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1 Introduction
We consider the following Cauchy problem for the fractional semilinear pseudo-parabolic
equation:

Uy + k(=20 *up + (=N *u=u”, xeR"t>0,
(1.1)
u't:() = Uo,

where p > 0, k > 0, up(x) is sufficiently smooth and nonnegative. If k = 0, (1.1) is the classical
heat equation, see [1]. If k > 0, (1.1) is a pseudo-parabolic equation, see [2].

The pseudo-parabolic equation is used in diverse fields such as seepage theory of homo-
geneous liquid through cracked rock [3] (the coefficient of the third-order term represents
the degree of cracks in the rock, and its decrease corresponds to the increase in the de-
gree of cracking), the unidirectional propagation of nonlinear dispersive long waves [4, 5]
(where u is amplitude or curl), and the description of racial migration [6] (where u is the
population density). Because of the wide range of applications of pseudo-parabolic equa-
tions, they attract great attention of mathematicians.

Ting, Showalter, and Gopala Rao proved the existence and uniqueness of the solution
on the initial boundary value problem and the Cauchy problem of linear pseudo-parabolic
equations, see [2, 7, 8]. Since then, many scholars have paid great attention to the study
of nonlinear pseudo-parabolic equations, including about existence, asymptotic behav-
ior, decay of regularity and solutions, etc., see [9-12]. Recently, Yang Cao et al. proved
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the existence and blowing up of the solution of equation (1.1) at 4 = 1, but the pointwise
estimation of the solution was not discussed, see [13]. Later, Wang Weike et al. used the
Green’s function to improve [13] and p only needs to satisfy p > 1 + ﬁ instead of p > 1 + %
More specifically, they proved the pointwise estimation of the solution of equation (1.1) at
a = 1, also obtained the nonlinear critical index of the blowing up at p > 1+ -2 by limiting
the initial condition, see [14].

In the above research, they focused on integer order equations. The fractional dissipa-
tion operator (—A)* can be regarded as the infinitesimal generators of Levy stable diffusion
process. Compared with the integral differential equation, it can describe some physical
phenomena more accurately, see [15-17]. Therefore, more and more scientists are de-
voted to the research of fractional differential equations, see [16—18].

Motivated by the above works, we study the pointwise estimate and exponential decay of
the solution for problem (1.1) in the fractional order case. At present, there is little research
on the pointwise estimate and exponential decay of the solution of this fractional equation,
and the main difficulty stems from its fractional dissipation operator term. The structure
of this article is organized as follows: In Sect. 2, we recall some preliminary results and
show the main results of this paper. In Sect. 3, by Green’s function method, we use the
Green’s function to express the solution of fractional equation (1.1) and get the pointwise
estimate result of the Green’s function. In Sect. 4, we obtain the pointwise estimate of
fractional equation (1.1) with appropriate conditions p, ug. In Sect. 5, we prove that the

exponential decay of equation (1.1) still exists without a = 1.

2 Preliminaries and main results
Let C represent a generic positive constant, which may change from line to line. The norm

of [7(§2) is written as || - || () (1 < p < 00). The notation X is a Banach space with a norm

Il

Definition 2.1 Suppose f(x,t) € L'(R"). Then the Fourier transform is as follows:

fEn= | femne s (2.1)
its inverse Fourier transform is

(F )0 = @)™ /R T ne T de. 2.2)

According to [19], we have the following two lemmas.

Lemma 2.1 Iff(é ,t) has a compact support for & satisfying

[DE (67 (6, 0))| = C(1g1011s 1 g (iR 5) (14 116 2)"e MY, (23)
where b > 0, a, B are any multi-indexes and | 8| < 2N, then

|D%f(x, 8)] < Cut™™11*5 By (Ix1, ), (2.4)
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where k and m are any positive integers, (a), = max(0,a), and

By (lxl,t) = (1 ‘ ﬁ>_N.

