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1 Introduction

We focus on investigating the following Cauchy problem:

Wi — Waxr + B(Wy = W) + A(W — Wyy) — 16wwy
=202, — 8WyWay + 2WaWany — 4WWors, (1.1)

w(0,x) = wo(x).

Here, (¢,x) e R* x R, € R*, B € R, w is the fluid velocity, S(w, — Wyy,) is the dispersive
term, A(w — w,,) is the dissipative term, w, € B;‘r(R)(s > max(g, 2+ }7)).
Problem (1.1) is viewed as a member of the integrable model

(1 - af)wt = F(W, Wy, Wyxs Wasx)s

which has been investigated in [24]. The famous integrable Camassa—Holm (CH) equation
is

(1 - 8§)wt + 3WWy = —BWy + 2Wy Wi + WiWory, (1.2)

which admits peakon solutions and wave breaking mechanisms. By replacing w with w + k
in Eq. (1.2), Zhou and Chen [33] establish that a solution w to Eq. (1.2) may be regarded as
a perturbation around the coefficient 8. The wave breaking phenomena and infinite prop-
agation speed of solutions are investigated. The behaviors of solutions to the CH equation
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with dissipative term and dispersion term are studied in [25]. The local well-posedness for
the Cauchy problem of the CH type equations [6, 15, 20, 26, 28—31], asymptotic stability
[17, 22], solitons solutions [14], and regularity of conservative solutions [18] are consid-
ered. The readers may refer to [8—10, 18, 20—22] for the related results.

Other two famous integrable models are the Degasperis—Procesi (DP) equation

Wy — Wagr + AWW, = BWeWyy + WiWyyy
and the Novikov equation
Wi — Waar + AWP W, = SWWWay + W Wy (1.3)

Molinet [23] considers the peakon solutions of the DP equation. The Novikov equation
has N-peakon solutions. It is worth noticing that the first explicit 2-peakon solutions of
the Novikov equation are investigated in [13]. Cai et al. [2] study the Lipschitz metric of
Eq. (1.3) which possesses cubic nonlinearity. Himonas et al. [11] illustrate the construction
of 2-peakon solutions and ill-posedness for the Novikov equation. The blow-up criteria
of solutions to a Novikov type equation are presented in [7, 32]. The formation of singu-
larities for solutions to problem (1.1) when A = 8 = 0 is established (see [27]). The schol-
ars focus much attention on the CH equation and similar equations with weakly dissipa-
tive term. It is shown in [16] that some models (i.e., CH equation, DP equation, Novikov
equation, and Hunter—Saxton equation) which contain weakly dissipative term can be re-
duced to their non-dissipative versions by applying an exponentially time-dependent scal-
ing u(t,x) — e‘Atu(keT%,x).

To our knowledge, the influence of coefficients and properties of solutions to problem
(1.1) have not been considered yet. Our study mainly focuses on investigating the influence
of dissipative coefficient A and dispersive coefficient 8 on the solutions to problem (1.1).
We establish the blow-up criteria and blow-up rate of solutions, which are related to n =
(1 - 82)w and dissipative coefficient A. Moreover, the persistence properties and analytic
properties of solutions are analyzed.

We define

C((0, T1: B, (R) N CH([0, TEBAR),  1<r<oo,

E;J,r(T) = .
1510, T; B, (R)) N Lip([0, T} BLL(R)), 7 = oo,

where T >0,s € R, p € [1,00], r € [1,00]. Problem (1.1) is written as

Wy — dww, = —w? + P1(D)[2w? + 6w?] + Po(D)[W?] — Aw — Bwy,

(1.4)
W(Orx) = WO(x)r
where Py (D) = (1 - 82)L, Po(D) = (1 - 82)L.
Let 19 = (1 - 82)wp and # = (1 — 3>)w. Then problem (1.1) is reformulated as
1y + 2wy — 4w + B, = 212 + (8w, — AW + 2(W + wy)? — An, 5)

n(0,x) = np(x).

