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1 Introduction

Let us consider the following nth order linear differential equation:

Yoy =), telo1], (1)

i=0

where the coefficients a;(-), i = 0, 1,...., n, and the right-hand side f(-) are continuous func-
tions on [0, 1]. Moreover, a,,(t) > 0 when ¢ € (0, 1] and a,,(¢) is equivalent to t* when t — 0,
i.e., equation (1) has a singularity at the point £ = 0 of order w. It is known thatif 0 < . < 1,
then all solutions of equation (1) belong to C”[0, 1]. Hence, in this case we can pose the
same boundary conditions for (1) as for a nonsingular equation. In particular, at the point
of singularity the following Cauchy conditions can be posed:

y(l)(o):()’ i=0¢1y...,7l—1.

In the case > 1, there are, in general, no finite limits lim;_,¢ y(i)(t) foralli=0,1,...,n-1.
Therefore, the Cauchy conditions have no meaning. The main aim of the paper is to pose
“generalized” Cauchy conditions for (1) at ¢ = 0, which would be correct for any 1 > 0.
The problem will be solved in the following way. Let y; <1,i=0,1,...,n— 1, be an arbi-
trary set of # real numbers and y, = 1. Suppose that the set of numbers & = (g, o1, ..., )
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is such that

ai=yia—-vi+l, i=12,...,n, @)

and o is calculated from the equality

nw=vo+apg+n—1.

That gives
n n-1
Z(xi =W, Vi=ay + Z(ak—l) <1, i=0,1,...,n-2,andy,.1=a,<1. (3)
i=0 k=it+l

Using this set of numbers @ for y(¢) € C"(0, 1], we construct the following operations:

D2y(t) = t*0y(t),

; d d d
Diy(t) = t¥ — %1 — . T —My(F), i=1,2,...,n.

() dt dt dt O "
We call this differential operation (or operator) D% the multiweighted derivative of the
functiony of order i, i =0, 1,...,n. At the point of singularity ¢ = 0 of equation (1) we pose
the boundary conditions

Diy(0)=0, i=0,1,...,n—1, (4)
where each Df;y(O) =0,i=0,1,...,n—1, is understood in the sense of the existence of the
finite limit lim,—,o DLy(t) = DL y(0). Conditions (4) are the required “generalized” Cauchy
conditions, and in the paper we prove that problem (1) and (4) with (3) has a unique solu-
tion.

Let us note that the operator D, gives the basis for a space W,z = W/ 5(I) of functions
y:I — R with the finite semi-norm

Iylwe. = |Day],
where 1 < p<00,1=(0,1) or I =(1,00).

The idea to study function spaces with the purpose to apply them to different problems
concerning differential equations appeared in works by Sobolev in the thirties. From this
time the theory of Sobolev spaces has been developed to be a very powerful instrument
for solving boundary value problems of differential equations. Moreover, such concept
as a “weight function” was introduced to take care of different problems connected to
singularities. Correspondingly, Kudryavtsev presented a fairly complete theory of one-
dimensional Sobolev spaces with power weights (see, e.g., [8—15] and the references given
there). He considered a space L, , = L) (/) of functions y : / — R, which on the interval /
have nth order derivative with the finite semi-norm

Iylleg,, = £y ,-
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For the interval / = (0,1) it was shown that if y > n — 117, then the function y, in general,
does not have finite limit value when ¢ — 0. Thus, the introduction of an additional func-
tion as “weight” does not always solve singularity problems. This argumentation served
as a motivation for constructing the operator Dy and defining the space W, with n + 1
weights. The theory of the function space W, generalizes the previous theory of the
function space Ly, In the series of works (see, e.g., [1-6]) there were considered similar
problems for the W' as those considered by Kudryavtsev for the space L; . The results
for the space W} cover such singularities that cannot be handled by one weight, but can
be handled with many weights, and they give the basis for the main result of the present
paper. More precisely, in the paper [5] it was shown that the properties of the space Wy,
are dependent on the values y;, i =0,1,...,n — 1, in accordance with which we have the
following three cases of the degeneration of the weight functions %, i=1,2,...,n:

1. Ymax = MaXo<j<p-1Yi<1-— 117 (weak degeneration);

2. Ymin = Milg<j<y-1Yi > 1 — }g (strong degeneration);

3. Ymin<1- }7 < Ymax (mixed degeneration).

Then in the paper [6] it was proved that, for any function y € W, the condition
Vimax < 1— 1% (weak degeneration) is necessary and sufficient for the existence of limit values
lim,_,o Dy(t) = Dgy(0) for all 0 < i < n — 1. If we resolve the equalities in (3) with respect
tow;, i=1,2,...,n, we get the equalities in (2). Moreover, by the assumption the values
vi,1=0,1,...,n -1, satisfy the condition y; < 1. Thus, we have a weak degeneration of the
weight functions t%, i = 1,2,...,n, which guarantees the existence of characteristics at the
singular point £ = 0.

The paper is organized as follows: In Sect. 2 we collect all the required notations, def-
initions, and statements; in Sect. 3 we state and prove our main result concerning the

existence of a unique solution of problem (1) and (4).

2 Preliminaries
Let us introduce the following family of functions Ky (x,t), k = 0,1,...,n, assuming that
K,(x,t) =1, K,_1(x,t) = fxt sl ds, K, _o(x,t) = f:y“"”-Z fxy s1 dsdy and, in general,

t 7981 tn-2
Ki(x, t) =/ t,;ff“f Lpokez / £ dt, ydty - dtr, k=0,1,...,n-1,
X X X

for t > x. Moreover, we assume that K (x,¢) =0, k=0,1,...,n—1, for t <x.
Let n—1 > k > 0. Ifin the integrals of K (x, t) we successively change the variables ¢,_; =

XTy_1,bp-g =XTy_2, «ov) bis1 = XTky1, WE get
— _ t
XK (x,t) =x %Ki [ 1, —
X

and

XK (x,t) > x %Ki (1,2) forO<x <

N |~

i.e., the function x™*" K («, £) has a singularity at zero of order x77 for 0 < yx < 1.
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Letn—-1>k=>0,i=kk+1,...,n— 1. Changing the order of integration and using (3),
for t > 0, we get

t
/ s Ki(s, t) ds

th—2
/ / tkf{Hl/ B / Lo dty oy dty o - - A ds
+1 tp—2 tn-1
= / fr! / b " / £, / S ds by - Aty dtyn
0 0 0

th-2

= = tkf{m / tkfgn .. / t;f’{” dt,y - dire dips

n—

[
’O‘kﬂ t’ak+2 3 t ~¥Yn-3 dt .. dt dt
(1 = 1)(1 V- 2) k“ k+2 n-2 n-2 k+2 Alki1

== — g | gidta =did' ™, (6)

]_[z k+1 1 - Vl) /

where dj = T

Lemmal Lety, 1 <1.Then,fory e C"(0,1] satisfying the condition supy.,., |Dgy(t)| < 0o,
there exists D= y(0) and the estimate

g1l |D2‘{1y(t) - Dg’ly(0)| <d,_1 0supl}Dgy(t)| 7)
<t<

holds.

Proof. Indeed, by assumption it follows that the function t™*7DZy(t) is absolutely
summable on the interval (0,1]. Therefore, by Newton—Leibniz formula for 0 < ¢t < 1,

we have
t
/ ~*nDEy(s) ds = hm / —Dz Ly(s) ds
0
= D' y(t) = lim Dy~ y(e) = Dy~ y(t) = D' /(0). ®)

Since a, = Y1 and y,,_1 < 1, from (8) we get

tl VYn-1

Vn-1

|DEy(t) - DE'y(0)| < sup |D2y( |/ ~n s = sup |Dy t)|

The last gives (7). The proof of Lemma 1 is complete.

