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1 Introduction

In this paper, we consider the following nonlocal fourth-order elliptic problem:

Au—m([, |Vul* dx)Au = ax)|ul*2u +f(x,u), x€ 2,
u=Au=0, xecadf2,

(1.1)

where 2 C RN (N > 4) is a bounded smooth domain, m(-) € C(R*,R"), a(-) € C(2,R*),
se€(1,2),andf € C(2 x R,R).

Problem (1.1) is related to the stationary problems associated with

2

d
a—’: + A%y <Q+/ |Vu|2dx>Au =/ (o, 1, ).
e

This plate model was proposed by Berger [1] in 1955, as a simplification of the von Karman
plate equation which describes large defection of a plate, where the parameter Q describes
in-plane forces applied to the plate and the function f represents transverse loads which

may depend on the displacement « and the velocity ;.
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Because of the important background, several researchers have considered problem

(1.1) by using variational methods when a(x) =0,

ANu—m(f, |Vul*dx)Au=f(x,u), x€$2,
u=Au=0, xe€0df2,

with the function m being bounded or unbounded and f having superlinear growth. We
refer the readers to [2—11] and the references therein.

Recently, in [12], Ru et al. considered problem (1.1) with m(¢) = a + bt and a more general
f such as

ANu—(a+b [, |Vul>dx)Au=f(x,u,Vu, Au), x€£2,
u=Au=0, xe€df2.

By using an iterative method based on the mountain pass lemma and truncation method
developed by De Figueiredo et al. [13], they proved that the above problem has at least one
nontrivial solution.
One of the important conditions in their work is that f(x,¢) satisfies the famous
Ambrosetti—Rabinowitz type condition, for short, which is called the (AR) condition:
(AR condition) there exist ® > 2 and #; > 0, such that

0< @F(x, tr%-l;sZ) =< tf'(xﬁ t:sl)%-Z)) V|t| >I,x€ 97(51)52) € RN+1r

where F(x,1,51,62) = [y f(x,5,€1,82) ds.
It is well known that (AR) is a important technical condition to apply the mountain pass

theorem. This condition implies that

. Flx,u)
lim =00

u—00 Y

If f(x, u) is asymptotically linear at = 0 or u# = +00. then f(x, u) does not satisfy the (AR)
condition. In [14], A. Bensedik and M. Bouchekif considered second-order elliptic equa-

tions of Kirchhoff type with an asymptotically linear potential

—m([, |Vul*dx)Au=f(x,u), x€,
u=0, xe€0df2.

On the other hand, the classical equation involving a biharmonic operator

A%y + cAu = a(x)|ul*2u +fx,u), x€$2,

ulx) = Au(x) =0, x€0ds2,

(1.2)

has been extensively studied using the mountain pass theorem when a(x) = 0 and f(x, u)
is asymptotically linear at u = 0 or u = +0o. We refer the reader to [15, 16]. In particular,
in [17], Pu et al. considered problem (1.2) when a(x) # 0.
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Until now, there are few works on problem (1.1) when a(x) # 0 and f(x, #) does not sat-
isfy the (AR) condition. Inspired by these references, in this paper, we discuss the exis-
tence and multiplicity of solutions of problem (1.1) when a(x) # 0 and the nonlinearity f

is asymptotically linear at # = 0 or u = +00.
2 Preliminaries

Assume that the function m(¢) satisfies the following conditions:

(M) m:R* — R* is continuous, nondecreasing, and there exists m; > m > 0 such that

mo = min m(t) = m(0), my = sup m(t).
ter? teR*

Remark In [14] and [18], the function m(t) is assumed that satisfy (M) and there exits
to > 0 such that m(t) = my, Vt > £y.

First, we study the nonlinear eigenvalue problem

ANu—m([, |Vul*dx)Au=Au, x€$2,
u=0, Au=0, x€0dS2.

Let (A, ¢x) be the eigenvalue and the corresponding eigenfunction of (A, H} (£2)), namely

—A¢r =P, x€ 82,
k() =0, x€0982.

