3.7 The operator
Fr : T —>7T

is continuous and satisfies the following growth condition:

rr
IEaw|| < ' ?
a

+b‘ X F(y+1)(cf + My||¥ ). (3.21)
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Proof Let W, be asequencein By ={¥ € Y : |¥| < r} such that ¥, - ¥ as n — oo.
This implies that

(tj - S)y_l

o) (h(s,¥,) —h(s,¥)) > 0, n— o0,

Using the Lebesgue dominated convergence theorem, ||F4(¥,) — F4(¥)|| — 0 as n — oo.
This implies that F, is continuous.

For the growth relation using (43), then

—_s)v 1
|R4wu»L_ﬂ+b FW)§:/1(Q 8)" 7Y h(s, w(s))| ds,
a (5 —ti1)”
Fu (W (1)) < Cr+ M| )),
ez 5] G < G
a T
IIF4‘I/IIS‘a+b‘X F(y+1)(Cf+Mf||WII).
This is the required relation. d

Lemma 3.8 The operator defined by Fy: Y — Y is compact and Fy is -Lipschitz with

constant zero.
Proof The proof is so easy that we omit it. O

Next we show in combined form thta the four operators Fi, F,, F3 and F4, satisfy the
growth condition and are continuous, then we show the operators F;, F,, F3 and F, are

¥ -Lipschitz with constants zero and co-mpact.

Theorem 3.3 The operators Fy, Fy, F3 and Fy: T — T, are continuous and satisfy the

following relation:

IEL@ ||+ [ + | EsW ] + | o
Ty+1
(a+w‘FW+1)"+w+M@+dAFW)

<
Ty+1

*’m+mw+m‘XFW)+

TY
(@+Db) er+n)
x (Cr + My||W]]). (3.22)

Since F1, F,, F3 and F,, are continuous, F, + Fy + F3 + Fy, is continuous.

Lemma 3.9 The operators Fy, Fy, Fs and Fy: T — T, are compact and \-Lipschitz with
constant zero.

Proof Since Fy, F, F3 and Fy, are compact, F; + F, + F3 + F4, is compact, then, by Propo-
sition 2.3, it is also ¥ -Lipschitz with zero constant. g

Page 14 of 17
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Theorem 3.4 Presume that (Ay), (A3), (A3) and (A4), hold, then the problem 3.2 has at
least one solution ¥ € T and the set of the solutions of the problem 3.2 is bounded in 1.

Proof Let Fy, F1, F», F3and F4, T : T — T be the operators defined in the section above.
They are bounded and continuous. Furthermore, Fj is 1 -Lipschitz with constant K € [0, 1)
and Fy, F, F3 and F, are ¥ -Lipschitz with zero constants. Let

H= {lI/ € T :there exist A € [0,1] such that ¥ = ATW}.

We show that H is bounded in 7. Let ¥ € H, A € [0,1] such that || = A|| T¥||. It follows
from (3.13) and (3.22) that

11 < IM(IE¥ I+ IE W |+ IE¥ |+ 1B W |+ I Fa ),

b v bd T+l
won={asmiens ([ D (i) o
y+1 a 1 )4
(a+b)(c+d)‘1"(y) aib|” r(y+1)}(Mf”w”+Cf)'

This inequality shows that H is bounded; if not, then we assume that ¢ = ||| — oo. Di-
viding both sides of the above inequality by ||¥ ||, we have

Ty+1
IEIAI[A+B||llfll+(1+|a+b|)r§y+1 3+ U+  eiea oy
| —bd T ey ITY
, @i m)g b rW} (M1 + G-

Taking the limit as ¢ — 0o, we get the relation 1 < 0, which is not possible. Then we have

the possibility that T is bounded in 7" and has at least one fixed point. O

Theorem 3.5 Under the hypothesis (As) and if K < 1 holds, where

K:[( " + a ‘x i + b ‘x r +‘l
'y+1) |a+b 'y+1) |a+b 'y +1)
+ bd x i + bd ‘ x ’ )Kq, + |2 |k
(a+b)(c+d) r'(y) |(a+b)(c+d) r'(y) a+b| !
bd ; bT 1 1
‘ T arbcrd) Tevd e ‘ +ng‘]’

the considered problem (1.1) has a unique solution.

Proof Consider ¥;,¥; € T to be two solutions of the given problem (1.1), then

70— T < Ky TV a KylT? b Ky TV
- + X + X
! =T+ avb| T T+ |a+b|” T +1)
KylT?+! Ky TV

+’”<a+b)<c+d>‘x o) " <a+b><c+d>‘x ()
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N N R C R
+b| ! (a+b)(c+d)| "’
bT 1k K, ||w -
+ + + - ,
(@a+b)c+d) c+d| ® |asp| "2
TY iTv b TY
1797 - T, < + || x + x
'y+1) |a+b r'y+1) |a+b r'y+1)
; bd [T+ bd T %
+ 0+ X + X
@+b)c+d)| T@) |@+b)c+d)| Tw)) "
2 ki1 bd |y b1 K,
+ | ——|K; + |1+ + +
+b| 1 (a+b)c+d)| 7 |(a+bc+d) c+d| &
+ m I<g1] ||l1/1 - l1’2”.

Thus T is a contraction mapping and by the Banach contraction theorem 7" has a unique
fixed point. Thus the considered problem has a unique solution. d

4 Test problem
Example 4.1 Lety = %, T=1,a=b=1, c=d =04, and the subsequent problem be

3 __sin(®) 1
DZIII(t)_ 16+[¥ ()]’ te [0’1])t#§;

2
W (3) =5 () = 5500

+ 2
33 =J(¥'(3) = Trigs

w(0)+w(1)=<W 0.49/(0) +0.4¥/(1) = 1),

As regards Theorem 3.4, it is not difficult to see that all the hypotheses are satisfied. Thus,
the said problem has a solution in 7. For the uniqueness we presume Ky = %6, K, = %,
Ky, = 5, K} = &, K} = 2, [ = 1, and by simple computation we have

207 T30 T 307
% ( 1 05x1 0.5 1.25 0.25 ) 1
= + + + + X —
% X /(1) % X +/(77) % X /(1) % X /(1) % X A/ (1) 16

1 1 1 1
+(05x —)+1025x — ) +(1.875x — )+ [0.5x —
30 30 20 10

357

=—, 4.1
1000 @D

From (4.1), we see K < 1. Hence all the conditions of Theorem 3.5 hold. Consequently the
given problem (1.1) under RBCs has a unique solution in 7".

5 Conclusion

With the support of a degree method of topology, we found sufficient conditions for the
impulsive problem (1.1) and by a well-known Banach contraction theorem the uniqueness
conditions have been obtained. A test example is presented and it is observed that our

results are effective under some conditions.
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