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1 Introduction

Applying the Boussinesq and hydrostatic approximation, the so-called primitive atmo-
spheric equations can be derived, and this system is formulated in terms of the Navier—
Stokes equations with the Coriolis force, the thermodynamic equations and the diffusion
equation for vapor [19, 22, 28]. However, few studies have considered the effects of topog-
raphy, changes of the external forcing with time and water vapor phase transitions, which
have remarkable influences on climate dynamics. Based on realistic conditions, Zeng [29]
showed the modified climate dynamics model in the following ways: (1) the effects of to-
pography on the climate dynamics are considered; (2) the phase change of water vapor is
studied; (3) the upper atmospheric pressure is set to zero; and (4) the anelastic approxi-
mation is not required in the system.

Then we show a moving frame (6, A, ¢, £), where 6 € [0, ] is the colatitude, A € [0,27] is
the longitude, ¢ = p/p; € [0,1], p € [0, p;] is the atmospheric pressure, where p;(6, A, £)
is the atmospheric pressure on the surface of the Earth, and ¢ is the time. The atmo-
spheric state functions can be defined by the atmospheric horizontal velocity V' = (vg, v,),
vertical velocity ¢, temperature deviation 7, geopotential deviation @’ and Earth sur-
face pressure deviation p;, the specific humidity ¢, and the liquid water content 1,,. As
the reference standard temperature T(C), the reference standard geopotential ¢ (¢) and
the reference standard Earth surface pressure p;(0, A, t) are determined, we can find that
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7"(;) + T'(0,X,¢,t) is the atmospheric temperature T(0, 1, ¢, t), 5(;‘) + ®@'(0,A,,t) is the
geopotential @ (0,1, ¢, ) and p;(0, A, t) + pl.(0, A, £) is the surface pressure of Earth py(6, 1, £).
All of these state functions satisfy the following system:

T (Ve V)V + g'*% + (2wcos 6 + c"‘Qm)((l)_ol)\/

= V&' —RT'*E + LAV + 1y j{ (G
e +(V* V)T'+¢*”’ L5t +¢(L 4 VE, - V)

:&AT/+VZJ§((§§T)2"T/)+Z—?, 1)

L (Ve V)g+ 5 = A+ v 2 ((45)25) + Fy,

M 4 (V- V), + 0 = A:ww+1)43{((4‘f‘“)28 “) — Fy+ P,
a1"S+V (pSV)+3pSC 0,

9@’ | RT’
K =0,

where w is the Earth’s rotation angular velocity; g is the gravitational acceleration; o, c,
and R are thermodynamic parameters; u; and v; (i = 1,2, 3,4) are the diffusion coefficients;
2wcos 6 ((1) I)l) V stands for the Coriolis force on the atmosphere.
Moreover, we introduce dQ/dt, which is composed of the radiant heating H; and the
latent heating H, caused by the water vapor phase transition, and they give the forms
dQ

% :Hl +H2. (1.2)

Here, we simply assume that Newtonian cooling holds,
Hy = -k, T, (1.3)
where «, is a positive constant.
H, should be closely related to the microphysics processes of condensation and evapo-
ration, and we have

H = _LFq, (14')

where L is the latent heat constant, and

W(T)>, (1.5)

Fy = 82102 (Lf N

which represents the mass of water that is added by condensation or removed by evapo-
ration. 8,7 and 8y, have the following forms:

1, g>qm
81 =681(q—qm) = "
0, g9=qm (1.6)
1, m, >0,

829 = 82(my) =
0, m, =<0,
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where g, is the saturation special humidity. We assume that W(T) is a globally Lipschitz
bounded function, namely

(1.7)

RL —c,R, T
W(T)=qu( s )

R, T? + L2q,, ’

where R, is the gas constant for water vapor. The term P, is the precipitation rate, which
takes the following form:

P.=hi(F)=h (521522 (LC @)), (1.8)

where
hy(x) = (1.9)

andO<a<1,8>0.
In this work, we show that the differential operators grad := V, div:= V- and A on the
spherical surface are

V = (355 25m0 57

a 30 asind or
_ 1 9(sinfvy) 1 vy
V-V= asinf 90 t Zsing o1 (110)
=1 9 (singl 1 92
A= a?sin6 90 (Sll’l9 39) + a2sin?6 912’

where a is Earth radius. And we study the system on £2 x [0, M] := §? x [0,1] x [0,M] =
[0,7] x [0,27] x [0,1] x [0, M], where M > 0 is some time.

Moveover, we choose the modified smooth velocity field (V*,¢*) [18]. Here we set V :=
fol V(0,1,¢,t)de, and decompose p; V into the three parts via

PV =V(x-W)+V¥ + ((1) _01> v, (1.11)

where the function ¥ satisfies

95

A =P (1.12)

ot

and V* can be obtained as follows:

VE=V-p V(x -¥) = (v, v5). (1.13)
Meanwhile, we get ¢* as the solution of

dps 1 [(dpvising  dpvi\  dpiC*

P L (PYesnG 0P OPLT (1.14)
dt  asinf a0 dA a¢

with the boundary condition

£*=0, as¢=0, (1.15)
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which implies that

g _; ¢ 1 dpsv; sind . dpsvi . ps s
asinf a0 aA ot
1 dp;
:__/ V. (iV*)ds “%‘5 (1.16)

Then from the definition of V, we know

~

Y1 (dpwpsing  apv ' 0
f ] DsV sin . DV, dc =/ (psV*) dc = _ﬂ (1.17)
o asinf a6 A 0 ot

and we have
{*=0, as¢=L (1.18)

Then we can give the boundary conditions without relief are as follows: All functions
are 7 periodical with respect to 8, 27 periodical with respect to A, and

av o1’ ) 8 :
Sele=0= 57 le=0 = 5tlc-0 = ﬂh—o = §|:—0 =0,

1 G +kaf(IVDV)le=1 = (v 25 +k52T)|; 1= w19
(uJ" + kaf (1Vaol) (g - qm))|; = e |,y =0,
Cles1=0,  @'|eor = RTSpS(eu)

where the given function T,(6,) is the reference standard surface temperature of Earth,
q7, is the reference standard surface saturation special humidity of Earth, the given func-
tion V10(0, A) is the 10-m wind speed, k1, ks> and ki3 are positive constants and the chilling
coefficient f(| V) is a positive function of |V]|.

There is a huge literature on the study of various atmospheric problems; e.g., in the
1990s, Lions et al. [19-21] gave the new formulation for the primitive equations of large-
scale atmosphere and ocean, and proved the existence of global weak solutions to the ini-
tial boundary value problem. The existence of global attractors to the primitive equations
associated with the atmospheric evolution process have been studied by Chepzhov and
Vishik [9]. Wu et al. [24] obtained the existence of global weak solutions to the climate
model with the effects of topography. Furthermore, Huang and Guo [14, 15] proved the
existence of the atmospheric global attractors of the atmospheric motion model without
or with the effects of topography, respectively, and they also obtained the existence and
the asymptotic behaviors of a weak solution. Recently, Lian et al. [16, 18] addressed the
L!-stability of weak solutions to the atmospheric equations with or without the effects of
topography.

Meanwhile, there are many studies of strong solution for viscous primitive large-scale
ocean and atmosphere equations. Taking the values of the initial data to be sufficiently
small, the global existence of a strong solution to primitive equations was investigated by
Guillén-Gonzalez et al. [10], and the local existence of strong solution to the system for
all initial data was also proved. Furthermore, Temam and Ziane [23] considered the cou-
pled atmosphere—ocean equations and showed the local existence of strong solution. Cao
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and Titi [5] proved the global well-posedness and finite-dimensional global attractors of
the 3D planetary geostrophic model. The well-posedness and long-time behavior of the
strong solution to the horizontal hyper-diffusion 3D thermocline planetary geostrophic
model were also obtained by Cao et al. [8]. In particular, for all initial data, Cao and Titi
[6] proved the global existence of strong solution to three-dimensional viscous primitive
equations. Furthermore, Cao et al. [1, 7] investigated the global well-posedness of three-
dimensional viscous primitive equations with only vertical diffusion, and proved the global
existence of strong solution using H? initial data. Cao et al. [2] also considered the initial
boundary value problem of the primitive equations with only horizontal diffusion in the
temperature equation, and they obtained the global existence of strong solutions using H>
initial data. Recently, the initial boundary value problem of the primitive equations with
only horizontal eddy viscosity in the horizontal momentum equations and only horizon-
tal diffusion in the temperature equation were addressed by Cao et al. [3]. Cao et al. [4]
also studied the 3D primitive equations with only horizontal eddy viscosity in the hori-
zontal momentum equations and only vertical diffusivity in the temperature equation. In
these studies, Cao et al. gave the H? regularity estimates of the strong solution. However,
the upper atmospheric pressure in the references above is treated as a positive constant,
in particular, Lian and Zeng[17] proved the existence of strong solution and trajectory
attractor to a modified climate dynamic model, while the upper atmospheric pressure is
treated as zero.

