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1 Introduction
This paper is concerned with the solution for the following elliptic equation involving
fractional spectral Laplacian and critical exponent:

(~AYu=|u>2u+ru, u>0, xes,

u=0, x €082,

(1.1)

where 0<s<1,2} = %, £2 is a smooth bounded domain of RN. (—A)* denotes the frac-
tional Laplace operator, and A; (£2) is the first eigenvalue of (—A)* in £2 under zero Dirichlet
boundary data.

The fractional power of the Laplacian (—A)® appears in diverse areas including physic,
biological modeling and mathematical finances; see [6, 7, 12]. An important quality of the
fractional Laplacian is its nonlocal property, which makes it difficult to handle. Caffarelli
and Silvestre gave a new method which allows one to transform nonlocal problems to lo-
cal ones in [8]. Many researchers studied nonlinear problems of Eq. (1.1) based on these
extensions which permit it to use variational methods. More precisely, for the subcritical
exponent, Dipierro et al. proved the existence of a positive and spherically symmetric solu-
tion in [13]. Recently, Wang and Zhou [27] also considered subcritical case, they obtained
the existence of a radial sign-changing solution by using Brouwer degree theory and vari-

ational method. In [30], Yan et al. obtain infinitely many solutions as an application of the
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compactness result. For the equation (- A)* = u? with the supercritical exponents g > ]%,
the nonexistence of solutions was proved in [3, 25, 26] in which one used the Pohozaev type
identities. Partial differential equations involving the fractional Laplacian have attracted
the attention of many researchers; see for example [2, 5, 6, 8, 14, 15, 17, 18, 22, 23, 29] and
the references therein.

The analogue problem to (1.1) for the Laplacian operator has been studied extensively in
recent years; see [1,4, 6, 11, 28] and the references therein. For s = 1, the equation becomes

the Brezis—Nirenberg problem

N+2
-Au=uN=2 + u, u>0, xeS2,

u=0, x€082.

(1.2)

Rey [20] constructed a family of solutions which asymptotically blow up at a nondegener-
ate critical point of the Robin function. Moreover, this result was extended in [19], where
Musso and Pistoia obtained the existence of multi-peak solutions for certain domains. In
[4], Brezis and Nirenberg considered the existence of positive solutions for problem (1.1)
with s = 1. It is well known that the Sobolev embedding H}(£2) < L% (£2) is not compact
even if §2 is bounded. In [16], a concentration—compactness principle was developed to
treat non-compact critical variational problems. A global compactness result was found
in [24] which describes precisely the obstacles of the compactness for critical semilinear
elliptic problems.

The aim of this paper is to study the problem when p = % is the critical Sobolev ex-
ponent and X > 0 is close to zero. Using variational methods and Lyapunov—Schmidt re-
duction, we prove that Eq. (1.1) admits a positive solution concentrating at the critical
point of the Robin function. However, due to the fact that the fractional Laplacian oper-
ator is nonlocal, very few things on this topic are known about the fractional Laplacian.
We point out that we adopt in the paper the spectral definition of the fractional Lapla-
cian in a bounded case with a Caffarelli-Silverstre type extension [9], and not the integral
definition. We refer to [21] for a nice comparison between these two different notions.

We set the fractional Sobolev space Hj(£2) (0 <s < 1) by
H3(82) = iu =Y axpr € LX(R): Y aphi<oot,
k=1 k=1

which is a Hilbert space whose inner product is given by

<Z ari Y bk¢>k> =Y by if Y adi Y bt € H(S2).
k=1 k=1 H($2)

k=1 k=1 k=1

Moreover, for a function in Hj(§2), we define the fractional Laplacian as

(-Ay (Z dk¢k> =Y adigx
k-1 k-1
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We also consider the square root (-A)32 : H3(£2) — L?(£2). Note that by the above defini-

tions, we have
<u,v>H5(Q):/(-A)%u-(—A)%vdxzf(—A)su.vdx for u,v € H}(£2). (1.3)
2 2

If the domain £2 is the whole space RV, the space H*(RN) (0 < s < 1) is given as

H'(RN) = {u € L*(RN) : [lull s gy = (/RN(I - |2n5|25)yf4(g)\2ds) i oo},

where & denotes the Fourier transform of u, and the fractional Laplacian (-A)* is defined
to be

