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1 Introduction
The paper concerns the theory of inverse spectral problems for differential operators. Such
problems consist in constructing operators by their spectral information.

We consider the Sturm—-Liouville boundary value problem (BVP) L = L(q(x), h, H) en-

dowed with Robin boundary conditions (see, e.g., [1]) in the following form:

-y +qx)y =1y, x€(0,n), (1.1)
¥ (0)-hy(0)=0,  y(7)+Hy(m)=0. (1.2)

Here, X is the spectral parameter, ¢ is the complex-valued function from L, (0, ), called the
potential, h and H are complex numbers. Denote by {1,}52, the eigenvalues of L counted
with their multiplicities and numbered so that |A,| < |X,41], # > 0. The eigenvalue prob-
lem (1.1)—(1.2) appears after separation of variables in problems of mathematical physics,
describing wave propagation, heating, and other processes. More information about ap-
plications and generalizations of the Sturm-Liouville boundary value problems can be
found, e.g., in the recent papers [2—4].

The most complete results on inverse problems of spectral analysis have been obtained

for self-adjoint Sturm-Liouville operators. Those results include uniqueness theorems,
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algorithms for constructive solution, spectral data characterization, local solvability and
stability (see studies [5—11] and the references therein).

Let us formulate one of the classical inverse problems for L in the self-adjoint case (i.e.,
when ¢g(x) for x € (0,), & and H are real). In this case, all the eigenvalues {1,}5°, are real
and simple. Let ¢(x,A) be the solution of equation (1.1), satisfying the initial conditions
©(0,1) =1, ¢'(0,1) = h. Define the weight numbers

T
oy ::f ©*(x, M) dx, n=>0. (1.3)
0

Inverse problem 1.1 Given the data {},,«,};°,, construct g(x), &, and H.

Inverse problem 1.1 is equivalent to the inverse problem by the spectral function, studied
by Marchenko [5].

In the non-self-adjoint case, some of the eigenvalues {1, }7°, can be multiple, so the prob-
lem becomes more difficult to investigate. There are significantly less studies on inverse
problems for the non-self-adjoint operator (1.1)—(1.2). In particular, in [8] the classical re-
sults for the self-adjoint Sturm-Liouville operator are generalized to the non-self-adjoint
case with simple eigenvalues. Tkachenko [12] developed the method for solving another
inverse problem, which consists in recovering the non-self-adjoint Sturm-Liouville oper-
ator from two spectra corresponding to different boundary conditions.

Note that the spectral data {1,,, @, };°, defined above do not uniquely specify g, 1, and H
in the general case. Nevertheless, in [13] the so-called generalized spectral data (GSD) has
been introduced in the following way. Without loss of generality, we assume that multiple
eigenvalues are consecutive: A, = A,41 = - -+ = Ayym, -1, where my,, is the multiplicity of the

eigenvalue A,. By virtue of the well-known asymptotics
N» :n+O(n_1), n— 00, (1.4)
we have m,, = 1 for sufficiently large n. Define

§:={0U{neN: A, # 1,1},

1 dv
vidw?

(pn+v(x) = (x; )»)\)L:An, neSv=0, m, — 1.

The sequence {¢,}5, is a complete system of root-functions for the problem L. The

generalized weight numbers are defined as follows:

b g
Oy = / Onov X)Pam,-1(x)dx, neS,v=0m,-1. (1.5)
0

Clearly, definition (1.5) generalizes (1.3).

Thus, Inverse problem 1.1 turns into the inverse problem by GSD {A,,,}5,. Buterin
[13] has proved the uniqueness theorem for this inverse problem and obtained a con-
structive algorithm for its solution based on the method of spectral mappings [8, 14]. The
question of GSD characterization for Sturm-Liouville operators with complex-valued po-

tentials was investigated in [15, 16]. However, necessary and sufficient conditions on GSD
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from [15, 16] require solvability of some main equations. Those requirements are difficult
to verify.

