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where £2 is a bounded domain in RY (N> 1), A > 0, p,g,m > 1, M is a continuous
function, and the weight functions f and g are measurable. We obtain the existence
results by combining the variational method with Nehari manifold and fibering maps.
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1 Introduction

The theory of p-Laplacian and p-biharmonic operators has been developed very quickly.
The investigation of the existence and multiplicity of solutions has attracted a considerable
attention of researchers (see, for instance, [1, 3, 15, 18, 22, 24, 26—28] and the references
therein). The motivation of this interest stems from the fact that these nonhomogeneous
differential operators are a very productive and rich area of research in recent decades.
This theory have relevant applications in various fields; we refer the reader to [17, 20-23].

Kirchhof-type equations, known as nonlocal differential equations, have received spe-
cific attention in recent years. An important number of surveys dealing with this type
of equations can model phenomenons arising from the study of elastic mechanics, in
numerous physical phenomena such as systems of particles in thermodynamical equi-
librium, dielectric breakdown, image restoration, biological phenomena, and so on (see
[9, 14, 19, 25, 30] and references therein for discussions of various applications ).

In recent years, several authors have considered the Nehari manifold to study problems
involving sign-changing weight functions [2, 4, 6, 7, 10-13, 15, 16, 26, 28]. More precisely,
Ji and Wang [16] proved the existence of two nontrivial solutions for the following per-
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turbed nonlinear p-biharmonic boundary value problem:

Alu = |ulTu + h(x)ulu,  x€ 2,
u=Vu=0 onas2,

where 1 < r < p < g < p* with p* = NNf’gp ifp< % and p* = oo if p > %,hisacontinuous
function in §2, which can change sign, and AZM := A(|AulP~2 Au) is the p-biharmonic op-
erator.

Chen et al. [8] considered the following nonhomogeneous Kirchhof-type problem:

{ =M ([, IVul* dx) Au = A (%) |10 + g(x)|u|"2u, x € £2, (L1)

u=0 onds2,

where 1 <g<2<m<2* (2" = % ifN>3,2=00if N=1,2), M(s) =a + bs,and a, b, A,
are positive real numbers. The weight functions f and g are continuous in £2. Based on
the Nehari manifold method and the fibering maps, the authors proved that problem (1.1)
admits at least two nontrivial solutions.

Inspired by the works mentioned, we study the following Kirchhof-type system:

“M([o(|Apul® + |ul?) dx)(Aju — |ulP~>u)
= M) ul"u + g)|ul"*u, x€, (1.2)
ue W)\ {0},

where 2 C RN (N > 2) is a bounded domain with smooth boundary 3$2, A > 0, the func-
tions f, g are measurable in £2, and the function M is defined on [0, 00) by M(s) = a + bs'
for some a,b>0and 0 < /< N%p.
Before giving our main result, we assume the following hypotheses:
o
(H1) gisameasurable function such that g € L#*- (£2) and g* := max(g,0) # 0.
e
(H,) f is a measurable function such that f € Lr*~4(£2) and f* := max(f,0) # 0.
Our main result of this paper is the following theorem.

Theorem 1.1 Assume (Hy)—(H). If2p <N and 1 <m < p < p(l + 1) < q < p*, then there
exists ho > 0 such that for all | 1| € (0, 1o), problem (1.2) has at least two nontrivial solutions.

The rest of this paper is organized as follows. In Sect. 2, we give some definitions and ba-
sic results that will be used in this paper. Section 3 is devoted to the proof of Theorem 1.1.

2 Definitions and basic results
In this section, we collect some basic preliminary results that will be used in the proof of
our main result. To state our main result, let us introduce some definitions and notations.
First, we define the Sobolev space

W2 (2) = {u € I7(2), | Aul € 17(2)}

equipped with the norm

Jual = (/Q(mmp - ul?) dx)”.
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For 1 < s < p*, we denote by C; the best Sobolev constant for the embedding operator
WP (§2) — L5(82), which is given by

[ |Aul? dx
Cs:= S e
ueW2r(@0\0} (f, |ul* dx)s

In particular, we have

(/ |u|5dx)s <(C)F ull
2

that is,
_1
lulls < (Co)™7 [lull, (2.1)
where || - || is the usual norm in L5(£2).

