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This paper deals with a class of Petrovsky system with nonlinear damping
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on a manifold with conical singularity, where Ag is a Fuchsian-type Laplace operator
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1 Introduction

Due to the frequent occurrence of high order nonlinear wave equations in many branches
of engineering, physics, chemistry, material science, and other sciences, the study of wave
equations plays a key role in mathematical analysis. For more details, see [1, 2]. In [3] and
[4], the original Petrovsky model has the following form:

W + A2w— Awg + welw " 2 = ww|P2, x€82,t>0, (1.1)
aw

w=0, — =0, x€08,t>0, (1.2)
av

w(x,0) =wo(x),  wi(x,0)=wi(x), x€ L, (1.3)

where 2 € R” is a bounded domain with a smooth boundary 952.
Equation (1.1) isan important physical model that appears in many applications to math-
ematical physics as well as in the theory of vibrating plates, geophysics, and ocean acous-

tics [5, 6]. Some further physical interpretations are given in (7, 8].
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For Equation (1.1), many results for global existence, nonexistence, and asymptotic be-
havior of solutions have been obtained [3—11]. Li et al. [3] studied problem (1.1)—(1.3) and
derived that the solution is global without the relation between m and p. Moreover, the
decay estimates of the energy function and the estimates of the lifespan of solution were
given. Later, under suitable conditions decay estimates of the solutions for Equation (1.1)
have been established by using Nakao’s inequality in [4]. Messaoudi [9] proved the solu-
tion for problem (1.1)—(1.3) without Aw; blows up in finite time if p > m and the energy is
negative. Wu [10] proved the blow-up result for problem (1.1)—(1.3) without Aw; if p > m
and the energy is nonnegative. Recently, Chen et al. [11] proved that the solution of prob-
lem (1.1)—(1.3) without Aw, blows up with positive initial energy and claimed that the
solution blows up in finite time for even vanishing initial energy for m = 2. More recently,
Philippin et al. [12] used a differential inequality technique to obtain a lower bound on
blow-up time for Equation (1.1) without Aw;. In recent years, lower bounds for the blow-
up time in a superlinear hyperbolic equation with damping term have been derived [13].
For other related works, we refer the readers to [14—18] and the references therein.

In 2011 to 2012, Chen et al. established the corresponding Sobolev inequality on the
cone Sobolev spaces in [19, 20]. And on this basis, they studied the initial boundary value
problem of a semilinear parabolic equation on a manifold with conical singularity [21] and
obtained the existence and nonexistence results by introducing a family of potential wells.
Li et al. [22] proved the global existence, exponential decay, and finite time blow-up of
solution for a class of semilinear pseudo-parabolic equations with conical degeneration.
Recently, Alimohammady et al. [23] studied a class of semilinear degenerate hyperbolic
equations on the cone Sobolev spaces

Wi — Agw + V(X)W + yw; = g (x)wlwP~!, xeintB,£>0, (1.4)
w(t,x) =0, x€dB,t>0, (1.5)
w(x, 0) = wo(x), we(x,0) = wi(x), «x€intlB, (1.6)

where B = [0,1) x X, X is an (1 — 1)-dimensional closed compact manifold, which is re-
garded as the local model near the conical points and 9B = {0} x X. Ag = (x; 0y, )+ sz +
R 33’1.

They discussed the invariance of some sets, global existence, nonexistence, and asymp-
totic behavior of solutions with initial energy J(wy) < d by introducing a family of potential
wells which was first proposed by Sattinger [24]. More works on equations with conical
degeneration can be seen in the literature [25—28] and the references therein.

If we consider Equation (1.1) on a manifold with conical singularity, that is, when the
standard Laplace operator A of Equation (1.1) is replaced by Fuchsian-type Laplace op-
erator Ap, what will happened for the initial boundary value problem? For this kind of
Petrovsky equation with conical degeneration, the existence and nonexistence of global
solutions to both the initial boundary value problem and the initial value problem remain
open.

Inspired by the ideas of [3, 4, 23] and [29-31], we study the initial boundary value prob-
lem for the following Petrovsky equation:

Wy + A%w — ko Apwy + aw w2 = bw|lwlP2, xeintB,t>0, (1.7)
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w=0, Vew-v=0, xe€dB,t>0, (1.8)

w(x, 0) = wy(x), wi(x,0) = wi(x), x€intB, (1.9)

where wq(x), wy (x) are suitable initial data and k», a, b, m, p are constants such that k, and
b are positive, 4 is nonnegative,and m > 2,2 < p < nzT"z = p*, where p* is the critical Sobolev
exponents. Here B is defined as above, and v is the unit normal vector pointing toward the
exterior of B. Moreover, the operator Ag in (1.7) is defined by (x10y,)*+ 9y, +- - - + 0, which
is an elliptic operator with conical degeneration on the boundary x; = 0 (we also called it
Fuchsian-type Laplace operator), and the divergence operator divg is defined by x; 9y, +
Oy, + -+ - + Oy,, the corresponding gradient operator is denoted by Vi = (x10y,, 0y, . .., 0x,)-
In the neighborhood of 9B we will use coordinates (x1,x’) = (x1,%2,...,%,) for 0 <x; < 1,
x' € X.

Our main aim in this paper is to find the existence and nonexistence of solutions for
problem (1.7)—(1.9) with cone degeneration by introducing a family of potential wells.
Firstly, under the condition of low initial energy, we establish the existence of global so-
lution in the cone Sobolev space by a combination of Galerkin method and potential well
theory. Then, using the energy perturbation technique, we obtain the exponential decay
result of the global solution. Finally, we show that the solution of the problem blows up
in a finite time and give the estimates for lower and upper bounds of blow-up time. It is
worth mentioning that two types of lower bounds of the blow-up time T}, for the weak
solution of (1.7)—(1.9) are given, respectively.

The rest of this article is organized as follows. In Sect. 2, we recall the cone Sobolev
spaces and the corresponding properties. In Sect. 3, we establish a global existence result

and show the decay rates. In Sect. 4, we prove the blow-up properties of local solution.

