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1 Introduction

We consider Q2 to be an open, bounded, and simply-connected domain of R (d = 2,3), and
92 as its Lipschitz-continuous connected boundary. Let [0, T] be an interval in R where
T is a positive real number. We denote x = (x,y) or x = (x, %, z) according to the dimension,
and let n be the unit outward normal vector to Q2 on the boundary d2. We are interested

in this paper in the following time-dependent Navier—Stokes system:

%(x, t)—vAu(x, t) + (u- Vu)(x,t) + VP(x,t) =f(x,£) in Q x [0, T],

divu(x, ) =0 in Q x [0,T],

u(x,t) -n(x)=0 on a2 x [0,T], (1)
t(curlu)(x,£) =0 on a2 x [0, T],

u(x,0) = ug in Q,

where u and P are the unknowns denoting the velocity and pressure of the fluid, f repre-
sents the density of the body forces, and v is the viscosity that we suppose to be a positive
constant. The operator 7 defines the boundary value of curlu in dimension d = 2 and the
boundary tangential components of curlu in dimension d = 3. This problem with non-
standard boundary conditions was studied for the first time in the pioneering paper [1]

where the domain €2 is assumed to be convex in both dimension d = 2 and d = 3. The
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basic idea in [2, 3] consists in introducing the vorticity @ = curlu as a new unknown (see
also [4—6]) and the fact that the convection term can be written as:

1
u-Va=w xu+ 5grad|u|2.

Consequently, problem (1) is fully equivalent to the following system:

g—‘t‘(x, t) + v(curlw)(x,£) + (0 x w)(x,t) + Vp(x,£) =f(x,£) in Q x [0, T],
divu(x,£) =0 in Q x [0,T],
w(x, t) = curlu(x, t) in Q x [0,T], @
u(x,t)-n(x)=0 on 92 x [0, T],
T(w)(x,£) =0 on 2 x [0, T],
u(x,0) = ug in Q.
The dynamical pressure p is defined by the formula
1
=P+ ~|ul”.
p=P+3 u
We assume that the initial velocity and vorticity satisfy the following conditions:
divug=0 inQ and w(x,0)=wy=curluy in Q. (3)

This type of problem has been handled in the stationary case by the finite element method
[3, 7] and by the spectral method [8, 9]. However, the nonstationary case has been con-
sidered for a posteriori analysis of the finite discretization [10, 11] and also for a spectral
discretization of the linear Stokes problem [12]. Relying on the equivalent variational for-
mulation of problem (2), we propose a semidiscrete scheme based on the backward Euler
method. In dimension d = 2, we show that the time semidiscrete problem admits a so-
lution with no restriction on the regularity of the domain, while in dimension d = 3, we
assume that the domain € has either a C!'! boundary or is a polyhedron with no reentrant
corners. Note, however, that this result of existence is established only for a sufficiently
large viscosity in dimension d = 3. For such a problem, we also study the uniqueness of
the solution. We prove the existence of a discrete solution of the full spectral discrete
problem.

The paper is organized as follows:

e In Sect. 2, we present the variational formulation and the analysis of the model.

e Sect. 3 is devoted to the time semidiscrete problem and to the proof of existence and
uniqueness results.

e In Sect. 4 we prove the well posedness of the full spectral discrete problem.

2 The variational formulation
To write the variational formulation of problem (2), we suggest the following Sobolev
spaces:

WP (Q) = {¢ € 17(Q);0%¢ € LF(Q), V]| < m},
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each of which is a Banach space equipped with the following norm and seminorm:

||¢||m,p,9=(z | ya“¢(x>|")p and |¢|m,p,9=<z | ya“¢(x>|”)”.

loe|<m lat|=m

If p = 2, W™2(Q) = H™(RQ) is a Hilbert space equipped with the scalar product

(& ¥)me = ( > (0%, a“w)z) B

loe|<m

We denote by (-, -) the L?(€2) scalar product. We note that L2(€2) is the space of functions
in L2(2) which have a null integral on €2, and D() is the space of indefinitely differen-
tiable functions with a compact support in Q. We consider the domain H(div, 2) of the
div operator,

H(div, Q) = {p € LX(Q)% dive e L)},

provided with the norm

1
@1l H@ive) = (19172qe + 1 divell?, o) 2.
L*(Q) ()

We remind (see [13, Chap. I, Sect. 2]) that the normal trace operator is defined from
H(div, ) into H? (9€2) such that for any scalar function x in H(div, ),

