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1 Introduction

This article is concerned with the following quasilinear Schrédinger equation:
~Au+u—-Au?)u= (I, * Gu))gu), xRN, (1.1)
where N > 3,0 <« < N, I, is a Riesz potential (see [16]), and g : RN — R satisfies
(@) g€ CR,R);
(g2) there exists C > 0 such that

|G| < C(1t ™% + 1K),

(g3) lim,g GO _ _0and limyg - 400 % =0;

+o T

el N |t| N=2
(g4) there exists sy € R such that G(sp) > %3(2).
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It is well known that the existence of solitary wave solutions for the following quasilinear

Schrédinger equation is a hot problem
iz = —Az + W(x)z -y (121*)z - Al(|z1*) ] (1212, (1.2)

wherez: Rx RN — C, W : RN — Risagiven potential,/: R — Rand ¥ : RN x R — Rare
suitable functions. For various types of [/ and v/, the quasilinear equation of the form (1.1)
has been derived from models of several physical phenomena. For physical background,
the readers can refer to [1, 9, 11, 15] and the references therein. If we set the variable
z(t, x) = exp(—iLt)u(x), where L € R and u is a real function, then so many papers focused
on standing wave solutions for (1.2). The readers can refer to [5, 8, 12, 13, 20] and the
references therein. As for Choquard type quasilinear Schrédinger equation, there are few
papers except for [3, 4, 21]. In [21], a class of quasilinear Choquard equations has been
considered via the perturbation method developed by [13], and they showed the existence
of positive solution, negative solution, and multiple solutions. Furthermore, the authors
[4] established the existence of positive solutions with the periodic potential or bounded
potential. In [3], the authors proved the existence of ground state solutions via Jeanjean’s
monotonic technique [10].

For the following Choquard equation with a local nonlinear perturbation

—Au+ V(xX)u =, * Fw)f () + gu), xeRN;
u € HY(RN),

under some suitable conditions on V, the authors proved the existence of ground state
solutions without super-linear conditions near infinity or monotonicity properties on f
and g in [6].

To our knowledge, there are no articles to prove the existence of ground state solutions
for (1.1) with general Choquard type nonlinearity. In this paper, motivated by [3, 4, 6, 21],
we consider the existence of ground state solutions with the Berstycki—Lions conditions,
which originated from [2]. To prove our results, we use the minimization method devel-
oped by Tang [18] to prove the existence of ground state solutions.

Next, the energy functional associated with (1.1) is given by

J(u) = %/RN(I +2u%)|Vul* + %fN u? - % /RN(IO, * G(1)) G(u).

R

To our aim, if we choose the variable u = f(v) in [7, 12], then (1.1) reduces to

~Av+fWF W) = (I x G(fFW))g(fM)f (v), xRN, (1.3)

where f : [0, +o0) — R is given by f'(t) = m on [0, +00), f(0) = 0, and f(-£) = f(¢) on

(—00,0]. Based on the above facts, if v is a weak solution of (1.3), then u = f(v) is a weak

solution of (1.1). The energy functional J reduces to the following functional:

D) = % /R (VP4 £20) - % /R (e G(0)G (). (1.4)
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Before stating our results, we need to define the set Q = {v € H'(RM)\{0} : P(v) = 0},

where P is given in Lemma 2.2. Now, we give our result in the following.

Theorem 1.1 Assume that (g1)—(ga) are satisfied. Then problem (1.1) has a ground state
solution u = f(v) such that @ (v) = infg @ = inf,cp maxo P (v;) > 0, where v, = v(x/t) and

N+a

O = {veH1 (RY): / [Zf( (I *G(f(v)))G(f(v))] <o}.
]RN
Notions
o Let H'(RN) = {u € L*(RY) : Vi € L*(RN)} with the norm [Ju|| = (fpn (IV|? + u?))3.
e The embedding H'(RN) < L*(RN) is continuous for s € [2,2*] and
HYRN) — LS(RN) is compact for s € (2,2*).
o HI(RN) — LR (RN) if and only if 53¢ < g < =2 (see [16]).

1
e [7(RN) denotes the usual Lebesgue space with norms ||u|, = (fn 1uP)?, where

1<p<oo.
° fRN & denotes fRN & dx and C possibly denotes the different constants.

2 Proof of Theorem 1.1
In this section, we give the proof of Theorem 1.1. Next, let us recall some properties of the

variables f : R — R. These properties have been proved in [7, 12].

Lemma 2.1 ([7, 12]) The function f(t) and its derivative satisfy the following properties:
1) f@/t—>1ast— 0;
(2) f@t) <|t| foranyt e R;
(3) f(6) < 23 /Tel forall t € R;
@) P02 <tf Of (©) <f(© forall t e R;

(5) there exists a constant C > 0 such that

7o) = Citl,  ifltl <1,
“ ez =1
6) f@)f' )] < %for allteR.