We are in the position to summarize the main results.
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Theorem 1.1 Let1 <p,r < oo, w, € B;’,(IR)(S > max(g, 2+ }7)). Then a solution w € E;,,(T)
to problem (1.1) is unique for certain T > 0.

Theorem 1.2 Let 1 <p,r <00, wy € B;,V(R)(max(g,Z + }7) <s<3),tel0,T]. Then a so-
lution w to problem (1.1) blows up in finite time if and only if

/Ot(”n(t)“Loo —A) dt = +o00.

Theorem 1.3 Let1 < p,r < 0o, wy € H*(R)(s > %), t € [0, T). Then a solution w to problem
(1.1) blows up in finite time if and only if

[ ] = = 1. 16

Theorem 1.4 Let 1 < p, r < 00, wy € H*(R)(s > g), Mo = Wo — Wo . Assume that no(x)
satisfies no(xo) > % + +/ K, where the point x is defined by ny(x,) = sup,cp no(x), K = % +
18|lwy ||12{1. Let t € [0, T]. Then a solution w to problem (1.1) blows up in finite time if and

only if
. A
lim [sup(n(t,x) - —)] = +00. (1.7)
=T | 4eR 2
Theorem 1.5 Let 1 <p, r < oo, wy € H*(R)(s > %), Mo = Wo — Wo s, L € [0, T]. Suppose that

[1g + 2wp,x — wol(x0) > % + %«/Kl, where the point x is defined by

[0 + 2wp . — wol(xo) = sup[ng + 2w, — wol(x),
xeR

K = 2(C4||w0||i,1 + Csllwo g1 + Co) and Cq, Cs, C are certain positive constants. Let w be
a solution to problem (1.1). Then it holds that

. A 1
tip [ap(re-5)r=o] -3

Theorem 1.6 Assume wo € H(R)(s > %), t€[0,T] and 0 € (0,1). Let wy satisfy

lwo ()|, |8swo ()], [92wo(x)| ~ O(e7%)  asx — oc.

Then a solution w to problem (1.1) satisfies

|w(t, x)

, | o W(Z, )

,[02w(z, x)| ~ O(e‘g") asx — 0o

uniformly on [0, T.

Theorem 1.7 Let wy be analytic on R and t € R in problem (1.1). Then problem (1.1)

admits a unique analytic solution w on (=8,8) x R for certain constant § € (0, 1].
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Remark 1.1 We deduce the local well-posedness for problem (1.1) in B;Y,(R)(s > max(g,

1+ ]%)). For presence of term w? in (1.4), the regularity index of solutions is s > max(%,
1+ 127)’ which is different from the regularity index s > max (3,1 + }9) of solutions to the CH

equation, DP equation, and Novikov equation.

Remark 1.2 We derive blow-up criterion of solutions in the Besov space in Theorem 1.2.
This result is new. From Theorems 1.2, 1.3, and 1.4, we conclude that dissipative coefficient
A is related to blow-up mechanisms of solutions. From Theorem 1.4, we recognize that the
blow-up phenomenon of solution w occurs if # is unbounded. From Theorem 1.5, we es-
tablish that dissipative coefficient A is related to the precise blow-up rate of solution w.
From Theorem 1.6, we observe that if initial value wy with its derivatives exponentially
decays at infinity, then the solution w with its derivatives also exponentially decays at in-
finity. The existence and uniqueness of analytic solution w with analytic initial value are
illustrated in Theorem 1.7. The solution w is analytic in both variables, globally in space

and locally in time.

Remark 1.3 We extend parts of results in [27]. In the case A = 8 = 0 in problem (1.1), the
local well-posedness for the Cauchy problem and formation of singularities of solutions
are investigated in [27]. However, we mainly focus on the influence of the dispersive term
and dissipative term in problem (1.1). Theorems 1.1, 1.4, and 1.5 contain the results in [27]
as special cases when A = 8 = 0. In addition, for problem (1.1), we also establish blow-up
criteria of solutions in the Besov space and persistence property of solutions. The exis-
tence and uniqueness of analytic solutions with analytic initial values are also studied (see
detailed illustration in Remarks 1.1-1.2).