(@ mx) = /Q div p(x)x (x) dx + /Q 0(x) -V (x) dx,

where (-, -) is the duality product between H -3 (0R2) and H 3 (0€2). This allows us to intro-
duce the kernel of the normal trace operator in H(div, 2),

Hy(div, 2) = {¢ € H(div,Q); ¢ -n=0on dQ}.
Furthermore, we consider the domain H(curl, 2) of the curl operator,
dd-1) }7

H(curl, Q) = {(p e L2(Q)% curlyp € L*()

equipped with the norm

[T

_ 2
”‘P”H(curl,ﬂ) = (||(P||L2(Q)d+||curl(pH2 dd-1) )

12(Q)° 2

In dimension d = 3, the tangential trace operator t is defined from H(curl, Q) into
H? (0R)3, for any vector field x € H(curl, Q2), by

(@ xm,x) = /Qw(x) - curly (x) dx—/chrl(o(x) - x (x) dx.
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Then we introduce the kernel of the tangential operator in H(curl, €2),
Hy(curl, Q) = {¢ € H(curl, 2); ¢ x n=0on 3Q2}.

Remark 1 In dimension d = 2, the space H(curl, 2), respectively Hy(curl, ), is equal to
the space H!(Q2), respectively to H} ().

In order to handle some problems depending on time, we consider the following spaces.
Let Z be a separable Banach space. We introduce C"(0, T; Z), the set of time C™ class
functions with values in Z; C"(0, T; Z) is a Banach space provided with the norm

m
(0 T = ol
lplleno.r:z) OE‘ETZ” |,

i=0

where 9/ is the partial derivative of order i in time of the function ¢. Consider also the
spaces

T
17(0,T; Z) = {q) measurable on ]0, T'[ such that / ||q)(t, o)||1;dt < oo}
0

and
H*(0,T;2) = {9 € L*(0, T;2); 8" € L*(0, T; Z); m < s}.
Then L#(0, T; Z) is a Banach space equipped with the norm

T p 1
(fy llot )5 dt)?  forl<p<+oo,
lollro,1,2) =

SUPo<¢<T ot )z forp=+oo,
and H*(0, T’; Z) is a Hilbert space when it is equipped with the following scalar product:
s 2
2
((0: w)HS(O,T;Z) = (((0, I/I)%Z(O,T;Z) + Z(ak(p; akvf)LZ(ovT;Z)) .
k=0

Finally, we define also £(Z) to be the Banach space of the linear and continuous functions
from Z to R provided with the norm

[L(x)|
VLe L(Z), |Llgwz = sup .
xezio) Ixllz

We assume that the data f belongs to the space L2(0, T; Hy(div, 2)'), where Hy(div, )’ is
the dual space of Hy(div, 2) (see [14] for more details about the space Hy(div, 2)’). Con-
sider the following variational formulation:

Find (w,u,p) € L*(0, T; Ho(curl, )) x L*(0, T; Ho(div, 2)) x L*(0, T; L3(<2)) such that

Vv € Hy(div, 2), (%—‘;,v) +a(w,w;v) + N(w,w;v) + b(v,p) =< f,v >,
Vg € L3(Q), b(u,q) =0, (4)
Vi € Hy(curl, 2), c(w,w;9) =0,
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where < -, > is the duality product between Hy(div, 2)" and Hy(div, 2); a(-, -;-), b(-, -), and

c(+,+;-) are bilinear forms defined as follows:
alw,w;v) =v /Q curl(w)(x, t) - v(x) dx, b(u,q) = - /Q divu(x, t)g(x) dx
c(w,w; ) = /Qa)(x, t)- 9 (x)dx — /;2 u(x, t) - curld (x) dx.
On the other hand, the trilinear form N(, ;) is defined by
N(w,w;v) = /Q(w x u)(x, t) - v(x) dx. (5)

By the same arguments used in our work about the stationary Stokes problem (see [9,

Proposition 2.1]), we deduce the following

Proposition 1 (w,u,p) € L*(0, T; Ho(curl, 2)) x L2(0, T; Ho(div, Q)) x L*(0, T; L4(2)) is so-
lution of problem (2) such that w x u belongs to L*(0, T; L*()?) if and only if it is a solution
of problem (4) in the sense of distributions.

