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1 Introduction
In this paper, we study the low Mach number limit for the initial-boundary value problem
of the following three-dimensional compressible Navier—Stokes equations in a bounded

domain  C R? with a smooth boundary:

p¢ +div(pu) =0, (1)

(pu); + div(pu ® u) + E—IZVp(p) =div(2u(p)D(u)) + V(A(p) divu), (2)

where p and u = (u3, uy, u3) denote the density of the fluid and the velocity, respectively,
with D(u) = (Vu + Vu)/2. The functions p(p) = p* (o > 0) and A(p) = p? (B > 0) are the
shear and bulk viscosity coefficients of the fluid, respectively, satisfying 1 (p) > 0 and u(p) +
%A(,o) > 0. This condition makes sense in the case that p is far away from the vacuum,

for instance, the shallow water waves. The constant ¢ € (0, 1] is the Mach number. The
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pressure p(p) satisfies the barotropic law, namely,

p(p) =ap”, (3)

where a >0 and y > 1 are constants.
Formally, as the Mach number € vanishes, the solution to (1)-(2) will converge to the
one of the following incompressible Navier—Stokes equations:

w+u-Va-pAua+ Ve =0, (4)

diva=0. (5)

It is known as the low Mach number limit. Since the large parameter €2 appears in (2),
this limit process is singular. The fact that both the uniform estimates in Mach number
and the convergence to the incompressible model are usually difficult to obtain creates a
serious difficulty for the rigorous justification of this limit.

The low Mach number limit of local smooth solutions to the Navier—Stokes equations
(or the Euler equations) in R” or 7" with “well-prepared” initial data was proved by Klain-
erman and Majda in [17, 18]. They established the general framework for studying the
low Mach number limit for local strong or smooth solutions. For bounded domain, Li-
ons and Masmoudi [19] investigated the low Mach number limit for the weak solutions to
the Navier—Stokes equations with the “vorticity-slip” boundary condition, that is, on the
boundary 92 C R”,

u-n=0, curlu=0 forn=2, or (6)

u-n=0, nxcurlu=0 forn=3, 7)

where curlu = (9511, —01u2)" for n = 2 and curlu = (0yu3 — O3, O3u41 — 0113, D11 — Doth1)"
for n = 3. There are abundant results about the low Mach number limit for local solutions
to the isentropic Navier—Stokes equations, the reader may refer to [6-10, 23, 24] and the
references therein, for instance.

The low Mach number limit for global solutions to the isentropic Navier—Stokes equa-
tions have been considered by many authors; see [3, 14, 21, 22]. Compared with the study
of the low Mach number limit for local solutions, one must get the uniform estimates with
respect to both the Mach number € and ¢ € [0, +00). Thus this is challenging. D. Hoff [14]
verified the low Mach number limit for the global solutions in R3 x [0, +0c0) with general
large initial data. For bounded domain, H. Bessaih [3] investigated the low Mach num-
ber limit of regular solutions to the compressible Navier—Stokes equations with no-slip
boundary conditions and slightly compressible initial data. In [21], Ou obtained the low
Mach number limit of regular solutions to the compressible Navier—Stokes equations (1)—
(2) with slightly compressible initial data in a 2-D bounded domain with the “vorticity-slip”
boundary condition (6). [22] investigated the low Mach number limit of strong solutions
to 3-D Navier—Stokes equations with Navier’s slip boundary condition for all time.

Concerning with the low mach number limit of the compressible non-isentropic
Navier—Stokes equations, many results was presented in [2, 5, 12, 13, 15, 16, 20], and the
references therein. After learning this progress on the low mach number limit carefully,
we find the fact that most of it was concerned with the constant viscosity coefficients.
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The purpose of this paper is to verify rigorously the corresponding low Mach number
limit for all time of the 3-D isentropic Navier—Stokes equations with density-dependent
viscosity and the “vorticity-slip” boundary condition. We establish the uniform estimates
of strong solutions with respect to the Mach number and justify rigorously the low Mach
number limit for all time when the non-constant viscosity coefficients are present, in con-
trast with [21]. Because the viscosity depends on the density, the uniform estimates of
strong solutions are much more difficult to obtain.

