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1 Introduction
In this paper, we devote our study to the kind of p-Laplacian differential equations
Riemann-Stieltjes integral boundary value problems involving tempered fractional deriv-

atives as follows:

R (0, (DY u(0)) = £ (8, ule), u(®)) + gt u(®)), t<[0,1],

u(0) = 4/(0) = - - - = u"2(0) = 0,

¢p(§D;" u)(0) =0, (L.1)
u(1) = B fy e u(e) dt,

RD (@, RD w))(1) = [ aORDI> [0, (DI (1) dA(E),
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wheren—1<a; <n,l<ay;<2,0<p<y1<ay—-1,B8<a andA>Oisconstant,<ppisa

p-Laplacian operator. g]])‘fl"\ are tempered fractional derivatives, which are defined by
g]D)‘Zl”\u(t) _ e—,\thztxl (e“u(t)). (1.2)

Here, D! denotes the standard Riemann-Liouville fractional derivative

n

RDY u(e) I u(t)), (1.3)

:%(0

where (I} for v > 0 is the fractional integral operator of order v defined by
1 t 1
Ly =—— t—s)V” ds. 1.4
ol ¥ F(u)/o( )" Y(s)ds (1.4)

A is a function of a bounded variation, fon u(t)g]D)fz’k[(pp(g]l)?l"\u(t))] dA(t) denotes a
Riemann—Stieltjes integral with respect to A. By using the sum-type mixed monotone
fixed theorem based on the cone Pj, we show the existence and uniqueness of positive
solutions for the p-Laplacian differential system (1.1).

In recent years, many theories and experiments have shown that a large number of
abnormal phenomena that occurs in the applied science and engineering can be well
described by fractional calculus. Especially, fractional differential equations have been
proved to be powerful tools in the modeling of various phenomena in various fields of
science and engineering, for example fluid mechanics, physics and heat conduction; see
for instance [1-6]. Meanwhile, it is well known that the p-Laplacian operator is also used
in analyzing biology, physics, mechanics and the related fields of mathematical modeling;
see [7-14]. In [7], for studying the turbulent flow in porous media, Leibenson introduced

the p-Laplacian differential equation as follows:

(0o @) =f(t,u®), ' (t)), te(0,1), (1.5)

where @, (s) = [s|’~%s, p > 1. Motivated by Leibenson’s work, Guo et al. [8] studied the exis-
tence of a solution for an ordinary differential equation m-point boundary value problem
with p-Laplacian operator. Lu et al. [9] investigated a fractional differential equation for a

two points boundary value problem involving the p-Laplacian operator as follows:

Dh (¢, (D& u(®) =f(t,u(t)), 0<t<1;
u(0) =4/ (0) = u'(1) = 0; (1.6)
D%, u(0) = DS, u(1) =0,

where 2 <a <3,1< B <2and g,(s) = |s]P%s. DF,, Dg+ are standard Riemann-Liouville
fractional derivatives. By employing the Guo—Krasnosel’skii fixed-point theorem and

upper—lower solutions method, the existence of positive solutions was obtained.
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In [10], Ren, Li and Zhang studied the existence of maximum and minimum solutions
for the following nonlocal p-Laplacian fractional differential system:

~D} (@, (-D x1)(8) = fi (31 (), %2(0)),
~DP (0, (-D?22))(t) = o1 (1), % (2)),
x(0)=0,  D'x(0)=D{"x1(1) =0,  x1(1) = f x1(t) dA1(2),
%(0)=0,  DPx(0)=D?x(1) =0,  x(1) = f %2(t) dAs(2),

where Dy, Df " are the standard Riemann-Liouville derivatives satisfying 1 < o, ; < 2,
fol x;(t) dA;(t) denotes a Riemann-—Stieltjes integral and A; is a function of bounded varia-
tion, ¢, is a p-Laplacian operator. By using the monotone iterative technique, some new
results as regards the existence of maximal and minimal solutions were established, and
the estimation of the lower and upper bounds of the maximum and minimum solutions
was also derived.

Recently, in [15], we investigated the conformable differential equation with p-Laplacian
operator as follows:

T (@p(TO ul2))) = £ (6 u(t), TS u(?)),
u0)=0,  [,(Tou)]9(0) =0, (1.8)
(T3 u@®)]-1 =0,  [T5 (0p(TS ult)]i=1 = O,

where n -1 <o <n and TD‘T is a new fractional derivative called “the conformable frac-
tional derivative” By using the Guo—Krasnosel’skii fixed point theorem, some new exis-
tence conclusions of positive solutions were obtained to the boundary value problem (1.8).