2 Preliminaries
In this section, we recall the manifold with conical singularities and the cone Sobolev
spaces which were introduced in [19, 20] and introduce some lemmas and notations.

We assume that the manifold B has only one conical point on the boundary. Thus, near
the conical point, we have a stretched manifold B associated with B. Here B = [0,1) x
X, 0B = {0} x X and X is a closed compact manifold of dimension # — 1. Also, in the
neighborhood of the conical point, we use coordinates (x1,%’) = (x1,%,...,%,) for 0 < x; <
1, x eX.

Definition 2.1 Let B = [0,1) x X be a stretched manifold of the manifold B with conical
singularity. Then the cone Sobolev space H,”’ (B) for m € N, y € R, and 1 < p < o0 is
defined as

H,"V (B) = {ue Wi (intB)|wu € H &M}

loc

for any cut-off function @ supported by a collar neighborhood of (0,1) x dB. Moreover,
the subspace ’H;’fg’ (B) of 7-[;4"/ (B) is defined by

Hyy (B) = [w]Hyy (X*) +[1 - 0] Wy (intB),
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where X4 = R, x X as the corresponding open stretched cone with the base X, Wy (int B)
denotes the closure of C3°(intB) in Sobolev spaces W™” (X) when X is a closed compact

C* manifold of dimension # that contains B as a submanifold with boundary.

Remark 2.1 ([32]) We have the following properties:
(1) H,"" (B) is a Banach space for 1 < p < 0o and is a Hilbert space for p = 2.
(2) Ly (B):=H," (B).
(3) Lp(B) :=H)(B).
(4) The embedding H,"" (B) — H;"/‘V/(IBE) is continuous if m > mw’, y > y’; and is

compact embedding if m>m’', y > y'.

Definition 2.2 Let B = [0,1) x X. Then u(x) € L},f (B)withl1<p<ooand y eRif
dx
b n|.- p 1
[ a(x) HL;(B) = fmxl |, u(x)| . dx’ < +00.

Observe that if u(x) € L,‘;’ (B), v(x) € Lg (B) with p,q € (1, +00) and 119 + % =1, then we

have the following Holder inequality:

/|u(x)v(x)|ﬁdx/ < (/ |u(x)|p@ dx/)p (/ ’v(x)!qdﬁdx’)q. (2.1)
B X1 B X1 B X1

In the sequel, for convenience we denote

d
(1,v)2 = /R ) 2, 'y / e x)y"

~1.1

Hyg (B):

{ (x)e?-l2 ( )|u=00n818%},

7-2;0% (B) := {u(x) € Hg'%(IB)m =Vgu-v=0o0n BIB%},

||u||2~1,a =lull>s  +IVeull®>s
2
g (B) L2 (B) L2 (B

N

2 2 2 2
Noell” 5 =Nl +IVeul®s +[Apul”,
Hy 2 (B) L} (B) L} (B) L} ®

~ Lﬂ ~ Z,ﬂ .
The spaces H, ¢ (B), H, ¢ (B) with norms [|u]| _, 5 || | on ® are Banach spaces, where
’ ’ #H, Hod
the norms |lu|| .1n , ||u|l .,» are equivalent to the norms | Vgu| = , ||Agul| =
. Hyg Hyjg (B) L (B) Ly
respectively.

Lemma 2.1 Let u(x),v(x) € 7:[;07 (B). Then

d d
/ VA[Buﬁ dx’ = —/ Ve - V]Bvﬁ dx’. (2.2)
B B

X1 X1

Page 4 of 26
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Proof Here we first suppose u(x), v(x) € C§°(B). From the definition of Ag, it follows that

d
/ VABuﬁ dx’
B X1

d d
=/x18x1(x18x1u)-v% dx/+/(8§2u+~~~+8£nu)~vﬁ dx’
B B

1 X1

a
=/8x1(x18x1u)~vdx+/(8f2u+---+8§nu)~vﬁdx’
B B

X1
. Oy, U Oy, U
=/d1v<x18x1u,x—2,..,, o -vdx
B X1 X1

Ox, U Ox, U
=—/(x18x1u,x—2,...,x—”) -Vvdx
B X1 X1

dx
= —/(xfaxlu, Dulhy -, Oy ) - VV—1 d’
B X1
dx
= —/(xlaxlu, Ouglhy oy O, 1h) + (X105, V, 3x2V,...,aan)—1 dx’'
B X1
d
- —/ Vau - Varl gy (2.3)
B X1

Finally, since C§°(B) is dense in 7—2;5 (B), the equation above holds in the case of u(x), v(x) €
o2 (B). 0

Lemma 2.2 ([21], Poincaré inequality) Let B = [0,1) x X be a bounded subspace in R”
with X CR" Y, and 1 <p <+o0,y € R. Ifu(x) € 7—211,:2;(]]33), then
) HL},Z(]B) < .| Vu(x) ”L};(B)’ (2.4)

where Vi = (x10x,, 0x,, ..., 0x,) and the constant c, depends only on B.

~1n ~0,2
Lemma 2.3 ([21]) For1<p < -2, the embeddin H2 (B) — H, & (B) is continuous.
p g 7120 p,0

n-2’

From Lemma 2.2 and Lemma 2.3, we obtain the following lemma.

Lemma 2.4 For 1< p < p*, we have

Ul n < Gol|Apu| = (2.5)
I ., = Collsaul 5.

forue 7—250% (B) holds, where constant Cy depends only on B and p.

3 Global existence and energy decay
In this section, we discuss the global existence and decay of the solution for problem (1.7)—
(1.9).