To verify the low Mach number limit, we shall consider the density varies slightly around
a constant state, namely,

p=1l+e€o.
We reformulate the problem (1)—(2) as
o; + div(ou) + % divu=0, )
o(u; +u-Vu) + ép’(l +¢eo0)Vo = div(ZpL(p)D(u)) + V(A(p)div u). 9)
The initial data for the system (1)—(2) are defined as
p(0,%) = po(x), u(0,x) =up(x), x€Q. (10)

We impose the “vorticity-slip” boundary condition for the velocity, that is, on the bound-
ary 9Q of Q C R3,

u-n=0, n x curlu=0, (11)

where curlu = (d,u3 — 31y, d3u; — du3, d;uy — dou; )¢ and n is the unit outer normal vector
to the boundary.
We state the main results of this paper as follows.

Theorem 1.1 (Global-in-time existence) Let € € (0,1] be a fixed constant and Q C R® be
a simply connected, bounded domain with smooth boundary 2. Suppose that the initial
datum (09, up) satisfies the following conditions:

| (@0, u0) | 32 + [[ (02, u) (O ;o < m, (12)

with [, 00dx =0 and 1+ €oq < m for some positive constant m. Assume the following com-
patibility conditions are satisfied:

Bfu(O) ‘n=nx 8;' curlu(0)=0 o0ndL,i=0,1. (13)

Then, for any € € (0,¢€1] with €, € (0,1) being a constant, the initial-boundary value prob-
lem (8)—(11) admits a unique solution (o,u, H) in Q x R*, satisfying

o eC(R"H?), weC(R'H)NL*(R,H?),
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o, € C(R",H"),  weC(R'H")NL*(R";H?),
where R* = [0, +00). Moreover, the uniform estimates are satisfied:

sup (|| (o, u)(s) HH2 + H (o, uz)(s) ||H1) <Cm, VteR", (14)

0<s<t

where C is a positive constant independent of € € (0,€1] and t € [0, +00).

Remark 1.1 To simplify the statement, we use the notation “u,(0)” to signify the quantity
Wm0 := —ug- Vug—p'(1+€0g)Vop/e +div(2u(1 +€0¢)D(up)) + V(A(1 +€0p) div ug) obtained
from the equation (9). The notation “9/u(0)” is given by differentiating (9) i — 1 times with

respect to ¢ and then letting ¢ = 0. The same rule applies to the notations 9/ (0).

Assume that the assumptions in Theorem 1.1 are satisfied. Then one can get the local
existence of the initial-boundary problem (8)—(11) by the method of characteristics, the
Galerkin method and the Schauder fixed point theorem, that is, there exists a 7* > 0, such
that for T' < T* the problem (8)—(11) admits a solution satisfying

o eC([0,T),H?),  (wH)eC([0,T],H*)NL*(0,T; H*),

o, €C([0,TL,H"),  (u,Hy) e C([0,T),H")NL*(0, T;H?).

The boundary conditions (11) are “complementing” boundary conditions in the sense of
Agmon-Douglis—Nirenberg [1]. The local existence result can be proved by the frame in

[22], so we omit the details of the proof here.

Theorem 1.2 (Incompressible limit) Let the assumptions in Theorem 1.1 be satisfied, and
u be the global strong solution established in Theorem (1.1). Suppose that the initial data
ug — vogas e — 0in H® forany 0 <s < 2. Then we have u — v in C(7_31*0C,HS) as e — 0, for
any 0 < s < 2. Moreover, there exists a function P(x,t), such that (v, P) is the unique global
strong solution to the following initial-boundary value problem of incompressible Navier—

Stokes equations:

divv =0,
Vi+Vv-Vv+ VP = Ay,
v-n=nxcurlv=0 ondQ,

V|0 =volx), xeQ.

Before ending this section, we introduce the notations throughout this paper. We use the
constant C to denote various positive constants independent of ¢ and ¢, use the constant
C, to emphasize the dependence on 7. Moreover, we denote by H” and || - || ;= the Sobolev
space H"(2) = W™2(Q2) and its norm, by I” and || - ||;» the Lebesgue space L#(2) and its

norm.
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2 Preliminaries

In this paper, we will use the following lemmas frequently.

Lemma 2.1 (See [4]) Let Q be a bounded domain in RN with smooth boundary 32 and
outward normal n. Then there exists a constant C > 0 independent of u, such that

lllars@) < CIl iy uell g1 gy + Il curl el s + Il - m| + el 1) (15)

H* %(asz)
for any u € H(Q)N.

Lemma 2.2 (See [26]) Let Q be a bounded domain in RN with smooth boundary dU and
outward normal n. Then there exists a constant C > 0 independent of u, such that

i@ < NV iy + L eurl ullsy + sl y ok i), (16)
Sorall u e H(Q)N.