Set

Lu= Azu—m</ |Vu|2dx> Au.
fo)

Via some simple computations, we get

L = APy —Wl(‘/s2 |V¢k|2dx>A¢k

- [Aimkm(/ |V¢k|2dx)]¢k
2
= |:)\]2<+)ka<)»1(/ |¢k|2dx)i|¢k.
2

Set

e A2+ ([, [Vgrl?dx),  or (2.1)

Ap + hem(hi [o 1ok dx)

and so Ay (k =1,2,...) are the eigenvalues of the operator L associated to the eigenfunction

Ok
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Assume that the eigenfunctions ¢ are suitably normalized with respect to the L2(£2)
inner product, namely

0, i#j;

(D69 12(02) =
1, i=j

Expression (2.1) can be rewritten as

A =2} + Mm (xk/Q |¢k|2dx) = A2+ Mm(Ag).
For each eigenvalue A; being repeated as often as multiplicity, recall that
O<A A SA3 < <A —> 409,
and if (M) holds, then
0<A <A< A3<--- < Ap — +00.
Denote
A =2F+m, k=1,2,...,
then we know that
Ac <Ay, k=12,....

It is well known that

e =inf{/ \Vul*dx:ue H(l)(.Q),/ |u|? dx = 1}.
2 2
Similarly, we have

Lemma 2.1 Assume that (M) holds, then

A= inf{/ |Au|2dx+m</ |Vu|2dx>/ |Vu|>dx:
2 2 2

ueHX(£2)N H(l)(.Q),/ lu|? dx = 1}.
2

Proof Denote

inf{/ |Au|2dx+m(/ |Vu|2dx>/ V| dx :
2 2 2

uecH*(2) ﬂH})(.Q),/ || dx = 1} = Ao,
2
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then it is clear that
Al = )\.% + )\.11’}’1()\1) > A().

Let uy € H*(2) NH{($2) achieve A, then [, [uo|*dx =1, [, [Vuo|* dx > A1 and ug = 0 on
052, therefore

/IVuo|2dx=—/ uoAug dx,
2 2

which implies that

2 2
(/ |Vu0|2dx) :(-/ quu0> dxf/ |u0|2dx/ |Auo|2dx:/ | Auol|? dx,
2 2 2 2 2
then

AO:/ |Au0|2dx+m</ |Vu0|2dx>/ |Vio|? dx
2 2 2
2
z(/ |Vu0|2dx> +m</ |Vu0|2dx>/ |Vio|? dx
2 2 2

> )\% + )\11’}’1(}\.1) = Aj.

So A() = Al.
Let H = H?(£2) N H}(£2) be the Hilbert space equipped with the standard inner product

(u,v)y = f (AuAv+ VuVv)dx
2

and the deduced norm

||u||z=/ |Au|2dx+f VP dx.
2 2

It is well know that ||u||; is equivalent to (/. o | Au|? dx)% . And there exists t > 0 such that

/lAu|2dx§||u||,2_,§t/ |Aul? dx.
2 2
Denote
||u||2:/ |Au|2dx+m1/ |Vu|? dx
2 2
and

||u||3n0=/ |Au|2dx+m0f |Vu|? dx.
2 2

It is obvious that the norms ||«| and | u«]|,,, are equivalent to the norm ||u||x in H. And
since mg < mj, we have

2 2 2
lloell” = Muelly,y = Ollull”s

where 0 = :”n—‘l’ € (0.1).
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Throughout this paper, we denote by C universal positive constants, unless otherwise
specified, and

ltlloo = llstllee for u € L®(82) or u € C(£2),
1
q
||u||q=(/ |Vu|qu) foruel? 1 <gqg<+oo.
17}

By the Sobolev embedding theorem, there is a positive K, such that

<K f €Hand1< . 2.2
llzellg < Kyllull  for u and1<g<—— (2.2)
Specially, when condition (M) holds and g = 2, by Lemma 2.1, then
ol = 23)
2= . .

The mountain pass theorem and the Ekeland variational principle are our main tools,
which can be found in [19]. 0

Lemma 2.2 Let E be a real Banach space, and I € C*(E, R) satisfy (PS) condition. Suppose
1 There exist p >0, a > 0 such that

1|58, > 1(0) + a,

where B, = {u € E|||lu| < p}.
2 There is an e € E with |e| > p such that

1(e) < 1(0).
Then I(u) has a critical value ¢ which can be characterized as

c=inf max I(u),
yel uey([0,1])

where I' = {y € C([0,1],E)|y(0) =0,y (1) = e}.