Up to now, there are some important studies about the well-posedness of the moist
atmosphere. For example, Guo and Huang [11] proved the existence of global weak solu-
tions and attractors to the primitive equations of a moist atmosphere. In addition, Guo and
Huang [12] investigated the existence and uniqueness of global strong solution, and they
addressed the existence of the universal attractor for the large-scale moist atmosphere.
Under a physically reasonable assumption, Zelati and Temam [27] derived the existence
and uniqueness of solution for the specific humidity equation. They also studied the cou-
pling of the specific humidity equation with the temperature equation. Based on [27], Ze-
lati et al. [25] addressed the uniqueness of solution for the system of moist atmosphere
with saturation. Additional properties and regularity results of the solutions were also
proven. Zelati et al. [26] proved the global existence of quasi-strong and strong solutions
of primitive equations in the interest of thinking over vital phase transition phenomena
due to air saturation and condensation. Using the ideas of Cao and Titi [6], Hittmeir et
al. [13] showed the well-posedness for the full moist atmospheric flow model, where the
moisture model is coupled to the large-scale atmosphere equations.

In this paper, we investigate the initial boundary value problem for the climate dynamics
model with effects of topography and water vapor phase transition. Moreover, the heating
is caused by internal sources depending on the atmospheric motion rather than by an
external one, and the internal heating function due to the phase change of water vapor is
approximated by some properly analytical functions suitable for mathematical analyses.
Meanwhile, the upper atmospheric pressure is treated as zero. Based on the initial data
assumptions, the existence and uniqueness of a global strong solution to this modified
climate model is established.

We organize this paper as follows. In Sect. 2, we present the major results associated

with the existence of a unique global strong solution. Section 3 gives some useful lem-



Lian and Ma Boundary Value Problems (2020) 2020:103 Page 6 of 34

mas. In Sect. 4, we will provide some useful proofs, followed by several important a priori
estimates. Finally, the conclusions are drawn in Sect. 5.

2 Main results
We will show the global well-posedness of strong solution to (1.1) and give a simple version
of system (1.1) firstly. From the boundary conditions (1.19), we have

t
p;(e,x,t):—/ V- (550, M)V(0,1,7)) dr, (2.1)
0
. p. ¢ _ ¢
Fb = - a;g_/ V~(ﬁs\/)ds=V~(ﬁSV)§—/ V. (5.V)ds, (22)
0 0
and
T, LT(0,4,s,
o = X1 p;(e,)\,t)+Rf T6.xs0 40 (2.3)
Ps ¢ S

Substitute (2.1)—(2.3) into (1.1) and define the unknown function U := (V, T, q,m,,)7,
then we give the simplification of the system (1.1)

Wy (v*. V)V+§'*% + (2wcosf + ka)((l)’ol)V+RVf; @ds
—RT'm (ﬂfotv'(ﬁs_ dr)+—AV+vli((%)2%),
(5 + (V)T + 4*337;)—%( s§+§( +Vpg-V))
_ 88 \29T dQ
AT 4y ()20 4 92,
Hr (Vg 5= “SAqw ()50 + F,,

(2.4)
e+ (V- Vmy, + OO = B Ay, + v ((55)°%52) = Fy + Py,
u|t=0 = (VO: Vi T ' q> mw)|t=0 = (VOO’ V20, TO!q01 mWO) = UO:
ue,rc)=U®+m,r¢)=UWO,\+2m,8),
Meo=0, G +kafIVIVz1=0,  (n3E + koT)lee1 =0,
(v3 5L + ks3f(|V10|)(61— Gplea1 =0, |; 1=0.
Then we can state the main results of the present paper as follows.
Theorem 2.1 For any M > 0, we assume that
Toecon, T@z0 TE=z0 lmz—:=T>0 (25)
DT
7N—:S(e))\'): ﬁg(@,)\., t)y
0, 8) € WH([0,M]; W ([0, 7] x [0,27])), (2.6)
VIO(Q’ )‘-)r Vl_()l (0’ )‘-) € LOO([O)jT] X [O) 277:]), (27)
gn(6,2) € L2([0,7] x [0,27]),  g3,(6,4) € WH™(10,7] x [0,27]), (2.8)
f(s) e C(RY), Cis* <f(s) <Cy(1+s%), 0=<a<l, (2.9)

|W(s1) = W(s2)| < Csls1 -2l Vs1,82 €R, (2.10)
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|[W(s)| <Cu  VseR, (2.11)

where W (s) is a globally Lipschitz bounded function, Ty, C1, Ca, Cs and Cy4 are positive
constants.

Let Uy = (Vo, T}, qo, muo) € H'(2), then there exists a unique global strong solution U to
the system (2.4) on the interval [0, M] satisfying

V e C([0,M]; H'(£2)) N L*(0, M; H*(£2)),
T e C([0,M]; H (£2)) N L*(0, M; H%(£2)),
q € C([0,M]; H'(52)) N L*(0, M; H*(£2)),
m,, € C([0,M]; H'(£2)) N L%(0, M; H*(£2)).

(2.12)

3 Some lemmas
Lemma 3.1 Note that, from [17], letting ¢ € C*(S?) and V, V1 € C*(S?), we have

/V¢~Vdo:— oV - Vdo (3.1)
S2 s2

and

AV vV AV vV
/AV Vido d¢ = / —ld dc + e a—;d ode. (3.2)

Lemma 3.2 Let V,T,q,m, € H'(R2), then forn=1,2,3

/(ﬁsv* vv—</0{v.(p;v*)+ aﬁ)gx;) Vdodz =0, (3.3)
( VT/—(/Ogv.(ﬁsv*)maps)aaf)rnd dc =0, (3.4)
~ ¢ N dq

/Q( w-(fo V- (psVY) >8€>q dod¢ =0, (3.5)
~ ¢ ~ 1k aps \ 0my, n _

/Q( -Vmw—(/o V- (psV*) + ;¥> Y )mwdod;_o, (3.6)

and
1 !
/(/ VT(S)ds-(ﬁSVH1(/:V-(ﬁsv)ds)T/)dod§=0, (3.7)
2 \J¢ N ¢ \Jo

Furthermore, we recall some useful interpolation inequalities as follows:
(1) For f € H(S?),

Fllsesd < CIF g 1 2 (3.8)

"f”L6 52) S C”f”LAL 52 ”,f”]il(SZV (39)

1
1118 (s2) = C”f||L4 52) ”f”:ll(sﬁ)‘ (3.10)

Page 7 of 34
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(2) For f € H(£2),

3
sy < CUF N g 1 s (3.11)

4 The a priori estimates

Next, we will consider the a priori estimates for the strong solution U/ to the system (2.4).
Using definition of the fluctuation V in [17], we can give the equations of the fluctuation
V as follows:

v ! 1 (¢ ~ e 0D 0 -1\
¥+/0 (VV*V_<?S./(; V(s V) +¢ >8§)d{+2a)cos9(1 O)V
1 1 U I~
R/ / VTS s ng V<Rva-(ﬁsV)dr>
0 Je s 0

Ds

g¢
BN ks1(< )fIVI V) , (4.1)
Ds RT ( ) ¢=1
where
1 -1
VV*V:—(aZV*~VV*+vAcot9 (O )v) (4.2)
a 1 O
We let
V=v-7, (4.3)
which also implies
Vi=VE-VE=V-V=V, V=V (4.4)
Note that
V=0,V*=0, V- (psV*) = - e (4.5)
and we have
1 ¢
- </ V~(1§;V*)ds>—d§
o \Jo a¢
aps ! ~
=Py +/ VV - (V) de
it ey Jo
APy 3P 1o~
_ P P V+/ Vv (5.7 de, (4.6)
ot |, ot 0
ap, [P AV AP P
—ﬂ/ =Py By (4.7)
at ac |y ot

and

1 1
/ VyVde = / Vi Vde + ViV, (4.8)
0 0
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where
~ 1 o~ _~ 0 -1\~
ViV == (aZV*-VV* +vkcot9< )V), (4.9)
a 1 0
— 1 —% 0 -1\—
ViV = = (aZV -VV" +7; cotf (1 0) v). (4.10)
a

From (4.1), (4.6) and (4.7), we get

oV ~ ~ 0 -1\—
— + Vim V+—VV (PsV*) + Vi V + 2w cos 6 ) 1%

Jat
of e
(5w,

Subtracting (4.11) from (2.4);, we also find that the fluctuation V satisfies the following

(4.11)

¢=1

equation:

oV ~ oV
— + ViV - = v (B;V*) ds + ViV + Vi V
ot Ds .