CAYu() = [27£* &),

Definition 1.1 For a function u € Hj(§2), we denote its s-harmonic extension w = E;(u)

to the cylinder C as the solution of the problem

div(t'*Vw) =0, inC,
w=0, on 9;C, (1.4)

w(x,0) = u(x), onx € 2 x {0},
and
s g W
(=AY u(x) = -k lim y = —(x,),
y—0* ay
where k; = 212 I"(1 — 5)/I"(s) is a normalization constant.
The extension function w(x, y) belongs to the space
————= Il
HL,(C):= CF (2 x [0,00)) /0.©

endowed with the norm

2
Wi, = </(S/cy1_25|Vw|2dxdy> .

The extension operator is an isometry between H§(£2) and Hé’ .(C), namely
]l g 2) = | Es(w) ”H(%L(C) for all u € Hy(£2).
With this definition, we see problem (1.1) is the Brezis—Nirenberg type problem with the

fractional Laplacian. To treat the nonlocal problem (1.1), we shall study a corresponding
extension problem; we refer the reader to [2, 3, 22] and the references therein. Therefore,
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the nonlocal problem (1.1) can be reformulated to the following local problem:

div(t:=»Vy) = 0, inC,
v=0, on 9;C, (1.5)

limy,or Y7228 = (x, 0)|% 2v(x, 0) + Av(x,0), on £2 x {0},

where Ba_v is the outward normal derivative of dC. The extension operator is an isometry

between H{(£2) and Hy, (C), namely
el g2y = ”V”HéL(C) for all u € Hy($2). (1.6)

Hence, critical points of the functional

1 1 * A
= /y1’25|Vv|2dxdy— — [v|% dx — —f [v|* dx
2Cs Je 2¥ Jaxo 2 Jaxio)

defined on H& .(C) corresponding to solutions of (1.5). Without loss of generality, we may

1(v)

assume C; = 1.
Now we introduce the Green’s function of (—A)* with the Dirichlet boundary condition,
which solves

(-A)YG(,y) =6, in2 and G(,y»)=0 onds2.
The regular part of G is given by

AaN,s 1 2172SF(1%)
’ - Gl(x, where ay ; = .
( y) N,S |SN71| F(]%[)F(S)

H(x,y) = m

The diagonal part 7 of the function H, namely, t(x) := H(x,x) for x € §2 is called the Robin

function and it plays a crucial role for our problem.

Theorem 1.2 Assume 0 <s <1 and N > 4s, the equation has a bubbling solution which
concentrated at the local minimum of the Robin function.

This paper is organized as follows. In Sect. 2, we study the regularity of the Green’s
function of fractional Laplacian and show some estimates. In Sect. 3, using the Lyapunov—
Schmidt reduction method, we prove the main theorem. We exhibit some necessary com-
putations for the construction of concentrating solutions in the appendix.

2 Some preliminaries and estimates
In the following lemma we list some relevant inequalities from [3].

Lemma 2.1 Forany1 <r <2} andanyze H&L(C), we have

( / |u(x)|’dx)' <C f Y| Vax,y) [ dxdy, u=Tr(z), (2.1)
2 C

for some positive constant C = C(r,s,N, §2).

Page 4 of 18
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When r = 2%, the best constant in (2.1) is denoted by S(s, N), that is,

1-2s \v4 ; Zd d
S(s,N):= inf Jey' TE V()| fy
zeHy; (O\(0) (fg 1z(x,0)|% dx)%

: (2.2)

where S(s, N) is achieved for 2 = RN by function U, which are the s-harmonic extension

of u,,, where

N-2s
11 =a 7M ’
X, — AN,s .
" 1+ p2lx —x]?

Let U(x) = (1 + |x|2)¥ and let W be the extension of U. Then

Wik, y) = EdUD) = cxs f _ U@z

RN (v —z|> +y%) 2

is the extreme function for the fractional Sobolev inequality (2.2). The constant S(s, N)
takes the exact value

2T (1-5) (I ()%
rs)rE)(rwy

S(s,N) =

It was shown that, if a suitable decay assumption is imposed, then {u,,, : £ > 0,x € RN}
is the set of all solutions for the problem

(~AYu=u’, u>0inRY and ‘ l‘im u(x) =0.
X|—> 00

We use Uy, € D(RN*!) to denote the s-harmonic extension of u,,,, so that U, solves

div(t»U,, (%, ) =0, (x,t) € RN*L,

(2.3)
ux,u,(x’ O) = ux,ﬂ(x); X € RN,

Now we introduce the Green’s function in case of s-harmonic extension operator. Let G
be the Green’s function of the fractional Laplacian (—A)* with the zero Dirichlet boundary
condition. Then it can be regarded as the trace of the Green’s function G¢ = G¢(z,x) for
the extended Dirichlet—Neumann problem which satisfies

div(t!*VGe(-,%)) =0, inC,
Ge(,x) =0, on 9;C, (2.4)
3Ge (%) =8y, on £2 x {0}.