Definition 2.1 We say that a function u € W??(£2) is a weak solution of (1.2) if for all
ve W?P(£2), we have

M(/ (IA,,u|2 + |u|1’) dx> / (|A|1’_2AuAv— |u|1’_2uv) dx = A/f(x)|u|q_2uvdx
o) 2 o)
+/g(x)|u|”’_2uvdx.
o)

Associated with the problem (1.2), we define the functional energy J; (1) : W>P(2) —>
R by

1. A 1 N
Jua) = () - - /g Sl /Q g@)lul" dx, 22)

where M(¢) = at + I%t“l,

Lemma 2.1 The functional J; y belongs to CH(W*?(£2), R). Moreover, for all u € W>P($2),
we have

(5 pe(@), u) = allull? + bllul PV - & /Q S |ul? dx — /Q g()|ul™ dx, (2.3)

where {-,-) denotes the usual duality between the space W*?(82) and its dual WP (2).

Proof From the hypotheses (H;)—(H>) it is obvious that J; 5,y € CH(W??(£2),R) and its
Gateaux derivative is given by

(I pw), @) = M(/ (1Apul® + [ul?) dx) / (AP Aurg — |ulPup) dx
2 2
—A/f(x)|u|q_2ug0dx—/ @) ul"2updx  Yu,p € W (R2).
o) 2

This completes the proof of Lemma 2.1. d
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Since the energy functional is not bounded from bellow on W??(£2), we introduce the
following subspace of W?#($2), which is called Nehari manifold:

Ny = [ € W2P(2)\ (0% (]} py (), u) = 0}.
Thus u € N,y if and only if
al|u|l? + b||ulP“V — o / f)|ul? dx - / g(x)|u|™ dx = 0. (2.4)
2 2

Note that the Nehari manifold Nj »; contains every nonzero solution of equation (1.2).

Lemma 2.2 Suppose that (Hy) and (H,) hold. Then the energy functional J; » is coercive
and bounded below on N ;.

Proof Let u € N, 5. Then from (2.1), (2.4), and the Holder inequality we have
1~ s 1 .
Joont) =~ Bi(?) - = [ fotutn = [ gopul ds
4 qJe mJqo

_ —nll+1 _
> ua”u”p + b(M) ||u||p(l+1) _ u/ g(x)|u|" dx
pq 1) mq Jo

qp(l +
- -p(l+1
> 9 pa”u”P_,_b(M)”u“P(Hl)
pq gp(l +1)
_ q—m(/ |g|,,f—_mdx) (/ up dx)
mq Q
—pli+1) -
> L e + b(L a0 ||g|| < (G ™
pq gp(l +1)
Since m < p(I + 1) < g, J5,um is coercive and bounded below on N ;. O

The Nehari manifold N; s is closely linked to the behavior of the function 4, : t —
Jim(tu) for t > 0, defined as follows:

Ja(6) =I§ (@ lul?) - ff(x)lul"dx— —f " dx.

Such maps, introduced by Drabek and Pohozaev [10], are known as fibering maps. A sim-
ple calculation shows that, for each u € W??(£2), we have

H(t) = at? ull? + bt U D[y P p g1t / F)|ul?dx — £ f () |u|™ dx
2 2
and

HI(t) = alp — P2 |ull? + b(p(l + 1) — 1) 702 p D

~alg- e [ gl ds—m- e [ golul”d
2 2
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Clearly,
th,(£) = {J;, p(tw), tu) = 0.

Thus, for all # € W2#(£2) \ {0} and ¢ > 0, we have
K (6)=0 ifandonlyif fue N .