1 ~ ~ 0 -1\~ v
_—VV (ps )+VV*V+2wcos6 V+R/ () ds
1 0 Is N
VT/ V s V s /
// ) dsde + R Ps VP / T'd¢
bs Jo
&¢ &¢
-k == 1400% =—AV == 4.12
“((RT)f(' ) >;=1 P az((RT) a¢> 12
with the boundary conditions
v vV
—| =0, <v1—+kslf(|V|)V) =0, (4.13)
=0 ¢ ¢=1
where
~ 1 — _~ -1\ ~
Vi V== (aZV -VV* + 7, cotd (O ) v), (4.14)
a 1 0
S N 0 -1\—
ViV=—(a"V*-VV +7,cotd V). (4.15)
a 1 0

Then we have the usual energy inequality as follows.

Page 9 of 34
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Lemmad4.1 Under the assumptions of Theorem 2.1, for any M > 0 given, the strong solution
U to the system (2.4) satisfies
t J—
[ v @var
12(%2)

/||ur||H1 dr+/ HT/||L2 dr+/ /f|V| |V|?|;-1 do dt

+/ / T'2|511d0d1+//f(|V10|)q2’C_ldodr§C(M), te[0,M], (4.16)
0 Js2 0 Js2 N

2

V1720 +HT’HL2 )+ 112 gy + 1mll72 ) +

where C(M) > 0 denotes a constant dependent of time M.

Proof Multiplying (2.4) by p;U and using the boundary conditions, we obtain
1d R d [ RT,( [ — Y
—— | p| VP + 5T dd—/Tst-NSVd d
2dt_/_qp< c +q+m>o§+dt Szps<o B:V)de ) do
+,u1/ IVV| dod§+—/ |VT’| do d¢
CpC
vus [ IVaPdode s [ 1Vmfdo e
2 2
+v1/ ps(‘“) () s 25 [7(5) (5
RT ¢ cpco RT
(3w <—T> e

(IVDIVP =1 do +

+
b‘
\
™
/—\
\_/ \_/

\N
A
’\H|
v
ﬂ
“—
QU
Q

1 Ds s
=—/ di(vz+£2T +q>+m )dodg“ Rp 521522§W( )T/dadC
2 Jo dt g ) cpco
~ . WA(T - . WI(T
+/ Ps4621822¢ ( )dU df—/ Psiy 8218258 ( )dU dg
2 2
. T
+/ ﬁsmwhl (82“322( W; )) dU d; (4-17)
2

Thanks to the Young inequality, the Hardy inequality and the Holder inequality, we get

. T
8218228 L )T/dadf‘
2]
— 1 [t 2
<C/ T? do d¢ +8f|V~([3;V)‘ d0d§+8/(—/ V~(ﬁsV)ds> do d¢
7] I?) 2\¢ Jo
§Cf T/2d0d§+C/ |V|2dad§+8C/ \VV|®do dt, (4.18)
fo) o) fo)
~ . WA(T
/Psq521522§ ( )dgdf‘
2
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IA

e 2
C/ q2d0d4“+s/|v-(ﬁg7)|2dad§ +e/ (l/ V-@SV)dS> do d¢
2 2 2\¢

0
§C/ q2d0d§+C/ |V|2dad§+8C/ IVV|?do dt, (4.19)
o) fo) 2

w(T)

/ Pst821822¢ do d?)
I

e 2
5(3/ mfvdaduaf|V-@V)}Zdad;+e/(1/ v.@s\/)ds) do d¢
I7) Q2 2\¢

0

< C/ m? do d¢ +C/ |\V|*do d¢ +5C/ \VV|*do dt, (4.20)
2 0 Q
~ - W(T
‘/ psmyhy <821522§ §( )) do d{"
2

Iq 2
§C/ middd{+€/|v-(ﬁ;7)|2dad§+8/(1/ V-(ﬁs\/)ds) do d¢
o) o) 2\¢ Jo

§C/ mfvdad§'+C/ |V|2d0d{+8C/ IVV|?do de, (4.21)
o) fo) fo)

[(ravion(££) aia)

where C > 0 denotes a constant independent of time M.

do
1

<C+e¢ fs S(Vio)a’|_, do, (4.22)
=

Using (4.18)—(4.22) and the Young inequality, we deduce

d [ . R _,
i, S<V2+%T2+q2+mzw)dad§
d [ RI,

+— =
dt Js2 ps

t 2
(/ V-([ZV)dr) do +CIUlI}p o
0
7112
+ T [+ [ FOVIVPIcardo
+C/ T/2|¢=1da+C/f(|V1o|)q2|{,1dU
s2 52 -
R
§C+/13;(V2+—2T/2+q2+mﬁ,)dod§, (4.23)
Q Co

by applying Gronwall inequality, we can prove (4.16). g

Remark 4.2 Note that, from [17], for the strong solution V, T” to the system (2.4), 5,

t t
f|V|4d0d§+/ / |VV|2|V|2dod§dr+/f
2 0 2 0 2

t
+/ / V"), do dt < C(M), (4.24)
0 Js2

IVV|?do + /
S2 s2

t t
/|V;|2dad§+/ / |VV;|2dod§dr+f / |Vee | do d¢ dt
2 0 J 0 J

AV IE -
3 \V*do d¢ dr

2 t
do + / AV |*do dt < C(M), (4.25)
0 Js2

/OtVV-(pNSV)dr

Page 11 of 34
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(v do < C(M), (4.26)

+[52(f(|V|)|VV|2)|;=1da+f52( Vi |V~VV|2> o

t t
/T;2dod;+/ T’|§=lda+/ /|VT;\2dod;dr+/ / T2 do di dt
2 s2 0 J@ 0 J@

t
+ / / VT'|’|,_, dodr < C(), (4.27)
0 Js2

t 2 t
/’V(@V)’zdad§+/ (/ VV-(ﬁSV)dt) do+/ / |AV|?do d¢ dt
2 s2\Jo 0 Je
t
+/ / |VV;|2dad§dr+/ FIVD|IVEV)) ez do
0o Je s2
do < C(M), (4.28)

"(1V]) 12
+/s( V] |V'V(psv)|);=1

t t
/yVT/]zdadu/ /yAT’\ZdadgdH/ /|VTH2dcrd§dr
2 0 J 0 J

t
+ / / VT'|’|,_, dodr < C(M), (4.29)
0 Js2

and we omit the details of proof here.

Lemma 4.3 Under the assumptions of Theorem 2.1, for any M > 0 given, the specific hu-
midity q to the system (2.4); satisfies

t t
/|q|3dodg+/ / |Vq|2|q|dod§dr+/f
2 0 2 0 2

+ / f F(IViol)lgPlez1do dr < C(M),  te[0,M], (4.30)
0 Js2

2
|q| do d§ dt

0q
a¢

where C(M) > 0 denotes a constant dependent of time M.

Proof Multiplying (2.4); by ps|q|q and integrating the result over £2, we get

dq

2
& lgldo dt

Dilq® do dt +2u3/ IVql®|ql do d¢ +2v3/ﬁ;
2 2

3dt Jo
do

1 [ dp; . - 0q\ -
=—/ P |q|3dad¢—/<(v -v)q+¢*—q)ps|q|qdad¢
Q Q il

3 dt

R fszﬁ«%)zf(wml)qfnlqlq)

w(T

do
=1

)Iqlqdo dg. (4.31)

+ / Ps621622C
I?)