In fact, if a function W in C solves

div(t' VW) =0, inC,
W =0, on 9;C, (2.5)
HW=g on 2 x {0},

Page 5of 18
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for some function g on £2 x {0}, then we can see that W has the expression

W) = /Q Gel(oy)gl) dy = /Q Ge(on)(-APwi)dy, zeC,

where w = tr|o«j0; W. Then, by plugging z = (x,0) in the above equalities, we obtain

W) = /Q Ge ((x,0),) (=AY w(y) dy,

which implies that G¢((x,0),y) = G(x,y) for any x,y € £2.
The Green’s function G¢ on the half cylinder C can be partitioned to the singular part
and regular part. The single part is

AN s
Gryer (00) 1= 1= "o

which satisfies

div(tl’ZSVx,tGRgﬂ ((x,8),y) =0, inRN*1,
83GRy+1((x, 0),y) = 8,(x), on £2 x {0}.

(2.6)

In this section, we prove Theorem 1.2 by applying the Lyapunov—Schmidt reduction
method to the extended problem

div(t">Vv) =0, inC = £ x (0,00),
v=0, on 9;C = 982 x (0,00), (2.7)

av=1"+ Ay, on 2 x {0},

whereO<s<landp = xigi We recall that the functions u,,, and U, are defined in (2.3).

It is known that the space of the bounded solutions for the linearized equation

(-AY¢ =pul !¢ inRN (2.8)
is spanned by
duty Uty Uy
“ L W and “ Ly (2.9)
0x7 0xXN I

where x = (x1,...,xy) represents the variable in RN, By the results of Dévial, del Pino and
Sire [10], it also follows that the solutions of the extended problem of

div(t: V@) =0, inR¥*1 =RN x (0, +00),

(2.10)
3@ =pUl,'®,  onRN x {0},

which are bounded on £2 x {0}, consist of the linear combinations of

ol oy, dly,

ax; oxy = ou

’
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We define P such that

3 (Polly,) = B, = U, xe2x {0}

(2.11)
PolU,, =0, x €082 x (0,+00).
Let ¢ = Uy, — Po U, ,, we have
div(t:=>Vg) = 0, in £2 x (0,+00),
ae = mo=——C 1
§0|69 = ux.u|d!2 = M@ sy IN-25 (l + O( sz,,,mz)): (2.12)
39 =0, on £2 x {0}.
Consider
div(tlizsv(x,t)HC((x’ t)’y)) = 0’ in C;
HC((JC, t)!y)) = I(x_;‘)jl\i’ls}\]_zs » on BLC, (213)
35 He((x,0),9) =0, on 2 x {0},
then He((x,t),y) is the regular part of the Green’s function. Thus, we obtain
C
Uy = Polly, = — H((x,£),9).
I‘LT
We define
1 Uy, .
E={UeHL,0:(U, =0,j=0,1,...,N}. (2.14)
% Ini,0

In order to prove Theorem 1.2, we only need to prove the following proposition.

Proposition 2.2 Under the assumption of Theorem 1.2, (1.5) has a solution v of the form
v=Poly, +w,
where w € E, Po U, defined in (2.11), ”W”H(}L(C) — 0,%, —> xpas A — 0.

The energy function corresponding to (1.5) is

1 A 1
1) := —/y1_25|Vv|2dxdy— —/ v?dx - —— [vP+! dx. (2.15)
2 Jc 2 Jaxio) p+1Jax

We expand J(w) as follows:

J(w) =1(Po Uy, +w)=](0) + £(w) + %L(w) + R(w), (2.16)
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where

L(w):/y1’25|Va)|2dxdy—)»f *dx
C £2x{0}

-(2:-1) / \Po U, [» 20 dx, (2.17)
2x{0)

(o) = / Uz wdxdy - / \Pol,, > wdx— A / Pol,,wdx, (2.18)
£2x{0} 2 x{0} 2 x{0}

and

1

R(a)) = ?