Lemma 2.3 (See [11]) Let Q C R? be a open bounded domain with C* boundary 3%.
Moreover, we assume that Q2 is simply connected and non-axisymmetric. Then, for any
u € H\() satisfying u - n|yq = 0, one has

ll2ell 10y < C(|| D(w) ||L2(Q) + lull 200 17)
and

Vull 12 < C(Il divull 2 + Il curl ull12(q), (18)
where C is a constant independent of u.
Lemma 2.4 (See [4]) Assume f € C([0, T]; W*?(Q2, RN)) with

k>g+1 and 1<p<+o00.

Then the problem

du
E(x, 1) =f(u(x,1),t), u(x,0) =x

has a solution u € C'([0, T]; D*?(Q)), where
DFP(Q) = {r] e W*P(Q) | n is a bijective from Q onto Q, 0! € Wk’p(Q)}.
Lemma 2.5 (See [4]) Let k > 2 be an integer, and let 1 < p < q < +00 be such that p < +00

and k > % + 1. Let f € W*P(Q), then the mapping g —> g o f is continuous from D*?(Q)
into W5 ().
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3 Energy estimates

In order to extend the local solution of the initial-boundary value problem (8)—(11) glob-
ally in time, we shall establish a differential inequality which provides us the uniform es-
timates of solutions for both time and the Mach number. Suppose that (o, u) is the lo-
cal solution to the initial-boundary value problem (8)-(11) in 2 x (0, T), for 0 < T < oo.
Moreover, we assume that 1/¢ < p =1+ €0 < ¢ for some constant ¢ > 1. Then the viscosity
coefficients can be estimated as follows: 1/c* < u(p) = p% < ¢ and 1/c# < A(p) = p# < cP.

3.1 L? estimate
Lemma 3.1 For the solution to (8)—(11), we have

d 2
(VP o, Jpu) [ + villuly
<eloely> + Clio Iz (lulza + loliFa),
where y1 is a positive constant independent of €.

Proof We integrate the product of (8) and p'(p)o to get

1d 1
2 dt ”Vp/(p)O' ”iz + < Ap’(p)divuo dx

1
. / P (p)o diviow) dx + = / S (p)eoro? dx
Q 2 Q

<ellozllz +nllulzy + Cylio |l
Due to the boundary conditions (11) and Lemma 2.3, we have
_ /Q (21(p) div(D(W) + A(0)V dive) - uds
. /Q ((2(0) + M0))V divu - (o) curlcurlu) - udx
= [ (o) + 1) dive + o) curt ) ds
+ /Q[V(Zu(p) +A(p))diva + V(u(p)) x curlu] - udx
> wollul?, + /Q[(V(2u(,o) +A(p))diva + V(uu(p)) curlu] - udx.

Integrating the product of (9) and u, we get

1d 1
——IlVpull?; + p / Pp)u-Vodx+ |/ (2u(0) + 2(p)) divu|| 1, + | Viu(p) curlu|?,
Q

2dt

= —/ [V(2u(p) + A(p)) diva + V(u(p)) x curlu] - udx
Q

+ /Q[V(Z,u(p)) -D(u) + V(A(p)) divu] - udx

2 2 2
< nlhalizy + Gyllalizzlio
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Using (11) again and integration by parts, we have

1 1
- / P(p)divuo dx + - / P(p)u-Vodx
€ Jo € Jo
= —/p”(p)VO w0 dx < nllul} + Cyllo . (19)
Q
Summing up the above equalities and choosing 1 small enough, we get the lemma. O

3.2 Estimates of first order derivatives
Lemma 3.2 For the solution to (8)—(11), we have

1d
- [”\/2M(,o) +A(p) diqui2 + ||\/M(,o)curluHi2]

2dt
d 1 2
+ 2 [ pwcwdrs 5P,
Q

2 2
< Clluellz +nllullz

2 2 2 2 2 2 2
+ Cy[ulZa (lulZa + loc2s + o 122) + o 12 (lelZ + loel2) ]

where 1) is to be determined later.