In particular, /(1) = 0 if and only if u € N 5. Also, by equation (2.4) it is easy to see that

for u € Ny_y,
hy(1) = a(p = Dlull? + b(p( +1) = 1) PV
~ila-1) [ gwutdx-on-1) [ el ds
= alp =l +b(p0+ ) =) P <2l =) [ fluttdr @)
= alp = Dl + b(p(1+ 1) = ) P + (g =) [ gl d 26)

= bpl||u|P™Y + A(p - q) / f@)ul? dx + (p ~ m) / g@)\ul™ dx.
o) 2
In order to have multiplicity of solutions, we split N 4 into three parts

Ny = {u € Ny Hjy(1) > 0},
N}y =1{u e Nuas (1) = 0},
Ny = {u € Nuas (1) < 0}

Furthermore, using arguments similar to those in of Theorem 2.3 in [6], we have the fol-

lowing lemma.

Lemma 2.3 Let u be a local minimizer for J, y on Ny not belonging to NE’M. Then
]),L,M(u) =0.
Put
q-pr

_ a(p — m)(Cp)? (a(q—p)(Cp*)Z )m
T a-mifl e \@-mlgl )

Then we have the following lemma.
Lemma 2.4 If0<|X| <Ay, then NS,M =¢.

Proof Suppose, otherwise, that 0 < |A| < A; with NS,M Zp.Letue NS,M. Then we have

1/(1) = 0.
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From (2.5) and (2.6) we get

(q—m) /Q g@)lul™ dx = alq - p)|ull® + b(g - p(l + 1)) |u PV
and

Mg —m) /Q F@ul?dx = alp - m)|ull” + b(p(l + 1) — m) ||ul|P"D.

Therefore
alq-plull? < (q-m) / ) lul” dx 27)
2
and
alp - m)ull? < Aq—m) fg FENul? d. 2.8)

On the other hand, from (2.1) and the Holder inequality we obtain
(q-m) /Qg(x)w" dx < (@=mlgl_p_(Cp) F lul” (2.9)
and
Mg —m) /Qf(x)ﬁﬂqu <IAl(g - m)|v”[%](cp*)_‘% [zl (2.10)

By combining (2.7) and (2.9) we get

N

(g-mlgl _p (Cp) 7
IIMIIE( — ) :

2.11
a(q - p) (211)

Moreover, by combining (2.8) and (2.10) we get

a(p - m)(Cyr)? )# 010
"””Z(|x|(q—m)nf||% | (212)

Finally, by combining (2.11) and (2.12) we obtain A; < |A|, which is a contradiction. [

From Lemma 2.4, for 0 < [A| < A1, we can write Ny ar = N 3,y UN, 4.
Put

O = inf Jy p(u), 07y = inf L) and 6, = inf J; m(u),
MEN)\,M uENI‘M MENA,M
and
g map
L a(p—m)(Cp*)P <Wlﬂ(6]—l9)(cp*)” )p_
2= .
@-mlfl - \pla-mlgl
ri-q pr-m
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Then we have the following:

Proposition 2.1 If0 < |A| < Ay, then:
(i)

Or01 < 05 3 <. (2.13)

(ii) There exists C > 0 such that

0,0 = C>0. (2.14)

Proof (i) Let u € Ny ;;. Then from (2.6) and the fact that /(1) > 0 we obtain

alg - p)lull? + b(q - p(l + 1)) [|ul"*V < (g — m) fg g0 ul™ dx.

So, by (2.4) we obtain

l _
/A,M(u)=a<qpqp )n I+ b(" ’(’l‘ +)1))n D) - % /g () |ul™ dx

q m—q\ mp(l+1)

Thus we can deduce that 6; 5 < 9/{1\/1 <0.
(i) Let u € N; ;. Then from equations (2.5) and the fact that /;/(1) < 0 we get

alp —m)|ull? + b(p( + 1) — m) |ul|P"*Y < (g — m) /Q @) ul?.
So,
alp = m)llull? < 1(q—m) /Qf(x)lulq.