In [16], we continued to investigate the existence of multiple positive solutions for high
order Riemann-Liouville fractional differential equation involving the p-Laplacian oper-
ator as follows:

KDY (@, BDYue)) = £ (&, u(0), DY u(t)), 0<t<1;
uP0)=0,  [p,(D!w)]?(0)=0, i=0,1,2,...,n-2
[ngM(t)]t:I =0, 0<B<a-1;

[thﬂ((pP(gD(;u(t)))]t:l =0;

wheren - 1<a <mn, gD‘: is the standard Riemann-Liouville fractional derivative, ¢, is
the p-Laplacian operator. By means of the Leggett—Williams fixed point theorem and a
functional-type cone expansion-compression fixed point theorem, not only the existence
of two positive solutions was obtained, but also some sufficient conditions for the existence
of at least three positive solutions was established.

In addition, Zhang et al. [17] investigated the eigenvalue problem for a kind of singu-
lar fractional differential equation Riemann—Stieltjes integral boundary value problem in-
volving the p-Laplacian operator as follows:

-D (g, (D2x(®))) = Af (£,2(2)), 0<t<1,
x(0) =0, D‘t"x(O) =0, (1.10)
x(1) = fol x(s) dA(s),

Page 3 of 17
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where Df and DY are standard Riemann—Liouville fractional derivatives with 0 < 8 < 1,
l<a <2, folx(s) dA(s) is the standard Riemann-Stieltjes integral and A is a function of
the bounded variation. By using the Schauder fixed point theorem and upper and lower
solution methods, some new theorems on existence were obtained.

Inspired by the above work, in this paper, we investigate the existence and uniqueness
of positive solutions for a p-Laplacian differential equation Riemann—Stieltjes integral
boundary value problem involving a tempered fractional derivative (1.1). To the best of
our knowledge, this kind of integral boundary value problem involving a tempered frac-
tional derivative has seldom been researched up to now. Compared with other references,
the present article has the following characteristics. Firstly, the tempered fractional deriva-
tive § ]D)f"\ is more general than the standard fractional derivative 5D . For example, letting
A =0, it is easy to see that g]D):t'A is equivalent to ng. Secondly, the Riemann—Stieltjes in-
tegral boundary conditions involving a tempered fractional derivative are more general
cases, which cover the common integral boundary conditions as special cases. Thirdly,
compared with the p-Laplacian differential system (1.8) and (1.9), in this paper, the inte-
gral operator need not be completely continuous or compact. Fourthly, in this paper, by
employing the sum-type mixed monotone operators fixed points theorem, our conclu-
sions cannot only guarantee the existence of a unique positive solution, but also construct
successively sequences for approximating the unique positive solution. Finally, it is worth
mentioning that some important properties of two different kernel functions rely on the
parameter A.

The rest of this paper is organized as follows. In Sect. 2, we briefly introduce some neces-
sary basic definitions and preliminary results which will be used to prove our main results.
In Sect. 3, we study the existence and uniqueness and monotone iteration of a positive so-
lution to the p-Laplacian differential system (1.1) by means of sum-type mixed monotone
fixed points theorems based on the cone P,. At last, in Sect. 4, we demonstrate the effec-
tiveness and feasibility of the main results by an example.

2 Preliminaries
In the section, we first list some basic notations, concepts in ordered Banach spaces. For
convenience, we refer the reader to [18, 19] for details.

Suppose that (E, || - ||) is a real Banach space which is partially ordered by a cone P C E,
thatis,x» < yifand onlyify—x € P.Ifx <y and x # y, then we denote x < y or y > x. By 6 we
denote the zero element of E. A nonempty closed convex set P C E is a cone if it satisfies:
)xeP,A>0= X xecP;(ii)x€P,xcP=x=0.

Definition 2.1 ([18]) P is called normal if there exists M > 0 such that, for all x,y € E,
0 <x <y implies ||x|| < ||y||; in this case M is the infimum of such a constant, it is called
the normality constant of P.

In addition, for a given % > 6, we denote by Py, the set P, = {x € E | x ~ h}, in which
~ is an equivalence relation, i.e., x ~ ¥ means that there exist > > 0 and u > 0 such that
Ax >y > uxforallx,y € E.