Proof First, by differentiating (9) with respect to ¢, we have

1
(ows); + €ou - Vu+ p(u; - Va+u - Vuy) + p’(p)o; Vo + gp/(,o)Vat

= div(2,u(,o)D(ut)) + V(A(p) divut)

+ diV(ZM’(p)ecrtD(u)) + V()J(p)eot div u). (20)

Multiplying (20) by w in L2, integrating by parts and using the boundary conditions (11),
we deduce that

1d .
5 7L 1V2u0) + o) dival, + [ Vilp) curtul| ]
d 1 ,
+—/ putudx+—/p(,o)Vcrt-udx
dt Q € Jo
:/pu?dx—/pt(u~V)u~udx—/p(ut-Vu+u-Vut)~udx
Q Q Q
—/p”(p)atVo* . udx+/ div(Z/x’(p)eatD(u)) + V()J(p)eotdivu) cudx
Q Q

—/ V(2u(p)+k(p))~udivutdx—/ V(u(p)) x curlu, - udx
Q Q

1 1
+ —/ 3 (2u(p) + M(p))| dival|* dx + —/ 3 (1u(p))| curlul® dx
2/, 2/,
< Cllw i, + nllul,

2 2 2 2 2 2 2
+ Gyl (Ilalife + loellzn + o li72) + ol (el + llozliza) ]-
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We multiply (8) by p'(p)o;, integrate by parts and use the boundary conditions (11) again
to infer that

1
VP (0)ors - g/p’(p)Vm-udx
Q

:_/p/(p)atdiv(au)dx+/ V(p,(p)).uo‘tdx
Q Q

2 2 2
= nlloclljz + Cyllo [ lallza.
Summing up the above estimates, we obtain the above lemma. O

Lemma 3.3 For the solution to (8)—(11), we have

d .
%HVJHEQ + H\/p/(l)‘l\/Zu(p) +A(p)V dlvu”i2

2 2 4 2 2
< Clluellyz + nllallgy + Cyllollye + Cllallgzllolly., 0<n<l,
where 1) is to be determined later.

Proof Applying V to (8), multiplying the resulting equation by Vo, integrating in L2, we

obtain

1d

1
— — 2 P 1 .
2dt||Vo||L2+€/QVd1vu Vo dx

= —/ ((u -V)Vo + VuVo + Vo divu + onivu)Va dx
Q

2 : 2 4
< n(lullfy + IVdivull7) + Cyllo 7.

Now, we apply {(9),'(0) "}V divu) to derive that

. 1 .
||\/p’(,0)—1\/2u(p) +A(p)V dlvuni2 - / Vdiva- Vo dx
Q
= / p(u; +u-Vu) - p'(p) ' Vdivadx
Q
+ / P (p)tu(p)curlcurlu - V divudx
Q

- f [2VM(,0) -D(u) + VA(p) - divu] P (p)'Vdivadx
Q

: 2 2 2 2 2
< nlIVdivullz, + C; (w7 + lulfa(luls + lo172)),

where with the aid of curl V = 0 and curlu x n|3q =0,

/ P (p) 7 u(p)curlcurlu - V divudx
Q

= —/ V[P () 1u(p)] x curla - Vdivudx
Q

Page 8 of 20
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+ /;Qp/(p)‘lu(p)(n x curlu) - VdivudS
<nIVdivul?, + C,llul}pllo ..
Putting the above estimates together, we get this lemma. O
Lemma 3.4 For the solution to (8)—(11), we have

d
VP Moo + 1vowel2) + valluell

2 4
= nllallzy + Cylloellzn

2 2 2 2 2 2 4
+ ClllodllZ (liZs + o 17 + i) + e l2s || (w o)1 + ol ], (21)
where 0 < n < 1 is to be determined later, and y, is a positive constant independent of €.

Proof Applying 9, to (8), multiplying the resulting equation by p’(1)o;, integrating in L2,

we get

%%“\/MWHEZ + @ /Qotdivutdx
=-p'(1) /Q(u Vo, +w;- Vo + o, divu + o divuy)o, dx
< n(lluelza + lallzy) + Cy(lollfn + ozl ).

Applying 9, to (9), we have

p(0zu+u-Vuy) + %p’(l)Vat

=div(2u(p)D(w,)) + V(A(p) divu,)

- pi(w + - V) - pug - Vu+ Bx[IWVU]
+div(20,1(0)D(W) + V (3:2(p) divu). o)

Taking ((22),w;) and using the boundary conditions (11), we find that

1d .
5 7 VPRl + [V20(0) + 2o} divimy) |
'(1
+ ||w/u(p)curlut ||§2 + Iy /;z Vo, -w dx

_ f [Mvg} cupdx — / [eat(u -Vu+ p(u; - V)u] -uydx
o € . Q

- / [V(2u(p) + A(p)) divu; + V(u(p)) X curlut] -ugdx
Q

- [ o)+ 1o div ) curt

Page 9 of 20
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+ / [diV(Zatu(p)D(u)) + V(E)t}»(p) div u)] -uydx
Q

