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1 Introduction and preliminaries
Consider the following fractional Schrodinger equation with electromagnetic fields and

critical or supercritical nonlinearity:

(=AY u+ V(x)u :f(x, |u|2)u +AulPu, xeRN, (1.1)
where (-A)S, is the fractional magnetic operator with 0 <s <1, N > 25, A >0, 2} = z\?ivzs'

p > 2, f isasubcritical nonlinearity, and V € C(RY,R) and A € C(RN, RY) are the electric
and magnetic potentials, respectively.

The fractional magnetic Laplacian is defined by

. u(x) — ATy (y) 451 (M22s)
(_A);M(x) = CN,s lim N ()1 d : CN,s =— 2 .
"0 JBg(x) o = I 72| (=)
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This nonlocal operator has been defined in [4] as a fractional extension (for any s € (0, 1))
of the magnetic pseudorelativistic operator or Weyl pseudodifferential operator defined
with midpoint prescription [1]. As stated in [17], up to correcting the operator by the
factor (1 - s), it follows that (—A)%u converges to —(Vu — iA)*u as s — 1. Thus, up to
normalization, the nonlocal case can be seen as an approximation of the local one. The
motivation for its introduction is described in more detail in [4, 17] and relies essentially
on the Lévy—Khintchine formula for the generator of a general Lévy process.

The main driving force for the study of problem (1.1) arises in the following time-
dependent Schrodinger equation when s = 1:

maa—w - i(—mv + A@)*Y + PV - p(x, ¥ 1), (1.2)
t 2m

where 1 is the Planck constant, m is the particle mass, A : RN — RY is the magnetic poten-
tial, P: RN — R¥ is the electric potential, p is the nonlinear coupling, and v is the wave
function representing the state of the particle. This equation arises in quantum mechanics
and describes the dynamics of the particle in a nonrelativistic setting [2, 15]. Clearly, the
form ¥ (x, t) := e"’w”rlu(x) is a standing wave solution of (1.2) if and only if u(x) satisfies
the following stationary equation:

(=ieV + A)%u + V(x)u :f(x, |u|)u,

where ¢ = 1, V(x) = 2m(P(x) — @), and f = 2mp; see [3, 5, 7, 8]. By applying variational
methods and Lyusternik—Schnirelmann theory Ambrosio and d’Avenia [1] proved the ex-
istence and multiplicity of solutions for the equation

szs(—A);/su + V(x)u :f(|u|2)u

when ¢ > 0 is small. Recently, Liang et al. [14] obtained the existence and multiplicity of
solutions for the fractional Schrédinger—Kirchhoff equation

sst([u]sz,AE)(—A)fqgu + V@)u = |ul> 2u+ h(x, |u|2)u

with the help of fractional version of the concentration compactness principle and vari-
ational methods. If the magnetic field A = 0, then the operator (-A)% can be reduced to
the fractional Laplacian operator (—A)*, which is defined as

u(x) — u(y) dy=Cy, lim u(x) — u(y)

N |x_y|N+25 £—0+ ]RN\BE(x) |x_y|N+25

(=A)Y’u(x) = CN'SP'V../R

The symbol P.V. stands for the Cauchy principal value, and Cy 5 is a dimensional constant
that depends on N, s, precisely given by

_ 1-cos¢y !
o= ([ s 4e)

It is well known that the fractional Laplacian (—A)® can be viewed as a pseudodifferential
operator of symbol |&|%, as stated in Lemma 1.1 in [6]. Simultaneously, problem (1.1) be-
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comes the classical Schrodinger equation
(=AY ’u+ V(x)u f(x,|u| )u+k|ulp 2y, xeRN, (1.3)

Recently, there has been a lot of interest in the study of equation (1.3) and other related
nonlocal problems. See, for instance, [6, 10-13, 16, 21-23] and the references therein.
For more results about dealing with magnetic operators, see [9, 20]. Nonlocal problems
also appear in other mathematical research fields. We refer the interested readers to [18,
19] for mathematical researches on Kirchhoff-type nonlocal equations, where Tang and
Cheng [19] proposed a new approach to recover compactness for the (PS)-sequence, and
Tang and Chen [18] proposed a new approach to recover compactness for the minimizing
sequence.