1+¢

Lemma 2.2 Let suppf(§) C Og =: {§,|&| > R} and
D7 (6)| < Clel™17), (2.5)
then there exist distributions fi(x) and f(x) satisfying

f(x) =fi(x) + folx) + Cod(x), (2.6)

where Cy is a constant and 6(x) is the Dirac function. Furthermore, choosing &y small

enough, we have the estimate

DA < C(1+ 127,

ol <C suppfa®) C {x5 1%l < 260},
for positive integer 2N > n + |«|.

We make the following assumptions:

(H1) ug € C**2(R") for sufficiently small ug > 0;

(H2) up € W2(R") N W5°(R") N L®(R") N L*(R"), 0 < s < n, for sufficiently small
uy > 0.

Based on the above assumptions, we draw the following conclusions.

Theorem1 Letp>p. =1+ 27”, (H1) be satisfied. Then Cauchy problem (1.1) has the point-

wise estimate of the solution u, satisfying

" |x|2a -N
|u|§2C(1+t)ﬂ<1+ ) s
1+t

(2.7)

n_lol )29\ N
‘ch‘u‘ <2C(A+¢t)y 22 2|1+ ,
1+¢
where N > 0 is an arbitrary constant, C depends on the initial value uy and the parameter p.

Theorem 2 Suppose p >ps =1+ %, (H2) hold. Then problem (1.1) has solution u satis-
Jying

n 1 s
Il g < CA+8) 2272, ge[2,+00), (2.8)

where C depends on the initial value data and p.
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3 Pointwise estimate of the Green’s function

In this section, we will consider the pointwise estimation of the solution to linear form
of problem (1.1). We study the Green’s function of Cauchy problem (1.1) and obtain the
following:

0,G+k(-A)* Gy + (-A)*G =0, xeR"t>0,
Gli=o = 8(x),

(3.1)

where §(x) = §(x1) ® §(x2) ® - - - ® 8(x,) is the Dirac function and ® represents the tensor
product. Considering the Fourier transform of equation (3.1) with respect to x, we get

3G+ k|E|%G, + |€]1G =0, &eR",

~ (3.2)
Glio = 1.
By solving the above equation directly, we know that
Gl& 1) = @Y, (3.3)
where u(§) = - llill‘:zﬂ . Now we use frequency decomposition to obtain an estimate of the

Green’s function G. Let

1, [§]=<¢,

x1(8) = eC”, (3.4)
0, |&]>2e,
L [§l=R,

x3(8) = eC*, (3.5)
07 |§| < R - 1)

x2(8) =1-x1(8) — x3(8), €C*, (3.6)

where x1(£) and x3(&) are the smooth cut-off functions, ¢, R are any positive constants sat-
isfying 2¢ < R — 1. Define @(t,é) = Xi@(t,é), i=1,2,3. From the literature [20], we know
that the attenuation of the solution of the linear problem is mainly related to the low fre-
quency part of G(t,£). We use cut-off functions to divide the solution into three parts: low
frequency, intermediate frequency, and high frequency.

Proposition 3.1 Let ¢ be a sufficiently small constant. Then there exists a constant C >0
satisfying

DGy (3, 8)] < Cr(1 + )75 By (1%, £). (37)

Proof In the case of low frequency, let 0 < |£| < 2R, then G has compact support. Taking
into account (3.3) and Lemma 2.1, there is

IDEE“ 30 (€)G(E, )] < C(1E10P0s 4 g1 50 ) (1 + 11 ) e b6t (3.8)

for V|B| < 2N. Then is (3.7) established. (|
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Actually, we can discuss obtaining (3.7) in two cases.

(1) If | B] < ||, we find

|xﬂDﬁx1(D)G| = C)/eixéDg(gaxl(g)@(g’t)) de
= C/ (I 01 6 5) (1 + 21 27) [ e ™ de

: C/ E10 (Je 7P+ £ %) (1+ 215 2) e e g

_ n+la]-|B]
2a

(2) If | B] > ||, we obtain

n

-l
ol

¥ DI xi(D)G| < C(1+t
lel=IBl _ n

<C(l+t) 2 t 2

Il
<C(l+t)2at 2a ,

On the other hand, if |x|>* <1 + ¢, let || = 0, we have

n+la|
2a

D2 x1(D)G| < Ct

If ||* > 1 + t, let | 8| = 2aN, we see that

_ntlal 1+oN
’D;‘:XI(D)G| < Ct 2« mln(l,W .