Therefore equation (2.10) implies that

alp—m)(Cp)? \ 77
”””Z(W) '

r—-q

In addition, from equations (2.1), (2.4), and (2.9), using the Holder inequality, we have

A,W)-a(" P )n 1 + b(m)u e =2 / ¢() || dx
mq Jo

(l+1)
(%)
( p)llull”——llgll g (C) 7 flull™

= IIMIIM(

llul” —/g(x |u|™ dx

q-

)Ilull"m——llgll e (Gp) 1’)
q

alq - p) <m —p) il + blg-pl+1))m-p <m—p(l+ 1)>”u”pu+n <0,
pm q

Page 7 of 15
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m

>( a(p—m)(Cp*)% )q—p
= \Rla=mlfT

q-p a(p—m)(Cp*)g >q _q-m ) ;;)
(o )<|)»|(61—m)|lf||€* g 18055 ()

:=C.

S
3

)

It is not difficult to see that if 0 < |A| < A;, then C > 0. This completes the proof of Propo-
sition 2.1. |

Set
Ao = min(Ag, Ao).
Proposition 2.2 Suppose that 0 < || < Ag. Then for each u € W*?(2) with
/ g(x)|u|"dx >0,
o)

there exists T > 0 such that:
() Ifr fgf(x)|u|‘1 dx <0, then there exists a unique t* < T such that t*u € Ny ,; and

S (8w) = nf T, pa(00).

(ii) Ifx [of (%)|ul?dx > 0, then there are unique 0 < t* < T <t~ such that
(tu,t*u) € N,y X Ny 5 and

Jom(t 1) = Stlzlgfx,M(tu); T (ttu) = OiSTtIfT]x,M(tM)
Proof Fix u € W2P(£2) with fﬂ g(x)|u|™ dx > 0 and define the map ¥, on (0, o) by
W, (£) = at?”|u|l? + btV |y |PED — g /Q g |ul™ dx.
A simple calculation shows that
H,(t) =17 (llfu(t) - A Lf(x)luﬂdx).

Moreover, for ¢ > 0, we have

() = " (),

where

V() = alp — @)t |ull” + b(p( + 1) — q) "D u PV + (g — m) / g(x)ul™ dx.
2
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Since m < p < p(l + 1) < g, then we have
lim ¥, (£) = (g — m)/ gX)|u|"dx>0 and lim v,(f) = —o0.
t—0 Q t—00

Also, v, is decreasing on (0, 00). So, there is a unique T > 0 such that ¥, (t) >0forO< t < T,
¥,(T) =0, and v,(¢) < O for ¢t > T. Therefore ¥, admits a global maximum at 7, ¥, is
increasing on (0, T'), decreasing on (T, 00), lim;—.¢ ¥, (£) = —00, and lim;_, o ¥,(¢) = 0.

(i) If A fgf(x)|u|q dx <0, then there is a unique ¢t* € (0, T') such that

Wu(t+)=ALf(x)|u|qu and ¥, (¢7)>0.

Therefore /1, (t*) = 0 and /;,(t*) > 0, that is, /1, has a global maximum at ¢*, and t*u € Ny /.
(i) Assume that A [, f(x)|u|? dx > 0, and put

T = ((q‘ m) fgg(x)luv"dx)pfm
’ alq - p)|ul? '

Then we have
Yu(To) = b(p(l +1) = q) T ulPHD < 0 = 4, (T).