/ (|P_Q Ux”}' + w|2;< - |P.Q Ux,p.|2;‘ - 2j|Pqu,u|2:_lw
2 x{0}
- (2:) (25 -1)|Pg Ux,ﬂlzéﬁ’za)z) dx

is the higher order of w.

In order to find a critical point for J(w), we need to discuss each term in the expansion
(2.16). We will use x instead of x; for simplicity in this paper.

Now we arrive at the main result in this section.

Lemma 2.3 There is a constant C > 0 independent of | such that

min{2}-1,2}

IR @) 0 = Cllwollyr ¢,

and

min{2¥-2,1}

IR @), ) = Cllolly &

Proof By a direct calculation, in the case 2} — 1 > 2, we know that

(R(w),¢) = /Q {0}(|Pgux,,b+w|2§‘—1—|P9ux,u|2?“1—(2:—1)|Pgux,u|zf—2w)¢dx

<C / \Po U, | % 2w’ dx
£2x{0}

2F-1

S 1
(] ) ¥ ([ o
2x{0} 2x{0}

=< C||w||12iéL(C)||¢||HéL(C)

and

(R'(w), (¢, ¥)) = / (1PolUs, + 0|2 = |Po Uy, |* )oY dx
£2x{0}
<C / (Pl S wopy da
£2x{0}

251 1

25 9% 2F
/ s dx
£2x{0}

IA

o
C( / (IPoUs, > Pwg) 5T dx>
2 x{0}
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= C”w”HS,L(C)”q)”Hé,L(C)HWHH&L(C)'
Now, we deal with 2¥ — 1 < 2 to obtain

R(w),¢ EC/ W% pdx < Clol™ ol
( ) 2x(0} Hy 1 (€77 o, (€)

(R'(), (¢ ) < C /

2% _9 2%-2
w’s dx < Clo|} 1 1 (o).
o OV = CIOI I, 0 o

As a result, we complete the proof.

Lemma 2.4 There is a constant C > 0 independent of i such that

, o 2 Py
€l c) = st )

Proof Recall

Uw) = / Ue wdx - / \PolU,,|* wdx - 1 / (P U, )wdx.
£2x{0} 2 x{0}

£2x{0}

By a direct calculation, we have

2% 1 2%-1 2% 1 2%
1P Uy |7 = U 57| = Uy — 0571 = (Ul ®

* 1 *_
< C|Uz | < C—5 H((0,0), %0) Uy -
/'L 2

For ¢ = U,, — Poll,,, we have

/ IP.Q Ux,u|2 dx = / (Ux,u - (/7)2 dx
2x{0} £2x{0}

=f IUx,M|2dx—/ 2L[x,ﬂgodx+/ ¢’ dx.
£2x{0} £2x{0} 2x{0}

By a direct calculation, we have

1 2 1
2dx=/ (—H (x,O),x) dsz(—)
Lx{o}w I?) M@ ( ) uN=2s

and

w N-2s w N-2s
e [ (ot ) e [ ()
/g’“’“ oo \ 1+ 22y — ;2 77 )e 1 \irer
Co 1 1
= — ————dz+ O — |,
p2 Jen (1+ |z2)N-2 <M25>

where 2, ={y: n"ly=x€ 2}.

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

Page9of 18
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Inserting (2.22) and (2.23) to (2.21), we obtain

C 1
/.Qx{O} |PQUx,u|2 dx < F + O<M25+1 ) (2.24)

Combining (2.19), (2.20) and (2.24), we have

[e@)]n o = (|P9u WE T UE Y wdx + (Pol,,)wdx
©
0,L Qx £2x{0}

/

H((%0,0), xo)wdx+A/ (PoU,,)wdx

2 x{0}

N+2s

2N 2N
N2 dx ||CU||1—1&L(C)

Ux i H((JCO, 0)! x())
.Qx{O}

1
2
2
(/ (P.qu,u) dx) ||0)||H5,L(c)
£2x{0}
. 22
2% 2;‘
< 1\[_ ( s 2 dx) ||CO||H01‘L(C)
</ 2
(Poll dx) ool
o) 1) HL,(€)

1
1 A
§C< N T )” ||H ©- (2.25)
pN=2s = 12 oL

Then we get the conclusion. O
3 The finite-dimensional reduction and proof of the main results
In this section, we intend to prove the main theorem by the Lyapunov—Schmidt reduction.