The aim of this paper is to investigate local solvability and stability of Inverse problem 1.1
in the non-self-adjoint case. Note that, under a small perturbation of the spectrum, mul-
tiple eigenvalues can split into smaller groups, so the generalized weight numbers change
their form. As far as we know, this effect has not been studied before.

Some fragmentary results on stability under splitting of multiple eigenvalues were ob-
tained in [17-19] for various inverse problems. Recently Buterin and Kuznetsova [20]
proved local solvability and stability for the inverse problem by two spectra for the non-
self-adjoint Sturm—-Liouville operator. They also took splitting of multiple eigenvalues into
account. However, Inverse problem 1.1 appears to be more interesting for investigation
because of generalized weight numbers changing their structure.

In [15], some results on local solvability and stability were obtained for the inverse prob-
lem of recovering the non-self-adjoint Sturm-Liouville operator with the Dirichlet bound-
ary conditions from GSD. However, the authors of [15] considered only such perturbations
of GSD that preserve eigenvalue multiplicities. In the present paper, arbitrary perturba-
tions that can change eigenvalue multiplicities are studied. We obtain special conditions
on a GSD perturbation, which allow GSD to change their structure, but the perturbation
of the potential remains small in Ly-norm. In our sequel studies [21, 22], the results of
this paper are applied to investigate the non-self-adjoint Sturm-Liouville problem with
arbitrary entire functions in the boundary condition.

The paper is organized as follows. In Sect. 2, our main Theorems 2.2 and 2.3 on lo-
cal solvability and stability are formulated. Their proofs are constructive and develop the
ideas of the method of spectral mappings [8, 13, 14]. This method consists in reduction of
a nonlinear inverse problem to a linear equation in a Banach space, called the main equa-
tion. The main equation and the corresponding Banach space are specially constructed for
every certain inverse problem. For our problem, the most important feature of the main
equation is that it contains “continuous” and “discrete” components. Derivation of the
main equation and the proof of its unique solvability are provided in Sect. 3. In Sect. 4, we
finish the proofs of Theorems 2.2 and 2.3, and consider an example. In Sect. 5, analogous

results are formulated for equation (1.1) with the Dirichlet boundary conditions.

2 Main results

We start with some preliminaries. Let @(x, ) be the solution of Eq. (1.1) satisfying the
boundary conditions @'(0,A) —h®(0,A) = 1, @' (r, 1) + H® (r, 1) = 0. The function M(1) :=
@(0,4) is called the Weyl function of the problem L. Weyl functions are natural spectral
characteristics for various self-adjoint and non-self-adjoint operators (see [5, 8]). It is easy
to show that @ (x, A) for each fixed x € [0, 7] and M(A) are meromorphic functions in the
A-plane having the poles at A = 1, n > 0. In [13], the following representation has been

obtained:

my—1

A4ﬁ+v
MO)=)" > TN

neS v=0
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The coefficients {M,}°°, can be uniquely determined by the generalized weight numbers
{a,)ie, and vice versa from the linear system

v
Z pivtkMismp-k-1=0v0, nE€S,v=0,m,—1.
k=0

In particular, M, = «;, L if m, = 1. Thus, Inverse problem 1.1 by the GSD is equivalent to

the following one.
Inverse problem 2.1 Given the data G := {},,M,,}3°,, find g, /1, and H.

Further we study Inverse problem 2.1 instead of Inverse problem 1.1.

Along with the problem L, we consider complex numbers G = {1, M,,}2,. We will show
that, if the data G are “sufficiently close” to G = {A,, M, };°, in some sense (a rigorous
formulation is given in Theorem 2.2), then G will correspond to some BVP L =L@G(x), h, H)
of the same form as L, but with different coefficients. We agree that, if a certain symbol
y is related to L, then the symbol y with tilde is the analogous object constructed by the
data G.