<nllw s+ Cy(loel 2 (| (o) |5 + lweli?a) + el (@ 0)] 5,2)-

Hence, by choosing n appropriately small and using Korn’s inequality, we obtain the
estimate (21). O

Next, we estimate the vorticity of the velocity, which is denoted by w = curl u. By virtue

of (8) and (9), it is easy to see that w satisfies the following systems:

pwr+pu- Vo — u(p)Aw =g,
(23)
wxn=0 onoads2,

where
g=—-padiva- %vg % (div(i2(0) V) + V[A(p) divu])
+curl(u(p)) Au+ (Viu(p)) - Vcurlu.
Then we have the following.

Lemma 3.5

d 2
—IVpoll7, + || Vilp) cullw| 1, < nllwlfs + Cyllullza (lulfs + llol}s), (24)
dt

where 0 < 1 < 1 is a positive constant which is to be determined.

Proof Multiplying (23); by w, with the aid of the boundary condition (23), we infer

that
1d 9 2
EE”ﬁw”Lz + ||\//L(,o)curla)||L2 = [ g-wdx— | Vu(p) x curlw - wdx, (25)
Q Q
where

—/M(p)Aw-wdx:/,u(p)curlcurla)-wdx
Q Q
=/ ,u,(,o)|curla)|2dx+/ V((p)) x curlw - wdx
Q Q

+/ w(p)(n x curlu) - wdsS.
a9

With the aid of Lemma 2.2, it is easy to verify that

2 2 2 2
/gwdx < nllwlix + Cyllullzs (Illzs + o llF2)
Q

2 2 2 2 2
< n(lolp + leurlwlf) + Cyllulza (lulza + lollz)-
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Using Holder’s inequality and Young’s inequality, we have
/ Vi(p) x curlo - wdx < nfl curl ]2 + Cyllo |2 lul 2.
Q

Inserting the above two inequalities into (25) and choosing 1 appropriately small, we get

the above lemma. O

Definition 3.1 Now, defining two functions:

W (2) :=/ pu-udx + | (o u)|2 + | (0, w)] s
@ (26)

. 2
®1(2) = llogll 7> + llullzy + || (curl curlw, Vdivu) || 75 + luglfZ:.

we conclude from Lemmas 3.1-3.5 that, for small ¢, there is a positive constant C;, such
that

d
E‘L’l(t) +@y(f) < C1(||<7t||12.[1 ” (ut:Ut)||i11 + ||U||?_12(||(7||]2_12 + ||<7t||?11)

s ([@s o) |2 + ] @ w]Fa)- (27)

3.3 Boundedness of second order derivatives

First, we show the following lemma.

Lemma 3.6 For the solution to (8)—(11), we have

d . 2 d . 2
T ||\/2/,l,(,0) +A(p)V dlvu”L2 - Zd—t / ou; - Vdivadx + ”\/p'(l)VO't ||L2
Q
<nlIVdiva?; + Cyllull?, + C|Vdivul?,

+ Clllo 122 | (0w 1 + Tuls ([ (w0) |1 + 00w 1)]s (28)
where 0 < 1) < 1 is a small positive constant which is to be determined.

Proof Differentiating (9) with respect to ¢, we have

1
p(ug + (u- Vyu,) + gp/(l)Vcn
= (21(p) + A(p)) V divm, — u(p) curl curlm,

~ pe(ug + (u- V)u) - pu, - Vu + [M VG}

€
+ (ZM(p) + )»(,o))tV divu — u(p); curl curlu

+2Vu(p) - D(ug) + diva; VA (p) + 2V(,u(,o))[ - D(u) + div uV()\(p))t. (29)

Page 11 of 20
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Multiplying (29) by V divu and integrating in L2, we get

1d d (1
5%”‘/2/1,(,0)+)L(p)Vdivu||i2—%/qudeivudx—pi )LVat~Vdivudx

:/[(MVU) +eatu-Vu+p((ut.V)u+(u-v)ut)}.Vdivudx
@ t

—/ ou; - Vdivu, dx
Q
1 . .
+ / |:—§(2M(p) +A(p)),V divu + u(p), curlcurlu:| -Vdivudx
Q
+/ u(p)curlcurlu; - Vdivadx
Q

- [ [29120)- D) + V3 (0) - Vo +29 (1(p), - Dl + ¥ (1(0)) - V]

-Vdivudx
<n(|(Vdiva, Vdivu, Vo) ”iz) + Cy(Iluell2, + 1V divul|?,)