By virtue of (3.5) and (4.16), the Cauchy—Schwarz inequality, the Hardy inequality, the
Gagliardo—Nirenberg—Sobolev inequality and the Young inequality, we find that

.0 -
/Q((V*V)qu*f)psmwdad@=0, (4.32)

Page 12 of 34



Lian and Ma Boundary Value Problems (2020) 2020:103 Page 13 of 34

do
=1

scre [ S(VollaPlado, @33
S

[ ((ﬁ;)zf(wm)qmmlq)

; V- (@sV)(W(T)lqlq) do ds“'

< ClVIa o) + CIVVIIZa g + Cliglizag,

8
<D +Clg?]y
L3(£2)
: iah|  \ T
5 3 3 q
<C(M)+C<”q2“ e )(||q2HL2(:2>+HV( o * le Lz(n)) )
2(q?) #
3
= 00 +¢(Ja! Loy 19D ey | "] )
12(2)
2(q?)

2
L2(.Q))

8 2
5C(M)+C/ﬁ;|q|3dod;+s/ |Vq|2|q|dad;+s”—q‘ lgldo dc,  (4.34)
2 2 2|0¢

§C(M)+C/ ﬁ;|q|3dod§+2§(||v( %)”L2 +H3—
2 ¢

1 [¢ ~
|/ 821822(—/ V- (psV) ds)lqlqdo d{‘
I?) ¢ Jo

1 ¢
SCH—/ V- (psV)ds
¢ Jo

2
+ C”q”fﬂ-(g)

L2(£2)

2
§C(M)+C/ Pilq® do d¢ +8/ \Vql®\q| do d¢ +{;‘/ 94 (4.35)
2 fe) 2|9
- . W(T
/Ps521522§ ( )|q|qd0d§‘
o)
<C V-(ﬁsV)W(T)mmdodc‘
2
1 ¢
+C/ <—/ V-@V)ds)W(T)|q|qdad§‘
2\¢ Jo
§C(M)+C/17s|q|3dod§ +s/ |Vql®\ql do d¢ +e/ 0 (4.36)
2 fo) 2|0

where C(M) > 0 denotes a constant dependent of time M and ¢ > 0 is a small constant such

that

d
dt/psm daducf V4l |q|dad;+c/
+C [ F(Viol) aPlc-rdor
S

<)+ C [ plaldod, (437)
2

by applying the Gronwall inequality, we get (4.30). O
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Lemma 4.4 Under the assumptions of Theorem 2.1, for any M > 0 given, the liquid water

content m,, to the system (2.4), satisfies

Bmw

/|mw| dad§+/ / |V, |? |mwldod§dt+ |my|do dé dt

CM), telo,M], (4.38)
where C(M) > 0 denotes a constant dependent of time M.

Proof Multiplying (2.4), by ps|m,,|m,, and integrating the result over §2, we have

1d

om
——/ﬁs|mw|3dadg+2ugf |Vmw|2|mwldod§+2u4/ps
3dt Q

dp 3 . .*Bm
3 [ im dod;—/g((v g 5

§W>Z;;|mw|mwd0'd§
~ . W(T)
+/ps521522§
I?)

. / Pl (5218225 WET))|mw|mwda dg. (4.39)
2

|mw|do dc

|my,|m,, do dt

Thanks to (3.6), the Cauchy-Schwarz inequality, the Hardy inequality, the Gagliardo—

Nirenberg—Sobolev inequality and the Young inequality, we know that

/ ((V* . V)mw +C* agzw)ﬁslmwlmw dodt =0, (4.40)
2

V (ps T)|mw|mwd0'dé"
< C(IVI72 ) + IVVIiT2q)) + Climullfa g,

<c +Clmi |}

8
L3

(£2)
<C(M)+C<||’”W I L4 ><”mw 2@y + 1V () 2y + il L2<m) )
3 3 8(Wl%) 7
§C(M)+C( my + |V (m2 + = )
” W||L2(_Q) || ( W)”LZ(Q) 8; 12(2)
a(ms)

<CM) + C/stlmw|3d0' dc + §(||V(mv2v)“L2(9) +

2
L2(9)>

¢

§C(M)+C/ ﬁs|mw|3dod§+8/ |V, |?|m,| do d¢
2 2

ve [
2

¢
/521322<lf V-@V)ds>|mwlmwdad§‘
2] ¢ Jo

am,, |
e ‘ | do de, (4.41)
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1 (¢ 2
§CH—/ V. (psV)ds
¢ Jo
§C(M)+C/ﬁs|mwl3dad§+£/ |V, |} \my,| do d¢
2 2
/ dm,, |2
+¢&
2
- . WA(T
/Ps321522§' (7)
2

< C’/;Z V- (V) (W(T)|my|m,) do d;‘

1 ¢
/(—/ V~([9§V)ds>W(T)|mW|mwdad§‘
2\¢ Jo

§C(M)+C/ﬁs|mwl3dad§+£/ |V, |*|my,| do d¢
2 2

2
om,,
+é&
2]

¢

+ C”mW”iéL(_Q)
LX(Q)

|my | do dg, (4.42)

| my, do dC’

+C

(4.43)

where C(M) > 0 denotes a constant dependent of time M and ¢ > 0 is a small constant such

that
d 2
T / Delmy, P do de + C/ |V, | |m,| do d¢ + C/ ‘—‘ |my, | do d¢
<C(M)+ c/ pslmy|’do dg, (4.44)
2
using the Gronwall inequality, we can obtain (4.38). O

Lemma 4.5 Under the assumptions of Theorem 2.1, for any M > 0 given, the specific hu-
midity q to the system (2.4); satisfies

t t
/ q*do dt +/ / \Vql*q® do dt dt +
Q 0 Je 0

+/ / F(IViol)q*le-1do dt < C(M),  te[0,M], (4.45)
0 Js2

2
| fdodedr

where C(M) > 0 denotes a constant dependent of time M.

Proof Taking the inner product of the (2.4); with ;> and integrating the result over $2,

we get
Ld dodf +3 /|V|22dd+3v/ 9q dod
3 PquC M3 q1°q" ao ag 3PsaCQUC
o \?
V; + d
+/ (f(| 10|)(RT) q ) - o

/dps Ydod - /(V* )q+§* éh)[%q do d¢
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Pdodc.  (4.46)

f ps(<§;)2f(lvlol)q243>

Using (3.5), the Cauchy—Schwarz inequality, the Hardy inequality, the Gagliardo—

Nirenberg—Sobolev inequality and the Young inequality, we know that

~ . WA(T
d0+/17s521522§ (7)
t=1 Q

/ ((v* V)q + g‘*?—?)ﬁqudadg =0, (4.47)
2

~ gé‘ > * 3
s\ —= 1% = d
’/;ZP (RT) f(| 10|)qmq l;=1do

V- (P VIW(T)q® do d¢ ‘
2

< C+8/2f(|\/10|)q4|£=1d0, (4.48)
S

CIV 2 + IV Vi) 141 g,

34

1
<con (12l (1 * 196 s

L2(

<c<M(Hq [z + 1 (@) | 2y H H )

90 |2
5C(M)+C/ ﬂq4dad§+8/ \Vq|?q* do d +8/ 8q q*do dc, (4.49)
2 2 2

/(1 /{V~(p~SV)ds>W(T)q3dad§‘
2\¢ Jo
1 ¢ - 2 3 p 7
5C(./Q<E/o Vo(psV)ds) dad{) (/ﬂq dad()

%
<con( [ 1v- @ doac) (1] ey + 196 o+

dq

: )
12(2)

¢

§C(M)+C/ @q4dad§+8/ \Vql’q® do dt¢
2 2

90 |2
t+e& —q‘ q*do de, (4.50)
219¢

- . W(T
/P3521522C ( )rf’dG dC’
I?) ¢
<C(M)+C/ poqtdo de +g/ \Vq|?q* do dt

9
+e —q‘ F do de, (4.51)
2l0¢

where C(M) > 0 denotes a constant dependent of time M and ¢ > 0 is a small constant such
that

2
q*do dc

d d
—f ]Zq4dad§+C/ \Vql*q? do dt +C/ 1
dt Q ko] 2 a

+C [ F(Vol)a'lecrdo
N
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<C(M) + C/ psq dodt, (4.52)
2

applying the Gronwall inequality, we deduce (4.45). O

Lemma 4.6 Under the assumptions of Theorem 2.1, for any M > 0 given, the liquid water
content m,, to the system (2.4), satisfies

t t
/mid0d§+/ / |Vmw|2mzwdod“§dt+/ /
2 0 Je 0 Ja

<CM), telo,M], (4.53)

2

dmy
m m? do dE dt

¢

where C(M) > 0 denotes a constant dependent of time M.