Definition 2.2 ([20]) An operator A : P x P — P is said to be a mixed monotone operator
if A(x, ) is increasing in x and decreasing in y, i.e., u;, v;(i = 1,2) € P, uy < uy, v1 > vo imply
A(uy,v1) < A(uy,v3). An element x € P is called a fixed point of A if A(x,x) = x.
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Definition 2.3 ([9]) Let p > 1, the p-Laplacian operator is given by

1 1
@) = k%% and @ =g, —+ . L

Definition 2.4 ([21]) A:P — P is said to be sub-homogeneous if it satisfies
A(tx) > tAx, Vte(0,1),x€P.

Lemma 2.1 ([16]) Let h(¢) € C[0,1]1 N L'[0,1], & > 0, then
oI RDIn(t) = h(t) + c1t* " + ot P 4 - 4 ¢t 7,

wherec; €R,i=1,2,3,...,n (n=[a] +1).

Lemma 2.2 ([16])
(1) Ifuel(0,1),a > B >0, then

of%olfu() = oIf Pu(e),  RDLoltu() =o I Pu(e),  BD[oIlu(t) = u().
(2) If p>0, >0, then

- (W) o,
RDLe Tt = — gL,
(- p)

Lemma 2.3 Let g(t) € C[0, 1], then the unique solution of the linear problem

RDO u(t) + (1) =0, n-1l<a <n;
u(0) = 4/ (0) = - - - = u"2(0) = 0; (2.1)
u(l)=p fol e 0y dt, B <ay;

is given by
1
u(t) = /0 H(t,s)g(s)ds, (2.2)

where we have the Green function

a1 (=91 e =p+ps)e™ e oy (@ =P (=91 ! e 1;

H(t,s) = (1-B)T (a1+1) e, ; 29
) al(l_s)al_l(al—ﬁ+ﬂs)e“ e‘kttal—l o

(a1-B) (1 +1) )

Proof For the system (2.1), by using Lemma 2.1, we get
t (t _ S)oq—l
eMu(t) = —/ L Mg(s)ds + et T 4 ot TR gt
o I'(n)

Furthermore, the boundary conditions #(0) = #'(0) = --- = «"~?(0) = 0 imply that c, =
Cp_1 =Cyp =---=c3 =cp =0. Thus, we have

Mo fl-s)t a-1
e*u(t) = /0 71_,(0[1) e’g(s)ds + c1t™ . (2.4)



Zhou et al. Boundary Value Problems (2020) 2020:117 Page 6 of 17

Integrating both sides of Eq. (2.4) from 0 to 1, we see that

fole u(e)dt = - f(f S )all Sg(s)ds>d““/oltmldt

:_/O Fe( s)ds/ (t—s)‘“ldt+

_a_ [f -9
"o /0 TesD° g(s)ds. (2.5)

Letting ¢ = 1 in (2.4), we obtain
1 —s)¥1- 1
f (=97 ) € g(s)ds + c1. (2.6)

Combining the integral boundary value condition u(1) = 8 f e 1=0y(¢) dt, (2.6) and (2.5),
we can clearly see that

~ 1 Ol%(l _ S)oq—l _ Ollﬁ(l _ S)oq i
a —/0 @ AT+ D e**g(s) ds. (2.7)

Finally, by simply substituting (2.7) into (2.4),

[0(1 - 5)"17! — oy B(1 — s)1 g1t oM s
u(t)—/ TP D g(s)ds

_/ ay(on — B)(t—s)¥1~ le—At s
0

(a1 =) (g +1) gs)ds

1
- [ He9g
0
where the Green function H(¢,s) is defined as (2.3). O

Lemma 2.4 Ifg € C[0,1] is given, then the p-Laplacian tempered fractional differential
equation integral boundary value problem

8D (DY u) =20, <01

u(0) = u/(0) =+ = u"2(0) =0,

0, (D u)(0) = 0, -
u(l) = ﬂfol e 1=0y(8) dt,

D (o (B ) (1) = ) alD) iy (8D (s dAG),

has a unique integral formal solution

1 1
u(t) = / H(t,s)pq </ G(S,‘L')E(T)dl’) ds, (2.9)
0 0

where H(t,s) is given as (2.3), G(¢,s) is a Green function and

taz—le—kt n
G(t,S) = Gl(t,S) + m'/o\ ﬂ(t)Gg(t,S) dA(t), (210)
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in which

60 | (1 gpr el _(pogel 0<s<t<1,

Gl(tr S) =
Ie) | (1-s)2n-tpeat 0<t<s<l,
-0 | (1 —s)en-lgenl_(r_gunl g<sg<t<l,

GZ(t’ S) = -
I'(a) (1 =) n-la-rn-1 0<t<s<l,

and
A
8 s / g4 (5) dA(s).
T(ay—y1) T'(aa—y») 0

Proof From Lemma 2.1, integrating both sides of the first equation of (2.8), we obtain

eM‘Pp(gD(:M”(t)) =ol2(eMg(0)) + dit*>™! + dpt*>?