Lemma?2 Letn—-1>k>0andy;<1fori=kk+1,...,n-1.Let a function y € C"(0,1]
satisfy the conditions: sup,_,; |D2y(t)| < 00 and DLy(0) =0, i =k +1,...,n— 1. Then there
exist DX 29(0) and

Yk 1’D y(t) — Dy y(O)’ )

Ky(t) = DEy(0) + / Ki(s, £)s™ " Dly(s) dis. (10)
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Proof. Since supy,; |D%y(t)| <ooand y; < 1,i =k, k+1,...,n -1, from (6) we have that
the function K;(s, t)s~*"DZy(s) is absolutely summable on (0, £). Therefore, there exists

t
/ Ki(s, t)s " DZy(s) ds
0

t —a Liv1 _a tn-2 o In-1
:/ ti+1”1/ z+2LJr2 o f tn—ilil/‘ _Q”D"J/(t )dt dty_y---dtin (11)
0 0

foralli=k,k+1,...,n-1.
Since D2'y(0) = 0, from (8) we have

t
DEYy(t) = f £, Diy(t,) dt,, te(0,1].
0
The last, together with (11) for i = n — 2, gives
D2y(t) — DE2y(0) = / £ / £, Diy(t,) dt, dt,_1.

By the condition DZ%y(0) = 0, hence

D2y (1) = ] o f £ Dy (6l b 1.

If we continue this process, using the fact that DLy(0) = 0, i =k + 1,...,n — 1, and the
finiteness of (11), we get

tn-1
DELy(t) = / £ ke / AR / £, D2y(t,) dt, dt, 1 - - - dtys.

That gives

tp-1
Ky(t) — DEy(0) = / teor! / Lok f £, D2y(t,) dt, dt, 1 - dtia
- f Kils, )5~ Dliy(s) ds, 12)
0

i.e., there exists DX ~¥(0) and (10) holds. From (6) and (12) we have

|D y(t) - D 0)| < sup |D y(t)|/ Ky (s, t)s™“" ds-

1 -
m’f " up [Py(o)
=k \L = Vi <t=<

Thus, we get (9). The proof of Lemma 2 is complete.

Corollary 1 Let n—1> k > 0. Suppose that the conditions of Lemma 2 hold and Dgy(O) =
0. Then

D%y(t) = /t[Q(S; ) _Q”Dn)’(S)ds (13)
0
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and

sup 7' |Diy(t)| < d; sup |Diy(t)] (14)
0<t<1

0<t<1
fori=kk+1,...,n—-1.

Lemma 3 Lety:I — R be such thaty € C"(0,1]. Then

k
yO) = byt 00 KDEy(e), k=0,1,...,n, (15)
i=0

where biy =1, k =0,1,...,n, and coefficients by;, i = 1,2,...,k -1,k =1,2,...n, and by,
k=1,2,...n, are defined by the recurrent formulas:
bri=bi-1i1+ biri(vi—vo—o— (k=1))  and bro=-bi_1o(ao + k- 1).

Proof. For k = 0, we have

y(t) = tDLy(t) = bt "Dy (t),

o

where by = 1.
For k = 1, we have

DLy(t) = £ (oot DYy(t) + £/ (£)).

o

That, using a1 = yo — y1 + 1, gives

Y (£) = —aot ™™ D2y(2) + t“"o_“lDi—y(t)

— bllotyo—yo—ao—ngy(t) + bl,ltyl—yo—ao—lDéy(t)’
where bly() = —bol()(Ol() +1-— 1) and bl,l =1.
Now, we assume that
k-1
SN0 = 3 b gt h Dl

i=0

is true. Then, using (2), we get

k-1
y(k)(t) _ Z bk_LitVf—Vo—ao—(k—l)—OtmDlgly(t)
i=0

k-1
+ Z br-vi(vi—vo — oo — (k- 1))tyf_y°_a0_kD£7y(t)
i=0

- bk_l’k_ltl’k—l—Vo—ao—(k—l)—akD/aiy(t)

k-1
+ Z bk_l,l‘_ltyi_l_yo_ao_(k_l)_aiDi;y(t)

i=1

Page 6 of 11
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k-1
+ Z bi1,i(vi = Yo — atg — (k — 1)) 7707207 KDl g (¢)
i-1