Let N = N(L) > 0 be the minimal integer such that m, = 1 for n > N and |Ayx]| < |Ans1]-
Fix any real r € (|An], |An+1]), and consider the contour yy = yn(L) = {1 € C: |A| = 7} sur-
rounding the eigenvalues {)‘n}ﬁio' Put

Sn:=8nJ{0,...,N}, Sn:=8n{o,...,N},

my—1 my—1
n;;\, ; ()\ A )v+1’ MN()\) —ng VXO: ()\‘ )\ )v+1 (21)

MN = .A;lN —MN.

Note that the function MN(A) is constructed by the data {},,, M}, and (A M, W
fine p, := V/Ap, arg p, € [=7, ), and &, := [0, — pul + |M,, — M, for n> 0.

Theorem 2.2 Let L = L(q(x),h,H) be a fixed BVP in the form (1.1)-(1.2), N = N(L),
yn = Yn(L). Then there exists 8o > 0 (depending on L) such that, for any § € (0,8o] and
any complex numbers G = (A, M)} °o satisfying the conditions

max|/\/lN()» | < (2.2)
AEYN
~ 172
< > (nén)2> <4, 2.3)
n=N+1

there exist a complex-valued function § € Ly(0,7) and complex numbers h, H being the
solution of Inverse problem 2.1 for G. Moreover,

I - llry00) <C8,  |h—hl<Cs,  |H-H|<Cs. (2.4)

Here and below, the same symbol C is used for various positive constants depending on
L and 8y and independent of §, G, etc.
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Recall that the function M () is fixed and all its poles lie inside yy. Condition (2.2) for
sufficiently small § implies that all the poles of My (1) also lie inside yy. Moreover, the
following estimate holds:

Ay — Ay < CSYNHD 5 =0, N.

However, the values 1, and 4, can have different multiplicities. Namely, multiple values
A can split into smaller groups, so S C S, /i1, = m, = 1 forall n > N.
We also obtain local solvability and stability conditions on the discrete data, not involv-

ing the continuous function M. Such conditions are provided in the following theorem.

Theorem 2.3 Let L = L(q(x), h, H) be a fixed BVP in the form (1.1)-(1.2), N = N(L). Then
there exists 8y > 0 (depending on L) such that, for any § € (0, 8] and any complex numbers
G= {X,,,f\/[n}n“;o satisfying conditions (2.3) and

dn# e nAkmk >0, (2.5)
mp—1
Z ()\k+j - )\k)sMkﬂ' — M| <6, s=0,m -1,
j=0
el . o k € Sy, (2.6)
D Gk = M M| <8, s = my, 20myc = 1),
j=0

Ieaj = Ml <8V, | M| < 8070,

there exist a complex-valued function q € Ly(0,7) and complex numbers h, H being the
solution of Inverse problem 2.1 for G. Moreover, estimates (2.4) hold.

Condition (2.5) is imposed for simplicity. One can similarly consider the case of multi-
ple values among {,}\_,, but then one needs more complicated requirements instead of
relations (2.6).

Theorems 2.2 and 2.3 generalize their analogue for the self-adjoint case [8, Theo-
rem 1.6.4].

3 Main equation

The goal of this section is to derive the main equation in a Banach space, which plays a
crucial role in the proofs of the main results. Our approach is based on the method of
spectral mappings (see [14]). Since a part of the proofs repeat the standard technique of
[8, Sect. 1.6] and [13], we omit the details and focus on the differences of our methods
from the classical ones.

Let us consider two BVPs L = L(g(x), 1, H) and L = (7(x), h, H) with different coefficients.
Fix N = N(L) and the contour yy. Assume that the eigenvalues {):n}ﬁio lie inside yy and
{(An)22y,, lie outside yy.