Lemma 2.3 Let V be a complete metric space and I : V — RU {+00} be lower semicontin-
uous, bounded from below. Let ¢ > 0 be given and v € V be such that

I(v) < ir‘}f1+ &.
Then there exists u € V such that
I(u) <1(v), dlv,u) <1
and forallwZuinV,

I(w) > F(u) — ed(v,w).
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3 Main results
A function u € H is called a weak solution of (1.1) if

/AuAvdx+m</ |Vu|2dx)/ Vqudx—/ a(x)luls’zuvdx:/f(x,u)vdx
7] 7] I?) I7) 2

holds for any v € H. Let /] : H — R be the functional defined by

](u):lf |Au|2dx+lM<f |Vu|2dx)—1/ a(x)|u|sdx—/ F(x, u) dx,
2 Q 2 2 S Je k%)

where
M(t) = /Otm(s)ds, F(t) = /otf(x,s)ds.

It is easy to see that J € C'(H, R) and the critical points of J in H correspond to the weak
solutions of problem (1.1).

We make the following assumptions.

(A) a(x) € C(2), a(x) >0, Vx € 2 and ||a(x)||o = a > 0;

(Fo) tf(x,t)>0forxe 2,teR;

fx0)
t

(F1) limyy—o
0Ay;
(F>) limm_Hoo@ =/ (-00 < /< +00) uniformly a.e. x € 2.

= p(x) uniformly a.e. x € £2, where 0 < p(x) € L*(£2), and [|p(®)|lc0 <

Our first main result is concluded as the following theorem:

Theorem 3.1 Assume the function m(t) satisfies (M), a(x) satisfies (A), and the nonlinear-
ity f (x, t) satisfies (F1) and (F), then problem (1.1) has at least one solution if | < A;.

Proof 1t is easy to see, from condition (F;), that f(x,0) = 0 for x € £2. So u = 0 is the trivial
solution of (1.1). From condition (F,), we can take & = %(Al —1[) > 0, and there exists T > 0
such that
flx,t)t < (1 +8)t>
for all |¢] > T and a.e. x € £2. By the continuity of F, there exists C > 0 such that
|F(x,1)| < I*TEtz +C
for all (x,£) € £2 x R. On the other hand, from (M) it follows that

t
mot < M(t) = / m(s)ds < myt, fort>0. (3.1)
0

Then we have

1 1 1 [t
—/ |Au|2dx+—M(/ |Vu|2dx)——/ a(x)|u|5dx—/ F(x,u)dx
2Jq 2 2 s Jo 2

1 1 1
—/ |Aul®dx + —mO/ |Vu|? dx — —Zl/ |u|® dx
2Ja 2 2 s Ja

J ()

v
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!
—i/ ul?dx - C| 2]
2 Jo

v

1 , 1 __ o l+e )
—lull” - - Ksallull® — —Illull” - C|$2|
2 S 2A1

Al—l—é‘
24,

2 1 - s

llell —;Ksﬂllull - Cl£2|,
which shows that J is coercive. Moreover, conditions (F;) and (F;) imply that J is weakly
lower semicontinuous in H. Therefore we get a global minimum u; of /.

Next, we prove u; # 0, so it is a nontrivial solution of (1.1). From condition (F;), there
exists C > 0 such that

If (x,0)| < Clel,

for all |¢| small enough and x € £2. It follows that

C 2

for all |¢] small enough and x € §2. From condition (A), we can chose v € H such that

/ ax)|v]*dx > 0.
o)
Then we have
. J(tv)
limsup —
t—0
 lim sup 3 Jo |A@) P dx + sM([, IV(#v) 2 dx) - L [, a)|tv| dx — [, F(x, tv) dx
t—0 t
< limsup o 1A@)Pdx+ 3mi ([, V()2 dx) = L [, a(x)|tv) dx - [, F(x, tv) dx
- t—0 t
£ 1 Cr>s
<limsup = —/ a(x)|v|*dx + / vidx
t—0 2 sJe 2 Jo
<0.

Therefore, we get that /(1) < 0. It is clear that /(0) = 0. Thus, u; is a nontrivial solution of
(1.1). a

Our second result is the following theorem:

Theorem 3.2 Assume the function m(t) satisfies (M), a(x) satisfies (A), and the nonlin-
earity f(x,t) satisfies (Fo), (F1), and (F,), then there exists a positive constant ay such that
problem (1.1) has at least three nontrivial solutions if a < ag and A, <1 < +00.