To prove that problem (4) has a solution, we need to define
V = {o € Hy(div, Q); Vg € L(2), b(g, ) = 0},

which is the kernel of the bilinear form b(, -) and is the space of divergence-free functions
in Hy(div, 2), since Hy(div, Q) is included in L3(R2). We also consider

U= {(0,(p) € Hy(curl, Q) x V;Vy € Hy(curl, Q), c(#, @; ¥) = 0}

= {(1?,(0) € Hy(curl, Q) x V;¢ = curh}},

the kernel of the bilinear form ¢(-, -; -). We note that V and U are Hilbert spaces, since the
bilinear forms b(,-) and c(-, -; -) are continuous.

So we observe that if (w, u, p) is a solution of problem (4), then (w, u) is a solution of the
following reduced problem:

Find (w,n) € L2(0, T;U) such that

a
VveV,(a—I:,v> +a(w,w;v) + N(w,w;v) =< f,v >. (6)

The main difficulty consists in proving the existence of a solution of problem (6). More-
over, for the three-dimensional case, in order to give a sense to the nonlinear term
N(w,u;v), we need to assume that the spaces Hy(div, 2) N H(curl, ) and H(div,2) N
Hy(curl, ) are compactly embedded in H!(2) see ([15], Theorem 2.17). Nonetheless, the

proof is much simpler in dimension d = 2.

Assumption 1 In dimension d = 3, we assume that the domain € has a C1"! boundary or

is convex.
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The spaces L3(R2) and H(div, Q) verify a uniform inf-sup condition (see, for instance,
[16] or [13, Chap. L, Corollary 2.4]):
There exists a constant 8, > 0 such that
be,q)
VgeLy(Q),  sup ———— = B.lqll 20 (7)
veHy(div,) 191l Hiv.e)
When Assumption 1 is satisfied, the arguments for the proof of the existence of a solution

of problems (6) and (4) are exactly the same as for [17, Chap. III, Theorem 1.1], see also
[18, Chap. V] and [8]. We prefer to omit this proof since it is beyond the aim of this paper.

3 The time semidiscrete problem
In this section we study the discretization in time of problem (4) using the implicit Euler’s
method. We consider a partition of the interval [0, T] into subintervals (£, 1,t,], for 1 <
n < M, where M is a positive integerand 0 =ty < t; < --- <ty = T; h = (hy, hy, ..., h,) stands
for the step of the partition where 4, = ¢, — ¢,_1, and || = maxi<,<pm Hy-

For any data f € L2(0, T; (Hy(div, R))'), uy € Hy(div, ), and wy € Hy(curl, ) satisfying
condition (3), we consider the following problem:

Bind (@")ozueu € (Holcurl, )M, (@)ozpen € (Ho(div, 2)M*1 and (p")1zpeu €
(L3(£2))M such that

o®=wy and u’=u; inQ (8)

and foralll <un <M,

Vv € Hy(div, ),  A(w",u";v) + h,N(o",u";v) + h,b(v,p") = L(v),
Vq € L%(Q), b(u", q) =0, 9)

V¥ € Hy(curl, ), c(w”,u";9) =0,
where " = (-, t,),

A" u"v) = (0", V) + hya(w”, u";v),
and

L) = (w5 v) +h, < £ >

Then, if (0", u”, p") is a solution of problem (8)—(9), (", u”) belongs to U and is a solution

of the following reduced problem:
Vv e V,A(a)”,u”;v) + hnN(w”,u”;v) =L(v). (10)
The main difficulty now consists in showing that problem (10) admits a solution. We re-

call here the two properties (positivity and inf-sup condition) related to the bilinear form
A(-,+;+) proved in [12, Lemma 1]:
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There exists a constant 8 > 0 such that

Vv € V\{0}, sup A(w",u";v)>0 (11)
(0" u")eU
and
n _.n A(wn’ un;v) n n
V(w »u ) ey, 52\1:/) ”V”LZ(Q)d z ﬂ(“w ||L2(Q)d7(d2_l> + ”u ||L2(Q)d)' (12)

Let now study the properties of non linear term N(-, ;-).