Because
) |2 2, %> <1+¢,
+
—_ 2
L+t 2—"1“;, > > 1 +¢,

we know that

(1+)N N
1n(1, N <2VBy (%% ).

Then, with the help of (3.11)—(3.12) and (3.14), we infer (3.7).

Next, we estimate G, (x, t).

Proposition 3.2 Suppose that ¢ and R are fixed constants. Then
t
|D% Gy (x, 8)| < Ce” 20 By (|x1%, £),

where my is a positive constant.

Page 5of 16

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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1

|E‘2a

Proof Choosing m sufficiently large and m > 1 +k).If e <|&] <R, itis easy to see that

(&) < —ﬁ. This analysis reflects that
1Gal = [ x2(£)G| < Ce 2. (3.16)
From (3.16), there holds

|D2Gy(x,t)| < C

/ ¢ (£°Go (&, 1)) di
e<E<R

<Ce |&|* dg

e<E<R

< Ce 2, (3.17)
Now, we apply mathematical induction to prove the following inequality:
ID{Gy(5,0)| < C(1L+1)Fle 2. (3.18)

Obviously, the above formula holds when |8| = 0. Suppose that |8| </ - 1, the above
formula still holds. Then we will prove that the formula of (3.18) also holds for |8] < [.
Taking the Fourier transform of (3.1) with respect to x and multiplying it with x»(§), we
get

9Ga(&,1) — n(€)Ga(£,0) = 0,

e (3.19)
GZ(%-’ O) = XZ(E)

Using D? to equation (3.19), we can obtain that
DL Ga(&,t) — W(E)DLGy(E, 1) = F(£, 1), 520

G(£,0) = ao,

where F(§,t) = Zﬁuﬁz:ﬁylml#o %(Dg‘u(S)Dgzé\z(é,t)) and ap is a polynomial of |&].

Considering | 8] = /, we see that

t
D{Gy(&,1) = agGa(&, 1) + / Gy(&,t — 5)F(€)ds. (3.21)
0
By induction we have

t
‘Dng(S,t)‘ < Ce i + C/ 6—5;,5(1 + t)‘m_le_ﬁ ds
0

<CQ+t)Ple o, (3.22)
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Therefore, for each 1 < |B| < [, we find
|¥" DY Gy (x, )| < C‘/ eixspg(éa@(é,t)) ds‘
R}‘l

scaﬁ(ut)'ﬂ'f J§11! + g 1P dg

e<|BI=R

< Ce 2 1+

<Cemu(l+t)k, (3.23)

where m € (0, m). Taking into account (3.17) and (3.23) (let | 8| = 2N), we deduce

_ 1+
|D2Gy(x,1)| < Ce 75 min(l, %) (3.24)
x
Considering (3.14) and (3.24), we obtain the desired result. a
Now considering the high frequency part Gs(x, t).
Proposition 3.3 Let R be a sufficiently small constant. Then
D% (Ga(x, £) - Fy)| < € +£)"%" By (1%, ), (3.25)
where b is a positive constant and
! lo| + 1
_t i
F; = x3(D) [e k (S(x) + ;p;(t)(—A) ”’)} I= P (3.26)
is the distribution.
Proof Denote
1 ot
P=oms h(p) = e Tri¥k, (3.27)
&1
Expanded in Taylor’s series at |p| — 0, we infer
P tp 2p>  tp
h(p):ek(1+k_2+2k4_%+"' ' (3.28)
Then
e ke = ek (14 pi(e)(1€17)7 ) xa(€) + REE, 1), (3.29)
j=1
where p;(¢) is a polynomial of degree ;.
Let
! lo| + 1
_t i
F; = x3(D) [6 k (5(x) + ;p;(t)(—A) ”’):|, l= P (3.30)
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With the help of Lemma 2.2 and choosing R big enough, it is easy to see that

D% (Ga(x, £) - )| < CA + £ "5 By (ja]*, ). 31

In conclusion, we use the following lemma to explain the estimate of the regular part
of G.