Similar to the classical case, we introduce the following functionals on cone Sobolev
space 7:@0% (B):

1 dx
J(w) = —/ |Apw|?—
2 B X

b d
dx -2 / wp L gy, (3.1)
1 P JB X1
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d d
I(w) = / 1ApwPZL dx — b f P ZL gy (3.2)
B X1 B X1

We also define the energy function as follows:

d d b d
/| t|2ﬁd/ /|ABW|2£dx/——/|w|pﬁdx/. (3.3)
B X1 pJB X1

Finally, we introduce the potential well

W = {w e 32 (B)1I(w) > 0} U {0} (3.4)
and the outside sets of the corresponding potential well
V={weH g(B))u(w) <0}. (3.5)

Remark 3.1 By (3.3) and Lemma 2.4, we know that

), (3.6)

3 (B)

Ep)= 1t /m /| ax' = g(Iaswl 4

»
where g(A) = %AZ - b%)\p and Cj is given in Lemma 2.4. A direct calculation shows that

g(1) has the maximum value at
1

()
bt

and the maximum value is
2

p-2 1 \»~ p-2,
=g(l)= —| — =— X\ A .
d=g0)= "5 <bC§) 2 1170 (3.7)

By the definition of g(1) and J(w), we can give another definition of d as follows:

d:inf{sup](kw),w 0% / |ABW|2_dx 7’0} >0, (3.8)
220
and the Nehari manifold

N = {weﬁﬁo (IB%)‘I w) =0, / Asw2? dx ¢0} (3.9)

Similar to the results in [29], one has 0 < d = inf,,c o J(w).
The next lemma shows that our energy functional E(¢) is a nonincreasing function along
the solution of (1.7)—(1.9).

Lemma 3.1 E(¢) is a nonincreasing function for t > 0 and

—E(t)——k2/|V[Bwt| —dx - /lwt|’”—d <o0. (3.10)

Page 6 of 26
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Proof Multiplying (1.7) by w, and integrating it over B x [0, £), we obtain

t
E(t)—E(O):—/ </<2/ Vaw, P dx/m/ w22 dx/) dr (3.11)
0 B X1 B X1

for ¢t > 0. Thus, the proof is completed. d

Lemma 3.2 Assume that E(0) < d. Then:

i) If |Apw <Ay, then || Agw(t)|| 2 <A fort>0.
@ IflAg 0||L 1 AR ()||L22(]B) 1fort>

%

2

(i) If Il Apwoll % - > A1, then there exists Ly > Ay such that || Agw(t)|| %(B) > Xy fort > 0.

L3 ( Ly

Proof From the definition of g(1), we see that g()) is increasing in (0, A1), decreasing in

(A1,00), and g(A) - —o0 as A — oco. Since E(0) < d, so there exist 1, and A} such that

Ay < A1 < Ag and g(A5) = g(A2) = E(0).

(i) When [|[Agwgl| % < A1, by (3.6), we have
2

glidewoll g ) < EO) =g(33).

It implies ||Apwol| z(m) < Xy We claim that ||A[BW(t)|| 5 < Ay for t > 0. If not, then
2

there exists ty > 0 such that ||A]Bw(t0)|| 1 ® > A, If )J < ||ABW(to)||Lg ® < Ay, then
2
g(lApw(o)]l 2(]B)) > E(0) > E(tp). It contradlcts (3.6). If ||ABw(t0)|| 5 > Xy, then by the
L2 2

continuity of || Agw(t )|| n there exists 0 < t; < fp such that A} < ||A]Bw(t1)||L2% ® < Ao,
then g(]| Apw(t) || ) > E(O) > E(t1). This is a contradiction.
(ii) When || A]BWQZH ® > A1, as in case (i) we also deduce that || Agwg ”ng ® > )p implies
lAsw@)ll 5 = ko for t>0. O
L2 (®)

Lemma 3.3 Suppose that2 < p <p*, w; € LZ% (B), and E(0) < d. Let wo € W such that
p-2
p 2
B = bC§< E( )) <1 (3.12)
p-

Thenw e W foreacht> 0.

Proof When w = 0, we get w € W easily, so we just need to prove the case w # 0. Since
I(wp) > 0, it follows from the continuity of w that

Iw) >0 (3.13)

for some interval near ¢t = 0. Let T}, > 0 be a maximal time (possibly T, = T') when (3.13)
holds on [0, T},,).
From (3.1)—(3.2), it follows that

-2 d 1
](W)=p—/ IABwlzﬁdx%—I(w)
2p Jp x1 p

~2 d
_p—/|ABw|2ﬁdx’, onte[0,T,,). (3.14)
2p JB x1
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By using (3.14), (3.3), and Lemma 3.1, we get
[ 18ewP e ax < 2w
2p
< ——E(t
< Z3E0
2p

< —E(O) (3.15)
p-

Then, by Lemma 2.4 and (3.15), we obtain

bIIWII”g < byl Apwl”

L} (®) L3 (B)
9 P2
2
sb%(—ﬁfmﬁ | Aswl?,
p-2 L7 ®
= Bl AW,
L} ®)
<l Apwl?, (3.16)
L2 (B)

2
on t € [0, T,,). Therefore, by using (3.2), we conclude that I(w) > 0 for all ¢ € [0, T},). By

repeating the procedure, T}, is extended to 7. The proof is completed. d

Remark 3.2 From Lemma 3.3, we can deduce that

9 1
IIABWII S

Y ST W), (3.17)

Theorem 3.1 Suppose that 2 < p < p*, w; € LZ% (B), and E(0) < d, let wog € W and w sat-
isfy the assumption of Lemma 3.3. Then problem (1.7)—(1. 9) admlts a global weak solu-
tion w(x,t) e L*°([0, T1; ’H202(B)) with w,(x,t) € L*([0, T); 7—[202(15%)) L™([0, T]; L2 (B)) N
L*=(]o, T];L2 (B)). Moreover, w(t) € W for 0 <t < oo.