Proof Multiplying (2.4), by psm3, and integrating the result over £2, we know

1d
4dt Jo

+3U4‘/ﬁs
2

1 [ dp;
4 ), dt

P’ do de +3,u4/ |V, |*m?, do d¢
o)

2 2
m? do d¢ + ./s2ﬁs<(%> mi)

m do d¢ —/ ((V* V), +§* amW)ﬁ;mﬁ, do d¢
2 9

am,,

do
=1

W(T)

~ . - . W(T
+/ Ps521522§Lm3Wd0 d§+/ Psh1(521522§ (
I?) ¢ I?)

))mi, dodc. (4.54)

Thanks to (3.6), the Cauchy—Schwarz inequality, the Hardy inequality, the Gagliardo—
Nirenberg—Sobolev inequality and the Young inequality, we get

/Q ((v* V)my, + ¢ aa”;W ) Pt do d¢ =0, (4.55)

/ V- @ V)W(T)m do dé“
2

< C(IV ey + 1V Vl2@) 36 g

23 2 2 Bmi 1\ 2
<con( iy (It + 190+ | 2]
< |m? v (2 o
= Hmw||L2(9)+|| (mw)”L2(9)+ 3 | 2o

5C(M)+C/ﬁ;m;tdad;+s/ |V, |*m?, do d¢
2 2

+(€"/Q
/Q(% /:V-(;ZV)ds>W(T)mfvdod§‘

1

2

(/ midcd{)
12(2) \/ 2

2

0y "2 dor i, (4.56)

¢

1 [¢

0
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2
om;,

= CON (117 # 197+

2 9))

5C(M)+C/ ﬁgm‘*wdcrd§+8/ |V, |*m?, do d¢
fo) o)

dm, |
+8/ " m? do de, (4.57)
2l 9¢
- - W(T) ,
/ps521522§ m,, do d¢
I?)

§C(M)+C/ﬁsmidad§+8/ |V, |*m? do d¢
o) 2

+£/
2

where C(M) > 0 denotes a constant dependent of time M and ¢ > 0 is a small constant such

2

om,,
o 2 do de, (4.58)

¢

that
22 am, |* 2
psm dodt +C IVmW| m,, dodl +C m,, do d¢
dt 2l 9¢
<CM)+C / pomt do de, (4.59)
o)
by applying the Gronwall inequality, we infer (4.53). 0

Lemma 4.7 Under the assumptions of Theorem 2.1, for any M > 0 given, the specific hu-
midity q to the system (2.4); satisfies

t t
/q§d0d§+/ / |Vq§|2dad§dr+/ /qédad{dr+/ ¢l do
Q 0 J2 0 J2 s2

t
+/ / IVql*|;-1do dr <C(M), te[0,M], (4.60)
0 Js2

where C(M) > 0 denotes a constant dependent of time M.

Proof Taking the derivative with respect to ¢ of (2.4);, we find that

dq 1 il e\
a5
+ ((V* -V)q; + C'*q;g) + ((V;* V)g-=V- (17sV*)51§)

ad ad . W(T
() ) "),

Multiplying (4.61) by p;q;, we have

1 d ¢
5%/psq{d0d;+u3/ IVq| d0d§+V3/Ps<§T) %;dUd{

dp
:/ ; 2d dc — / V V);+§q;;)psq{dod{
17
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1 1 95, y
/((V* V)q- V BV - = 2= C%)psqg do di
2 ps ot

L s

oo () o)
+/ 9 <821522§ ( ))psqf dO’ dé’ (462)
a¢ ¢
Similarly to (4.32), we know
_/.rz((V* -V)q¢ +$*qec )Dsqc do dt = 0. (4.63)

By (4.16), (4.24)—(4.26), (4.45), the Gagliardo—Nirenberg—Sobolev inequality, the Young
inequality and the fact that V; = V, we know that

l‘/ﬂ((vc* -V)q - p%v' (BsV™)ac —p%%ﬁqf)ﬁs% do dC‘
=< Cfg((lV;I +IVVel)lgllge| + Ve llglIVae | + VI T; |1V |) do dg
+ CM) g 22
< ClIVelPygy + CIIV Ve 22 + Cllalag e 122 0
+ ClVe 740y 110y + CDNg: 1720
+ C”VHE‘I(Q)H% ||%4(:2) + EHVT£ Hiz(m
< ClVela0) + CIV Vel )
+ C||61||L4(_Q ||Q;||Lz _Q)(Hﬂk ||L2(.Q) + ||VQ:||L2(Q) +[1g¢¢ ”LZ(Q))%
+Cl|V; ||Liz(9)(|| Vellizey + 1V Velliz) + 1 Vee "LZ(Q))% ||Q||%4(Q)
+ C||V||i4(m||6]c ||L%2(Q)(||6Ic 22y + 1V ll2e) + 19z¢ “LZ(Q))% +¢[|Vg; ||iz(9)
+ C(M) 191172
< ClIVelyg) + CIV Vel 2oy + CllVer I g
FC(1+qlag) + 1V o) 14 122 0
+ Cllgl a1 Ve 720y + €CUIVG 12 0) + e 1 72(g)) + CMDIge 1172 )
< CM) + CMDNIge 220y + CIV Ve 22 ) + CllVie 22 0

+ 5C(||V¢I; ”%,Z(Q) + ||CI;{ ”22(9))» (4'64')

where ¢ > 0 is a small constant.
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By applying the Hardy inequality, we find that

0 1 ¢
—| —l=— [ V-@p:V)ds|psq:do d
| /:;8;(;93;/0 v )S)Mfgg‘
ks L 1[5
= / / V.-(psV)ds )q| do +R/ (—/ V.- psV)ds |q;; do dt
Rvy Js2\Jo =1 2\¢ Jo

1[5 2
<CM) + C||q|{:1||iz(52) + CHE/ V- (psV)ds
0

t & ”q{{ ”22(9)

L2(R2)
< CM) + Cligle=1llae) + €lldee 1720y (4.65)
where ¢ > 0 is a small constant, by (4.65),
0 W(T)\ ~
8218 dod
8§< 21800 —— ¢ )Psq; o C’
<CM) + C||q|§=1||iz(52) +ellgee ||iz(9)~ (4.66)

Thanks to (2.4); and by the boundary conditions, we know that

o fopte( () o)
3 < sqclc=1 RT 19

ks [~ . g1 . M3
=0 SZPJ(|V10|)(qm Q)|;1( o +(V* - V)qlea ﬁSAqh:l

().

fkkl) do

do
=1

ks d ks [ dps
2_2—:)33% Psf(|V10|)‘1 |; 4o+ o ,/ Sf(|V10|)q |€ 1do
ks
_3_“3/ IVq[*|;-1 do
V3 S2
K3

_V_S Psf(|V10|)|; I(V* )q|;=1d0

555
vy JoPac \\RT

0ql;-1
ot

f(|V10|)‘12|{:1 do

kg3
+ W s p&f(|V10|)qm<

()L

By virtue of (4.16) and (4.26), we obtain

+ (V* V)qleo1 - %Aqhzl

qc |{1) do. (4.67)