+ Cylllo 12 || (e 00) [ 30 + s (|| a0 | 70+ l22)],
where we have used the following estimate:

f w(p)curlcurlu; - Vdivuadx
Q

<

+

/ w(p)n x curlw) - VdivadS
a0

/ Vu(p) x curlu, - Vdivadx
Q
<nIVdival}, + Cyllwlfa llo 17

Similarly, we take (V(8),p'(1)Voy) to infer that

(1
N/ ZA +&/ Vo, - Vdivudx
€ Ja
= —p’(l)f ((m-V)Vo + VuVo + Vo divu + o Vdivu) - Vo, dx
Q
<lIVollZ: + Cyllullzallo 1172

Summing up the above inequalities together and choosing 1 small, we get the above
estimate. g

Lemma 3.7 We have

1d

L |+ Vo ERG) I dival

< nlluls + Cyllo |k, + C(| V2 curlulj, + u]2,)

+ C(lullze + o lFalulFa + llulys)), (30)

where 0 < 1 < 1 is a small positive constant which is to be determined.

Page 12 of 20
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Proof We differentiate (8) twice with respect to x to have
1
Vio, +u-V(V?0) +2Vu- V(Vo) + V’u- Vo + V(o diva) + —V>divu =0. (31)
€
Taking ((31), p'(1)V2o), we obtain

2dt ||\/p Vi |?, +p( ) V2divuvzodx

=—p (1)/ + 2Vu - V(Vo) + Viu - Vo + V(o div u))]Vzcr dx

2 4
= nllallys + Cyllo .-

Then we apply V to (9) to get

1
(2M(p) + )»(,0))V2 diva— u(p)V curlcurlu — —p/'(1) V2o
€

[P/(l +ea)-p'(1)

VU] +p(Vu, + Va - Va+u- V?u) +eVo(u, +u- Vu)
€

- V[2Vu(p) - D(u) + V(A(p)) divu]

-V (2u(p) + M(p))Vdiva + Vu(p) curl curl u,

which, by multiplying V2 divu in L?, gives

1
|| V2u(p) + A(p)V? div ||L2 ( ) / V2divaV?e dx
€ Jo
.2 2
< 77”V2 dlvu”L2 + CW(H & curlu”L2 + ||ut||?_11)
+ Cylllo 72 (llo N7 + lhallzs + a3 + llallz],
where we have used the fact that ||V curl curlul|;2 < || V2 curlu] 2.
Summing up the above two inequalities together and choosing 7 suitably small, we get
the estimate (30). O
Lemma 3.8 For the solution to (8)—(11), we have

d
g7 (Idiva 12 + [V P WV |2) + [V 1y 21(p) + A(p)V dive |7,

2 2 2 2 2 2 2
< n(luclzy + lullfs) + CIV curlug s + Cy (o 7l + iz lullf

4 2 2 2 2 2
+llullfe + loelfn (laellfe + lalfs + o2 + lod;e)), 0<n<1,
where 1) is a small positive constant which is to be determined.

Proof Tt is obvious that uy - n|3q = 0, thus

1d
/uttVdivutdx:———/ | div u,|? dx.
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We take ((29), p~1V divu;) and (9;V(8), p~1p'(1) Vo;), summing up the resulting equations

to obtain the above lemma. Here we use the following estimate:

1 / ~1.7
5 e P )VoPds- [ oy WT0 u- Vo, ds
Q Q

1 1
= E/ at(p_lp/(l))|V0t|2dx+ E/ diV(p_lp'(l)u)|Vat|2dx
Q Q

1 , L[
- / o0 P ()IVorPdx s / p~2p' (1) div(pw)| Vo, dax
Q Q
1 . _
:—E/[pﬁdW(pu)]p (1) Vo |* dx
Q

=0. ([l
Next, we estimate the derivatives of curl u.