Proof Let {w;(x)} be asystem of base functions in £ 0% (B). Now we construct the following
approximate solution w;(x, t) of problem (1.7)—(1.9):

wi(x, 2) = Zg/s(t)w;(x), s=1,2,...,
j=1

which satisfies

-2
(Wets 0y)a + (ABWs, Apwy)s + ka(Vaws, Vewy)s + a(wy|ug "2, w)),

=b(wilus %, @), s=1,2,..., (3.18)

w(0) = 3 g0y () — wolx) in Hyd (B), (3.19)
j=1

wa(6,0) = 3 g (0)wy(x) > wi(®) in L (B). (320

j=1

Page 8 of 26
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Multiplying (3.18) by g/ (¢), summing for j (j = 1,2,...,s), and integrating from 0 to ¢, we
obtain

t t
o [ WVawaly drva [ el des E(uo)
0 L2 (®) 0 LY (B)
= E(ws(0)), 0<t<oo. (3.21)
By (3.19) we can get E(w;(0)) — E(wyp), then for sufficiently large m, we have
t t
o [ WVawaly drva [ el desE(u) <d,
0 L} (B) 0 Ly ®)
0<t<oo. (3.22)

From (3.22) and the proof of Lemma 3.3, we can get w,(¢) € W for 0 < ¢ < oo and suffi-
ciently large s. Hence, by (3.22) and

1 -2 1
E(w) = —lwel®y  + EZApwill®,  + =I(wy), (3.23)
2 L2® 2p L2® P

we obtain

t t
1
ka ||v]BWsr ”22 dr + a/ ||Wsr||m£ dr + _stt”zﬂ
0 L} B) 0 L (B) 2 L} (B)

-2
22 asw?,  <d, 0<t<oo, (3.24)
2p LZ(®)

for sufficiently large s, which yields

2
IAswsl?, <—2-d 0<t<oo, (3.25)
2@ p-—2
t d
/ Vews|?n dr<—, 0<t<oo, (3.26)
0 L] (B) ka
t d
We " dt<—, 0=<t<o0, (3.27)
0 Ly (B) a
Iwel?, <2d, 0<t<oo, (3.28)
L] (B)

P dx, dx,

—2 -

/“W ws|‘”1—dx’=/stv’—dx’:nwsn’”ﬂ
B X1 B X1 LY ®)

p
» » o 2P 2
=< C()”AIB%WSH o = C() —d) , (3-29)
L} ®) p—2
¢ m_d
/ /’|w5,|m’2wsf|m‘1£dx’dt
o JB X1
t dx ¢ d
=/ /|wsf|’”—ldx’dt= Iwe " dt<—. (3.30)
0o JB X1 0 Ly (B) a
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Therefore, there exist w and a subsequence still denoted by {w;} for which, as s — oo,

ws—w inL*® (0, o<; 7—2;0% (IB%)) weakly star and a.e. in intB x [0, c0),
wye — wy  in L*(0, 00; 7:[;0% (B)) weakly,
wy — w, in L"(0,00; Ly; (B)) weakly,

wy — wy  in L%(0, 00; L7 (B)) weakly star,

n(p-1)
w?t > wPtin 1%°(0,00;L ,”  (B)) weakly star,
1
1 1 m n(m-1)
wit > w in Ln-1(0,00;L " (B)) weakly.
m-1

In (3.18), we fix j, letting s — oo and integrating from 0 to ¢. Then we have

t t
(W, ;)2 + / (Apw, Apw))r dt + kz/ (Vew., Vpw))s dt
0 0
t t
+ a/ (wrlu,|’”’2,a)j)2dr = b/ (1/|/|1A/|1"’2,w,')2 dr + (w1, ), (3.31)
0 0

and

t t
(W, V)2 + / (Agw, Agv)a dt + kz/ (Vewy, Vgv)a dt
0 0

t t
+ a/ (1/|/T|u,|’”’2,v)2 dr = b/ (w|w|p’2,v)2dr + (w1, V)9,
0 0

Vv e Hot (B). (3.32)

From (3.19) we obtain w(x,0) = wp(x) in 7:[50% (B) and w;(x,0) = wi(x) in Lz% B),t €
(0,T). By density we obtain w € L*([0, T];?-Nliz(? (B)) with w, € L([0, T];?':Lézog B)) N
L™([o, T];L,% (B)) N L*>(]0, T];LZ% (B)) is a global weak solution of problem (1.7)—(1.9). It is
obvious that w(t) € W for 0 < ¢ < oo. O

Now, we use the following “modified” functional:
d k
G(t) = E(t) + 8(/ wwtﬁ dx’ + 2||V]E;w||2ﬂ )
B x1 2 L} (B)

Lemma 3.4 Let w satisfy the assumption of Theorem 3.1. For ¢ small enough, we have
a1G(t) < E(t) < a2 G(2) (3.33)

holds for two positive constants a; and .

Page 10 of 26
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Proof Making use of (3.23), straightforward computations lead to

G(t) = E(t)+s<fwwt—dx /|V[B 2= dx dx)
54
<E(t)+—/|w| /|wt| e
k
+ L Z/WB P gy
X1
d. d
E(t)+£(k2+cf)/ |V]Bw|2£dx'+§/ |wt|2ﬁdx’
2 X 2 X1
€ 2 2dx1 /
E(t)+§C1 |Apw|"— | Wyl —d
82pC1

<E(t)+ -
<E0+ 5

E(t) + ¢E(t)
< iE(t),
(251

and in the same way, we get

() = E() - —a/ |ABW|2 /| t|2—d /
> E(t) —¢E(t)
)
[25)

for & small enough.

(3.34)

(3.35)

O

Theorem 3.2 Suppose that 2 <m <m* = "2—‘}12 Let w(x, t) satisfy the assumption of Theo-

rem 3.1. Then we have the following decay estimates:
E@t) <Ke™, t>0,
where K and k are positive constants which will be defined later.