It is easy to check that Lw can be generated by a bounded linear operator L from E to E,

which is defined as
(Lw, @) = f yl’ZSVa)Vgo dxdy — )L/ W dx — (2;k - 1) / (Pg Ux,M)Z;F’Za)w dx.
1 2x{0} 2x{0}
Next, we show the invertibility of L in E.
Proposition 3.1 There exists a constant p > 0, such that
IPLolg o = Pl ¢ ©€E.

Proof We argue it by contradiction. Suppose that there are n — +00, x,, — %o, (1, = +00,
A, — 0, w, € E, such that

1
IPLwnlligy i) = llonllig -

X =

Without loss of generality, we assume ||a),,||H01L(C) =1, then ||PLa),,||HéL(C) <
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Then

/ Y E5VeVa,dxdy - i, / pw, dx — (2;‘ - 1) / (Po L[xn,un)zgk_zgown dx
c

2x{0} £2x{0}
N
AP Uy, 1, 8PQLI", .,
=o(llelly o + (x0<%’(p> ¥ Z < Xt ,¢> . (3.1)
‘ # 61©€) i Hy,1(©)
Step 1, we claim «g,; = 0 for (i = 1,...,N). Let ¢ = 0P U, ,.,,, we obtain

/ y'EV(OPo Uy, ., ) Vo, dxdy — L, / (8P Uy, )0, dx
C £2x{0}

-(2r-1) / (Polly, )% 2(3Po U, ., ), dx
2x{0}

_ / (25 = 1)UZ2 (P, o dx — oy / d(Pally, . ) dx
£2x{0} £2x{0}

-(2r-1) / (Polly, )% 20(Po Uy, 1, )0, dx
£2x{0}

=0,(1), (3.2)

where 9(Po U, ,.,) = MPQBU;””‘”) or B(ngi’;”’“”) for i =1,...,N. Then ag,a; = 0 for (i =
1,...,N).
Step 2, we show that fQX[O}(PQ Usy ) 20(Po Uy, 1, )0, dx = 0,(1), since

/ |P.Q uxn,unlzzﬂ_za(P.Q uxn,;/_,,)wn dx
£2x{0}

= ( / + / ) |Po Uy, | 23 (PoUs, 1, )@y dx.
{(in |y—xn|=R) x{0}} {(in |ly—xn| <R)x{0}}

We consider the following inequality:
22
/ |(P.(Z ux,,,u,,,,) (SP_Q ux,,,u,n)wn| dx
{(nly—xn|=R)x{0}}
22
= / | Uy g1 )™ ™70 Uiy 1 0 A
(nly—xn|=R) x {0}
252 ~
2/ u(),l BUOJCL)H dx
{(Iz1=R)x{0}}
N+2s

N IN
< (/ ( 81,[ )N+2s dx) ||a),,||L2* @
{(Iz]=R) x {0}}

= or(V@ll 25 ) = 0r(1), (3.3)

where @,(y) = iy 2 (i, % + %), 2 = pnly — %l
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Now, we  consider f{(un\y—xnlsk)xm}] |PoU,, |5 28(Po Uy, ., )0 dx.  Since

IIwy,(x)||HéL(C) =1, then ”‘b””HéL(C) = 1. Then {w,} is bounded in H&_L(C). We have

@y — w, weaklyin H&L(C),

(3.4)
@n(x,0) > w(x,0), strongly in L"(Q)(l <p< 2;‘)
Since @,(y) satisfies
div(t'*Va,) =0, in 2, x {(0, +o0)},
@, =0, on 9,82, x {(0, +o0)}, (3.5)
Doy = B2+ Ayl in 82, x {0},
we see that w satisfies the following equations:
div(£'"*Vw) =0, inRN*I,
w >0, in RN+, (3.6)

Bw=w%"1, in RN x {0},

_ allp N 3110’1
hence w = ao =% + D i1, o

. Uy, Uy,
Since w, € E, then (wy, —52%)ups ) = 0, {(wn a;i“”)H&L(C) = 0, then we get
(w, BLIO,l)H&L(C) =0. Thus w =0 and
%
/ |P9an,ﬂn|2?_28(P9Uxmﬂn)a)ndx5C< / w5> — 0. (3.7)
{(inly—xn| <R)x{0}} lyI=R

Combining (3.3) and (3.7), we obtain f.Qx{O} (Pol,, )% 28(Poly, ., )W, dx = 0,(1).
Step 3, in (3.1), we denote ¢ = w,,, we have

On(l)”Wn”HéL(c) /y172S|Va)n|2dxdy—)u,,/ |w,|* dx
i C £2x{0}

-(2-1) / (Po U, )% 2w, da
2x{0}

_ 2 2
= loully o+ osDllonly ) (3.8)
we get a contradiction, thus L is invertible. O

Now we perform the finite-dimensional reduction procedure.