2 Proof of Theorem 1.1
2.1 Several lemmas

We review several basic facts in the Besov space. One may check [1] for more details.

Lemma 2.1 ([1]) There exists a couple of smooth functions (x (&), p(§)) valued in [0, 1]
such that x is supported in the ball B = {& e R||&| < %}, @ is supported in the ring C = {§ €
R|2 < |&| < §}. Moreover, it satisfies that

XE)+> p(27%)=1, VteR

geN

and

suppe (2°%-) Nsuppe(2°7-) =0, iflg—q/| =2,

supp x () Nsuppe(271) =@, ifg=>1.
Then, for all u € S'(R), the non-homogeneous dyadic blocks are defined as follows. Let
Au=0, ifg<-2,

A= fR XERE)E dE, ifq=-1,
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dgu= [ ol ea@e de, ifg=o

Then u = 22271 Aqu is called the non-homogeneous Littlewood—Paley decomposition of u.
Assume s € R, 1 < p, r < 00. The non-homogeneous Besov space is defined by B, = {f €
S'R) [ IIf s, < oo}, where

(2 25 IALIG) 7, 1< oo,
SUpj>_1 2js||A;f||U’, 7 =00.

Ifllz, =

In addition, Sif = Y11 Af.

Lemma 2.2 ([1, 5, 27]) AssumeseR,1<p,r,pj,rj <00,j=1,2. Then
1 1

1) Embedding properties: B, , — B;;,f; R Jor pi < pa, 11 < 12. By, <> By, is locally
compact if s < s,.
2) Algebraic properties: For all s > 0, By, . N L™ is an algebra. B,,, is an algebra < B, <
© 1 -1 ._
L >8> ors—p,r—l.
3) Morse type estimates:

(i) Let s> 0 and f,g € B, , N L*. Then there exists a positive constant C such that

el < C(If sy, gl + 1f e liglss, )-

(ii) For s; < I%,sz >1% (s9 > }7 ifr=1)and s; + s, >0, then

4) Fatou’s lemma: If a sequence (f,),en is bounded in B,, and f, — f in S'(R), then it
holds that f € By, and

Flls;, < lim inf|lfyllg;,.

5) Multiplier properties: Let m € R. Assume that f is an S"-multiplier (i.e, f : R — R
is smooth and it satisfies that, for all o € N, there exists a positive constant C, such that
|09F(£)] < Co(1 + |E])™¥! for all £ € R). Then the operator f(D) is continuous from B, to
B

DT

6) Density: C° is dense in BIS,‘, & 1<p,r<oo.

We present two lemmas which are related to the transport equation

fi+dof =F,
f|t=0 :_f01

(2.1)

where d: R x R — R represents a given time-dependent scalar function, f, : R — R and
F:R x R — R are the known data.
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/ —

Lemma 2.3 ([1]) Assume 1 < p <p; <00, 1 <r <oo, p = 1%' Suppose that s >

—min(Pil, l%) ors>-1 —min(pil,

only on p, p1, 1, s such that the following estimate holds:

I%) when 0,d = 0. Then there exists a constant C, depending

1 llzge o, )

t ¢ T
< G iz [”fo I, + / el 2O | F(r) |, df], (2:2)
0 ,
where
||8xd(t)” 1 ’ S<1+pi1’
Z(t) = BylsoL®
1 _ 1 . _
”axd(t)”B;;l},’ s>1+p—10rs—1+p1,r—1.

Iff =d, then for all s >0 (s > =1 if 3,d = 0), (2.2) holds with Z(t) = ||8,d(¢)|| .

We present an existence result for the transport equation with initial value in the Besov
space.