Before proving Theorem 3.2, we give two lemmas.

Lemma 3.1 Suppose the conditions of Theorem 3.2 hold, then there exists a positive con-
stant aq such that J satisfies the following conditions for a < ag and A, < I < +oc:
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L. There exist constants p >0, o > 0 such that ] |38, > a with B, = {u € H: |lu|| < p};
2. J(tp1) > —00 as t — +00.

Proof (Claim 1) By (F;) and (F,), there exists C > 0 such that for all (x,£) € £2 x R and
pe(X b 4) we have

Fx,t) <= (”p(x)” +0A)E + ClefPH.

From inequalities (2.2), (2.3) and (3.1), we have

J(u) = /|Au| dx + = m(/ [Vul dx)——/ (x)|u|sdx—/F(x,u)dx
fo)
2—/ |Au|2dx+—m0/ |Vu|2dx——Ez/ |u|® dx
2Ja 2 2 s Ja

1
- —(||p(x)Hm +0.A1) [ul3 - Cllullyy

6 _ 1 (lp@) [l + 6 A1)
Enun — —akK|lull* - 4+uun2—61<pﬂnunp“
0A —p®)loo 1. . ~
< 14/f’1 = ;aKsnunsZ—CK,mnunf’1 [lue]>.
Setting
p—s+l 1
L8 <9A1—||p<x)||oo)w p_(eAl ||p(x)||oo) T
0_ ) - - . A - b
21(1(1’ = 84, 84A1CKpi1

p+1

when a < ag and ||u|| = p, it follows that

A, — 00
7= (PO Y o a0

So, Claim 1 is proved.
(Claim 2) By (F,) and for [ > A;, there exists C > 0 such that

F(x,t) > (l+A1)t —

forall (x, ) € 2 x R. Let A1 and ¢ be the first eigenvalue and eigenfunction of (-A, H} (£2))
with [, [¢1]>dx = 1. We know that

/i1=/ |A¢1|2dx+m1/ |V¢1|2dx=)\%+m1)»1.
2 2
Then, we have

J(ty) = %/Q|A(t¢1)|2dx+%m(/giwwofdx)

—l/‘ a(x)|t¢1|sdx—/ F(x,to1) dx
S Ja 2
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IA

£ £

—/ |A¢1|2dx+—m1f VP dx

2 /o 2 o
I s £ - )

- — | a®)Pdx— —(+ Ay) | |¢1|"dx+ C|$2]
s Jo 4 2

t2

4

(A1 - - %/Qm)wwm cel.

Hence, J(tyr;) — —00, t — +00.

The proof of Lemma 3.1 is completed. O
Let
f+(x t)— f(x;t): tZO)
o, £<0,
and
) = flxt), t=0,
o, £>0.

Define functionals J* : H — R as follows:

]i(u):%/ |Au|2dx+%m</ |Vu|2dx>—1/ a(x)|u|sdx—/ FE(x,u) dx,
Q Q SJe Q

where F£(£) = [y f*(x,5) ds.

Lemma 3.2 Assume that (M), (A) and (Fo)—(F,) hold, and A, < I < +00, then J* (u) satisfies
the (PS) condition.

Proof We just prove that J*(u) satisfies the (PS) condition. The proof for J~(u) is similar.
Let {u,} € H be a (PS) sequence, namely

T (un) — ¢, (3.2)
V] (u,) — 0. (3.3)
Firstly, we claim that {u,} is bounded in H. If not, we may assume that ||u,| — +00 as

n— +00. Let w,, = HZ_ZII’ then ||w,| = 1. Passing to a subsequence, we may assume that
there exists w € H such that

w,—w inH,
wy,—>w inL(2),1<r<%, (3.4)
w, — w a.e.in $2.

By (F1) and (F;), we see that there exist C; and C, such that

’@‘scb ’F(’;”’SCZ (3.5)

t
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for all (x,¢) € £2 x R and define

Sl 1)
t

_ limf (x, t), F(x,t)

F(x,t)
=lim
o 0L t2

2
=0 t—0 t

Then we claim that w # 0. Otherwise, if w = 0, we know that w,, — 0 strongly in L"(£2).
Dividing (3.2) by ||u,||%, we have

+ . 1
](Mz)z—z(/ |Au,,|2dx+m</ |Vu,,|2dx>>
luall®  20uall® \Je o

1 s F*(x,u,)
/Qa(x)’w,,(x)‘ dx—/gidx

sllunll>~ ll2a 11>

=o(1).