Proposition 3.2 There is a C* map from S to Hy ;: @ = w(u), satisfying w € E, and
J @) =o0. (39)

Moreover, there exists a constant C > 0 independent of i such that

1 A
”CU”HI © < C(ﬂ + —2>. (3.10)
0,L l’l/ —4S8 M S

Page 12 0of 18
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Proof We will use the contraction theorem to prove it. It is known that £(w) is a bounded
linear functional in E. By the Riesz representation theorem, there is an ¢ € E such
that

L(w) = (£, w).
So, finding a critical point for /() is equivalent to solving

£+ Lo+ R (w)=0. (3.11)
By Proposition 3.1, L is invertible. Thus (3.11) is equivalent to

w=A(w):=-L"" (¢ +R ().

Set

c A 1-6
S:= {w €E: ol o = (W * ﬁ) }

We shall verify that A is a contraction mapping from S to itself. In fact, on the one hand,

for any w € S, we obtain

[4@ 5,10 = CUEL o+ IR @]y )

min{2¥-1,2}
< Cl1€lg 00+ Nl o)

C A C A (1-0) min{2¥-1,2}
= UN-2s + E + UN-2s + ﬁ

< 5 - A (3.12)
uN= s MZS
On the other hand, for any w;,w; € S,
| A1) _A(wZ)”H&L(C) = |Z7R (@1) - L7'R (w2) ||H01,L(C)
=< CHR/(Q)I) - R,(w2) ”Hé,L(C)
< C|R'(w; + (1 -0)ws) | llws — wZHHé,L(C)
< Clowr + (= 0)en 1 llen ~ wallyy )
1

= 5”6‘)1 - wZ”yé‘L(c)o (3.13)

Then the result follows from the contraction mapping theorem. d
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We proved that there exist ; (i =0, 1,...,j) satisfying

(=AY (Pl + ) = M(PolUy, + @) — (Polly, + @)%

N

0P U, P U

= o 2 LTI a; 2 Yx,n (3.14)
I - ox;

i=1

and [l ¢) < ;7% + Crs-

Now, we want to show that «g = a1 = - - - = @, = 0. First we denote

1 A
w(x,pc):EAyI‘ZS]V(PQUx,M+w)‘2dxdy—§/

|PoU,, +o|*dx
£2x{0}

1

- [Po Uy, + a)|2§ dx.
25 Jaxo

Next, we have the following lemma.

Lemma 3.3 If (x, i) is the critical point of w(x, 1), thenag =1 =+ =0, =0

Proof We can refer to [19], we omit the proof.

Now, we consider the critical point of w(x, u). For w = 0, we obtain

) 1 [ A
1) = 5 /Cy1 2 |vpgux,u|2dxdy——f

|P.qu,u|2dx

s £2x{0}
! \PoU,,.|% d

—_—— Q y S x
25 Jaxo "

s * BoH((x,0),x AB

= u(zfl dx + Bof((x,0),2) _ 1By +hot,
N N g MN—Zs 2

where By, B; are defined in the appendix.

By a direct calculation, we get

(X, () = gy + / V(Po U, )Vwdxdy
C

—A/ (PQL[x,“)a)dx—/ (PQL[x,”)ng_lwdx
2x{0} 2x{0}

1

(Poll,, + )% — (Poly,)% - 25 (Poll,,)* wdx
25 Jexo

1 1
+—/ |Va)|2dxdy——k/ w? dx. (3.15)
2 Jec 2 £2x{0}
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. 1 A
Since ||a)||H&L(C) < C(MN——ZS + F)’ we have

(Pl )wdx - f (Poll,,)* wdx

/ V(PolU,,)Vodxdy — A f
1 2 2x{0}

x{0}

= / Uz wdxdy / (Poll,,)wdx — / (Poll,,)> " wdx
2x{0} 2x1{0} £2x{0}
= 0(1)||w||HéL(c)~ (3.16)

Combining (3.15) and (3.16), we obtain

w(x, 1) = d(x, 1) + oM@l e

s BoH((x,0),x) ~ ABy ( 1 A )

=4 N-2s 12 2

[ +
’LLN—ZS "