Proof From the definition of G(¢), we get
d d d
G’(t):—sz IVBwt|2ﬁdx'—a/ |wt|’”ﬁdx’+e/ |wt|2ﬁdx’
B X1 B X1 B X1
dx;
+8/w(wtt—k2ABwt)id !
2 dx /
=—k2/ |Vew,|? —dx —a/ [we|™ —dx +s/ |wy| d
d
+8/blwlpﬂdx’—e‘/awwtlutlm‘zﬂdx’
B X1 B X

1
dx1
-¢ / wALw—— dx’
B X1

(3.36)

Page 11 of 26
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2 2
= —ka || VBW, || y —alw™s  +ellwl] " +8<
L3 ®) Ly (®) L} (B)

dx
+§”ABW”2E —pE(t)> —E/awwtlwtl’”’z—ldx’
L} (B) B X1

2
—el|Apw[|“n
L}

p
= k|| Vew,*y = allwl|"s +8<— +1)|thll2n
Ly B) LY (B) 2 Ly (B)

¥ s(’f - 1) 1Aswl?, - epE(t)
2 L7 ®)

d
- sf awwt|wt|m_2£ dx’. (3.37)
B X1

Using Lemma 2.2, we obtain

G = [8(1’—j + 1)63 —kz] IVEwe>s = allwe|™s
2 LZ®) L7 (B)

2 m
¥ (13 - 1)e||ABw||2n — epE(t)
2 L7 ®)
dx
—¢a / ww,|u, "2 2L d (3.38)
B X1

Then, we will show that from the estimate of the last term in (3.38), by Young’s inequality
and the proof of Lemma 3.3, we obtain

dx
f w2 x| <Olw ™+ @), (3.39)
B X1 L} (B) Ly (B)
m=2
m mf 2P 2 )
wim, < 2E0) " jaswl?, . (3.40)
L7 (B) p—2 L} (®)

Then by exploiting (3.38)—(3.40), we arrive at

G'(t) < [8 (13 + l)cf - kz] IVEW >+ (e6 = Dalwe]|”s
2 2 L7 (B)

Ly (B) m

[

2 m—z
+ s[ac(@)Cg’(—pE(O)) + (‘2 - 1)] | Apwl®»
p-2 2 L} (B)

— epE(t)

< [8 (13 + 1)63 - kz] IVEW:lI>x  + (0 — Dalw|™s
2 L2 L (B)

2 B m

[

-

e [ac(e)cg" (%E(O)) Ty (g - 1)]E(t) — epE(?)

= [8 (E + 1)63 - kz] IVBw: (s + (6 = Dallwe ]|,
2 L?(B) Ly} (B)

m=2

- 8{17 - [ac(G)CS” <1%E(0)> N + (‘g - 1>] }E(t). (3.41)

Page 12 of 26
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Choose ¢ so small that 8(‘5’ +1)c2 —ky <0, 86 — 1 < 0. And choose suitable  such that
pP- [ac(@)C'(’)”(I%E(O))mTf2 + (’E’ —1)] > 0. Then from the above inequality, we obtain

m=2

G(t) <-¢ { - [ac(e)cg" (1%5(0)) R (g - 1)] }E(t). (3.42)

Then, by the relation between E(¢) and G(¢), we get

m=2

G (t) < —sar {p - |:ac(0)C6” <I%E(O)> T (g - 1>] }G(t). (3.43)

We take ¢ small enough such that

d k
G(0) = E(0) + s(/ wow1ﬂ dx’ + 2||V15;w0||2n ) > 0.
B x1 2 L2 (B)

Integrating (3.43), we obtain
G(t) < G(0)e™, t=0,

where

k =ea; {p - |:aC(9)C6n (I%E(O)> * <§ - 1)“ 70

By using (3.33) again, we get
E(t) <Ke™, t>0,
where K = a3 G(0). This completes the proof. d

4 Finite time blow-up of solution
In this section, we show that the solution of problem (1.7)—(1.9) blows up in finite time if
p >m and E(0) < d. For this purpose, we first give the following lemma which will be used

later.
Lemma 4.1 Suppose that 2 <p < p*, E(0) <d, wy € L} (B). Let wy € V, then we have

wt)eV, Vtel0,T), (4.1)

-2
d<Z=Z|apwl?, , Vte[oT). (4.2)
2p L} (B)

Proof Let wy € V, we have to prove that w(t) € V for all £ € [0, T). We argue by contradic-
tion. Assume that there exists #y € [0, T) such that w(f) ¢ V. This implies that

2 p
|2sm)y o, = blwteoly
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By the continuity of w(t), there exists at least one f € (0, ty] such that

| s

2 _ =\ 12
L2 bw) ”Lf’ ®)

Let

F=inf{Z e (0,50]: | A]BW(Z)HE%(B) = wa(Z)|'L9§(B)}
2 P

In particular, the regularity of w(¢) implies that Z € (0, ty]. Thus, we know

| Apw(®)|

2” =b t pn
Ly (B) [w® ”Lf (®)

and w(t) € V for all ¢ € [0,%). We have two cases to consider.
First case: || Agw(®)|?>, =0.
L} (B)
In this case, by the continuity of w(t), we have

. 2
lim || Agw(t)|"» =0. 4.3
P | Awt )||L22 ®) 43)

On the other hand, the fact that w(¢) € V for all ¢ € [0,%) implies that | Agw(?)|?, #0

and Ly ®)
|asw®)|*s  <b|w@)|"s , telo). (4.4)

L3 (B) L} ®)

By Lemma 2.4, we get

Iwl”, <Chlagwl’, . tel0,D). (4.5)
L} ®) Ly (B)

Then, by (4.4), (4.5), we have

, 1 \72
lim ”ABw(t)” n> (—p> .
t—>1- L22 (B) bCO
This contradicts (4.3).

Second case: | Agw(D)||?>, #O0.
L3 (B)
In this case, by recalling (3.8), we know that J(w(t)) > d. Thus, E(f) > d, which contra-

dicts the fact that E(¢) < E(0) < d. Hence, in either case we conclude that w(¢) € V for all
t€[0,T). Since

=

1 b
JOw) = 22| Apwl?s  — AP |wll”,
2 LZ® P 12 ®)

we obtain

d
d_](}\w):}\”ABWHZg b 1wl
A L2 (B) 1? ®)
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and

2

d
——J(w) = ”A]BWHE

—bp - DA 2|w|,
I )b(p ) ”W”L?

Z(IB p(

) B)
Let %](Aw) = 0, which implies

I Apwl,
2

1
- - L2 ®) \ 22
AM=0y=| —2— .
' Z(MMm )
p

L2 ®)

An elementary calculation shows

d> - ar -
ﬁ]()\,IW) >0, W]()QW) <O0.
So we have

2
(18wl )72
- - Ly (B
wMM%MﬁZ i
320 2 blwlf, )P
Ly ®

By I(u) < 0, we have

P
(1aswl?, )2
- - B
d = supGw) =) = 22 O
=0 P (blwl”, )P
Ly ®
-2
<P Aswl?, (4.6)
2p L2 (®)

Lemma 4.2 Let 2 < p < p*. Then there exists a positive constant C depending only on B
such that

Wsn SC Apw(t 2” + an ’ WchS =p 4.7
bty = Ao g+ ), with25s<p @7)

Joranyw e 7:130% (B).