It follows from (3.1) and (3.5) that

4 1
- 2(/ IAunlzdx+mo/ |Vun|2dx)
27 2Qual* \Je 2

1
5—2</ |Au,,|2dx+m</ |Vun|2dx>>
2luall* \Jga 2

1 F*(x,
—2/ a(x)|wn(x)|sdx+f (xiu;)dx+o(1)
sllunll*= Jo 2 llul

a

A

/\wy,(x)|sdx+C2/\w,,(x)|2dx+o(1)—>0,
2 2

= sl

which is impossible, so w # 0.
Let us define

20 = {xe.Q|w(x)=0}, .le{xe.(2|w(x)7’0}.

Then, for all v € H, we have

.
S @) §C1/ |yl [v] dx
20 Uy 20
1 1
2 2
§C1</ |w,,|2dx) (/ |v|2dx) .
20 20
So,
lim / Mwnvdx:(): Iwrvdx, (3.6)
n—>+00 J o 7 20

where w*(x) = max {w(x),0}. On the other hand, since |u,| — +00, we have |u,(x)| =
[let, || |Wn(x)| — +00 for x € §2;. Therefore, by (F;) and the dominated convergence the-

orem, we get

lim / Mwnvdx: lim Mwnvdx: Iwtvdx. (3.7)
21 Uy 21 n

n—+00 — +00 Uy, 2
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Combining (3.6) and (3.7), we obtain

fim [ L)

n—+00 0 uVl

wyvdx = / wtvdx. (3.8)
I?)
Now, (3.3) implies that, for all v € H, we have
(V]*(u,,),v) = / Au,Avdx + m(/ |Vu,,|2dx) / Vu,Vvdx
I?) o) 2
—/ a(x)|un(x)|s_lvdx—/f+(x, u,)vdx — 0.
2 2
Dividing by ||u,||, we get

/AwnAvdx+m(/ |Vu,,|2dx)/ Vw,Vvdx
2 2 2

1 s—1 f+(xrun)
/Qa(x)|w,,(x)| vdx—fﬂ - w,vdx — 0. (3.9)

ll24 117~ u

Since
||u,,||2=/ |Au,,|2dx+m1/ |Vu,,|2dx—> +00
Q 2

as n — +00, we can suppose that there exists a subsequence, still denoted {fQ |Vu,|?dx),
such that

f |Vu,|>dx — +00, n— +00, (3.10)
2
otherwise, there exists K > 0 such that
f |Vu,|?dx <K,
7}

and furthermore, there exist a subsequence, still denoted {/ o |Vu,|?dx)}, and a constant
t' > 0 such that

‘/9 |Vu,|>dx —t, n— +o0. (3.11)
In case (3.10) holds, by (M), we have
nlirpwm</fz |Vu,,|2dx) = my. (3.12)
Combining (3.4), (3.8), (3.9) and (3.10), as n — +00, we obtain

/AwAvdx+m1/ VwVvdx:/ Iw*vdx, YveH. (3.13)
Q2 I?) 2

Page 12 of 16
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Taking v = ¢; in (3.13), we have
/ AwWA@y dx + my / VwV ¢, dx = / w* ¢ dx. (3.14)
2 fo) o)
Noticing that ¢ is the positive solution of

A%y + myAu= Au, in £2,

u=0, Au=0, onds2,
we have
/ AwA@; dx + my / VwVe, dx = / Aywer dx. (3.15)
Q Q 1?)
Thus, from (3.14) and (3.15), we get
/ Iw* 1 dx :/ Aywer dx. (3.16)
2 2

If w(x) > 0 a.e. in £2, since w(x) # 0, we have fg wey dx > 0. Then (3.15) implies that

/lw¢1dx:/ lw*a&ldx:/ Aywen dx,
Q I?) Q

which contradicts [ > A;. Otherwise, let £2_ = {x € 22|w(x) < 0} and suppose |£2_| > 0. Then
f.(z, —we¢y dx > 0 and f_Q wtor dx > fQ w1 dx > 0. It follows from (3.15) again that

/lwﬁt)ldx:/ /ilw¢1dx</ Aywt g dx,
Q I?) I?)