Then we get (xo, (to) is the critical point of w(x, 1), where xy is the local minimizer of the
(N=25)BoH ((%0,0),%0)

1
N-2s-4
22.B; )R2-a,

Robin function H((xg,0),%0), and u = o = (

Appendix: Energy expansion
In this section, we will give the energy expansion for the approximate solution. Recall

1 A 1
Iv)= = /y1’25|VV|2dxdy— —/ V| dx — —— [vIP*! dax. (A.1)
2 Jc 2 Joaxo p+1Jexo

Proposition A.1 We have

S

B AB 1
I(P_qu,u) =A+ WH((xO’ 0),xo) - M_Zl + O(W), (A.Z)

0%
where A = Cl f]RN uofl dx, B= Cz f]RN ﬁ dz and Bl = C() fRN W dz.

(1+]22) "2

Proof Recall

1 A
I(PoU,,) = = / y'E|\VPQU, > dxdy — = / |Po U, |* dx
2 Je 2 Jaxo

1
p+1

/ |Po U, [P dx. (A.3)
£2x{0}

First, using (2.11), we note the following identity:

/yl_st(PQLIx,M)!zdxdy:/
C

£2x{0}

2-1
=f Ux,sp, (P.qu,u)dx
£2x{0}

= / us (U, - ¢) dx. (A4)
2x{0}
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By a direct computation, we have

[ e [ (o "
U, x:/ a S< > x
axoy o 1+ pllx - |2
N
P M _ Co
— (lN_25< /,LNdZ: - _dz
/gﬂ N5\ 1+ (e 2, L+]zPN

= dz
/RN 1+ |Z| /ﬂ;N\QM 1+ |Z|2)N
2% 1
= S dx+ O — A5
/Rwu"’l o <MN> (A-5)

and
2%-1
[ ulias
2x{0}
N-2s

21
% 2 s Co 1
= S ,0),9) + —— ) d
L(aN’S<1+M2|x—M|2) ) <MN22x ((x )y) MN;%) x

S 2k-1 1
) H((x,O),xo) dx + O(W)
W

= (teer)
W7 Jo \\ T ila =2

N-2s N+2s

= ! / |: m :|N_25H((M_lz+x0) xo)/dez+O(#)
w7 ol ez i
1 H((x0,0), 1
i (G0, 0030) O( )
I

— N+2 —
MN 2s 2 (1 n |Z| +2s N-2s+1

H((xO,O);xO) 1 ( 1 )
= dz+ Ol —— ). A6
MN—ZS RN (1 + |Z|2)¥ MN—23+1 ( )

Combining (A.4)—(A.6), we obtain

/C Y|V (PoU,,) | dxdy

* H ,0), 1 1
=C / uéfl dx — C, ((x?\pz)s *o) e dz + O(—N )
RN W RN (1+|z]?) 2 w2

H((x0,0), 1
“A_ ((x(;\lz)sxo)B_l_O(_N), (A.7)
w n?2
where A = Cl fRN Mo 1 dx, B= C2 fRN ﬁ dz.
(1+]2]%)

For the second term of the right hand side of (A.3), similarly, we have

/ |Pgux,ﬂ|2?‘dx=/ U, — @)% dx
£2x{0} £2x{0}

= / Uz, dx -2} / Uz pdx + o( / u,ip2¢2>
2x{0} 2x{0} 2x{0}

2*H ((x9,0),%9) 1
=A- %B +0 N2 |° (A8)
w no2
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Since ¢ = Uy, — Po U, ,, by a direct computation, we have

/ Poll,, P dx = / (U — ) dx
2x{0}

£2x{0}

=/ (|Ux,M|2dx—/ 2Ux,u(pdx+/ ©*dx. (A.9)
2x{0} £2x1{0} £2x{0}

Since

2
_/QX{O}wdx:/g(—M;H((x,O),x)) dx=0<ﬁ> (A.10)

and

w N-2s w N-2s
e [ (et ) P [ ()
/.wa) s ax(oy \ 1+ p?ly —x|? i’ 2 1+ |z|?

Co 1 1
=2 dzv0—), A1l
T /RN L+ 2Pz 7 (M23> (1D

where By = Cy f]RN W dz, we obtain

B, 1
/.QX{O} |P.qu,/l.|2dx = ﬁ + O(—MN_25>. (A.12)

Combining (A.7), (A.8) and (A.12), we get (A.2). O
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