Most of the works mentioned are set in RN, N > 2s, with subcritical or critical growth,
and to the best of our knowledge, no results are available on the existence for problem (1.1)
with supercritical exponent. In this paper, we aim at studying the existence of nontrivial
solutions for critical or supercritical problem (1.1).

To reduce the statements of the main result, we introduce the following assumptions:

(V) Ve CRN,R),0< Vp:=inf,gn V(x), and limjy_ ;00 V() = +00.

(fi) f € C(RN x R,R), and there exists 2 < g < 2¥ such that

0| < C(1+18")

for all (x,t) € RN x R, where C is a positive constant.
() flx, ) =0(1) as |t| — 0 uniformly in x € RY;
() f(x )t > LF(x,1) := qfo (x,7)dt forall (x,£) e RN x R;
(fa) co:=infycpn g Flx,2) > 0.
For a function & : RN — C, we set

[l = /R N ) = D) dxdy

|x _y|N+2s

and
D (RY,C) = {ue L* (RY,C) : [u]} < +oo}.

Then we may introduce the Hilbert space
H; (RN, C) = {u e D} (RV,C): /RN |u|? dx < +oo}

endowed with the scalar product

Cn.s [u(x) — )4 Fy V] - [v(x) — %) Ay, )]
(V)4 1= 2R v N+2 b
2 R2N |x — y|N+2s
+R uvdx

RN
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and norm
ol = (),
where R(z) is the real part of a complex number z. By Lemma 3.5 in [4] the em-

bedding HS(RN,C) < LY(RY,C) is continuous for any ¢ € [2,2{], and the embedding
H3(RN,C) = Lt

loc

(RN, C) is compact for any ¢ € [1,2}). Moreover, set
E= {u EHZ(RN,C) :/ V(x)|u)? dx < +oo}
RN

with the norm

2
flel” =

]124+/ V(x)|u|? dx.
2 RN

By assumption (V) the embedding E < H(RY,C) is continuous.
For convenience, we define the homogeneous fractional Sobolev space

D2 (RN) = {u e L% (RN) : |£°iu(E) € L*(RY)},

which is the completion of C3°(RN) under the norm

ol s ey : fl( A)iul’ dx = / &% |2

Define the norm on H*(RY) as follows:

2 1
l3all sy = [ /R e )] ds + /R y uzdx] = [l gy + 126172y 12

Moreover, the best fractional critical Sobolev constant is given by

||M|| 2(RN
DS2(R:
S:= )

in 7.
ueDs2®N)\0} [l
Our main result is the following:

Theorem 1.1 Suppose that (V) and (fi)—(f1) are satisfied. Then there exists Ao > 0 such
that for each X € (0, Ao],problem (1.1) has a nontrivial solution u;,.

As a complement of Theorem 1.1, by the Pohozaev identity we can deduce that the equa-
tion

(~AYu + pu = rulfu, xeRN,

with p > 2% and (v > 0 has no nontrivial solution for all 1 > 0. Indeed, let u € E be a weak
solution of the problem. Then we have the following Pohozaev identity:

1 C _y 2 1 )"
E N.,s / |ua(x) — u(y dxdy + _M/ |u|2dx = —f |ul? dx. (1.4)
2 2 Jpn Ix—yl‘“s 2 Jey P Jry

S
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Moreover, taking u as the test function, we have

CL/ () — 04y ) 2
R2N

2 _
2 |x_y|N+25 dxdy+,u/RNu dx—k/RN |ul? dx. (1.5)

Taking into account (1.4) and (1.5), we can derive that

p=2 Cns / lu(x) — ATy (3) 2
2% 2 R2N [ _y|N+25

S

-2

dxdy + p—u/ u’dx =0,
2 RN

which implies the conclusion.

2 Proof of Theorem 1.1

It is well known that a weak solution of problem (1.1) is a critical point of the following
functional:

1 1 A
Ix(u)=—llull2——/ F(x, |ul?) x——/ |ul? dx
2 2 RN P JRN

1 Cyy 1 1 A
-—. [u]? + —/ V(x)|u)? dx — —/ F(x, |u|2)dx— —/ |ul? dx
2 2 2 RN 2 RN P JRN

1 CN,S/ |u(x) — EPACT

RN |x_y|N+2s

1 A
_—/ F(x, |ul®) x——/ |ul? dx.
2 RN P JRN

Clearly, we cannot apply variational methods directly because the functional /j is not well
defined on E unless p = 2. To overcome this difficulty, we define the function

u(y) dxdy+1/ V(x)|u|? dx
2 RN

|2t if |t| < M,
¢() =
MP=9|t|972¢ i |t > M,
where M > 0. Then ¢ € C(R,R), ¢(t)t > g®(¢) := qfo 7)dt >0, and |p(t)| < MP~9|¢|77!
for all £ € R. Set ;. (x,t) = Agp(£) + f(x, |t|*)t for (x,£) € RN x R. Then A, (x,t) admits the
following properties:
() hy e CRN xR,R),and |/, (x, £)| < AMP-1|¢]971 + C(|t| +|¢]971) for all (x, £) € RN x R.
(hy) hy(x,0)t > qH, (x,t) := qfot h(x,7)dt > 0 for all (x,£) e RN x R.
(h3) inf N o Hu(x,8) > 2 > 0.
Let

1
Joa) = 3l - / Hi (x,10) dx
RN

1 1
'S[u]i+—f V(x)|u|2dx—A/ CD(u)dx——/ F(x,|u|2)dx
2 RN RN 2 RN

By (%11)—(%3), (V), and the mountain pass theorem, using a standard argument, we easily
see that the equation

C

1
2

(=AY u + V(x)u = h; (%, u)
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has a nontrivial solution u; € E with J; (i1,) = 0 and /(1) = ¢) := inf, e, supte[o,l]])\(y(t)),

where

I :={y € C([0,11,E) : ¥(0) = 0,/: (v (1)) < O}

We further set
1 1
Ja) = <l - E/RNF(x,W)dx
1 Cus 1 1
=5 [u]i+§/]RN V(x)|u|2dx—E/RNF(x,mF)dx,

r:={y €C([0,1},E): y(0) =0,/ (y(1)) < 0}
and

c:=inf sup J(y(¢)).
vel tefo,1] ( )

Then I" C I and ¢; <c.

Lemma 2.1 The solution u;_ satisfies ||u; ||* < %cx, and there exists a constant A > 0 in-
dependent on ) such that ||u, ||> < A.

Proof By (hy) we know that

!

qci. = qh.(u3) = ali.(wp) — (J; (w2, w3

- (g - 1> . Cg” (]2 + (g - 1) fRN V(x)|us |* dx
+f [h,\(x,uk)u,\—qH,\(x,ux)] dx
RN

q 2
>(1_-1 ,
_<2 >||MA||
2

which means that ||, ||> < %ck < qfqzc := A > 0. This completes the proof. O

Lemma 2.2 There exist two constants B, D > 0 independent on A such that || |u; || o < B(1+
AP

2(8-1)

Proof Forany L >0and B > 1,set y(a) =aa;"  ,a € R, where a; := min{|a|,L}. Since y is

an increasing function, we have
(a - b)[y(a) - y(b)] >0, Va,beR.

Let &(¢) = g and I'(¢) = fol(y/(t))% dt for t > 0. Then if a > b, then we have

?'(a-b)y@-y®)]=@-by@-y®)]=(a- b)/b y'()dt

Page 6 of 10
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a a 2
:(a—b)/b (F/(t))zdtz(/b F/(t)dt)

= |r(@-r®)|.
If a < b, then we can use a similar argument to obtain the conclusion. It follows that
(a-b)[y@-y®)]=|ra-re|
for all @, b € R, which implies that
7 (jm@)]) = T (|l 0)])
< (|| = [ 0[] - [(10:7 ")) = (121a T ") )], (2.1)

2(8-1)

Choosing u,u;; "~ as a test function, where u; ; := min{|u, |, L}, we obtain

R[/RN [f(x, |u,\|2)m + )»d)(uk)]u,\uu dx:|

_ CN,sR
2
[ (%) — DA 1, ()] - (w2 ) () = €645 (1,300 (9)] e
x R2N |x y|N+2s X y

2B-1
+/ Vi(x )|u1|2ukf ) dx.
]RN

Note that

[16(6) — 45, ()] - [0 7)) — A "”)(u 1 "))
= [us(x) — e"(’“‘y)'A(%)Mx()’)] [ur @)V ) — A U () 57V )]
= @[] " - uux)me-“x-“(%2““”(y)

2 2(B-1
—u,\(y)u,\(x)e ()4 u“ (x)+ |u,\(y)| uk(f )

- o a2 ol s
|”)~0’)| “xL

= [Ju )] - Iuml] : Um(x)!uiff*”(x) ~ w2 Vo).