Lemma 3.1 Let G be the solution of the linear form of Cauchy problem (1.1). Then
D (Gl £) - Fy)| < C(1+£) "% By (114, 8), (3.32)

where Fj is the distribution and

!
Fi = x5(D) [e‘i (a(x) . jzzljp,u)(—m-“f)} 2 (3.33)

Proof Note that

|D2(G(x,8) = F)(x,1)| < |D2G1(x,8)| + |DEGa(x, 2)|

+|D%(Gs(x,t) - Fy) (%, 8)|. (3.34)

Considering Proposition 3.1, Proposition 3.2, Proposition 3.3, and (3.34), we have (3.32).
Then Lemma 3.1 is proved. d

Lemma 3.2 Assume thatt >0, m> o, then

2a\ —mM
/ (1 L ) dx < C(1+1)%. (3.35)
7 1+¢

Proof Let w = |x|, we infer

2a\ —m 0o 2a \ —M
f 1+le dxfC/ 1+ 4 wldw
R 1+¢ 0 1+t

Y 00 w —2am+n—1 w
§C(1+t)ﬂ/ <1+ 1) d T
0 1+t 1+t

<C(1+1t)%. (3.36)
0

Using Hausdorff—Young’s inequality, the following lemma of Green’s function is easily

obtained.

Lemma 3.3 Ifp € [1,00], then

[5G = F )| oy = OO0 2 5207075 (3.37)

for any multi-indexes o.

Page 8 of 16
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Proof If p € [1,00), it follows from (3.25) that

1
»

|56 = | [ 1056 - Fe O

<CO ey (/R |Bn (121, £) 7 dx)';

noq_1y_lol
<C+ey %P5, (3.38)

If p = 0o, by (3.25), we conclude that

||D$(G - F)(¢,-) HU,(RH) =ess sup|DfC‘(G - F))(¢, -)f

<esssup{C(1 + t)_%leN(MV: t)}

o]

_1(1_1)_
SC(+t)y 2 p 2, (3.39)

4 Pointwise estimation of the solution
In this section, we get the pointwise estimate of the solution under appropriate conditions
of uy, p.

Lemma 4.1 Assume that |y| <M, t > 4M?, N > 0, then

Ly o 7N<C L - (4.1)
+— + . .
1+t =N 1+t

Proof (1) If |x|** <1 + ¢, then

Ll a2
and

(1 + llei)_N > 9N, (4.3)
On the other hand,

(1E2E) =

It follows from (4.3) and (4.4) that

2a\ —N 2a\ N
X
14 <ov(14 . (4.5)
1+t¢ 1+t

(2) If |%|** > 1 + ¢, then

le—yl=1|x| -yl =~1-t—|y| =0 (4.6)
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and

e — 9124 > (1l = [y1)* = (Ixl? = 2l |yl + 1y1?)”

- (g , el =2h)° _ZZM)Z - Iylz)a > (% + (2 —M2)>a. (4.7)

From 2 - M? >0, the proof is obtained. O

Proof of Theorem 1 With the help of Lemma 3.3 and considering (1.1), from Green’s func-
tion, we have

uz/fu:G(t)*uo+/tH(t—s,~)>kF(u(s,~))ds
0
:G(t)*u0+/t H(x—y,t—5)* F(u(y,s)) dyds, (4.8)
o Jrr

where the symbol * represents convolution, F(u) = u”, and H satisfies

-t G (4.9)
1+ kg2 '

Applying the inverse Fourier transform, we deduce

n o0 x| 24 n
H=K. %G,  K/(x)=(4r) % / e g% ds, (4.10)
0

Obviously, the estimated value on G is also correct on H.
By using D¢ to equation (4.8), we get

t
Diu(x,t) = DG ug + / Hx—y,t- s)ch‘F(u(y,s)) dyds
o Jrr
t
=Di G ug +/ foH(x—y,t—s)F(u(y,s)) dyds. (4.11)
o Jrn

Define

¢ = (1 +1t) % By (|xl% t),

n+la|

$o = (L+18)" 2« By(lxl%2), (4.12)
M(t)= sup |u(x,s)|¢>_1(x,s).