Lemma 1 Under Assumption 1, we have that
1) N(-,-;-) is continuous, that is,

Y(w,u) e U Vvev,

(13)
N(w, wv) = Ml ollh(car,o 1l Hivo) VI H@iv.),
where M is a positive constant only depending on the domain Q;
2) N(-, ;) is antisymmetric, that is,
Y(w,m) e U,¥veV, N(w,wv)=-N(w,v;u). (14)

Proof 1) For any couple (w,u) € U, we have w € H(div,2) N Hy(curl, ) and u €
Hy(div, 2) N H(curl, Q). From the definition of the nonlinear term N(-, -;-) in (5) and using
Holder’s inequality, we derive for % + } = %,

Y(w,u) e U, Vv eV,

N(w,w;v) < M| w dd-1) |[a|lyscend ||V d.
@w) <Mlol | sy el Ve

e In dimension 2, Hy(curl, Q) = H}(2) is compactly included in the space L?(£2) for any
p < +00, while Hy(div, ) N H(curl, ) is compactly embedded in L3(Q)? since it is included
in H3(Q)?, with 7 = 6 and s = 3 (see [19)]).

e In dimension 3, if Assumption 1 holds, using the Sobolev embedding theorem, the
space U is compactly included in L"(R2)% x L5(2) for r = 4 and s = 4.

2) Since u € V and equality (15) holds, we easily deduce the antisymmetry property (14).
Equality (15) is proved by using Green formula:

/(curlu X u)-vdx = —/(curlu X V)-udx — / (u-v)divadx. (15)
Q Q Q 0

Proposition 2 Assume that the data f belongs to L*(0,t; Hy(div, Q)') and that the initial
vorticity—velocity (wo,wg) belongs to Hy(curl, 2) x Hy(div, Q) and satisfies (3). Knowing
'L at each time step n, problem (10) has a solution (0", ") in U for dimension d = 2. This
solution satisfies for n > 1:

n
2o Bicansy + 19" e

j=1
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c " ,
=5 <”u0”22(9)d + Zhi”fl ”(ZHO(div,Q))’)’ (16)

j=1
where c is a positive constant independent of n.

Proof We consider the function @ defined on U into its dual space by

V(a)”,u”) eU,v(O,v) e,
(w (", u"), (9,V)> = A(w", 0" v + curlf) + h,N (", u";v + curlf)

— L(v + curlf).

We derive from the continuity of the trilinear form N in (13) that the function @ is con-

tinuous on the space U. Having the following inequality proved in [12]:

v 2 v 2
A(w,w;u + curlw) > 3 lollF car,) + 23 a2 g2 (17)
and the fact that N(w, u; curlw) = 0 in dimension 2, we obtain

V v
(@ (0", u"),(0,v)) = ) e ||i[(curl,§2) + 2_c§ |u HIZP(Q)Z
- ”L”ﬁ(Ho(diV:Q))(H“)n HIZ-I(curl,Q) + ”“n HEZ(Q)Z)’

where ¢y is the smallest constant such that

Vo eV; llellzg? <collcurlpll;2g).
Then if we consider the sphere with radius

2+/2max(1,c2)
e 1Ll £ (o (div,2))»

the duality product (@ (w”",u"),(0,v)) is nonnegative on this sphere. The space U is a
separable Hilbert space since it is included in L?(2) x L?(2)%. Then there exists an in-
creasing sequence (Uy); of finite-dimensional subspaces Uy of U such that | J,(Uy) is
dense in U. Using Brouwer’s fixed point theorem [13, Chap. IV, Corollary 1.1], there exists
(wf,uy) € Uy such that

V(ek, Vk) €Uy, (w (wZ; uZ): (ekx Vk)) =0

n|2 n|2 2 (18)
and  ([|oy “H(curl,Q) + [ug ”H(div,Q)) =r.

Since the sequence (o}, u}) is bounded by r, there exists a subsequence, still denoted by
(wf,uy), that converges weakly to (w”,u”). Now, using the fact that the two operators
Y(6,v) € U: (w,u) > w x vand (w,u) — 6 x u are compact on U, we conclude in passing
to the limit in equation (18) that

V(0 vi) € U, (o (0", u"), (01, Vi) = 0.
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Using the density of | J,(Ux) in U yields
Y(O,v) e, (af (w”,u”), (9,v)> =0.