+ bk-l,o(J/o —Yo—oo— (k- 1))tV°‘V°“*°‘kD%y(t)
= —by_10(0tg + k — 1)o7 1070k ply(y)

k-1
+ Z(bk—l,i—l + b (Vi = vo — otg — (k = 1)) #7070 KDLy ()

i=1
+ bk—l,k—l trk=Yo _ao_kDgy(t).

The last implies (15). The proof of Lemma 3 is complete.

3 Main result
Theorem 1 Let (3) hold. Let the coefficients a;(t), i =0,1,...,n, of equation (1) be contin-
uous functions on (0, 1] and satisfy the conditions

att <a,(t) <ct’, wu>0,te(0,1], (16)
a;(t) =o(t"™™), i=0,1,...,n-1, fort >0, (17)
where the constants ¢, > 0 and ¢y > 0 do not depend on t € (0,1)]. Then, for any u > 0 and

for any function f(-) continuous on [0, 1], there exists a unique solution of problem (1) and
(4), and the following estimate

Z sup 7 |y®(#)| < ¢ max |[£(2)] (18)
k=0 ©

<t<1 0<t<1
holds, where ¢ > 0 does not depend on f .

Proof. If we substitute (15) in (1), then we have

> (Z ﬂi<t)bakt”‘y°‘“°"’) Dhy(e) = £(0).

k=0 \ i=k

By introducing the notations @ (2) = Y 1, a;(£)b;xt" 70707, k =0,1,...,n, we get

> " G(6)DEy(t) = f (). (19)
k=0

From conditions (16) and (17) we have

=< Zin(t) =<, te (0: 1]) (20)

@@ =o(t* "), k=0,1,...,n-1, fort — 0. (21)

By condition (3) we have that ¥, <1,i=0,1,...,n — 1, therefore (14) and (13) are valid for
k=0.
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Let z(t) = a,(t)D2y(t), then from (4), (13), and (19) we obtain

t n-1
z(¢) +/ Zak H)Ki(s, t)s™"a, Y(s)z(s) ds = f (). (22)

Now, we prove that integral equation (22) has a unique solution continuous on [0, 1], for
which the estimate

nax |2(0)| = & max (0] 23)
holds, where ¢ > 0 does not depend on f.

Despite the fact that integral equation (22) has the form of a Volterra equation, (5) im-
plies that the kernel of the integral operator in (22) is unbounded if, for some 0 < k < n-1,
we have 0 < y, < 1. Therefore, we cannot apply the regular theory of Volterra integral equa-
tions in the space of continuous functions (see, e.g., [16]). Hence, let us first solve equation
(22) on some interval [0, 8], 0 < § < 1, using the method of contraction mapping (see, e.g.,
[7]).

By (21) there exists 1 > § > 0 such that

L sup Z T 1(1_ |ak t)’t Tk =g<1. (24)

0<t<5

In C[0, §] we consider the integral operator

-1 t
Kz(t Z a(t) / Kic(s, 1)@, (s)z(s) ds,  t € [0,8].
=0 0
Due to (6), (21), and (24) we have

sup |Kz(t < sup Z|ak(t)|/ Kk(s,t)s’“”|a,,(s)| |z(s |ds

0<t<é 0<t<$

< sup 6112|ﬂk t)’ sup ’z t)’/ Ky (s, t)s™%" ds
0=t= k=0

=] sup Z T 1(1_ G sup lz(t)| = q sup |2(2)|.