Define

9l Mg (x,§) - ¢'(x, Mo, §)

D(x, 1, &) := ¢

/0 o(6, W) (2, ) dt.
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For K € N, consider the region 7x :={L € C: —p<Rer< (K + %)2, [ImA| < p} and its
boundary vk := Tk with the counter-clockwise circuit. The constant p is chosen so that
Rei, >-p,Re )Zn >—p, | Imx,| <p, |Im )~\,,| < p for all n > 0. Using the contour integration
(see [8, p. 53] for details), we obtain the relation

i o1 o
o5 =353) + Jim 5§ Dl OG5 )k,

where M := M — M. Applying the residue theorem and observing that the function (M() -

M ~(A)) is analytic inside yy, we obtain the relation

0051 =530+ 5 b Dk 061 6)
Tl

YN
+2:Q%@MJ@QﬂmM%J@DWJJQﬂmM”. (3.1)
n=N+1

We use relation (3.1) for deriving the main equation of Inverse problem 2.1 in a special
Banach space. Denote by B¢ the Banach space of functions continuous on yy with the

norm

, JceBc.

Ifcllse = max [fe(h)
Denote by Bp the Banach space of bounded infinite sequences fp = [f,]°; with the norm
folla, =suplful,  fo € Bp.
n>1
Define the Banach space

B:={f = (fc.fp): fc € Bc.fp € Bp}, Ifliz = lifclic + Ifpllp-

Here and below the lower indices C and D mean a “continuous” and a “discrete” part,
respectively.
For every x € [0, ], define the element ¥ (x) = (¥c(x), ¥p(x)), where

Wc(x,)») = ¢(x,)t)» A€ VN> va(x) = [Wn(x)]:ily

1ﬁZj—I(x) = QD(JC, XN+j)’ 1/!2/‘(96) = XN+/‘(</’(9C» )\N+j) - go(x, j-N+j))’ ] >1,

;;1’ lfén 7'/0’
0, if&,=0.

Xn =

The element ¥ (x) is defined analogously by using ¢ instead of ¢.

For the solution ¢(x, 1), the following standard asymptotics is valid:

9%, 1) = cos px + O(p " exp(|Implx)), |p| — oo, (3.2)
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where p = v/, Re p > 0. Using (1.4) and (3.2), we obtain the estimates
0@, k)| < Co @ hn) = 0%, 4n)| < CEyy x€[0,m),n>0,

where the constant C does not depend on x and 7. Analogous relations are valid for §(x;, 1).
Consequently, for each fixed x € [0, 7], we have ¥/ (x) € B and V(x) € B.

For each fixed x € [0, 7], we define the linear bounded operator R(x): B — B as follows:
R R
R(x) = cc®)  Rcp(x) ,
Rpc(x) Rpp(x)
Rec(x): Bc — B, Rep(x): Bp — Bc,
Rpc(x): Bc — Bp, Rpp(x): Bp — Bp,

R(x)f = (Rec(®)fc + Rep@)fp, Roc®)fe + Rop(*)fp),  f = (fe.fp) € B,

(Rectfe)0) = 53— b Dl 1, ELVA(EVc(E) de, 3)
YN
(Rep@®)fp) (1) = Z((MNJrkD(x,)win) — My kD%, Ay A k) foar-1
k=1
— ENkMN kD%, Xy ANk )2k ) (3.4)
(RDC(x)fC)zj,l = % D, dona E) M (E)fc §) dE,

YN

(RDC(x)fC)Z]« = 2%” 7§ (D%, s €) = D, Joniajs €)) Xnvej M (€ )fc (8) dE,
W

o0
(RDD(x)fD)Zj_l = Y (MyskD(, denvjs Avak) = Mnar D06 Ao Aneid))fok-1
=

—

- $N+/<MN+kD(x: XN+]’: )\N+k)f2k)’
[o¢]
(Rpp(x)fp) 5 = XN%j Z ((Mnax (DG, Anvajs Anak) = D% Anajo An+k))
k=1
= Mok (DG, Ay Aek) = D& Ay Anek)) )kt

— En kM ke (D ANy Anak) — D6, A Anek) Yok )

where A € yn, j > 1, fp = (il
Taking A € yn, A = dpand A = A, n> N, in (3.1), we obtain the so-called main equation
in the Banach space B:

Y(x) = ([+R®)¥(x), xel0,x]. (3.5)

Here, I is the identity operator in B.
Now suppose that the problem L and the data G = {X,, M,,}°°, satisfy the conditions
of Theorem 2.2. We choose §; to be so small that the values {Xn}{;’: o definitely lie inside

yn and the values {):,,},DN definitely lie outside yy. It is not known whether the data G
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correspond to any problem L or not. Let ¥ (x) and R(x) be constructed by L and G via the
formulas above. Then the following assertion holds.