Then we conclude that (w”,u”) is a solution of problem (10) for any w = 6 + curlv € V.
Moreover, since the solution (", w”) is bounded by 7, we obtain (16) by the same proof as
for [12, Corollary 1]. O

In dimension d = 3, the existence of the solution of problem (10) is obtained for a large

enough viscosity v with respect to the norm of the operator L.
Proposition 3 Assume that the data f belongs to L*(0, T; Ho(div, Q)') and that the initial

vorticity—velocity (wo, W) belongs to Hy(curl, 2) x Hy(div, 2) and satisfies (3). If Assump-

tion 1 holds and there exists a constant c* such that

V2L £ @ive) < L (19)

then, knowing W'~ at each time step n, problem (10) has a solution (", u") € U. This so-

lution satisfies

n 4 ¢ n .
Z”a)]”}z'—[(curl,ﬂ) + ” u” ”iZ(Q)d = > (”u(’”iZ(Q)d + Zhj”f} ”(ZHO(div,Q))’)’ (20)
1

j=1
where c is a positive constant independent of n.

Proof We consider an iterative sequence ((wy, u}))x such that (wj, uj) = (0,0) and (wf, uy)

is the solution in U of the following problem:
Yvev, A(wZ,uZ;v) :L(v)—hnN(wZ_l,uZ_l;v). (21)

From the properties of the bilinear form A(:,-;-) in (11)—(12) and the continuity of the

trilinear form N(-, ;) in (13), problem (21) has a unique solution; see [9]. Let

v

V=, (22)
4M~/2 max(1, c3)

where M is the continuity constant of N(-,;-). By induction on k and by an appropriate

choice of ¢* in (19), the sequence ((w}, u}))x is bounded by r:
(oot ; 9 =7 (23)
D Hcurr,) T 1% M H(aiv,)) =7
We have for any k > 2,

A(w,:’ — Wi, — uZ_l;v) = N(w,’j_Z, uZ_Q;v) - N(a),’(’_l,u,f_l;v)

= _N(“’Zfl - Wy “1272;") - N(C"pr g - u/y:fz;")'
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Thanks to (17), (13), and (23), together with (22), we obtain that

(”“’Z — Wy ||12-[(curl,52) + ||u,’j — Uy ”f—[(div,ﬂ))

= (H“)Z—l - W ||f—[(curl,§2) + ”“1?—1 — Uy ||f{(div,Q))'

| =

The sequence ((w,uy))x is a Cauchy sequence in U, so it converges to a pair (", u”). By
passing to the limit in (21), it is readily checked that (w", u") is a solution of problem (10).
Moreover, the solution (w”,u”) is bounded by r, then we obtain (20) by the same proof as
for [12, Corollary 1]. O

Theorem 1 Assume that the data f belongs to L*(0,t; (Ho(div, Q))) and that the initial
vorticity—velocity (wo, ug) belongs to Hy(curl, Q) x Hy(div, 2) and satisfies (3). In dimen-
sion d =2, for any n,1 < n < M, problem (8)—(9) has at most one solution (»",u",p") in
Hy(curl, Q) x Hy(div, Q) x L2(Q). In dimension d = 3, if Assumption 1 holds, such that
(19) is satisfied, problem (8)—(9) has at most one solution (v",u",p") in Hy(curl, Q) x
Hy(div, Q) x LX(2).

Proof Let (o},u) and (w4, u}) be two solutions of problem (10) such that a/1 = a/2 and
u’i = dz for 0 <j < (n - 1). In dimension d = 2, both (o, u}) and (v}, u}) satisfy (16).
Similarly, in dimension d = 3, it follows from Assumption 1 and condition (19) that both
(wf,u}) and (w},u}) satisfy (20). On the other hand, the pair (", u"), with 0" = ©] — »}
and u” = u} — u7}, belongs to U and satisfies:

eV, A(o",u"%v)=N(wj uy;v) - N(of,u};v) = -N(o",ul;v) - N(of,u";v).

By using (17) and taking v = u” + curlw” in the previous line, we have

4 n 2 n 2 n n n n
m(”w [ euntey + 10" [2@)e) = (IN(@", w35v) | + [N (o, w";v)]).
Using the antisymmetry property of the trilinear form N(-, -; ) (14) gives N (o}, u”;u”) = 0.
Applying the continuity of N(, ;) in (13) together with (16) and (20) gives

Vv

2 2
m(”w” ||H(curl,Q) + ||un ||L2(Q)d)

< o L geppaiven ([ @” Hi](curl,ﬂ) + [u” HiZ(Q)d)~

Thus, if condition (19) holds, we obtain that " and u” are equal to zero.
Let (o",u") be a solution of problem (8)—(10). We consider for any v € Hy(div, 2),