0<s<t,xeR

Then
u<M-ao,
t
u(x, t) < G*uy +M1’/ / H(x -yt —s)¢?(y,s)dyds, (4.13)
o Jr .

t
Dgu(x,t)fD;‘G*uo+Mp/ / DSH(x —y,t — )¢ (y,s)dy ds.
o Jrn
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First of all, we discuss the singular part. By (H2), following [20], we have

|DEF,  u| < Cee™ 2k (1+ |x|2”)_N

2a\ -N
<Ces(1+1) % (l + Ll )
1+t

< Ce. (4.14)
Secondly, we consider the nonsingular part. Since |uo| < (1 + |y|**)™, suppuo C {|y| <

M}, according to the definition of tight support, we can know u, has a compact support.
If t is large enough, we find

_ 2a\ N 2a\ N
|D;‘(G—F1)>ku0’ 5C(1+t)’7% (1+M) <1+£> dy
R'l

1+t 1+t
2a\ -N 2a\ —-N
<crp s (12 / 1 P g
1+t R 1+t
< Cedy. (4.15)
Then
|D2G * up| < Cegpy. (4.16)

Here we still divide the nonlinear term into a singular part and a nonsingular part. Define

/t/ D;’C‘H(x—y,t—s)¢p(y,s)dyds§/t/ D (G - F)¢P(y,s)dyds
0 JR" 0 JRn
D%F, ,$)dyds
o[ [ pererosay
=VY11 + Y12 (4.17)

where V11 = fot Jon D2(G = F))¢? (y,5) dyds, Y, = fot Jen DEF197(,5) dy ds.
Estimating the nonsingular part. Recalling Lemma 3.1, it shows that

¢ n+|a| |x—y|2“ N
1ﬂl,lSC/ (1+t—s) 2 (1+ )
0 JR?

1+t-s

(PN
x(1+s)y 221+ dyds. (4.18)
l+s

Denote 2 = [0,£] x R", 21 = 2 N{s > L}, 22 = 2 N{s < £}. We will discuss it in two
cases:
(1) If |%|>* <1 + ¢, then

_y2a\ N N
I/IMSC./ (l+t-1)° 2a(1+|x y! > (147 %
1

l+t-1

1\ Y A
x 1+ dydt+C | (Q+t-t) 2|1+
1+7 02 l+t-7
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_np+ld ly12e \ 7V
1 a (14— dyd
X (1+71) ( + s ydt

n+|a| np
" 2a

t

EC/(1+t—T)_ % 1+71) (1+r)%dr
t
3

np+l|

+C/2(1+t—r)’%(1+r)’7(l+r)2ﬂ7 dr
0

n+np—n

<C+p -

" o 2a\ —n
<CL+t)y #1-5% <1+ il ) .
1+¢

(2) If |%|?* > 1 + ¢, then

2a \ N
n+|a| X — n
1//1,1§C'/1(1+t—r)‘ % <1+|1+ty|r) (1+7) %
2 —

P\ O A
x |1+ dydt+C | (I+¢t-7) 2|1+
1+1 02 1+t-1

np+\o Za _Np
¥ (1+7) ”za"<1+ b ) dyde
1+71

_ n+la| |x|2“ -N _nmp
<C| (I+t-7t) 2 |1+ (1+71)72
ol l+t-1

|y|Za -Np Y |x|2a -N
x| 1+—— dydt+C/ I+t-7) 2|1+
1+7 2 l+t-1
np+|a 2“ 7Np
X (1+t)‘[’2—aII <1+ il ) dydr

1+7
|x|2a
<Cl1+
1+7

o
n+|a| nj n
) /(1+t—r)-7(1+r)-%(1+r)zdr
5
t

x>\ 2 _n _nptlel n
+C(1+ (I+t-t)2(1+7) 22 (1+71)2dr
0

1+7

Hj 3 2“ -
sc(1+t)‘2'5+1-m(1+|x| ) .
1+t

From (4.19)—(4.20), we can get
n, o
Y1 < C(L+ 1) %715 By (1l 1),
Duetop>1+ 27“, we deduce
le|