t (t—S)al -1
o T

eg(s) ds + d1t*27 + dyt*2 72,
Since wp(gD?I’ku(O)) =0, we see that d = 0, that is,

(8D () = ol (F) + dre e, @11)

Furthermore, applying the tempered fractional derivative operators X ]D)]t/i' (i=1,2) onboth

sides of Eq. (2.11), we have
ED (6o (D" ()
zg]D);fi,k (e‘“ol‘fz( At~(t))) N dlg]D)Vz ( —Attaz—l)

— e—AtOI;XZ*Vi (eAtN(t)) +d16’ AtRDVt( an— 1)

L(f—s otz—yi—lek(s t)
:/ - —g(s)ds + d 7( @) e M, (2.12)
0 I'(az - ) I'(az - )
From (2.12), we have

RV’}L RO‘)” (1 azyllksl

8D [0, (D7 w))(1) = [, Wg(s)d“dlmz m (2.13)
A A _g)* 1 A(s t) o :

S0 Tep D) w))(e) = fy e s ds + dy e e,

Substituting (2.13) into the integral boundary value condition ngl'A((pp(g]D)‘Zl’ku))(l) =
JJ a(s)§D> A[(,op(gl[)f”'ku(s))] dA(s), we obtain

_1 1 (1 _S)atz—]/l—le)n(s—l)~
“= Taa {/ Ty 9%

n t (t _ S)ozg—yz—lek(s—t)N

Page 7 of 17
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Substituting (2.14) into (2.11), we get

( oq A (t))

(t )012 1 )Ls —Attaz 1{ (1 )az—yl—l —A o~
s d
/ T SO oA / Ty ¢ Lo)ds

0(2 yo-1 As t)
/ t)dA(t / (-3 —%(s) a’s}
I'(ay - y2)

(t _ S)az—lek(s—t _ e_)”ttaz_l / 1 e
= — 9 (s)ds - —— 1-98)2 M e9(s)ds
/0 Flay  O5 Ty f, 079 £)

e—Attaz—la 1 -
1 _ )2 V1i— R d
R ya |, -9 w0
—Attaz—l n t ) A "
a(t) dA(t — )22l M=t (o
)F(az_yszo ® ()/0< ) 26)ds
(t—S)DQ Lo=htohs /1 (1 _S)az—yl—ltozz—lek(s—t)N
s)ds — s)ds
/ T Tl SO I (a2) &)
tag—le—kt /r 1 (1 _ S)a2—y1—lta2—y2—lek(s—t)
- a(t) dA(t)/ o(s)ds
oy =y2)A Jo I (ay) ¢

ag—1 -\t )e2v2- 1Ms—t)
+ e / t)dA(t / (t-9 ———————%(s)ds
() (o2 — y2) A

1 Y
=—f0 Ga(t, ) (s) s — — / “dsfo Galt,S)a(t) dA(?)

T'(az —y2)A Jo

= —/1 G(t,s)g(s) ds.
0

By employing the p-Laplacian operator ¢, on both sides of the above equation, we have

a1,A 1 ~
oD, u(t) + ¢ ( fo G(t,5)g(s) ds) -0

Setting g(¢) := @q( fol G(t,s)g(s) ds), thus, the p-Laplacian tempered fractional differential

system (2.8) is equivalent to the integral boundary value problems as follows:

g]D)‘;“’ku(t) +g®)=0, n-l<a;<m
u(0)=4/(0) =--- = u"2(0) = 0;
u(l) = /Sfo M-Oyt)dt, B <a.

By means of Lemma 2.3, we see that the integral boundary value problem (2.16) has a

unique integral solution

1
= / H(t,s)g(s)ds
0

1 1
_ / H(t,s)wq( / G(s,r)g(r)df> ds,
0 0

Page 8 of 17



Zhou et al. Boundary Value Problems (2020) 2020:117

where the Green function G(t,s) and H(t, s) are given by (2.10) and (2.3), respectively. This
constitutes the complete proof. d

Lemma 2.5 For V(s,t) € [0,1] x [0,1], the Green function H(t,s) given by (2.3) has the
following properties:

(A1) H(t,s) is continuous and H(t,s) > 0;

(A2) my(s)e -1 < H(t,s) < M;(s)e 11 where

_ (1 =917 (a1 - B + Bs)e*

i fs(1—s)le
M) = = T e + )