Lemma 3.9

d
pr IV/pwll7> + ysll curl |7,

2 2 2 2 2 2 2
< nllwclizs + Cy((loelizn + llolz) (laelln + lalFs) + luclya llullzs)

4 2
+ Cllo e llually-

where y3 > 0 is a positive constant and 0 < n < 1 is a small positive constant which is to be

determined.
Proof Firstly, we apply 9; to (23), to see that
olwy +u- Vo) — u(p)Aw; = h, (32)
where
h:=—-coy(w; +u-Vo) - pu,Vo + Bt(u(p))Aa) + 45
with

el < C(elor|Vul* + | Vaue| [Vl + €20 Vo | (Vo || Vul + [ V2u))
+ Vo (IVa||Vul + |Vu|) + €| Vo |(IVar || Vul + €| Vo |[Vig| + | Vi)

+€(IVay||V2u| + Vo |[V2u)).
Obviously, the boundary condition for (32) reads

w;xn=0 ono. (33)

Page 14 of 20
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Therefore, by virtue of (33) and integration by parts,

—/ w(p)Awy - wy dx
Q
=/ w(p)curlcurl w; - w; dx
Q

=f u(p)lcurlwtlzdx+/ Vu(p) xcurlwt-wtdx+f w(p)curl ws(w; x n)dsS.
Q Q Fle)

Multiplying (32) by w; in L?, we obtain

1d
2dt

:/h-wtdx—/VM(p)wa,-wtdx
Q Q

I/Beel2, + |V (o) curl x|

= ||wt||H1[||gt||L2 + ||Ut||H1(||ut||H2 + (a2 ||u||1-13)
+ gl a3 + ozl llallgs + ol a2 ]- (34)
With the aid of Lemma 2.2 and (33), we have
lweln < C(Ilcurl |7, + llaxl72)-
Using Young’s inequality and the above equality, we obtain the following lemma.
Lemma 3.10 For the solution to (8)—(11), we have
L) Jio)vol? 2 Lo
ZIVr@IVo |+ Vool + o5 [ Vi) o,
< (e}, + llcurlwl?,) + Cy (lullfs (lallzp + o132 + loelzn) + 7o llol172),
where 0 < ) < 1 is a small positive constant which is to be determined.

Proof We take ((23);, w; — 8§ Aw) (in which § is a positive constant to be determined later)

to get
1d
o |80 + mlp)curl o]}, + /w2 + 8] v/il(o) o],

1
:/g.(w[—(SAa))dx+§‘/ (80 + u(p))| curlw|* dx
Q Q

+/ V(8o + u(p)) xcurla)~a)tdx+/ ou-Vo - (0, — §Aw)dx
Q Q

2 2 4 2 2 2
< n(ledlZ, + 1A0l7) + Cy(Ilullza + ol (lulfs + lwdy))

2 2 2 2 2
+nllcurlol7s + Cy(loelizp llallys + llo 7 luls),
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where we use the following estimate:

— | (3o +n(p))Aw - w;dx
Q
- / (80 + w(p)) curlcurl - w; dx
Q

= f (80 + u(p)) curlw - curl w, dx + / V(80 + 1u(p)) x curlw - w, dx
Q Q

+ / (80 + M(p)) curlw - (w; x n)dS
a0

1d
T 2dt

1
||\/5p + 1(p) curla)”i2 ) / 8t(8p + u(p))lcurla)|2dx
Q
+/ V(8o + u(p)) x curlw - w, dx.
Q

Thus, we choose § and 7 suitably small to conclude the lemma.
In order to close the estimates, we have to estimate ||o || ;2. To this end, we obtain from

the continuity equation (8) and the boundary condition u- n|y, =0

d
—/de:—/ <G+l)uond5:0,
dt Q a0 €

thus

fadx:/aodxza
Q Q

From Egs. (9) and Poincare’s inequality, we have

2 2
llolly. < CllVollin
2 2 2
< Ce*(llull7s + llullfs)

+ Ce[llolzp (luelizy + lullFs + lullfa) + s ]- (35)

In addition, in order to control the terms ||u||2 and [lu||y3, we use the following fact

which is obtained from Lemmas 2.1-2.2 and the boundary condition (11):

lallgs < C(Idivulge + || curlullzz + [ull2),

[[curlul| ;2 < C(|| curlcurlal[z1 + || curlu||H1),

[l curl curlul|z < C(||A curl w2 + || curlcurlu x 01250 + || curlu|2), (36)
luelle < CIdiv ol + [ curlug [l + gl ),

[[curlug || < C(|| curl curlu| 2 + || curlut||L2),

where the estimate of the term || curl curl u X n|| 1725, is crucial for the proof. We can esti-

mate it by the strategy in [22] as follows: In order to derive an estimate near the boundary,



Ren et al. Boundary Value Problems (2020) 2020:158 Page 17 of 20

we firstly construct the local coordinates by the isothermal coordinates A(/, ), where
A, @) satisfies

)\.,/,')\.l/,>0, )"90')‘(,0>0 and )\¢,~)\(p=0.