0<t<8

Therefore, K is a contraction operator in C[0, §]. Applying the method of contraction map-
ping to integral equation (22) ([7], pp. 88—89), we have that equation (22) has a unique
solution zp € C[0,§]; in addition, maxo<;<s |Zo(£)| < ¢o maxo<¢<1 |f(£)|. The successive ap-
proximations zy, z1, ..., Zy, ... to this solution are of the form

t n-1

20+ [ S EOKs 05, 21 ds =£0),
0 k=0

where any function from CJ0, §] can be chosen as the first approximation z(¢).
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Thus, we have found the solution zy € C[0, §] of equation (22) on the interval [0, §]. From
equation (22) we have
n-1
Zo(8) =f(8) - Z (8) f Ki(s,8)s™" 1 (5)Z0(s) dis.

k=0

Let us now solve equation (22) on the interval [§, 1] with the condition
2(8) = zo(6). (25)

On [§, 1] we present equation (22) in the form

z(t) + Zak(t (/ Ki(s,t)s _“”Zigl(s)z(s) ds + /;Kk(s, t)s‘“”ﬁ;,l(s)z(s) ds)

=f(t).

Since z = Zg on the interval [0, §], we have
n-1 t
2(t) + Y () f K (s, )52 (s)2(s) ds
k=0 8

n-1 §
=f(t) - Zﬁk(t) / K (s, t)s‘“"ﬁ;,l(s)éo(s) ds. (26)
k=0 0

It means that the kernel of the integral operator K is continuous on the bounded set § <
s <t <1.Hence, equation (22) is a regular Volterra integral equation on the interval [§, 1].
Therefore, it has a unique continuous solution z; on the interval 3, 1] (see, e.g., [16]), for
which the estimate maxs<;<1 |z1(£)| < ¢1 maxo<,<1 |f(¢)| holds.

From (26) we have

n-1

21(8) =£(8) - > _d(5) f Ki(s,8)s™" @, (5)Zo(s) dis.

k=0

The last gives that zo(8) = z1(8), i.e., (25) holds. Hence, the function

belongs to C[0, 1] and it is a unique solution of (22). From the estimates for zy and z;, we
get (23) with ¢ = max{co, c1}.
Thus, problem (1) and (4) is reduced to the problem

Dy(t) = a, ()z(2),
Diy(0)=0, i=0,1,...,n-1,

27)

with condition (3), where z € C[0, 1] is a unique solution of (22).



Kalybay Boundary Value Problems (2020) 2020:110 Page 10 of 11

Since z € C[0, 1], the function @;,'(¢) = (a,(¢)t )" is continuous on (0, 1] and by (20)
we have that % <@ < ﬁ, t € (0,1]. Then from (27) we get Diy(t) € C(0,1] and
SUPos<; [D2y(t)| < 0o. Moreover, by condition (3) we have y; <1,i=0,1,...,n— 1. Then,
on the basis of Lemmas 1 and 2 and from (13) and (14), we get

t
Dipt0) = [ Kl DIy ds
0
t
= [ Ko7 E G s, =011, o8
0

and the estimate

) d:
sup t”"’1|Dgy(t)| <d; sup |D§y(t)| < = max |z(t) , i=0,1,...,n. (29)
0<t<1 C1 0=t=1

0<t<1

From (29) the uniqueness of problem (27) follows.
From (23) and (29) we obtain
cd

sup £ HDiy()| < 22 max |f(¢
05t£1 | el )| T a Oﬁtﬁllf( )

, i=0,1,...,n (30)

Since i = Yy + ag + 1 — 1, from (15) we have
k
kR (1) = Z brt"IDiy(t), k=0,1,...,n.
i=0

The last, together with (30), gives the estimate

sup |t"’"+ky(k)(t)| < ¢ max V(t) , k=0,1,...,n,

0<t<1 0=t<1

where ¢ > 0 depends on ¢, ¢1, d; and by, k,i =0,1,...,n, and does not depend on f. The
last implies the validity of (18). The proof of Theorem 1 is complete.

Remark 1 Under the conditions of Theorem 1 problem (1) and (4) is solvable for any set

ag, o, ..., &, satisfying condition (3).
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