S T )

Proof Evidently, H(t,s) is continuous and H(t,s) < Mi(s)e **t*17! holds. So, we only need
to prove the inequality H(¢,s) > m;(s)e *t*1~! and H(¢,s) > 0.
Ifo<s<t<1,thenwehave 0 <t—s<t—ts=t(l-s),and thus (£ —s)?1 <-1(1-

5)*171, Hence, we get

[o2(1 =817 — oy B(1 - 8)"1]¢17 — oy (a1 — B)(E — s)417* gt s

(01 = B) (g +1)
_ led@ -9 - p -9 ]e T —anlen - pr (1 -s)
- (01 =) (g + 1)
_afs(l-s)1le
(a1 =B (a1 +1)

H(t,s) =

-l >,

If 0 <s<t <1, clearly, we can see that

[0f(1 —s)"1 7 —ay (L =) g™t
(a1 = B) (a1 +1)
-9 —on BA -] — e (on — B)e (1 - s)1 gt s
- (a1 =) (g + 1)
a1 Bs(l—s)r1i-ters
T (a1 =B (e +1)

H(t,s) =

171>,

Hence, the proof is complete. g

Lemma 2.6 Suppose that
n
(H) eIy —y2)> (2 —n) / e 5572 a(s) dA(s),
0

then, for all (t,s) € [0,1] x [0, 1], the Green function G(t,s) is continuous and satisfies:

(B1) Gi(t,s) =0, Go(t,s) > 0, and G(t,s) > 0;
(B) PlA-92 N1 -1 atgar-1 < Gi(t,s) < M (1-s)?2771-1 e Mol

I(a2) I(a2)
(Bs) e)”s[(l—s)“Z_Vloizl—(l—s)o‘z_n_l] —htpon-y-1 < G (t,5) < eog(l—s)‘m_yl_1 ~Mtgar—ya-1,
3 NC) € G A B ’

(Bg) miy(s)e 227l < G(t,s) < My(s)e 1%L, where

_ 1 ) A —y-1
M>() = [ + aFey o € 1 =827

_ M2l (15927l | seM[(1-s) %21l (1-s)%2 12
my(s) = T + AT @) (@2-72) :

Page9of 17
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Proof Firstly, for (t,s) € [0,1] x [0, 1], it is evident that G(t,s) and G;(¢,s)(i = 1,2) are con-
tinuous.

Secondly, for (B;) and (Bs), it is easy to see that the right sides of the inequalities hold, so
we only need to prove the left sides of the inequalities. If0 <s <t <1,wehave 0 <f-s <
t—ts=(1-s)t,and thus (¢ — s)®27! < (1 — s)®2~1t*2~1, Hence, we have

e 1 1 1
Gi(t,s) = 027 (1 = 5)*2 TN — (f—5)*2”
I (o) [ ]
. e}‘(s_t) [taz—l(l _S)az—yl—l _ (1 _ S)ag—ltaz—l]
T I'()
A —y1-1 -1
I (LD R Vs VO
(o)
Ifo<t<s<l,
eA(s—t) L .
Gi(t,s) = 1271 (1 — )2 1-
I(a3)
A —y1-1 -1
S € f[(1=s)@2 =t — (1 —s)*2 ]e_)»tt‘)‘Z_l.

- I(ay)

Furthermore, from (1 —5)®7"171 > (1 —5)®71, we get Gi(¢,s) > 0 for Y(¢,s) € [0,1] x [0, 1].
In the same way, similar conclusions can be obtained for Gs(¢, s).

Finally, from (B,) and (Bs), we can know that m,(s)e *'t*1 < G(t,s) < My(s)e %L,
Since the condition (H) holds, it is easy to see that A > 0. Combining (1 —s)®"1"1 > (1 -
s)*2~1 with A > 0, we obtain m1,(s) > 0. Then G(s, £) > 0 for V(t,s) € [0,1] x [0, 1]. Therefore,
our justification for the proof is complete. O

Lemma 2.7 ([20]) Let& €(0,1),A: P x P — P be a mixed monotone operator that satisfies
A(tx, t_ly) > tEA(x,y), te(0,1),x,y€P. (2.17)
B: P — P isan increasing sub-homogeneous operator. Assume that
(I) there is hg € Py, such that A(hg, hy) € Py, and Bhy € Py;

(II) there exists a constant 8y > 0 such that A(x,y) > 8oBx, Vx,y € P.
Then:

(1) A:Ph XPh —>Ph,B:Ph —)Ph;