Proof If |lw| » <1, then [[w|*, < Iwl?, < CallAgw(?)|*, by Lemma 2.4. If
Ly (B) » » L} (B)

L} ®) L} ®) 3
lwl = >1,then|w||*, <|w|’, .Therefore (4.7) follows. a
LY ®) Ll ®) L} ®)

Now we introduce the following auxiliary function:
H(t)=dy - E{), t=0, (4.8)

where d; = E(%ﬂ > 0.

From Lemma 4.1 and Lemma 4.2, we obtain the following corollary.

Page 15 of 26
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Corollary 4.1 Let the assumption of Lemma 4.2 hold. Then we have

Iwl*s < C(H®)| +lIwel®>y  + ||W||p ), with2<s<p, (4.9)
L7 ®) L] (®) L2 (®)
Joranyw e 7:1307 B).

Theorem 4.1 Suppose that 2 <p <p* and p > m > 2, w; € L} (B), wo € V. If one of the
following is satisfied:
(1) 0<E() <dand | Agwol| 1>
L3 (®)
(2) E0)<0,
then the local solution w of problem (1.7)—(1.9) blows up in finite time; that is, the maximum
existence time Tiayx of W is finite and

2 2
im [[Aswl®s  +lwl”s  +lwl?y ] =+00.
T— Tmax L22 (B) Llf (B) L22 (B)

Moreover, the lifespan T,y is estimated by 0 < Ty < W, here L(0) and I' are

given in (4.30) and (4.36) respectively. « is a constant given in (4.26).

Proof (1) For 0 < E(0) < d, from (4.8), it follows that

H'(t)=-E'(¢) = kZ/ |VEw,|? —dx +a/ |w£|m—dx > 0. (4.10)
Thus, we have
H(t)> H(0)=d; —E0)>0, ¢t>0. (4.11)
Let
At = / w(t)wt(t)ﬁ dx'. (4.12)
B X1
By differentiating (4.12) and using (1.7), (4.8), we obtain

A'(t)

dx1
/l ,|2—dx +/wwtt—dx’
X1
X1 _
=/ |wt|2—dx/+fw[—Awa+k2A]Bwt—aw¢|wt|”’ 2
B X1 B

d
+ bw|w|p_2] N 4
X1

dxl
Sy - 18awl?y ko [ Vow: Vew S dx
13 ®) 13 ®) B x1

dx1
+b||lwll —u/wwtlutlm‘2—dx’
(B) B X1

p
LP
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p p
= <1+5>||th|2§ + (_—1>||AIB%W||ZH
L® \2 L ®)

dxl dxl
—a/wwtlwt|m_2—dx'—k2 Vew - Vepw, — dx’
B X1 B X1

+ pH(t) — pd,. (4.13)

Moreover,

(’3 - 1)||ABw||2n - pd;
2 L3 ®

252 ||AIBW||2g .
- L
:(E_l) 2 > 1||A]BW||24 +(€_1))\€722()_de
2 22 2@ \2 Ay
>cillApwl*y  +oa (4.14)
L} (B)
2,2
where A, is given in Lemma 3.2, ¢; = (5 -1) AZA%AI andc, = (5 - 1)A? - pd;. By Lemma 3.2(ii),
we have ¢; >0, and by (3.7), we see that
Cy = <£ — 1))\.% —pdl
2
d+EQ
(2 _4 22— M
2 2
pld + E(0))
:pd - 7
2
d—-E(0
_pd-EO) (4.15)

2

Thus, by (4.13)—(4.15), we arrive at

dx
A’(t)>(1+’—7)||wt||2n +c1ll Apwll®, —a/wwgwm“—ldx’
2 L2(B) L} ®) B X1

2

d.
- kZ/ Vew - V[BWt% dx' + pH(t). (4.16)
B 1

We estimate the right-hand side of the above equation. By Hélder’s inequality and the

inequality |[w|| = < CJ|w| = ,we obtain
quality I < Cllwl g

dx1
/ wwelwe "2 2L | <l g w7
B X1 Ly (B) Ly (B)
-1
<Clwl 5 _Iwil™
e Ly ®

_2 )2 _
W ”Wt”L%( . (4.17)

1
=Cllw|| . [
Ly (B) LY () m (B)

Page 17 of 26
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Note that from (4.8) and (4.2) we get
H(t)=d, - E(t)

1 1 b
<d-=lwllPy  —=lApwl*s  +=|wl”,
2 L2m 2 ® P Lr®

p-2 1 1
<—lAswl*y —=lwl*s - =lAsw|?
2p 2@ 2 L2(B) L

2 )
b
+=|wl”s
p LY (B)
b
<—|wlf. . (4.18)
p L} (B)
Thus, by (4.11) and (4.18), we see that
b »
O0<HO)<H@t)<=Iwll"y , t=0. (4.19)
P m®
Then, using (4.19), we have from (4.17) that
1 )4
dx =) »
V wwe | |2 = x') < C<I—7H(t)> Iwl ™ llwell ™" (4.20)
B x1 b r® Ly ®

Hence, by Young’s inequality and (4.10), we obtain

a

dx1
/ ww | we "2 = dx/
B X1

« [ af™ aim-1
<cH(H)™® (—nwn"ﬂ + ge""“'"-”nwtn’"% )
mof® m L (B)

<cHE™ @™wl’,  +ad™ " D™, ), (4.21)
L} (B) Ly (B)

, o =

3=

1_
where c3 = C(¥)? %
Letting 0 < @ < a* and by (4.19), we see that

dx1
/ ww, w2 2= dx’
B X1

<cl0"HO) Wl + 07"V HE) ™ H (1)
Ly ®)

1 a m-1
5> 0,0 >0,and ¢4 = cmax{., “—}.