Consequently, by (2.1) we have

RI:/RN [f(x, |ux|2)ux + M)(uk)]muu dx:|

_ Cws f ot ()] = b Q)1 - [y @127 ") = s Q)70
- R2N

2 |x_y|N+25

+/ V(x)|uA|2u“ ) dx
RN
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- @f |7 (|ux (@)1) = T (|2 (1))
- 2 R2N |x_y|N+25

dxdy+/ﬂ; (x)|m|2uif U dx.
For any ¢ > 0, by (f;)—(f2) and properties of ¢, there exists C, > 0 such that
If (x,1£1%)| <& + Celt]2
and
p(0)] < elt] + Cele)*™!
for all (x,£) € RN x R. Thereby, for fixed A > 0 and small & > 0, we have
If (%, 1£1) £+ Agp(8)| < Vole] + (1 + A)Cle|e™

for all (x,£) € RN x R. Simultaneously, I'(|u;|) > %|uk|uf’21, and

Cg,s[ (| )‘|)]HS]RN = ||F(|MA|)|

Ds2(RN) >S||F(|M)\|) S|||M)L|M

> ﬁ2
Therefore, taking into account (2.2)—(2.4) and condition (V'), we can see that
2

xSl I,

Cns
= g[ (|”/\|)]HS(RN)

SR/ [f(x,|uk|2)ux+A¢(ux)]uku“ ) dx - / ()|z4A|2uiiS U dx
RN RN

5/ Volu)\lzuif 2 dx+(1+k)C/N|uk|quiff_l)dx—/ V(x)|uk|2u“
RN R RN

<C(1+ A)/ |uxlqui(5_l) dx,
RN ’

which implies that

01! 2*<C(1+A)ﬂ / |u;, |qu2(ﬁ D dx.

Setting w; ; = |u,\|ufll, by the Holder inequality we can derive that

”W)LLHZ* <C(1+)\,)ﬂ / |u)\|q 2|M)L|2 Zﬂ 1) dx

q-2
§C(1+/\)ﬂ2(/ |MA|2:dx>25 (/ |w“|sdx) ,
RN RN

= ¥ (q 5 € (2,27).
By Lemma 2.1 we have

m*‘w

where o

2 2 2
Iwicllye < CQA+A)B7IIWaLllyy-

(2.4)

) dx

(2.5)

Page 8 of 10
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Now we observe that if |u; |# € L% (RN), then from the definition of {u; 1}, the inequality

u;,r < |u, ], and (2.5) we obtain

llws,cll3 < C(1 +/\),32(/N oty | P dx) ' < +00. (2.6)
R

Passing to the limit in (2.6) as L — +00, by the Fatou lemma we deduce that

1

621y < CF (VT 207 87 11 (27)

whenever qulﬂ"‘s* e LI(RN).
Now set 8 := = > 1. Since |uy | € L% (RN), the inequality holds for this choice of 8. Then,
since B2} = ,BZS, it follows that (2.7) holds with B replaced by 82. Consequently,

IA
N"_‘

i (IR g7* 12631 o

1 1

=CP(W1+0)Ppe |||ux|||ﬁ2*
< CP(VIT 0P 87 CHVIT P 7 [l

” |24, ”/322;

|~

1s

(S

_CFEWTT R B ]

Iterating this process and recalling that o = 2%, we conclude that for every m € N,

(2.8)

” |UA| ”ﬁMZ;F < CZim:I é (m)ZZ1 #132721 é

Setd, => 1 1,31 and e, =) 1 1,3r Then d,, — o1 >0 and e,, — 09 >0 as m — oo. Then,

taking the limit in (2.8) as m — +00, by Lemma 2.1 we have
[0 oo < CHVT42)71 72 C 1= B+ 2)°,
where B:= C*1°2C > 0 and D := %. This completes the proof. d

Proof of Theorem 1.1 By Lemma 2.2, for large M > 0, we can choose small A > 0 such that
el llzoe < B(1 + A)P < M for all A € (0, 10]. Consequently, u;, is a nontrivial solution of
(1.1) with & € (0, Ag]. This completes the proof. O
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