Lemma 2.4 ([1]) Let p, p1, 1, s be in the statement of Lemma 2.3 and fy € B,,. F¢€
L([o, T];B;’,), d e L°([0, T];Bgoj‘ffoo) is a time-dependent vector field for some p >1, M >0
1
such that ifs <1+ pil, then d,d € L*([0, T1; Bl oo NL™); if s > 1+ pil ors=1+ pil, r=1, then

1 . ps—1 . . 00 . DS
o.d € L*([0, T],Bp”). Therefore, problem (2.1) has a unique solution f € L*°([0, T);B,,)N

(Ny<sC([O, T];Bls;,l)) and (2.2) holds true. If r < 00, it holds that f € C([0, T];B;’r).

Lemma 2.5 ([19]) Let1 <p <o00,1<r <00, s> max(%,}j).fo € B;frl, F e L([o0, t];B;’Trl)’

d € L([0,£]; B3'}). Then a solution f to problem (2.1) satisfies f € L*([0, T]; B} !) and

WAl zge o157

: t
< eCl fEz(ryde |:|lfO||B;,1 n f e 1 Jo Z(&)ds HF(f)HB;-} dr}
S o .

where Z(t) = fot ||d(f)||B;,+} drt, the constant C, depends only on s, p, and r.

2.2 Proof of Theorem 1.1
We show the framework of proof with ny € B;,r(s > max( }7, %)).
Step I: Set n° = 0. The smooth functions (1');cy € C(R*;BZ?,) solve the problem

9 + 2wl — 4w + B3 )KL = G(¢, %),

(lt 2w, | B)x) (t,%) (2.3)
n*1(0,x) = nif! (x) = Si1mo,

where

Glt,x) = 2(r')” + (8W. — dw')n' + 2(w! + wh)” — A, (2.4)

Let S;.1719 € By, In view of Lemma 2.4, we establish that n*l e C(R*; B3?) to problem
(2.3) is global with i € N.
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. 1 1 _ 1 1y . _
Step 2: Ifs>max{1+z,1+ ) ors—max{1+1—7,1+ 25 r=1, we have

Z(t) = /Ot Bx[Z(wi—2wi+ %,B)](r) -
:Anumaawmﬂ
<G [ |- 2)0)

t
SCO/(1+A+
0

dt

1 dt
B}

dr
Bpr

Bf;,r) dr.

Using Lemma 2.3, we arrive at

; C1 o 1020W4=2w"+ 3 B)(T) | o1 d
[ 57 [ Imoll 5

b ey f§ Nox20w—2wi+ 1 B)(0) g d
+ e |
0

} (2.5)

Leta < b mean a < Cb for a certain constant C > 0. Bearing in mind the embedding prop-
erty B, . < L*(s > max( 1%, % ), the algebra property in the Besov space and the Morse type
estimate (i) in Lemma 2.2 (see [5] for more details), we acquire

[2(+)"

5, Sl gy, < 141

BS )
| (8w — 4w')' 5,
< || 8wk — 4w B, n B, 8w’ — 4w’ 5, n"”ny’r
12
S H n B3,
200+ )L,y < I s wily S D2
|
Thus, we obtain
[6@lg, <175, ( 5,)" (26)
It is worth noticing that
|0 (wh = 2w') () B! S1+a+ (2.7)
Combining (2.5) with (2.7), we deduce
e i o )
I C1 g Now(w 2 )0l drllnollgsm

ECy [ 10x(wh2wh) (€)l] g1 dE
+/ e - Bt | dr
0

G-

Page 7 of 22
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sz()t(1+A+||ni(r)||Bs Ydt
Se 5" gl

t t
. / ecz,/,(uuun( Mg, ) ||G dr. (2.8)
0

Plugging (2.6) into (2.8) leads to the inequality

: Co [E(1+a+]ni ()]l ps )dT
i+1 <Cy-e Jo By ””0”B§,r

W)
n o, <

.\ / LIS Qe Ol e
0

x (L+a+ |r(x)

sl d | 29)

If max{}%, %} < s <max{l + 1%, 1+ %}, applying the embedding property B;Yr < L®, we

8x|:2(wi —owl + ,B>:|(r)

have

Z(t) = /Ot

dt

Bp nLee

Bj,,r) dr.

t
g AT S /0 (

Similarly, we deduce that (2.9) holds true in this case.