Lemma 3.1 For each fixed x € [0, 1], the following estimate is valid:
[R5 = C5, (3.6)

where the constant C does not depend on x, § and on the choice of G satisfying the conditions
of Theorem 2.2.

Proof In order to prove (3.6), it is sufficient to obtain similar estimates for ||[Rcc (%) ||z — B¢

IRcp)|lBp—Bc» 1Rpc(X)1IBc—Bps and | Rpp(*) |3, 8, Using (2.2) and (3.3), we get
1 A
[Rec)] 5. 5. < 5 length(yx) - max [ 2,£)[ - max| M (€)] < C5.

The standard estimates (see [8, Lemma 1.6.2]) imply

Cexp(|Im p|x)&,

D@, 4, &) = D, 2 Ay)| <
lo—nl+1

Combining the latter relation with (3.4), (2.3) and the obvious estimates
IM,|<C, M, -M,| <&, n>0, (3.7)

we get

o0
|Rcp(x) ||BD‘>BC < max k;(|MN+k = Myok|[D(%, 2 Ay k)|

+ IMN+/(| |D(x7 )\: iN+k) _D(x! )W )\-N+k)‘

+ EN ok | Mok ] |D(x: )wAN+k)‘)

00 00 1/2
gn ( 2
<Cc Y —>—=<c| > m&)] =<
n=N+1 |p —I’l| +1 n=N+1

One can similarly study the components Rpc(x) and Rpp(x) and finally arrive at the asser-
tion of the lemma. g

Corollary 3.2 There exists 8o > 0 such that, for every § < 8y and x € [0, 7], the estimate
IR(x)|I g < % holds. In this case, for each fixed x € [0,7], the operator (I + R(x)) has a
bounded inverse, and the main equation (3.5) has a unique solution.

4 Proofs

The aim of this section is to prove Theorems 2.2 and 2.3. Using the solution of the main
equation (3.5), we construct the values g(x), h,and H being the solution of Inverse prob-
lem 2.1 for G. Furthermore, stability estimates (2.4) are proved. We just outline the general

strategy, since the detailed proofs are analogous to [8, Sect. 1.6.2].
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Let L be a fixed BVP, and let § satisfy the conditions of Corollary 3.2. Let G= {Xn,f\/ln}ﬁc’:o
be arbitrary fixed data satisfying the conditions of Theorem 2.2. Then the main equation
(3.5) constructed by L and G has a unique solution for each fixed x € [0, 7]. Denote this

solution by ¥ (x) = (¥c(x), ¥p(®)), Yc) = Pl 1), ¥p@) = [Yn®)]32;.

Lemma 4.1 The functions Vc(x, 1) for each fixed ) € yn and vr,(x) for n > 1 are contin-
uously differentiable with respect to x € [0,7]. Moreover, the following estimates hold for
x€[0,7],v=0,1:

IV <C I -y )| <C8 ke,
@ <Cr’s @) @] <Con @ - v, <C8 nz1,

o ) 172

where the constant C depends only on L and §.

Define the function
1 ~ .
35,0) = 9(5.0) = 5 b Dl 616l )
i J,,

M2

(MN+kD(x’ A XN‘FI() &Zk—l (x)

T
)

— My axD@, hy i) (Vo1 () + Eni Pk (%))

It is easy to check that

@(x,k) = 1pC(x!)‘)’ A€ VN>

P Ane) = Vo1 (), @0 Anakd) = Vo1 () + Enarbak (), k> 1.
Consequently, Lemma 4.1 implies

gY@ <C 8w A) - x| <Cs, hew,
|¢(U)(x) )\N+k)| =< Ckv; |¢(x¢ )¥N+k) - <,0(x, )"N+k)| =< C(Snk: (41)
@' (% Ansi) — @' (%, Anar)| < €8, k= 1,v=0,1,x€[0,7].
Similar estimates also hold for Ay, replaced by ):Mk.
Introduce the functions

[e¢]

&o(x) := ﬁ My (E)p(x, ), £) di + Z (Mo, 2) P (2, An)
YN n=N+1
— Mu@(%, 1)@ (%, M), e(x) := —2¢e4(x). (4.2)

Using (2.2), (2.3), (3.7), (4.1), and (4.2), we prove the following lemma.