Ks3 dp;
2v3 /SZ dtsf(|V10|)q |§ 1d‘7 =Cligl¢= 1||L2 52y (4.68)
ksB «
P (Viol)g) (V" V)glerdo
V3 =1
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V- (5sV¥)lea do

ksS

v_gfszf(”/wl)q .
1 1

¢ [ ([ 1v-@vlacs [19-Gv)lac)do

< C(M) + Cllgle-rlfaggey + CllVe 22 + CIV Ve 2

< CM) + Cligle=1lijaey + CIV VeIl 0y (4.69)
k3 g
: / 2 a;(( ))!,; S(Vio)*|,_; do| < Cligle-ill}a 2y (4.70)
ks / 2o (1Viol) g, (( “V)qleor - ks = Agle-1 —v3— ((gC ) ) 615|§—1) do
V3 " P a¢ r=1
<CM) + 8||Vq|§=1||1%2(52) + C”Q';:l”iz(sz)- (4.71)
Using (4.63)—(4.71), we have
1d{[| ., ks [ ~
5&(/;21%61; do di + v_3/52psq lc=1do
+c/ |Vq:|*do d¢ +c/ 4, do dt +c/ IVq|*|;o1 do
Q2 2 s2
~ 2 ks3 ~ 2
=CM)+CD| | psq;dodl+— | pq l-1do
2 V3 Js2
ks3 l¢-
+ V—S S (Vaol)a,, qai “do + ClIV Ve |2 + Cllale-t I fagseys (4.72)

which combining with (4.16), (4.26), (4.45) and the Gronwall inequality shows (4.60),

where we use the fact that

ky
3/ /Psf|V10| q ql{ldad ‘

k3 ks ~ .
= / 2 (1Viol)gg| do - —3/ Pof (1Viol) g, q0:-1 do
V3 =1 V3 Js2
P s
/ / P £ (1V10l)4},q) =1 do dt
S2 Bt
< CM) +ellgle=1 17250, (4.73)

d

Lemma 4.8 Under the assumptions of Theorem 2.1, for any M > 0 given, the liquid water

content m,, to the system (2.4), satisfies

t t
/mi;dad§+/ / |Vmw¢|2dad§dt+/ / i, do dg dr
2 0o Ja 0 Ja

<CM), telo,M], (4.74)

where C(M) > 0 denotes a constant dependent of time M.
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Proof Taking the derivative with respect to ¢ of (2.4),, we find that

Oy 1 3 (( g\
0 _“‘*ﬁAm’”_”az« )mW”

. 1 ~
+ ((V* V) + {*mw“) + ((V;* . V)mw - ?V . (psV*)mw;>

IENENTTI2% 3 . W(T)
v (52 ((5) Jme) - (300 57
+ % <h1 (521522é WQET))) (4.75)

Multiplying (4.75) by psm,., we find that

1d \’
2dt/l’smw;d°d§+ﬂ4/ |V | d0d§+v4/ps(g ) W“dodg“
_ dPs 2 do d * ‘e ~
= my, dode — | (V- V)i + &y ) Bomg do dg
o dt o)

/Q((V* V) _iv (ﬁsv*)mw5>ifsmw; do d¢
+V4/ (_(< ) ) )ﬁmm do d¢
<h1(821822§ AL ))psmwc do dt¢

w(T)
/ T (52152%? : )Psmw; do dg. (4.76)

One can easily check that (V*, £*) satisfies

—/ ((V* . V)mW; + é:*mwgg)ﬁsmwg do d; =0. (4'77)
2

By virtue of (4.16), (4.24)—(4.26), (4.53), the Gagliardo—Nirenberg—Sobolev inequality, the
Young inequality and the fact that V" = V, we deduce that

1 ~ ~
‘—/ <(VZ‘ -V)my, - =V - (pSV*)mW;>psmW; do d;‘
2 Ps
SC/ ((1Vel + IV Ve ) lmyl e | + Ve ||| [V | + |V [P ||V |) do dg
2
<C|IVelI? CIIVV; | C 2 2
= clir2@) + ” ¢ ||L2(Q) + ”I’I’IW”L‘;(Q)H}’I’IW; ||L4(Q)
+ CIVe 740y 1M1 74 )
+ C” V”iz}(_q) ”me ”24(9) + 8||VWIW§ ”]%2(9)

< ClIVi o + CIV Ve g,

Nlw

1
+ CllmyllFag) e || o) (170 22y + 11V 20y + e li2(2))
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1 3
+Cl|V; ||L22(_Q)(|| Vellzy + 1IVVellziey + 1 Ver ||L2(9))2 ||mw||i4(9)

[SSY

+ C||V||§4(Q)||mw; ||L%2(Q)(||Wlw; l22) + VP 200y + 170 1 12(2))
+ &V, ||22(_Q)
< ClVelifag) + CIVVelifa o) + CllVee 720
+ C(L+ Il fagy + 1V IZa ) 1700 172 o)
+ Clim a1 Vel 7oy + €CUIV M 1720y + 1 1 72(0))
< C(M) + CM)Imue 172y + CIV Vi 12 gy + Cll Vi 2 g

+eC(IVMue 2 g + 1Ml g), (4.78)

where ¢ > 0 is a small constant.

Using (4.16), the Young inequality and the Hardy inequality, we find that

0 1 ¢ 5 _
‘—/95(821822@‘/0 V-(PsV)ds)psmwgdadg'

¢
f521522<1/ V~(173V)ds)mwadad§‘
12, ¢ Jo

2

2
+ EHMW{{ ||L2(.Q)
L2(£2)

1 ¢
§CH—/ V- (psV)ds
¢ Jo

= C(M) + SHmW{{ ”12‘2(9)» (4.79)

/ V - (55V)82182 W(T) e do d;‘
o

< CM) + ellmyce 1 - (4.80)
Then we get
9 - W(T)\ ~
H—/ ac (521322; T)psmw{ dod| < CM) +ellmy;; ”im)’ (4.81)
2

where ¢ > 0 is a small constant.
Applying (4.77)—(4.81), we deduce that

d ~
—/ psmﬁ,g dodt + C/ IVmW;|2dG dac + C/ mﬁm do dt
at Jo o) 2

< C(M) + CM) 1m0y + CIV Vi 12y + Cll Vi 172 g

+eC(IVimue o g + 1M 72(g)), (4.82)

which combining with (4.16), Lemma 4.3 and the Gronwall inequality gives (4.74). (I
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Lemma 4.9 Under the assumptions of Theorem 2.1, for any M > 0 given, the specific hu-
midity q to the system (2.4)5 satisfies

t t
/|vq|2dad;+/ / |Aq|2d0d§dr+/ / |Vq:|*do dt dt
2 0 J 0 J2
t
+/ f IVq|?|;-1do dt < C(M), te[0,M], (4.83)
0 Js2

where C(M) > 0 denotes a constant dependent on time M.

Proof Taking the inner product of (2.4); with Ag, we find that

1d 1 gt \*

—— | |Vql’dod —|Aq*do d f—~v2dd

mfg' 4l a§+/t3fm7§| g do dz +vs Q(RT)| g do d
do

o [ ((85) sovar)

:/ (V*-V)qudad§’+/ ¢*q Aqdo d¢
2 o

+/ (821822§W(T)>175Aqd0 d;
2

+ /52 <%/(|V10|)612Aq)

Thanks to (4.16) and (4.25), we get

do. (4.84)
¢=1

/ (V*-V)qAqdo dg‘
2
2
2 2 2
=< C” V||L4(.Q) ”Vq”LéL(_Q) +& ” Aq”LZ(Q)
1 3
< ClIV Iy 1Vl 2 o) 1Vl 20y + 1 Agl202) + 11V l12(02) 2 + €1 Al )
< C(L+1IVIFa) IVl g + €CIAGIT o) + €1V 12 q)

< CM)IV4ll}2g) + CIIAGI T o) + €IV 172 ), (4.85)

where ¢ > 0 is a small constant.
By (4.16), (4.28) and (4.60), we infer

’/ g“'*q; Aqdo dg ’
2

5cfsz</ol</0{|v-(ﬁv*)|ds+ )Iq;llAq|d§>dc

1 1
<c|, (/0 V- GV Pde + C(M)> (/0 |q;|2d¢) do + el AqlEg,

< C(/SZ(/OIW'(ﬁsV*)!ZdC +C(M)>2da)%(/sz(/ol|q;|2d¢)2da>%

9Ps
ot
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+elAglyg,

<o [ ([v-@vtaocan) ae) ([([acar) ac)

+elAglyg,

1
- C</0 [V @V 2 |V - @V oy B2 + C(M)>

1
X (/ lgz ll22s2)1g¢ ||H1(s2)d§) + 8||ALI||22(9)
0

<C(|v- @V)”LZ(Q) +CM))(| V- BV) ||L2(Q) +|a@v) ||L2(Q))
x e 2oy (g 2oy + 1V e l200)) + €||A61||22(_Q)

< CM) + CDNAV 12 + €l AGIIT ) + €1V 172 (4.86)

where ¢ > 0 is a small constant.