Y,(v)=<{",v> —a(w”,u”;v) —N(w”,u”;v) - hi(u” - u"_l,v),
n

a linear and continuous functional which vanishes on the space V. Then, according to the
inf-sup condition (7), there exists a unique p” in L3(2) such that

Vv € Hy(div, ), T,,(v) = —(divv,p")
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and

1 T
”pn HLQ(Q) = <_> sup (4}1(‘,) ) 0
Bs /) veriv,) \ IVIlH@iv,.o)

4 The full discrete problem

Hereinafter, we suppose that  is a square [-1,1]? in dimension d = 2 or a cube [-1,1]3
in dimension d = 3. To define the discrete spaces, we follow the same idea proposed by
Nédélec in the case of the finite element method (see [20, Sect. 2]). If d = 2 (resp. d = 3),
let P,,,, () (resp. Py,5(£2)) be the space of the restriction on €2 of the polynomials of degree
n in the x direction and m in the y direction (resp. and s in the z direction). Let N > 2 be

an integer. We consider the spaces:

Pan-1(R2) x Py n(R2) ifd=2,
Py n-1.n-1(82) X Pt vn-1(2) X Pyoin-in(R2)  ifd =3,

DN = Ho(diV, Q) N

which approximates the velocity in Hy(div, 2) and

HAQ) N Er(Q) ifd=2,
Hy(curl, Q) N (Py_1,nn(2) X Pun-1n(R2) X Pyun-1(R2) ifd=3,

Cy =

which approximates the vorticity in Hy(curl, Q). This space is rather different conforming
to the dimension (see Remark 1).

Lastly, for the approximation of pressure in L3(2), we propose the space
My = L§(Q) N Py_1(R2).

Having & = —1 and &y = 1, we consider the N — 1 nodes &;, 1 <j < N — 1, roots of the
polynomial Ly', where Ly is the Legendre polynomial of degree N and the N + 1 weights p;,
0 <j < N, of the Gauss—Lobatto quadrature formula. Let P, (-1, 1) the space of restrictions

to ] —1,1[ of polynomials with degree < n, then

1 N
¥ ePaal-1), [ pWds=3 o6, 24)

j=0

We remind the important following property, see [21] for its proof:
N
Vaw €Pn(-11),  lwlayy < 2 xnE)or < Bl 2y (25)
j=0

Based on formula (25), we define the following discrete scalar product on Py (£2): For a

continuous functions ¢ and ¥ on 2,

Zﬁo Z?:Io (&L &)Y (&) pip; ifd=2,

(§07 w)N = N N N .
Dico 2jmo 2k=0 960§ 5DV 1§ S pipipr ifd = 3.
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Finally, we consider Iy to be the Lagrange interpolating operator at the nodes (&;£;), 0 <
i,j <N, in dimension 4 = 2, and at the nodes (&;,£;,£), 0 < i,j,k <N, in dimension d = 3,
with values in the space Py ().

We assume that the data f is continuous on Q x [0, T']. We construct the discrete prob-
lem from problem (8)—(9) by means of the Galerkin method combined with numerical
integration.

If u}, = Ix(uo), knowing u”~1, we find (@}, uf, i) in Cy x Dy x My such that for 1 <
n<MmM,

VVN S DN, AN(w]”\[, HK[;VN) + h,,NN(a)K,, lljy([;VN) + hnhN(VN,p;l\[) = LN(VN),
Vgn € My, bn(ul,qn) =0, (26)

VI}N € CN, CN((L)X[,UKI; 171\[) =0,

where the bilinear forms Ax(-,-;-), by (-, +), and ¢y (-, -; -) are defined by
AN (@R s vn) = (W, i) + B (curdol, va) o BV gn) = =(div v, gu)ns
and oy (o}, ul@y) = (a)X,,(oN)N - (u]’(,,curlgoN)N.