Page9of 13
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Lemma 4.2 The integral f (-+-)d& and the series Y pon.,(-++) in (4.2) converge abso-
lutely and uniformly with respect to x € [0, ]. The function &, is absolutely continuous on
[0,7] and ¢ € L,(0, ). In addition,

max |eo(x)| < C3, lellzyom < C8.
x€[0,7]
Define

Gx) =qx) +e(x),  h=h-g0),  H=H+eg(r).

Lemma 4.2 implies that g € L,(0,7) and estimates (2.4) hold. Consider the BVP L=
L(g(x), h, H) and the function

my—1
MO)=) ) 0 ;;M
ne§ v=0

Lemma 4.3 The function M()) is the Weyl function of L.
Thus, Corollary 3.2 and Lemmas 4.1-4.3 together prove Theorem 2.2.

Proof of Theorem 2.3 We prove Theorem 2.3 by reduction to Theorem 2.2. For simplicity,
suppose that the problem L has the only multiple eigenvalue % of multiplicity m := my,.
The general case is completely similar, but more complicated technically. In our special
case, we have

m— ~

My() =

j=0

m-—
Z . /\0 i (4.3)
j=0

Using the obvious relation

1 1 < A — A0>
— = 1+ — ),
A= A=ho A=A

we obtain
2(m-1) =~ ~ 2m—1
1 Ai—Ag)® Ai—A
—~=Z(’ °3+1+ (’20)1 . (4.4)
A-% = (A-2o) (A = 20)" 1 (1 = 4y)

Substituting (4.4) into (4.3), we derive

m— m-1
M) =Z oo Ao)m (Z(I\,_ AO)sM,._MS)

s=0

2(m-1) m-1 m-1 by 2m—1 1
() — Ao) LA,
v Y i (S -3

5 (=) =1y

Page 10 0of 13
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For an appropriate choice of §y, we have |1 —le >co,j=0,m—1,|A—Ao| > ¢ for A € yn,
where the constant ¢y > 0 depends only on L and §y. Therefore, taking estimates (2.6) into
account, we conclude that

max|/\>lN()L)| < Cs.
AEYN

Using the latter relation together with the other conditions of Theorem 2.3, we apply The-
orem 2.2 and arrive at the assertion of Theorem 2.3. O

Example 4.4 Suppose that my =2, m, =1 for n > 2,i.e.,, N = 1. Let us construct a special
family of data G = {A,,M,} “close” to G in the sense of Theorem 2.3. For simplicity, put
dop i= Ay My, := M, for n> 2, i.e., only the first double eigenvalue A¢ can be perturbed. In
this case, condition (2.3) holds automatically for any § > 0 and conditions (2.6) take the
form

Mo + My - Mo| <, (4.5)
|A~40(5»0—)»0)+A~41(5x1 —)»o)—M1| <4, (4.6)
| Mo(Ro — ho)* + Mi(hy — Ao)?| <6,