By the standard argument in [16, 19], we have the following Pohozaev type identity.

Lemma 2.2 Ifv e HY(RY) is a critical point of (1.3), then v satisfies

N-2 N+a
P(v)::T/RvaF /f2 i /R(1 «G(f1))G(fM) =0. (21)

Motivated by [18], by a simple calculation, for any ¢ € [0,1) U (1, +00), one has

Bt)=a+2-N+a)N 2+ (N-2)N** >0 and
~-N+a)tN -N(1-£V*) > 0.
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Lemma 2.3 Assume that (g1)—(g4) hold. Then, for all v € H'(RN) and t > 0,

1_tN+a ,B(t)
PW) 2 W)+ — Q(V)+2(N+a)

2
Vvl

Proof From (1.4), we have

-2 N N+a
() = tNT /R RS /R S-S /R =G M)G(f ).

Thus, by (2.2), we have

D(v) - D(v)
1 N2 , 1-tN )
= / [Vv|? + f v (I * G(f(+)))G(f(v))
2 RN 2 RN RN
1N a+2—(N+o)N2+ (N =2)N* 5
" N+a QW)+ 2(N +«) IVVilz
— (N + )N —N(1 — tN*) 2
s ol
1— N B(¢) 2
> Nia Q(V)+2(N+a)IIVV||2-
The proof is completed. O

Corollary 2.4 Assume that (g1)—(ga) hold. Then, for any v € Q, @ (v) = maxso @ (vy).
Lemma 2.5 Assume that (g1)—(ga) hold. Then, for any © %) and the set
{ve H'(RV)\{0}: P(v) <0} C ©.

Proof By using (gx) and the method in [17] and [18], it follows that ® # (. Next, for any
v e HY (RN)\{0}, it follows from P(v) < 0 that

N N+a N-2
[ 0= 555 [ eG)arm) <=5 [ 19 <o
2 RN 2 RN
which shows that v € @. The proof is completed. O

Lemma 2.6 Assume that (g1)—(ga) hold. Then, for any v € O, there exists unique t, > 0
such that v, € Q.

Proof Letv e © be fixed. Set I'(¢) := ®@(v;). Then it follows from I''(¢) = 0 that

N-=2 ~ Nl (N )tN+a1
S [ M [ - S0 [ w6m)6(m) <o

2
Then

N-2 N N+ )tN“‘
_z—WZAN|Vv|2+T/nsz2< - / (L * GG ) =0,

Page 4 of 8
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which implies that P(v;) = 0 < v; € Q. It is easy to check that lim;o I'(¢) =0, I'(¢) >0
for ¢ > 0 enough small and I"(£) < O for ¢ large. Thus max;. I"(¢) is achieved at some ¢, > 0
such that I'"'(¢,) =0 and v;, € Q.

Next, we will prove the uniqueness. For any given v € @, if there exist t;, £, > 0 such that
Viys Ve € Q. Thus P(vy,) = P(vg,) = 0. Therefore, we have

t{v - L‘é\[ ﬂ(tz/tl) 2 ,B(tz/tl) 2
d)(vtl) = d)(vtz) + (N + a)t{\jp(vtl) + 2(N + a) ”Vvtl ”2 - (p(vtz) + 2(N + (X) ||VVt1 ”2
and
£ — N B(ti/ts) 2 _ plt/tr) 2
D(vy,) = P (vy) + 7(1\[ n a)té\[ Pve,) + 72(]\[ Ta) Vv, ll5 = D(vyy) + 2N +a) Vv, I3,

which shows that #; = £,. Thus ¢, > 0 is unique for v € Q. This completes the proof. O

Lemma 2.7 Assume that (g1)—(gs) hold, then Q # () and

inf @ := ¢ = inf max @ (v;).
M ve® >0

Proof This result is a consequence of Corollary 2.4, Lemma 2.5, and Lemma 2.6. The proof
is completed. O

By a standard argument in [19], we can get the following Brezis—Lieb lemma.
Lemma 2.8 Assume that (g1)—(gs) hold. If v, — vy in H'(RYN), then
D(va) = @(vo) + @ (Vs — vo) + 0u(1)
and
P(vn) = P(vo) + P(vy — vo) + 0,(1).

Lemma 2.9 Assume that (g1)—(ga) hold. Then
(i) there exists p > 0 such that ||Vv|s > p forany v e Q;
(i) c=infg @ > 0.