(2) there exist uy, vy € Py, and r € (0,1) such that

vy < ug < Vo, uo < A(uo, vo) + Bug < A(vo, o) + B(vo) < vo;

(3) the operator equation A(x,x) + Bx = x has a unique solution x* in Py;

(4) for any initial values xq,yo € Py, constructing successively the sequences
X =A@n-1,Yn-1) + Bxp-1,  Yu=AWn-1,%0-1) + By, n=12,...,

we have x,, — x* and y,, — x* as n — oo.
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3 Main results
In this section, we will work in the Banach space C[0, 1], the space of all continuous func-
tions on [0, 1]. It is obvious that this space can be equipped with a partial order

x%y€C[0,1], x<y <= «x()<y) forte]l0,1].

Setting P = {x € C[0,1] | () > 0,¢ € [0,1]} and A(t) = e*¢*171, then we see that P is a
normal cone in C[0, 1].

From Lemma 2.4, we can recognize that the p-Laplacian differential equation integral
boundary value problem (1.1) is equivalent to the integral formulation given by

1 1
u(t) = /0 H(t,8)p, (‘/0 G(s, T)[f (v, u(r), u(r)) + g (7, u(v))] dr) ds.

For convenience, we define an operator T by

1 1
T(u,v)(t) = /0 H(t,s)pq (/0 G(s, t)[f(r, u(t), v(r)) +g(t, u(r))] dt) ds. (3.1)

It is evident that #* is a solution of p-Laplacian differential equation integral boundary

*

value problem (1.1) if and only if T'(&*, u*) = u*.

Theorem 3.1 Assume that the condition (H) holds, and the following conditions are sat-
isfied:

(H1) f(&u,v) : [0,1] x [0,+00) x [0,+00) — [0,+00) is continuous, g(t,u) : [0,1] x
[0, +00) — [0, +00) is continuous with g(t,u) # 0 and a(t) : [0,1] — R* is contin-
uous; for fixed t € [0,1], f(t,u,v) is increasing in u € [0,+00) and decreasing in
v € [0,+00), g(t, u) is increasing in u € [0, +00).

(Hy) ForVte[0,1], v €(0,1), u,v € [0, +00), there exists a constant & € (0, 1) such that

fleyuy™v) = @) (6 u,v), (3.2)

g(t, yu) > %(V)g(f’ u). (3.3)

(H3) ForVt e [0,1] and u,v € [0, +00), there exists a constant 8o > 0 such that

f(tr u, V) > <Pp(50)g(t: M) (34)

Then we have:
(I) the p-Laplacian differential equation integral boundary value problem involving
tempered fractional derivative (1.1) has a unique positive solution u* € Py, where
h(t) = e -1 t e [0,1];
(II) forVt e [0,1], there exist ug, vo € Py, and r € (0,1) such that rvy < ug < vy and

1 1
uo(t) < /0 H(t,s)<pq</0 G(s,f)[f(r,uo(r),vo(r)) +g(t,u0('c))] dr) ds,

1 1
vo(t) > /0 H(t,s)p, </0 G(s, D)[f (t,v0(z), uo(7)) + g(7,v0(7))] dr) ds;
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(II1) for any initial values xy,yo € Py, making successively the sequences
1 1
Xy = f H(t,5)p, (f GG O (1:%0-1(2), -1 (1)) + g (T, %0-1(1)) ] dt) ds,
0 0

1 1
yn=/0 H(trs)§0q</ G(S,T)[f(f,yn—l(f)’xn—l(f))+g(7:yn—1(f))]d7>ds:

0

n=012,...,
we obtain x, — u* and y, — u* as n — oo.

Proof Firstly, we define two operators A : P x P — E and B: P — E by
1 1
A, v)(t) = / H(t,8)p, </ G(s, )f (7, u(x), v(1)) dt) ds, (3.5)
0 0

1 1
B(u)(t):/(; H(t,s)goq</0 G(s,r)g(r,u(r)) dr) ds. (3.6)

From (3.1), we have T'(u,v) = A(u, v) + B(#) and u is a solution of the p-Laplacian differential
system (1.1) if and only if T'(», u) = u. We show that the operator A satisfies the condition
(2.17) in Lemma 2.7 and the operator B is a sub-homogeneous operator.