Since v, is a decreasing function, we get T > T. Moreover, since ¥, is decreasing on

(T, 00), from (2.9) we have

l’pu(T) = WM(TO)

> a(To) T ull? - (To)" /9 o)1l dx

q-p

a(q - p)lull’ )m )
za((q—m)fgg(x)lulmdx ol

a(q - p)llull? B N
_<(q_m)f9g(x)|u|mdx> /Qg(x)|u| dx

_ alp-m) (a(q—p)) P e

S

q-m qg-m (fgg(x)|u|’”dx)1%
q-p q-m
_ alp—m) (a(q—p))qm a7
z _m =2
q-m q-m (Co) 2 lIgll _p= Ny 2=

*—m

q-p

- a(p—m)( alqg -p) ) ]|
T4 N q=m)Cpr) P Nl

S
3
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Therefore by (2.1) we obtain

q-

wu(T)—A/f(x)dez“(”_’”)< alq —p) ),, ]9
o 4=m \(g-m)(Cp) 7 gl p

S

N

_4
= M = (Cpe) 7 Nlml|?
r*-q

_4
< I px (Cpe) P [lul| 7 (A1 = |A]).
r*-q
Since 0 < |A| < Ag, we have
O<A / f@)|ul?dx <, (T).
2

Hence there are unique ¢~ and ¢* such that 0 < ¢t* < T < ¢,

v, (t) = ,\/Qf(x)mw dx =¥,(t")

and
w(t) > 0> W, (t).

By a similar argument as in case (i) we conclude that £"u € N} ;,; and £*u € Ny ;. Moreover,
Jom(t 1) < Jom(tu) < Jom(t u) foreacht e [t7,67],

and J; p(tu) < Jo m(¢t u) for each £ > 0. Thus

]A,M(t+u):0i1tlfT]A,M(tu) and [y (¢ 1) = sup Jyu(tu). 0
<t< T<t

Proposition 2.3 Foreveryu € W*P(2) with X . of @) ul” dx > 0, there exists T such that:
(i) Iff_q g(x)|u|" dx <0, then there exists a unique t~ > T such that t u € N and

T (£ w) = sup Jy,p(tu).
=T

(ii) [ffQ g(x)|u|"™ dx > 0, then there are unique 0 < t* < T <t such that
(t"u,t*u) € Ny 5y x Ny 5y and

T (£ 1) = sup Jya(t0); Jom (¢ u) = OinfT]A,M(tu)~
t>0 <t<

Proof Let u € W*?(£2) be such that A [, f(x)|u|? dx > 0 and define the map ¥, by

W, (8) = at? " |ul|? + be?EVD |y | P — p g1 / f(x)|ul7dx, fort=>0.
2

Page 10 of 15
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Put

5 (b(p(l+1 — ) |l PV )qpb+1>
0 Mg —m) [of(x)|ul?dx '

Then by similar arguments as in the proof of Proposition 2.2 we can deduce the results of
Proposition 2.3 O

Proposition 2.4 There exist sequences {u,f} in Nl\i such that
],\M(uk) BAM +o(l) and ];M(u,f) =o0(1).
Proof We omit the proof, which is almost the same as that in Wu ([29], Proposition 9). (]

3 Proof of our main result

In this section, we apply the method of Nehari manifold combined with the fibering maps
to investigate the multiplicity of nontrivial solutions for problem (1.2). To this aim, we
assume that |A| € (0, A¢).

Theorem 3.1 Assume that (Hy)—(H,) hold. Then problem (1.2) has a nontrivial solution
u; o in Ny 5 such that

Jam (M;,M) = H;M-
Proof By Proposition 2.4 there exists a sequence {u;} in N}, such that
]A,M(u,ﬁ) =6, +0(1) and ]){M(u,t) =o(1) in W22, (3.1)
Using Lemma 2.2, up to a subsequence, there exists u; ,; in W2P(£2) such that
up —uj, weaklyin W??(£2),
uy — u; strongly inL*($2) for 1 <s < p*, (3.2)
up —> uy,  ae.in £2.

We will prove that u; —> uj ,, strongly in W>#(£2) and J, (1} ) = 05 5.
Since u; 5, € Nj,m, by Fatou’s lemma and equation (3.1) we get

650 = Do) = Bl ") =2 [ 0l tx= - [ gl " a

<l1km1nf( (|uka ——/fx)|uk{qu——/g(x |ug|” dx)
< 1ikminf]AM(uk) =M

= lim up) =05
km]“"( ) =Ou
So, it is easy to see that

Joon W) =655 and F(|7) — Bt ) ask— o
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From the Brezis—Lieb lemma [5] we obtain [u; — uj \/ 17 = lug|l? — |lu; 4 |1P. Therefore
ur —> uy,r strongly in W22(82).