We cover the boundary 92 by a finite number of bounded open sets W* ¢ R3, k =
1,2,...,L, such that, for any x € wknQ,

x =2, 0) + (W (. 0)) = AX (W, 0,7),

where Ak(l//,go) is the isothermal coordinate and # is the unit outer normal to 9S2. For
simplicity, we will omit the superscript k in each W*. Then we construct the orthonormal

system corresponding to the local coordinates by

_ Ay Ay
€1 =——"0 =
Ay | 1Al

By direct calculations, we can use the fact that / € C* and

J=detJacA = (Ay X Ay) - e3

= |Ayllhel + r(lk¢|n¢, ey + Ay lny ~e1) + rz[(;w -e1)(n, - e2) — (ny - €2)(ny ~e1)] >0,
for sufficiently small r > 0. Furthermore, we can derive some other relations:
JaC(A’l) =JacA)7™,
1
[V(A ™)' ]oA= 7By xes)
—1\2 1
[V(A ) oA = 7(63 x Ay),

[V(A™)]oA= ;(A(p x Ay),

where the notation ‘o’ is the composite of operators. Set y := (y1,¥2,¥3) := (¥, 9,7), a; =
(Jac A)™);. Then n = (as1, as, ass), the tangential directions 7; = (a;1,an,a:3) (i = 1,2),

and
ajazy =0, fori=1,2.

We denote by D; the partial derivative with respect to y; in local coordinates. To be precise,
Djs is the normal derivative and D; for i = 1,2 are the tangential derivatives in the original

coordinates. Moreover, we have

axj =a ijk-
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Next, we denote the vorticity near the boundary as W := (W1, Wy, w3)" := w(t, A(y)). So we
get

curlw - n = (axpDiW3 — ax3 DiWo, axa D1 — axy Dk, axy Diwa — aga D)
- (az1, a3, as3)
= [(asya13 — assar2) Dy + (asydns — assaz)Ds W,
+ [(assar1 — asia13)Dy + (aszan: — az1azs)Ds |,

+ [(as1a12 — aspa11)D + (az1a2; — azpann)Ds |Ws

2

= Z(ﬂ X 'L'i) DZW
i=1
2

= Z(Di((n X T;) - 171/) —-Di(nxT)- 171/)

i=1
2
= Z(Dl((}’l X 17/) . 'L'l') —Di(ﬂ X ‘L'l') . 17/)

i=1

Thus, with the boundary condition (11) we get the estimate

3
lcurlw- n|| 1 SCE lwill 1
H2(3Q) — H2(09)
i=

= Cllullp2- 37)

Definition 3.2 We define

2 2
=Y W), @=) di), (38)
i=1 i=1
where W, (¢) and ®(t) are defined by (26), and

Wy (t) = |Vdivul?, —2/ pu; - Vdivudx + | Vo ||§2 + [ divug|2,
Q

+[Voll7, + IV curlul|?, + || curlug |7,
2 . 2 . 2 2 2
®y(0) = (| V2 diva| ), + [Vdiva ) + Vo2, + |V curlug |2,

+ [V curlu|}, + llo |12,

Combining Lemmas 3.1-3.10 with the estimates (35)—(37) and choosing a suitable con-
stant C, and small enough constants € and 5, we finally conclude that

%\Il(t) + ®(t) < co®(B) (W (2) + V(1)) (39)

where ¢y > 1 is a constant independent of €.
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Now, employing (39), and following the analysis in [25], we obtain the following uniform

estimate.

Lemma 3.11 (Uniform estimate) Let Q2 C R? be a simply connected, bounded domain
with smooth boundary 3S2. Let (u,0) be a solution to (8)—(11) in Q x (0,T) with ¢! <
1+€0 <cforsomec>1,V¥(x,t) e Qx(0,T), e €(0,e1]. Suppose that

W(0) < BI2c), Be (o, %]

Then we have
“I"(t) S ,3/(2C0)1 te [0) T]'

4 Proof of Theorems 1.1 and 1.2

Now, recalling the definition (38) of (W (), ®(¢)), we can use the uniform a priori estimate
established in Lemma 3.11 to continue the local solution (¢, u) globally in time by applying
the standard extension techniques (see, for example, [27]), and obtain therefore a global
solution. Furthermore, we can employ the uniform estimate given in Lemma 3.11 and the
Arzela—Ascoli theorem to easily show the strong convergence of (o, u) to the solution of
the corresponding incompressible Navier—Stokes equation as € — 0. This completes the
proof of Theorems 1.1 and 1.2.
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