Proof (i) By (g3), for any ¢ > 0, there exists C! > 0 such that
2N * 2N "
IGFW)|M <elv*+ Clisl* and |G(f() |V <elv* +els|* + Cllsl?, (2.3)

where p € (2,2*). Forany v € Q, we have that P(v) = 0. By the Sobolevembedding theorem,
the Hardy-Littlewood—Sobolev inequality in [15], (2.3), and (g1), we get

(N -2) N
- /R el /R o)

_N+a

[ e 6l ()
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2*/2
2 1 2% 2 1 2
§C<8/RNV(V)| +C€/RN|V| >§C(S/RNV(V)| +C5(,/RN|VV|> ),

which shows that there exists o > 0 such that |Vv||2 > p forany v € Q.
(ii) For any v € Q, from Lemma 2.2, we have

B 1 o+2 9
D) =2(v) - Nio aP(V) > AN+ ) Vvl (2.4)

This completes the proof. O

Lemma 2.10 Assume that (g1)—(gs) hold. Then c is achieved.

Proof Let {v,} C Q be a minimizer for ¢, that is, P(v,) = 0 and ®(v,,) — c as n — oo. By
(2.4), one has

_ 1 o oa+2 2 N 2
+0,(1) = @) = 1P = 5o 2Tl g [ P

which shows that [pn [Vv,|* + [on f2(v,) is bounded and thus {v,} is bounded in D**(RY).
By the Sobolev inequality, Lemma 2.1-(5), it follows that

2%/2
.
/ vﬁf/ fz(vn) and / vif/ vfl SC(/ |VV,,|2> .
[vnl<1 RN [Vn|>1 [vn|>1 RN

Therefore

2%/2
/ vi=/ vﬁ+/ vﬁf/ f2(v,,)+C</ |an|2> . (2.5)
RN val<1 S RN RN

From (2.5), we infer that there exists C > 0 such that [y v < C. Up to a subsequence,
there exists vo € H*(RY) such that v, — vy in H'(RY), v, > vo in L] (RN) for r € [2,2¥)
and v, — v a.e. on RN,

Now, we claim that there exist § > 0 and {y,,} C RY such that f Biy) [v,|? > 8. Assume by
contradiction, by Lion’s concentration compactness lemma in [19], that v, — 0 in L"(RY)

for 2 < r < 2*. Moreover, by P(v,) = 0, we know that

0« Iy G(f(Vn)))G(f(Vn))

RN
_N-2

N N-2
o [ [ Pz s,
N +o Jpy N +a JgN N+a

as n — +0o. This is a contradiction. Thus there exist § > 0 and {y,} C RN such that

fBl(yn) [va]? > 8. Set ¥,(x) = v, (x + y,,). Then ||v,,]| = ||v,|l. Thus, up to a subsequence, there
exists Vo € H'(RN)\{0} such that v, — v in H'(RN), ¥, — Vg in L], (RN) for r € [2,2%),

and ¥, — o a.e. on RV, By translation invariance, one has

D(vy) = ¢, P@,)—0, asn— +00 (2.6)
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and fBI(O) [V4]% > 8. Set w,, := ¥, — ¥y. Thus Lemma 2.7 yields that
c=DP[Wy) +DP(w,) +0,(1) and 0="P(Vg) + P(w,) + 0,(1). (2.7)

If there exists a subsequence {w,,,} of {w,} such that w,, = 0, then up to a subsequence, we
have

@ (vg) = ¢, P(vo) =0. (2.8)

Next, we assume that w,, # 0. We claim that P (Vo) < 0. Otherwise, if P(i) > 0, it follows
from (2.7) that P(w,) < 0 for n large. By virtue of Lemma 2.6, there exists t, > 0 such that
(Wn)s, € Q. By (2.7) and Lemma 2.2, we get

N-2 _, N .

Nra Ju T g L o)
(i)~ — () = () = P = = Pl > ¢
- " N+a "= 7t N+« "= N+« n="

which is a contradiction due to [py [V¥o]? > 0. Thus P () < 0. Since ¥y # 0, in view of
Lemma 2.6, there exists ) > 0 such that (), € Q. By Lemma 2.3 and the weak semi-
continuity of norm, we have

n—00

¢= lim [@(m - ﬁmm}

N-2
= lim |V, + lim | f*(v,)
N +a n>00 gy N +a n—>00 Jgn
N-2
> Vo[> + f2(@0)
N+a RN N+a RN
tN+ot
> &(V) - ——P(¥
> @ () Noo (o)
) 7
> @ ((Vo)y) — No+ " P(vo)
tN+o¢
>c- P(o) = ¢,
+to
which implies that (2.8) holds. The proof is completed. O

By a standard argument in [14, 18, 19], we can get the following lemma.

Lemma 2.11 Assume that (g1)—(ga) hold. If v e Q and © (V) = ¢, then V is a critical point
of ®.

Proof of Theorem 1.1 By Lemma 2.7, Lemma 2.10, and Lemma 2.11, there exists vy € Q
such that

D(vp) =c = inf max ®d(v;), @' (v) =0.

ve® t>0

This completes the proof. d
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