Now we will prove that u; ,, € N ;. We proceed by contradiction assuming that u; ,; €
N

We have

- . -p(l+1) + -m Lm
Jm(uf) = %a”uk Hp+b(%7+l))”u;ﬁ Hp(l = qm—q Qg(x)|uk! dx

2——q_mfg(x)‘u;]mdx.
mq Je

By letting k tend to infinity we obtain

m mq
iul dx>=—-———"-07,>0.
/Qg(x)|uk,Mi = q—m M

Therefore u; ,, is nontrivial. Moreover, Propositions 2.2 and 2.3(ii) imply the existence of

: + +o+ + : + —
aunique ¢* such that t*u; ,; € N)/ ;. Since u; 5, € N; ,,, we have

dz

Ehui,m (t*) >0 and (1) <o.

d
i
So, there exists 7 € (¢*,1) such that

B (67) = T (15 ) < Py @ =T (16 ).

uy v
Therefore
]A,M (t+MI,M) <Jm (ZUI,M) =< ]x,M (t_uI,M) = ]A,M (M;,M),

which is a contradiction. Therefore u; ,; € N;,;, Moreover, it is not difficult to see that
(3.1) and (3.2) imply that u; ,; is a weak solution of problem (1.2). The proof is now com-
pleted. g

Theorem 3.2 If 0 < |A| < Ao and (H1)—(Hs) hold, then problem (1.2) admits a nontrivial
solution u; , in N, ,, satisfying

Too (#01) = 07 a1
Proof By Proposition 2.4 there exists a sequence {u; } in N; ,, such that
],\,M(u;) =0, +0(1) and ]LM(u;) =0(1) in W22(R2). (3.3)
Using Lemma 2.2, up to a subsequence, there exists 15 ,, in W>?(£2) such that
uy —uj,, weakly in W7(£2),

up — u; , strongly inL*(82) for 1 <5 < p¥, (3.4)

Uy — Uy, ae.in 2.
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We begin by proving that the sequence {u;} converges strongly to u; ,, in W>#(£2). Sup-
pose that, on the contrary,

6]l <tim inflacc]].

Since u; € Nj,, from equations (2.5) and the fact that hgi(l) < 0 we get

’

alp - m)||u; ||p + b(p(l +1) - m) ||u,: HP(M) <Ag-m) /Qf(x)|u,: 1

which implies that

ap —m)|ug|” < r(g-m) /Q F)|ug|”. (3.5)

Therefore equation (2.10) implies that

m)(Cpe)? \ 7P
” k”‘(m(q Ml - ) ' (36)

By combining (3.5) and (3.6) we obtain

q - )( alp —m)(Cp )p )ﬁ
/f(x)|”k| q-m |x|(q—m)|lf||{% '

Passing to the limits as k tends to infinity, we obtain

4 alp—m) ( alp—m)(Cp)? )Lp
RCEMES = <|x|<q—m)|vn§_ 7

rT=q

Therefore u; ,, is nontrivial. Moreover, by Proposition 2.3 there exist a unique ¢t~ > 0 such
that £~u; ,; € N; ;. Therefore

]AM(t uAM) < 11m ],\M(t uk) < 11m ]xM(Mk) QAM,
a contradiction. Hence u; —> u; ,; strongly in W>#(£2). This implies that
T (1) —> T (5 01) =050 asn—> oo,

Finally, from (3.3) and (3.4) we obtain that u; ,; is a weak solution of problem (1.2). This
ends the proof of Theorem 3.2 . d

Now Theorems 3.1 and 3.2 and the fact that N; ,, N N}, = ¥ finishes the proof of The-
orem 1.1.
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