< i_ i
s [lo-2w)0

Therefore, one can choose certain T > 0 to satisfy 2C3(1 + A + ||no ||B§,,,)T <1and

Co(1+r+ 70l s, )
- 1 2C2(1+)\+||n0||Bs )¢

(2.10)

which combined with (2.9) results in

C(1+r+ lImoll s, )
- 1 2C2(1+)\+||n0||3s )t

L+A+|n

We achieve that (#/),cy is uniformly bounded in E;,,(T).
Step 3: Utilizing problem (2.3) gives rise to

(3 + (2ws — 4w + B)d,) (n™/*! — ')
= [2(w7 W) 4~ ) i
+2(n" + 1) (1Y — ') + (8w — 4w (n' - 1)
+(8(wy7 - wi;) —4(w - w))n'
#2047 ) (W = )

—A(ni+j—ni). (2.11)

Page 8 of 22
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Thanks to Lemma 2.5, we acquire
L i
”n1+1+ —ntt HB;}I
CoInlgs de| v ivjel g1
<e pr n -n _
= ” 0 0 ”Bj,_,‘

¢ Ty i

—C [T n™ o dEy .: .

+ C/ e o B ||nz+1 -
0

—1
B

i+1

x (L+A+|n

Bfa,r) d‘L':|.

1+

Since

i+j

i+j+1 i+l _
ny —ny = E Agwo,
gq=i+1

we can choose a constant C; > 0 to satisfy

||ni+j+l _ I’li+1| ) < C12_i.

|L°<>([0,T];B;j,1
As a consequence, we derive that (1);cy is a Cauchy sequence in C([0, T];B;}l).

Step 4: Existence of solutions.

Using the Fatou property in Lemma 2.2 yields that n € L*([0, T]; B;,,). It is worth notic-
ing that (#')cx is a Cauchy sequence in C([0, T];B;}l) which converges to a limit function
ne C([0,T] ;B;jrl). Making use of an interpolation argument yields that the convergence
holds in C([0, T];B;:r) for all s’ < s. Sending i — oo in (2.3) yields that # is a solution to
(2.3). Then the right-hand side of the first equation in (2.3) belongs to L>([0, T'] ;B;,r). In
the case r < 00, taking advantage of Lemma 2.4 gives rise to n € C([0, T'] ;B;Y,) forall 8’ <s.

Applying (1.5) yields that n; € C([0, T];B;Trl) if r < 0o, and 1, € L*([0, T];B;;,l) other-
wise. Thus, n € E, ,(T). Employing a sequence of viscosity approximate solutions (. )>0
to problem (1.5) which converges uniformly in C([0, T];B;Y,) N C([o, T];B;frl), we achieve
the continuity of solution n € E;,,(T).

Step 5: Uniqueness and continuity with respect to initial data.

We assume that 7! and #? are two given solutions to problem (1.5) with initial values
ng,nk e B ,.nt,n* € L®([0,T]; B;,) N C([0, T]; By ') and n'* = n' — n®. Then it holds that

(3 + 2wl —aw! + B)a)n'? = —2w!? —dw)nl + G, (¢, %), 2.12)

n'(0,x) = ny* = ny — n3,

where

Gi(t,x) = 2(n' + n?)n'" + (8wy — 4w')n' + (8w)? — 4w'?)n?

+2(w' +wy + WP+ wl) (W' + wi?) - an'
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In view of Lemma 2.5, we deduce

—C [t 2wl —aw? d
4

By
t T 1 1
=C Jo 12wy—aw!|| 5,1 dE
< Hnéz ” 1+C | e ¥ Byy
B

% (”_(2Wi2 _4W12)n’1€HB;}1 + || GI(I)“B;T}) dr. (2.13)

. . . . 11
Taking advantage of the Morse type estimates in Lemma 2.2 and applying s > max(l—g, )
we have

I’ll

e Py I g i

S 12 ]

Similarly, we acquire

” Gi(2)

o S

(L+r+]|n'

B, T | * B;_,)'