a

<cal[0"HO) ™ |wlf,  +07 " DHO) ™ H() ™ H (¢)]. (4.22)
Lj ®)

Using Young’s inequality again, we obtain

dx
/ Vew - V]B;wt—l dax'
B X1

dx
= —/ A]Bw-wt—ldx’
B X1
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=

dx
/ A[BW . Wt—l dx,
B X1

= (IIABWIIi + ||Wt||i%®))~ (4.23)

3
3 (B) 3

N =

Then (4.16) becomes
Al
> (1 + 1—9) lwell>s  +cillApwl®s  —ca@™HO)™ |wll”
2 L} (B) Ly B) Ly ®)

; k:
~ s DHO T H H (0~ 1 Aswlly
Ly (B)

kz
- E”Wztnzg +pH(2). (4.24)
L2 (®)

Now, we define
L(t) =H"(t) + eA(t), t>=0, (4.25)

where ¢ is small to be specified later and

)
0<a<?2=2 (4.26)
2p

By differentiating (4.25), by Lemma 2.2 and (4.24), we see that

L'(t)=1-a)H*@)H () + eA'(t)

k
> (1-a)H(O)H'(t) + a[<1 L —2> [well?
2 2 L2(B
_ & 2 _ m —a* 14
+|a | Apwl|”» cs0"H(O0)™ [[w|”
2 L2 (®B) 12 ®)
— a0V H () H (¢) + pH(t):|. (4.27)
Letting
. |\pP ko P ky
aj=miny =, ¢ ——,1+7-—=1>0
2 2 2 2

and decomposing epH(t) in (4.27) by

epH(t) = 2a1eH(t) + (p — 2a1)eH(¢).
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Thus, by (4.8) and (3.3), we obtain

L'(®)> (1 - —caed™ " VHO)* \H™ () H'(t)

r k ky
+8<1+___>||Wt”2n +€(Cl——>||ABW||2n
2 2 L2 (B) 2 L] (B)

X 1
—ca0"HO)™ wl’,  + 2a18(—— ”thzg
LY ®) 2 Ly (B)

1 b
——llApwl?y  + =llwll?,, ) +(p—2a,)eH(t)
2 12® P I®

= (1-a - caed™ " VH(©0)* ") H(t)H'(?)

k
+ 8(1 L2 —ﬂl) Iwell® s
2 2 L2(B)

ko 2
+elcr—— —ar || Agw||“y
2 L2 ®)

2ﬂb *
e[ ! —cw’"H(ora}nwu%
p Ly (B)

+(p—2a1)eH(2). (4.28)

Now, we choose 6 > 0 small such that

2a1b X b
“ab a0 H(0)™ > ﬂ,
p 2p

and we pick ¢ small enough so that
1—a —caed " DH(0)* " > 0.
Then (4.28) becomes

LO)>cse(lwell®y  + 18w’y +1wl”s  +H(D)), (4.29)
L L

2 (B) ) L) ®

2

here ¢c5 = min{%b, - %2 —a, 1+ % - % —ay,p—2a1}. Thus L(¢) is a nondecreasing function

on ¢ > 0, and we take ¢ small enough such that

d
L(0) = H(0) + ¢ / wowr 2L gyl 5 0. (4.30)
B X1

Hence, we have
L(t)>0, Vt>O0. (4.31)

Next we estimate the second term in (4.25) as follows:

dx1
/ ww,— dx’
B X1

<|w| n w,
<Iwll g Il

<Clwll = [lwel =
; e L2m

5 (B) ;
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So we have
dx 1/(1-a) - -
/ wwe L | < w0 o 0.
B *1 L ®) L3 (®B)
Again Young’s inequality gives
dx 1/(1—0{) B B
/ Wi, — d’ < CLIwI™ ™+ w21, (4.32)
B X1 L} ®) L} B)

We take p; = 259 11, =2(1 —a) to get 1/(1 — @) = 2/(1 - 2a) < p by condition (4.26).

1-2a
Therefore (4.32) becomes
dxl , 1/(1—0{)
/ wwe x| <Clwl, +IwlPy ] (4.33)
B x1 L} ®) L} (B)

where s = 2/(1 - 2a) < p. By using Corollary 4.1, we obtain

dx1
/ ww,— dx’'
B X1

1/(1-a)
<C[H®)+Iwl’, +Iwl*» ], Vve=o. (4.34)
LY ®) Ly (B)

N

Consequently, we have

d 1/(1-a)
LVO-9(¢) = (Hl_o‘(t) + 8/ wwtﬁ dx’)
B X

1
1/(1—0())

dx1
/ ww,— dx’
B X1

<C[H®) + 1 Aswl*y  +1wl”s  +lwel?y . (4.35)
L} B) L ® )

<20/ (H(t) +

We then combine (4.29) and (4.35) to arrive at
L'(¢) > r'LY0-9), (4.36)

where I” is a constant dependent on C, ¢3 and ¢ only (and hence is independent of the

solution w). A simple integration of (4.36) over (0, ¢) then yields

t) = : ‘
L~/=0)(0) — I'ta/(1 — @)

[e/a-e) (4.37)

Since L(0) > 0, (4.37) shows that L(¢) becomes infinite in a finite time Ty < T =
1-a
I"a[L(O)]"‘/“*"‘) .

(2) For E(0) < 0, we set
H(¢t) = —E(2),

instead of (4.8). Then, applying the same arguments as in part (1), we have the result. [J
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Theorem 4.2 Under the assumption of Theorem 4.1, let w(x,t) be a blow-up solution of
problem (1.7)—(1.9). Then a lower bound T for the lifespan t* of w is given by

+00 dS
T::/ —— = t*, (4.38)
PO) gogple=D) 4 ¢4
with
1 dx, dx
60 =5 [P a /mbOP—d’ /|wO|p—1dx,
2 B X1

where 1 < « < 2 and ¢y, c3 are positive constants to be determined later.

Proof Now we want to derive a lower bound for the lifespan ¢* of the blow-up solution.