From (H;), Lemma 2.5 and Lemma 2.6, we know that A:P x P— Pand B: P — P.In
addition, it follows from (H;) and (H>) that A is a mixed monotone operator and B is an
increasing operator. For Vy € (0,1) and u, v € P, from (3.2), we obtain

1 1
A(yu,y‘lv)(t)zf0 H(t,s)goq(/o G(s,r)f(r,yu(r),yv(r))dr)ds
1H 5 1G dt)d
>
_/0 (t,8)¢q<¢p()/)/0 (s, T)f (7, u(r), v(7)) r) s

=y A, v)(2). (3.7)

That is, A(yu, ¥y 'v) > y5A(u,v) for Vy € (0,1), u,v € P. Furthermore, for Yy € (0,1) and
u € P, from (3.3), we have

1 1
B(yu)(t) =/0 H(t,s)<pq</0 G(s,f)g(t,yu(r)) dt) ds

1 1
> 0q(0p(¥)) / H(t,8)p, (/ G(s,7)g(t, u(1)) dr) ds
0 0
= yB)(0). (38)
That is, the operator B is a sub-homogeneous operator.

Secondly, we show that A(%, k) € P, and Bh € Pj,. From Lemma 2.5 and Lemma 2.6, we
have

1 1
A(h, h)(t) :/0 H(t,s)goq(‘/o G(s,‘[)f(r,h(‘c),h(f)) d‘l:) ds

1 1
< / H(t,5)pq </ My()e s (v, h(z), h(z)) dt) ds
0 0

Page 12 of 17



Zhou et al. Boundary Value Problems (2020) 2020:117 Page 13 0of 17

1 1
< / M(s)e ™t g, (f My (r)e™s*>f (v, h(z), h(t)) dt) ds
0 0

1 (@2-1)(g-1) 1
M (s)s 1 RV
< { le'\T%(/ M2(r)f(t,hmax,0)dr) ds}e Mypo-l
0 0

and
1 1
A(h,h)(t):/o H(t,s)goq(/(; G(s,r)f(r,h(r),h(r))dt) ds
1 1
2/0 H(t,s)<pq</0 mz(r)e_“s"‘z_lf(r,h(r),h(r))dt)ds
1 1
Z/ ml(s)e‘“tal_lqu(/ mz(t)e‘kss"‘z‘lf(r,h(r),h(r))dr) ds

{ m S)Saz 1)(g-1)

— % (/ my()f (1,0, hmax)dr> ds}e‘“tal 1
e S

where lpm,x = max{h(¢) : ¢ € [0, 1]}. Setting

M az-1)(g—
L= I(S)S—1<pq</ Mo (T)f (T, M, )dr) ds,

ersla

Otz 1)(g-1)
/ e e’\s QOq(/ Vl’lz(‘l.')f(‘[ 0, Atmax) d"—') ds,

itis easytoseethat Ly > /; > 0. Hence, we get /1 /() < A(h, h) < L1h(t). Thatis, A(h, h) € Py,.
Similarly,

1 1
B(h)(t) :/(; H(t,s)q)q(/o G(S,‘L')g(‘[,/’l(‘[)) dt> ds

M az-1)(g-1)
5{ (S)S—wq(/ My ()g(z, hmdx)dr> dS}e'“ !
0

e)\s (q-1

and

1 1
B(h)(t):/ H(t,s)goq(/o G(s,r)g(r,h(r))dt) ds

ml ‘)‘2 1)(g-1)
{/ T sy Y4 </ m(t7)g(7,0) d‘[) ds}e‘“tal -1
e

Set

M Otz 1)( q_
L, _/ 1(s e’\S <ﬂq(/ My (7)g(z, hmax)dT) ds,

ap—1)(
b = M(pq(/ my(t)g(7,0) dt) ds.

0 erslg-1)

From L, > [, > 0 and lhh < B(h) < Lyh, we get Bh € Py. Since h € Py, letting hy = &, we see
that the condition (I;) of Lemma 2.7 is satisfied.
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Finally, we show that the condition (II) of Lemma 2.7 is also satisfied. For u, v € P, from
(3.4), we get

1 1
A, v)(t) = / H(t,8)¢, (/ G(s, 7)f (7, u(r), v(1)) dr) ds
0 0

1 1
> / H(t,s)pq (/ ©p(80)G(s, T)g(t, u(r)) d‘L’) ds
0 0
= 8oB(u)(2). (3.9

Now, all conditions of Lemma 2.7 are satisfied. Hence, the conclusions of Theorem 3.1

follow from Lemma 2.7. g

Corollary 3.1 Assume that the condition (H) holds and
(Hy) f(tu,v):[0,1] x [0,+00) x [0,+00) — [0, +00) is continuous, g(t,u) = 0 for Vt €
[0,1] and u € [0, +00), a(t) : [0,1] — R* is continuous;
(H3) f(t,u,v) is increasing in u € [0, +00) for fixed t € [0,1] and v € [0, +00), decreasing
inv e |0,+00) for fixed t € [0,1] and u € [0, +00);
(H3) forvVte[0,1],y €(0,1), u,v € [0, +00), there exists a constant & € (0, 1) such that

feyuwy™v) =g, (6w v).