Applying (4.16), (4.60), the Hardy inequality and the Young inequality, we also obtain

¢
R/ ~1 (/ V-(@V)ds)Aqdad(‘
2 Ps¢ \Jo

< C|V- @V)ds| 20 1Al 2(2) < CM) + £ Al g, (4.87)
/: Aqdcd{‘<C )+8||Aq||L2 (4.88)
Ps
[ & (Vioh Aqlcas da| < CO + 61 glcr e (489)
/521522— T)psAqdo di| < C(M )+8||Aq||%2(9)1 (4.90)

where ¢ > 0 is a small constant.
By (4.85)—(4.90), we obtain

d
—/ |Vq|2dod§+C/ |Aq|2d0d§+C/ IVq|*do d¢
dt Jo Q Q

C/ Vet do
SZ

< C(M) + CDVqll72 o) + CIAV 2 (4.91)
which combining with (4.16), (4.28), (4.60) and the Gronwall inequality shows (4.83). O

Lemma 4.10 Under the assumptions of Theorem 2.1, for any M > 0 given, the liquid water
content m,, to the system (2.4), satisfies

t
/|Vmw|2dod§+/ / |Am,, | do de dt
fo) 0 Je

t
+f / |V, |* do dt dt
0 2
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=C), telo,M], (4.92)
where C(M) > 0 denotes a constant dependent of time M.

Proof Taking the inner product of (2.4), with Am,,, we know that

1d

1 2
ig‘/QmePdaﬂk +M4/(2Z|Amw|2dad§+u4/9(§_;> Vi | do di

:/ (V*~V)mwAmwdad§+/ f*mW;AmdedC
2 2

+/ h1<521822§: Wé(_T))p:Amwdodg
2

—/ 821522{“ Wé(_T)ﬁ;Amde' dé‘ (493)
2

By (4.16) and (4.25), we obtain

/ (V* . V)mWAmwda d{‘
2
< c/ V1V, Pdo di +el| Amy |2
2

< CIVIso) IVl 2a ) + £l A2

1

1 3
=< CIV s IVl oy (19202 + I A2y + V0 l2()

)
2
+ 8” AmW”L2(Q)
< CL+ VI IVmuliFs g +eCllAM T g + el VI g
E C(M)”VWIWH%Z(Q) + 8C”Amw||32(g) + Ellvmw”iZ(Q)’ (4'94')

where ¢ > 0 is a small constant.
Thanks to (4.16), (4.28) and (4.74), we have

/ f*mwg Am,, do d¢ ‘
2

fcfsz</ol</f|V-<ﬁsv*>|ds+

1 1
EC/sz</ |V~(ﬁsv*)|2d§+C(M)>(/ Imw;|2d§>d0+£||Amw||i2(9)
0 0

el ([ s con) ) ([ ([ o) )

+ 8” Amw”iZ(_Q)

el [ ([ e con) ) [ ([ ) )

+ 8” Amw”i2(9)

~

op

s
at

>|mw{ | |Amw| dC) d()



Lian and Ma Boundary Value Problems (2020) 2020:103 Page 27 of 34

1
- C</0 [V @V 2 |V - @V iy B2 + C(M)>

1
X (/ 172z 1| £2(s2) 170w || 111 52y df) + £||Amw||i2(9)
0

= C”V ’ (15;\/) ||L2(_Q)(“V ’ (ﬁsv)”ﬂ(n) + ||A@V)||L2(Q))
X (e 200y (170 120y + 1V e 1 12(2)) + 8IIAmwlliz(m

< CM) + CDIIAV T2 + el Amylla ) + €1 Ve Il (4.95)

Q)

where ¢ > 0 is a small constant.
By (4.28), the Cauchy—Schwarz inequality, the Hardy inequality and the Young inequal-
ity, we get

f h <521522§ W;T) )]ZAmwdo dc
I?)

_/ 821822€: Wé(-T)ﬁsAmde' dé’ H
2

<C

/ 80180V - (B, VYW(T)Am,, do d{‘
2

+C

¢
/(521522§/ Vo(ﬁs\/)ds)W(T)Amdedg“
2 0

+C

/ Am,, do d;‘
o)

< C(M) + || Amy 172 (4.96)

where C(M) > 0 denotes a constant dependent of time M and ¢ > 0 is a small constant such
that

d
—/ |Vmw|2dad{+C/ |Amw|2dcrd§+C/ |V |* do d¢
dt Jo Q2 2

< ) + CODIAV |2y ) + CODIVrmul2a g, (4.97)
thanks to the Gronwall inequality, we deduce (4.92). O

5 Conclusions
5.1 Proof of Theorem 2.1

Proof By (4.16), (4.26)—(4.29), (4.60), (4.74), (4.83), (4.92) and the proof of the short time
existence in Refs. [10, 23], we can extend the strong solution U to the system (2.4) beyond
M,, contradicting the fact that M, is a finite maximal time of existence. This contradiction
means that M, = +00; then we get the global existence of strong solution.

Next, we will show the uniqueness of global strong solution as follows: let (V1, T}, 41,
my1) and (Va, T}, g2, myn) be two strong solutions of system (2.4) on the time interval
[0, M] with the initial data (Vo1, Tg;,qo1, #wo1) and (Voz, Ty, go2, Mwoz), respectively. De-
fineV=V,-Vo, T' =T - Ty, q = q1 — g2, My, = My1 — Myy. Then V, T', g, m,, satisfy the
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following system:

G = AV - v (G250 + Vi V + Vi Vs
—(f0 V.- (psVi)ds + a”SC)
(f0 V. (psV*)ds)Wz +2a)cos0( DV + Rfl VIO g RT/V"S

- v @ [V -(7:V)dr) =0,
S5 - ’i; AT - c’%;—{((iﬁazE +EVE VT + 5V V)T,
S TAVRARAN DR S PRI (pSV*)ds)"Tz
+ 5 f V- (p:V) ds—EVps-v_o, (5.1)
!~ 135 Mg —vagr ((ffT)2 S+ (Vi Vg + (V* - Vg
- i(fo V@V ds) gL - 2 (fy V- BV ds) G2
521‘322 fo V-GV dsW(T) Mv - (VIW(T) =0,
o — tage Ay, —vage (52 52 + (V- V)my, + (V- Vg
l(fo V- (B Vi)ds) e - L([ V- (5 V) ds) ez
- 5V (V) dsW(T) + 2V - (5V)W(T)
521522 Js V- (BV)dsW(T) - 'Szll%v-(ps wW(T)) =0,
with the initial data and boundary conditions as follows:
(V=05 T'|t=0, qlt=0, 1 |1=0)
= (Vo1 = Vo2, Ty — T, Go1 — qo2, Mwor — Miuo),
V., T, q,my) (0,4, p)
=V, T,q,m,)0 +m,A¢)=(V, T ,q,m,) (0, + 27, ), (5.2)
Wlewo=0,  2l0=0, L0 =0,a%2| =0,
(157 av +ka (F(AVID VL = f(IVa ) Va))le=1 = 0,
(sz + kT )21 =0, (vs 321 +kaf (1 Vio)g)|¢=1 = amwl; 1=

Note that, from [17], we can find that

1 T.[ [ — 2
4 ps|V| dod§+§i/ g(/ V~(ﬁsv)dr) do dt +M1/ IVV|®do d¢

2dt Jo b,
+”1/ps<g§) a
et [ () G -svanv) - -va)

< CM)(L+ 1V Var T2 ) IV I72 g + C|| T/||§2(m

¢
+R/ T/<l/ V'(ﬁs\/)ds)dodz;
I?) ¢ Jo

+ellVVI g + el Vel Z2 ) (5.3)

VI2
do dt

do
=1
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and

Rd R 2T \?
—2—/@T'2dad;+ﬂ/|VT'|2dadg+—"'§/ﬁS(£> < ) do dt
() dt Q CpCy J2 CpCo J 2 RT 8;‘

() )
pCo JS§?