By formula (25) combined with Cauchy-Schwarz inequality, we prove that the bilinear
forms An(-,;-), bn (-, -), and en (-, -; -) are respectively continuous on (Cy x Dy) x Dy, Dy x
My, and (Cy x Dy) x Cy with constants independent of N. The functional Ly(vy) =
(uX,‘l,vN) ~N + 1, (In(£7), viy)w is linear and continuous on Dy. Moreover, as a consequence
of the exactness property (24), the bilinear forms b(-, ) and by/(:,-) coincide on Dy x M.
While the trilinear form Ny(-, -; -) is defined as follows:

N (e i w) = ()
To prove that problem (26) has a solution, we consider the kernel
Vi = {vn € Dy;Vgn € My, by(va,qn) =0} =Dy N V. (27)
We remark that Vy is the space of divergence-free polynomials in Dy (if gy = divvy in
(27)).
Let also the kernel
Uy = {(@n,vn) € Cy x V3 Vo € Cy,en(Fn, Vs @) = 0.
We note that the discrete kernel Uy is not contained in U in the general case; see [9,
Corollary 3.2]. We consider herein the following reduced discrete problem:
If ud, = Iy(ug) and knowing u”%, find (w}},, u}};) € Uy such that for 1 <n < M,

VVN S VN,AN (C{)X], HX[;VN) + hnNN (a)X[, HX[;VN) = LN(VN). (28)

The existence of a solution of problem (28) is proved by the same arguments as for the
continuous reduced problem (10), for instance.
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Proposition 4 For any data f continuous on Q x [0, T] and knowing ;' at each time
step n, problem (28) admits a solution (w}, uy) in Ux. Moreover, this solution satisfies, for
1<n<M,

n
Z”w}N”iI(curl,Q) + [uf ||L2 Qe = oY (|uN ||L2 ) +Zh |1 (F) L2(Q ) (29)

j=1
where c is a positive constant independent of N and n.

Proof We introduce the mapping wy defined from Uy into its dual space by

V(C()X[, u]’([) € UN’ V(GNI VN) € UN:

(@ (i uly), (On, VN)) = A (@hs Wi Vi) + BaNn (@) uls Vi) = L (V).

We equip Uy with the following norm:

S

(oI, aan + [
The mapping wy is continuous since the space Uy has a finite dimension. Next, not-
ing by the same arguments as for Lemma 1 from the property of antisymmetry that
Ny (i, uy;uy) = 0, we have

(on (o) uly), (@) ) = v(curloy, uk),, — Ly (u})-
Then using (25) with the definition of Uy gives

1
o o). (o) = Fo g g =38z (o )

For any u}, in Vy, it follows from [9, Lemmas 3.4 and 3.5] that there exists 7} in Cy such
that u}; = curlzy and

73] g - = w20y
Using once more (25) and inserting z}; in the definition of the space Uy, we have
(o) = (o cortet), = o)y =381, aen [ofi], _aen
Combining all this yields
(o (e wl) (o) = vl o = ebileon R, agon-

Now letting

2cmax(1,c)
INE T ILn Nl 2ovay)s
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we deduce from (25) that

1
(ot g a0 + [l ) = VEmax(t o], s

) 2

2

Then we remark that (my(wy, uy), (@i, uy)) is nonnegative on the sphere of Uy of ra-
dius ry. So by Brouwer’s fixed point theorem (see [13, Chap. IV, Corollary 1.1]), we con-
clude that problem (28) has a solution (w};, u};) in Uy. Moreover, the solution (w}, u},) is
bounded by ry, so we obtain (29) by the same proof as that of [12, Proposition 5)]. O

The following inf-sup condition is proved in [9, Lemma 3.9]:
There exists a positive constant y, independent of N, such that the form by (-, -) satisfies

the inf-sup condition:

bn (VN gN)
Vg € My, sup ————— >y lgnlli2q)-
wweby VN Hdiv,o)

The full existence result is deduced from Proposition 4 and the above inf-sup condition.

The proof follows the same arguments as for Theorem 1.

Theorem 4.1 Ifthe data f is continuous on Q x [0, T) and knowing Wi at each time step
n, problem (26) has a solution (wy, uy, pr,) in Cx x Dy x M. Moreover, the part (w}y, uy)
of this solution satisfies (29).

Remark 2 Note that the previous existence result still holds when Ny (-, ;) is replaced by
N(-,;-) in problem (26). This means in practice that a more precise quadrature formula,
exact on P3y_1(£2), is used to evaluate the integrals that appear in the treatment of the

nonlinear term.

5 Conclusion

This work concerns the numerical analysis of the implicit Euler scheme in time and the
spectral discretization in space of the nonstationary vorticity—velocity—pressure formula-
tion of the Navier—Stokes equations. We prove using Brouwer’s fixed point theorem that
the new discrete formulation has at most one solution. The study of the error, the algo-
rithm solution, and the numerical implementation of these results will be the subject of

our forthcoming work.
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