7 o n
(L+) %% < (L+g) %%,

Estimating the singular part. By [19], we know that

t
Vo= / fR DEE(y,5)dyds
0 7

(4.19)

(4.20)

(4.21)

(4.22)

Page 12 of 16
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< Cg,. (4.23)

Coming back to the whole solution, we find

t
‘u(x,t)‘§|G*u0|+ / H(x—y,t—s)F(u(y,s))dyds
o Jrn

<C(s+ M),
(4.24)
’iju(x, t)| < C(s +M”)¢a.
Therefore,
M < C(e + MP). (4.25)
Since M(0) < Ce, applying the continuity method, we get that
M(t) <2Ce, Vte]l0,+00). (4.26)
By the above inequality, we have
|D2u| < My, < 2Cedba,
i =2ces ot (14 B2) T
up= 2Le 1+¢/) (4.27)
|D°‘u| <2Ce(1+ t)’n;«‘za‘ 1+ L
= 1+t) =

5 Improvement of the initial data

In this section we consider the Cauchy problem of (1.1). It shows that the limit of the
parameter p can be weaker when the initial conditions become stronger. Since we have
known the proof of the existence and uniqueness of the solution, we will not discuss it.
Only for attenuation of the decay estimate.

Definition 5.1 Suppose that operator A, s € R”, satisfies
wfw) =0 [ eiFee 6.)
Rn
and Sobolev space W*# indicates

WP = {f] ”A_Sf”LP(R”) <C}h (5.2)

Lemma 5.1 Let0<s<n,1<p<q<oo,%+%=%,then

”A_S_f”Lq(Rn) S Cp,q”f”Lq(R”)r (53)

where C,, is a constant depending on p, q.

Page 13 0of 16
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Through [21, p. 99, Theorem 1], Lemma 5.1 can be proved.

Proof of Theorem 2 We divide it into a singular part and a nonsingular part:
t
u=G*u0+/ Hxu? dt = uy + ug,
0

where

£t G-F
=(G-F — %l dx,
un = ( 1)*u0+/(; 1+I<(—A)“*u T

t
F
us =F; % ug+ —— % yPdr.
sTHTRo /01+k(—A)“

Now, let us start from the nonsingular part, we obtain

" G-F
un=(G-F)*xup+ | ————— xufdr
N =l 0 * o /0 1+k(-A)
‘ G-F
=A(G=F)* A%ug + / A2 Ay de.
o l+k(-A)
Using Young’s inequality, we have
”uN ”Lq(R”) S || AS(G - Fl) * A_suo ||Lq(R")
t
+ / A(G-F)x AW dr
0 L1(R")

<[ 4G =) A7 uo || g o

+/0 | A5G - F)

g AP ” n_ dr.
L7 (RM) Ln-T(R")

Based on the initial condition and estimate of the linear part, we see that
| A%(G - F) ”Lq(Rn) <C(1+ t)fz%(lf‘l’)fz%
and
[ A4°(G = Fi) % A uo | gy = C(L+ A
Recalling Lemma 5.1, there holds

n+s—1

= C”u”p np < C[(l + t)_%(l_ np )_ZSTz]p’
) Ln+s=T (R")

[ 47w

_n_
Ln-1(Rn
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(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)
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Taking into account (5.8) and (5.10), we get

A_Sup ”Lﬁ (R™)

/ | A5G- F)|
0

L7+q (R")

+q)

t n
< C/ (1+t—s) 2
0

n+s—1 )_L

A1+ gy
—ra-ls
<C(+t)y 2. a2, (5.11)
Considering the singular part, we infer
-t Lt
| uo || paqrmy < Ce™ 2k ||ug || g (gny < Cee™ 24k (5.12)

and

F

v 4
L+ k(—n)y ¥

[

t
_l=t »
dr SC/ e~ 2ak ||u||Lp,q(Rn) dr
LA(R") 0

t
§C/ e (1+ 1) %P dr
0

s

< C(1+8) %095, (5.13)
With the help of (5.9) and (5.11)—(5.13), we obtain

n 1 S
]l pagemy < C(L+£)" 27075, (5.18)
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