which contradicts [ > A;.
So {u,} is bounded in X.
In case (3.11) holds, by (M), we have

lim m(/ |Vu,,|2dx> =m(t') =m' < m;. (3.17)
n—+00 o
Combining (3.4), (3.8), (3.9) and (3.17), as n — +00, we obtain

/AwAvdx+m// VwVvdx:/ wtvdx, YveH. (3.18)
2 2 2

Taking v = ¢; in (3.18), we have

/ AwAP, dx + m'/ VwVé dx = / w* ¢y dx. (3.19)
2 I7) 7]

Notice that ¢ is also the positive solution of

A’u+m' Au= Ay, in 2,

u=0, Au=0, onds2,
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where A} = A2 + m'A1. Then we have

/ AwAP, dx + m/f VwVé: dx :/ Al wey dx. (3.20)
2 2 2

From (3.19) and (3.20), we get
/ w* ¢ dx = / Aywe dx. (3.21)
Q I?)

Notice that for A} < A;, similar to the discussions in case (3.10) holds, (3.21) implies a
contradiction to /> Aj.

So {u,} is bounded in X.

Now, since £2 is bounded and (F;), (F2) hold, by using the Sobolev embedding theorem
and the standard procedures, we can easily prove that {i,} has a convergent subsequence.
The proof of the lemma is completed. d

Proof of Theorem 3.2. From the proof of Lemma 3.1, it is easy to see that J* () and J~ ()
satisfy the conditions of Lemma 3.1. So there exist p >0, @ > 0, and e € H with |e|| > p
such that

]i(”)|33p >a>0, J*(e) < 0.

It is clear that /*(0) = 0. Moreover, by Lemma 3.2, the functionals J + satisfy the (PS) con-
dition. By Lemma 2.2, we know that /* has the critical value c¢*, respectively, which can
be characterized as

¢t = inf max JH(u),
yel uey([0,1])
where I' = {y € C([0,1],H)|y(0) = 0, (1) = e}. So there exist critical points u;,u; € H

such that
Jrw)=c">0,  J(up)=c >0.

Since f*(x,£) > 0 and f~(x,t) < 0, by the comparison principles for some fourth order
elliptic problems [20], u; is a positive solution of (1.1) and u, is a negative solution of
(1.1).

Next, we prove that problem (1.1) has another solution u3 € H such that J(u3) < 0. For
p >0 given by Lemma 3.1, define B, = {y € E : ||| < p} and then B, is a complete metric
space with the distance dist(u, v) = ||u — v|| for u,v € B,. By Lemma 3.1, we know that

JW)lsp, > > 0. (3.22)

Clearly, J € ct (Bp,R), so J is bounded from below on B,. And we know that J is lower
semicontinuous.

Similar to the proof of Theorem 3.1, there exists v € H such that



Yuanfang and Yukun Boundary Value Problems (2020) 2020:130

Then letting ¢; = inf{J(«) : u € B,,}, we get that ¢; < 0. By Lemma 2.3, for any k > 0, there is
a {uy} such that

<( )< + —
C }L{ C .
1= k) = €1 k

Now we claim that ||z < p for k large enough. Otherwise, if ||ux|| = p for infinitely many
k, and, without loss of generality, we may suppose that ||ux|| = p for all k > 1. It follows
from (3.22) that J(ux) > « > 0. Letting k — 0o, we see that 0 > ¢; > « > 0, which is a con-
tradiction.

For any u € E with |lu|| =1, let

Wk = Ui + tu
for any fixed k > 1. We get
lwell < llugll + ¢,

so wi € B, for t > 0 small enough. It follows from Lemma 2.3 that

t
J(wi) = J(u + tu) > J(ug) - X flzel].
Thus, we have

() = lim J (ke + tur) — J (uge) . 1
0+ t k

and

—tu) — 1
() = lim J (g — tu) = J (ug) L
t—0* t k
Then |J/ (u)| < % — 0and J(ur) — c1 as k — oo. Therefore {u} is a (PS) sequence at level
¢1. From Lemma 3.2, {u;} has a convergent subsequence. Hence, we see that there exists
u3 € H such that J'(u3) = 0 and J(u3) = ¢1 < 0. Thus, u3 is a nontrivial weak solution of (1.1)

and us # uy, us # us. O
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