To this end, we introduce the auxiliary function

/l t|2ﬁd/ /IA |2d Ldx + f| M (4.39)

and compute a value T > 0 such that ¢(¢) remains bounded for ¢ € [0, T]. Clearly, T is a
lower bound for ¢*. Differentiating (4.39) and making use of the second Green’s formula,
we obtain in view of (1.7)

dx dx
¢’(l‘):/wtwtt—1 dx/+/ABw~ABwt—l dx'
B X1 B X1
dx
+b/ |w|p_2wwt—ldx/
B X1
-2 m-2 dx, /
wt[2b|w|p W — awg|uy| +k2A[Bwt]—dx
X1
d
—2b/|w|p2wwt dx—a/| we|™ ﬁd’
dx
—kZ/ [Vaw,|? =L dx’
B X1

d d
§2b/ |wt||w|P-1ﬁdx’—k2/ (Vaw, 22 . (4.40)
B X1 B X1

Now we make use of Holder’s inequality to the first term on the right-hand side of (4.40)

to obtain
d d p-1 d 1
X X p X p
f|wt||w|'“*1—1dx/s (/W ldx/> (/lwtlp—ldx/>
B X1 B X1 B X1
= IIWIIpn [lwell 5 (4.41)
Lp p
Then

dx
@' (1) < 2b||W||pn ”Wt” n —sz |VBWt|2x_1 dx’. (4.42)
Ly 1

P
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In the rest of the proof, we apply Young’s inequality to the first term on the right-hand side
of (4.42) with exponents a and _*;, where 1 <« < 2 is a constant. Thus we obtain

- a(p-1)
2b||w| 2 ||Wz|| z <cilwll 57 + lwell*»
Ly Ly Ly Ly
_ a(p-1)
<67 + | Vew]|” (4.43)
L}
L o 1 _ _ (Iﬂ—l)
with ¢; = (2b)a-Ta~ o192t and ¢, = cl(’;) . Because of o < 2, we can use Young’s in-

equality with exponents % and 2% to have

2 -
GIVEW s <Kol VEW:|l"y + 5
L} L3

_ 20
with ¢3 = ¢ (%)

&
2-a

27‘". Inserting this in (4.43) yields

2b||w||pn IIWtII

17

a(p-1)
S0P + kol Vaw |y +Cs. (4.44)
LZ

Inequality (4.44) along with (4.42) implies that
)
@' (t) < Crp(t) PV + 3. (4.45)
d¢

_ ap-1)
Cop(£) 7D +¢3

<dt. (4.46)

Integrating (4.46) from O to ¢*, we obtain

o(t) ds .
0‘(17*—1) <t. (4.47)
¢O0) Cysple=D) 4 g4

Thus, we obtain the desired result. O

In the following theorem, by means of a first order differential inequality technique, we
obtain a lower bound for the blow-up time which is different from (4.38).

Theorem 4.3 Suppose that the conditions of Theorem 4.1 hold. Let w(x,t) be a blow-up
solution of problem (1.7)—(1.9). Then a lower bound T for the lifespan t* of w is given by

={(p-2)bk> (1#(0))pT Vler, (4.48)
with

dx1 dxl
:/ |wl|2—dx’+/ | Aswol2 L
B X1 B X1

where k = Cg(p_l).
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Proof We introduce the auxiliary function
dx dx

w(t) = / w2 d’ +/ |Apw|> = dx' (4.49)
B X1 B X1

and compute a value T > 0 such that ¥ (¢) remains bounded for ¢ € [0, T]. Clearly Tisa
lower bound for ¢*. Differentiating (4.49) and making use of the second Green’s formula,
we obtain in view of (1.7)

dx dx
¥'(t) = 2/ wtwtt—l ax’ + 2/ Apw - A[Bwt—l dx'
B X1 B X1

d
= 2/ we[wy + Aéw]ﬁdx’
B X1
d d
=2b/ |w|p’2wwtﬁ dx/—Za/ |wt|”’ﬁdx’
B X1 B X1
dx
—2k2/ |Vew, > dx’
B X1

d
<2b / g [wP T L gy (4.50)
B X1

Making use of the Schwarz inequality leads to

1
d d 2
V() < Zb( f w22 f w20 £ dx/> . (4.51)
B X1 B X1
Applying the Poincaré inequality, we obtain

_1)dx 2(p-1
/ WP dx = w2
B 1 L2(p—1)

<G apw)*yY
Ly
<PV (y ) (4.52)
Moreover, we have
d
f w22 d < (2). (4.53)
B X1
From (4.51)—(4.53), we obtain the differential inequality
W(t) < 2bic 2 (1), (4.54)
where x = Cg(p_l), then (4.54) can be rewritten as
2p ’ 1
(¥v2 (1) >-(p-2)bk2. (4.55)
Integrating (4.55) from 0 to ¢, we obtain

(@) > v 70 - (p-2bxit. (4.56)
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Inequality (4.56) shows that v (¢) remains bounded for

- WOy

t<T:—(p " T (4.57)
—2)bk 2

From the discussion above in Theorem 3.1 and Theorem 4.1, we immediately obtain a
specifying result of the global existence and nonexistence of solutions for problem (1.7)—
(1.9) as follows. O

Remark4.1 Supposethat2 <p<p*,w; € Lz% (B),and 0 < E(0) < d, then problem (1.7)—(1.9)
admits a global weak solution without relation between m and p provided I(wp) > 0 and
w satisfies the assumption of Lemma 3.3; problem (1.7)—(1.9) does not admit any global

solution provided p > m > 2, I(wy) < 0, and || Agwyp| 5 > A1,
L

2(
From the discussion above in Theorem 4.1 and Theorem 4.2, we give the bounds for

blow-up time for problem (1.7)—(1.9) under the initial condition I(wg) < 0.

Remark 4.2 Suppose that 2 < p < p*, p>m > 2 and E(0) < d, w; € L} (B), then problem
(1.7)-(1.9) does not admit any global solution provided I(wy) < 0. Furthermore, the corre-
sponding upper and lower bounds of blow-up time Ty, are given by the following form:

/w-oo ds T < l-« .
ooy S max = 5 el .
O = I Ta[L(0)]/0-
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