1

hi—hol <8,  IM|<—, j=0,1
j — A0 j NG J

Fix 8 > 0 and put

. a - a
Mo= 2 v Mo, My=—-2,
° NG ° ' NS

Ro=ro+ V8, Aii=ho—B+cs,
My My
a=—, ci= —.
2 a
One can easily check that
Mo(Ro = 2o)" + My(hy —2o)' =M,, v=0,1,
which implies (4.5) and (4.6). It can be also checked that

|Mo(Ro = 10)* + M1 (A1 — 0)*| < C8, |Aj = kol < CV5,
. c (4.7)
|M;| = 7 j=01,
for 8 € (0,80], where & is sufficiently small and the constant C depends only on L and &.
Despite the constant C in (4.7), we can apply Theorem 2.3 and conclude that, for suffi-
ciently small 8y > 0 and § € (0, §¢], there exists the solution (g, h, H) of Inverse problem 2.1
for the data G and estimates (2.4) hold.
An interesting feature of this example is that the eigenvalues Ao, A, are +/8-close to g
and the generalized weight numbers M, M are sufficiently large for sufficiently small §.
Nevertheless, the potential g is C5-close to g in Ly-norm. Analogous examples can be

mp—1

"0, > being 810 _close to Aq.

constructed for m, > 2 and eigenvalues {An)
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5 Case of Dirichlet boundary conditions
In this section, we formulate the results similar to Theorems 2.2 and 2.3 for the case of the
Dirichlet boundary conditions. Since the proofs for different types of boundary conditions
are quite similar, we provide only formulations in this section.

Consider the boundary problem Ly = Lo(g(x)) for equation (1.1) with the complex-
valued potential g € L,(0, ) and the Dirichlet boundary conditions

20) = y(x) = 0. (5.1)

Denote by {1,}52; the eigenvalues of L counted with their multiplicities and numbered so
that |A,| < |Aus1l, m > 1. Equal eigenvalues are consecutive.

The eigenvalue multiplicities {#1,};°, for the problem L, are introduced similarly to the
case of Robin boundary conditions (1.2). Note that the asymptotic formula (1.4) is valid for
n > 1, so we choose the minimal N = N(Lg) such that m1,, = 1 for n > N and |Ay| < |Ans1].
Fix the contour yy = {A € C: |A| =7}, r € (IAn], [AN+1])-

Let @ (x, 1) be the solution of equation (1.1) under the conditions @(0,A) = 1, @ (7, 1) = 0.
The Weyl function is defined as M (1) := @’(0, 1). Define

M,,, = )I\Qtzs()» —A)'M(@A), neS,v=0m,-1,
S:={neN:n=1or, #X1,1}.
The following inverse problem is analogous to Inverse problem 2.1.

Inverse problem 5.1 Given the data G := {A,, M, };°; for the problem Ly(g(x)), find the
potential g.

Consider the data G := {5»,,,1\71"}221. Define the function My (}) via formulas (2.1), using
the data {)»,,,M,,}ﬁ)’zl and {i,,,Z\N/I,,}Q’=1 defined in this section and

Sx=SN{l,...,N}, Sy=Sn{L...,N}.
Put py := /Ay, arg p, € -5, 5), and &, := |0y — Ou + n M, — M,| for n > 1.

Theorem 5.2 Let Ly = Lo(q(x)) be a fixed BVP in the form (1.1), (5.1), N = N(Lo), yn =
yn(Lo). Then there exists 8o > 0 (depending on Ly) such that, for any § € (0, 8¢] and any com-
oo

plex numbers G= {i,,,]f/I,,}”:l satisfying conditions (2.2) and (2.3), there exists a complex-
valued function § € L,(0,7) being the solution of Inverse problem 5.1 for G. Moreover,

”q - é”Lz(O,T[) < CS’ (52)
where the constant C > 0 depends only on Ly and §.

Theorem 5.3 Let Ly = Lo(q(x)) be a fixed BVP in the form (1.1), (5.1), N = N(Ly). Then
there exists 8y > 0 (depending on Ly) such that, for any § € (0,8¢] and any complex num-
bers G = {)N»n,if/ln}ﬁil satisfying conditions (2.3), (2.5) for n,k > 1 and (2.6), there exists a
complex-valued function G € Ly(0, ) being the solution of Inverse problem 5.1 for G. More-
over, estimate (5.2) holds.
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Remark 5.4 The arguments of Sects. 3 and 4 imply that Theorems 2.2 and 5.2 are also
valid if we change MN(A) to M()) in (2.2).
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