Then we have:
(I) The p-Laplacian differential equation integral boundary value problem

DO (0, ("D u(®)) = £ (£, u(t), u(®)), t e [0,1],

u(0) = #/(0) = - - = u"2(0) = 0,

0, (D 1)(0) = 0,

u(1) = B fy e 0Du(t) dt,

R (0, DS w)(1) = [ als)ED " [0, (KD u(s))] dA(s),

has a unique positive solution u* € Py, where h(t) = e 4171,
(II) For Vt € [0, 1], there exist ugy, vy € Py and r € (0, 1) such that rvy < ug < vy and

1 1
uo(t) < f H(t,5)pq (/ G(s, T)f (z, uo(t), vo(7)) dr) ds,
0 0
1 1
vo(t) > / H(t,s)p, (/ G(s, )f (t,vo(T), 1o (7)) dr) ds.
0 0
(III) For any initial values x,y0 € Py, making successively the sequences
1 1
Xy, = / H(t,s)pq (/ G(s, t)f(t,xn_l(r),y,,_l(r)) dr) ds,
0 0

1 1
In= /O H(t,5)¢ (fo Gls, )f (7,71 (2), %01 (7)) df) ds,
n=0,12,...,

we obtain x, — u* and y, — u* as n — oo.
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Proof Letting g(¢, u(t)) = 0, from Theorem 3.1, we get the conclusions. O

4 Applications
Example We consider the p-Laplacian differential equation integral boundary value prob-

lem involving a tempered fractional derivative as follows:

KD (s (D3 (1)) = (2, ut), u(t) + gt u(®), 0<t<1;

u(0) = 4'(0) = 0;

05 ED I 1)(0) = 0 (4.1)
u(l) = [, ¢ tu(t) dt,

EDF (s BDF 1 10)(1) = [ EDF [ (D ()] d(L);

where f(t,u,v) = (1 - t)’%t’%u% + V‘%,g(t,u) =(1- t)’%t‘%u%,p =3,A=1>0,7=1and
A(t) = % For any t € (0,1), # > 0 and v > 0 and we see that o; = g, oy = %yl = %, Yy = %,
B =1, a(t) =1 in the systems (4.1).

Let us investigate if all the conditions required in Theorem 3.1 are satisfied.

(1) From 8 = [ e™**s™72" a(s) dA(s) = 0.2385, it is easy to see that
oy — 1) fy e75*272 7 a(s) dA(s) = 0.2246 and e I (a; — y,) = 0.3334, clearly,

e Iay —y2) > Tz — 1) fy €5s*2727 a(s) dA(s). Then the condition (H) is
satisfied.

(2) Itis obvious that f(¢,u,v):(0,1) x R* x R* — R* and g(t,u) : (0,1) x R* — R* are
continuous. In addition, f(¢, 4, v) is increasing in u for fixed ¢ € (0,1) and v € RY,
decreasing in v for fixed ¢ € (0, 1) and u € R*; furthermore, for fixed ¢ € (0, 1), g(¢, u)
is increasing in u.

(3) Forany y €(0,1),t€(0,1), u,v> 0, taking & = % € (0,1), we have

Fbymy™) =(1-073 5 (yw)s + (V_lv)_%
ZV%[(I—t)_%f%u% +v‘%]

]

wi—

>y[1-0 3t 3ud + v
= @5 () (6, u,v)
and
stepw=a-oriein!
> (1= e ui]
= @p(y)g(t, u).

(4) Taking 8¢ = 5, for V£ € (0,1) and u, v € [0, +00), we have

1
2

1 2 1 1
ftuv)=(Q-t)3t73u3 +v's

= ¢, (80)g(t, u).
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From the above conditions, we can see that all the assumptions of Theorem 3.1 are satis-
fied. Hence, Theorem 3.1 implies that the p-Laplacian differential system (4.1) has a unique
positive solution u* € Py, where h(t) = etts, Furthermore, for any initial values xo, yo € Py,
making successively the sequences x, = T(x,-1,¥1-1), Yu = T(Vu-1,%4-1), 1 =0,1,2,..., we

obtain x, — u* and y, — u* as n — oo.
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