= C”V”izm) +CM)(L+ | VT, ”;(m) I T/“;(Q)

¢
—R/ T/(l/ V~(ﬁSV)ds>dod§
2 ¢ Jo

FElVV 2, + €l Ve 22y + VT/”;(Q) ve| T Hiz(m. (5.4)

do
=1

Next, multiplying (5.1); by psq, we know

1d

P Psq *do dt +M3/ |Vq|*do d¢ +1)3/ ps(i)
do

2dt RT
2
+k33/ m((ié) f(|V10|)q2>
¢=1
=_/dps Fdo di - /( ViV <f§ (BV) - ps;) ) do d¢
dr Ps q- A Ds o

__/Q(V 'V)42Psqd0d{+/g(/o V. (pV)d5>_§qd de
1 [¢
B / 521522(— / V-(ﬁSV)ds>W(T)qdad¢
Q ¢ Jo

q

5 do d¢

+ / 821522V . (ﬁs\_/)W(T)qu d;, (55)
2

by applying (4.16), (4.24)—(4.26) and (4.45), we get

v, (L Bps dq
—/Q<V1 Vq (ﬁs/ V(s VYY) - >8§>psqdod§ 0, (5.6)

/ (V* . V)qzﬁsqda d;‘
I?)

sCf V1iglIVas| do de
2

<C| V||L4 @ gl IVl 2o

3
= CIIVII IVil22) + IV VIl22) + Ve l20) *

Iz _Q)(
X 1l (N2 + 1Vl + 12 li2i@) IV a2li2c0)

<ClIVIg + CA+1VElG o) gl g + €1V VT g
+elVi g + €1Vl gy + £llg: I g

< ClIVlja g + CDIgl72 g + IV V2 o) + €l Vel 7 o)

Page 29 of 34



Lian and Ma Boundary Value Problems (2020) 2020:103 Page 30 of 34

+ 8||Vq||1%2(9) + 3”0]{ ”12,2(.(2)’ (5.7)

¢
/(/ V-(ﬁs\/*)ds>@dad§‘
2 \Jo ¢
1 i 1 ) 1 3
cf (/ (|V|2+|VV|2)dc> </ |612§|2d§) (/ |q|2d;) do
s2\Jo 0 0
1 2 i
C(IVilz@) + IVVi2e) (/52 (/ |6I2;|2d§> dU)
0
1 2 i
(L] arac) o)
s2\Jo
1 1 ] 1
<C(||V||L2(sz)+||VV||L2<9))(/ (/ |612;|4d0) dC) (/
0 s2 0
3 3
x( [ |q|‘*do) dz)
S2

1 3
<C(IVllz@) + 1IVVIi2@) (/ lg2¢ 2252y Il g2z 1 12 s2) d()
0

1 3
« ( / 2 1l d;)
0

1 1 1
<c(l anz(m IV VL g2() e 1 2o g (N2 1 22 g + 190 1 )

x ||q|| (||q||L2(Q + ||Vq||L2(Q)
< COD(1+11Vgar 1720 191720 + CIV 1720

+8||VV||%2(9) + Sllvq”iZ(g)’ (58)

/ 82180V - (B V)W (T)g do dC‘
2
<C+ClVIig + ClIVVIiag) + Cllal}a gy (5.9)

1 r¢
/ 821522(— / A (ﬁ;V) ds) W(T)qdo df‘
I?) ¢ Jo
<C+ClVIig + ClIVVIZyg) + Cllgl}aq)- (5.10)

By (5.6)—(5.10), we have

d 2\ (dq\°
o [ o dc + s / Val? do d¢ + v, / ’”(R_%) (5) do d¢

()

< ClIVIlja g + COD(L + IVga 320 19172 + EIVV 2 gy + €Nl Ve 720

do
=1

+ Vgl o) + €llge 172 o) (5.11)
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Similarly, taking the inner product of (5.1), with p;m,,, we get

1d
2dt ), psmm, dﬁd§+ﬂ4/ |V, deC+V4/Ps<g§>

_1[aps s (v~
_2/;2 7 mwdodg“f (ps(V1 V)m
¢ ~ o ODs ) 0my
_</ V- psVY) - —— P g“) ;n )mwdodg
0 ¢

—/ (V*~V)mwzﬁgmwdo dc
2

+/ 1<f{v (NV*)d)a "2 Bemy do dt
= *\Ps S sy A0
2 Ps \Jo 4 ¢ P

¢
—/ 521522(1‘/ V-(ﬁsV)ds)W(T)mwdadg
2 ¢ Jo

2
om,,

¢

do d¢

+/ 821822V(ﬁ; \_/)W(T)mwdod;“
2

—/ 521522}11(((l /gv(ﬁs\/)ds) +V-(1?S\_/)>W(T)>mwdad§, (5.12)
12, ¢ Jo

then using (4.16), (4.24)—(4.26) and (4.53), we obtain

. ~
/ —(Ns(vl* -V)m,, - (/ V- (BsVy) - aps;) amW)mwda dc =0, (5.13)
2 o ot ac

[ (v Vymapim, o d;“’
2

C [ Vil ool do de
2
< C||V||L4(:2)||mw||L4(Q)||Vmw2||L2(9)

3
< C||V|| (V2@ + 1V V20 + 1 Vell22)

L2(2)

3
X ”mw” Imwll 29y + IVl 20y + 1mue ll2i0)) * 1 Vel 2 o)

12(R) (|
8 2 2
=< C” V”LZ(_Q) + C(l + ”Vme”LZ(_Q)) ”mw”LZ(_Q) + SHVV”LZ(Q)
+e| Ve IILz(Q + 8||VmeILz + & || My IILz(Q

< ClVIa o) + CODlImy 7o g + €lIVV T2

+ 8” V{ ”22(9) + EHVmw”%Z Q) + SHWZWZ ”22(9)’ (514')

¢
/([ v.(ﬁsv*)ds)am“d d;‘
2 \Jo a¢
1 3/l 5/ 1 3
c| (/ (|V|2+|VV|2)d¢> (f |Wlw2;|2d§) (/ |mw|2d¢> do
s2\Jo 0 0
1 2 i
C(IVilz@) + IVVi2g) (/;2 (/0 |mw2;|2d§> dU)




Lian and Ma Boundary Value Problems (2020) 2020:103 Page 32 of 34

1 2 i
x(/ </ Imw|2d§) do)
s2\Jo
1 b
<C(IVliz@) + IVVizg) (/ (/52 |Wlw2:|4d0) d()
0
1 b N\
x(/ (/ |mw|4do> d{)
0 s2

1 2
<C(IVl2e + IIVV||L2<9>)(f 722 [l 22(52) 1722 ||H1<sz>dé“>
0

1 2
X (f 177211 252 | 79230 || 111 52 dC)
0
1

1 1 1
< C(IVllz) + 1V Vllz2@) 1z 1 ) (100 2 gy + 1910 1 2 )

1 1 1
X ||mw||L22(Q)(||mW||L22(Q) + ”VmW“LzZ(Q))
2 2 2
= C(M)(l + ”VmWZC ”LZ(Q))”mW”LZ(Q) + C” V”LZ(_Q)
+ellVVIiag) + el Vil g, (5.15)

/ 5182V - (BV)W(T)m,, do d;‘
22

< C+ClVIPayg + CIVVIZ g + Cllmy 22 ), (5.16)

1 ¢
/ 821522(— / V. (ﬁ;V) dS) W(T)WIW do dé"
2 ¢ Jo
< CHCIVIPag + CIV VI g + CllmylZs ) (5.17)
Thanks to (5.13)—(5.17), we deduce

om,,

d . , / 2 ( >2
— s, dode + C | |Vm,|*dod +C/ dod
g7 /QP ¢ 5 ¢ o\ oz ¢

< CM) + COD(L+ Ve |22 )l 2o g + ENV V22 ) + €1 Ve g

+ellVmylifag) + el 7o) (5.18)

Summing (5.3), (5.4), (5.11) and (5.18), we find that

d ~ I ) 2 d ([ ~77 ?
— ps(|\/| +T” +q +mW)+R% — V.-@sV)dtr | dod¢
s 0

dt 7] 21;;
av | T’ |I?
+C||VV||§2(Q)+CH— +C||VT’||§2(Q)+CH
8{ LZ(.Q) a{ L2(.Q)
aq 2 am,, ||
+ C||Vq|? +CH— + C|| Vi, |? +CH
L2(2) 9¢ |l 12 Y@ ¢ |2

. C/Sz((f(wu)vl CF(VA)VA) - (Vi = Vi) ler s

+C/ T/2|;=1da+C/ 7l do
52 52
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< CO)(1+ 1 Vi) [ VP dode
+CM(1+ | VT, ||§2(m)/9ﬁsT/2da dc
+CM)(1+ IIqugllfz(Q))fQﬁsqsz dc
+C(M)(1+ ||Vmwz;||§2(m)/9ﬁsm§vdo de, (5.19)

applying the Gronwall inequality, we can complete the proof. 0
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