By
Direct computation shows that

—C [ n} |l s dt
g Clolmls, |2

s—1
B

< [’

t Ty1
=C fo lnllgs dE
g1 +Cf ¢ o 1lsg, "
D
0

x (1+ A+ ||nt

-1
Byr

2
o+ Il )
Making use of the Gronwall inequality yields

_c [t t 1 2
¢ Clollnligy dr ||n12 Jo@enlintllgy +ln HB;”)dr‘

12
<|
B;Trl = Vlo

Byt
It follows that

C LN s dr [E(L+r+]nt +||n? dt
2 Jo gy, e foeeint gy + gy Dt

i =l

- (2.14)

From step 2 in this section, we observe that ||7! || B, and || 72| By, are uniformly bounded
forallt € (0, T].

Therefore, ecfot ”anBf” @ and efotmhunl”Bf"ﬁanuBf’v’)dr in (2.14) are bounded for all ¢ €
(0, T]. In particular, if 1§ = n2, we have n}*(x) = n — n} = 0 for x € R. It is deduced from
(2.14) that ””12”3;;1 <0 forall t € (0, T]. It follows that #n'2(¢t,x) =n' —n®> =0 forall t €
0, T],x€R.

Thus, we arrive at the desired results.

Remark 2.1 When p = r = 2, the Besov space B, () coincides with the Sobolev space
H*(R). It is worth noticing that (1 — 82)~! is an S~ multiplier. Then it holds that

Iwlgge = [ (1-37)7 (1= 97)w

i 1 1=02) "

gz S Il
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Theorem 1.1 indicates that under the assumption wy € H*(R)(s > %), we establish the
local well-posedness for problem (1.1) and the solution satisfies w € C([0, T]; H*(R)) N
Cl([0, T]; H*"Y(R)).

Remark 2.2 Let 1 <p, r < oo and wy € B;',(R)(s > max(§,2 + 1%)). Then a solution w to

problem (1.1) satisfies the inequality
lw@®)| 1 < Iwollzn, te€(0,T1. (2.15)

3 Proofs of Theorems 1.2, 1.3, 1.4,and 1.5
We recall a lemma which is related to the commutator estimates.

Lemma 3.1 ([1]) Assumes>0,1<p<p; <oo,1<r <09, piz = }9 —pil.fandgarescular
functions on R. Then
|1A).f8:]g gy, S 10 e llglls;, + 1811y, N10:g 102
and
(A, fo.g] s, = Cllof liellgllsy, withO<s<1.
3.1 Proof of Theorem 1.2
Applying the operator A, to problem (1.5) leads to
(at + (2w, — 4w + ﬁ)ax) Agn = 2w, — 4w, Aglogn + A G (t, %) — LA yn, (3.1)

where
Ga(t,x) = 2n* + (Bwy — 4w)n + 2(w + w,)>.
Utilizing no € B;,V(R)(max(%, }%) <s<1)and Lemma 3.1, it yields

I[Ag @w, —4w)dy]n

By,
< [0x@wx — 4w) | o lImll s,

S lnllze linlig,
and

|Galt, < |27 + (Bwi — 4w)m + 2(w + wy)* — An ||B;r

s,
S lnlle<linlg,
+ 118w — w5y, + 18w = 4wl ]z

+ Wy + Wpoo || W + wlips

S lnllze linlig,-
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Multiplying (3.1) by (A,n)P~! and integrating on IR, we acquire

1d
bl IAgnlly S [[0x2wx — 4w + B)| 1o I Agnllf,

+ || 12w — 4w, Aglon ], | Al

-1
+ [ 8gGat,0)] I Agnllsy! — Al Agnll.
Consequently, we obtain

d
S 180l S 0x@we — 4w+ B)| | Agnllr

+ || 2ws — 4w, Aglogn| , + || AgGa(6,%) |, — Al Agnllzr.
Making use of Lemma 2.1 gives rise to
t
IO, < 1ok, + [ (0] = 2) o) |, .
pir 0 pr

Applying the Gronwall inequality, we conclude

[n®

't
g S ol eloInioe=dr, (3:2)
pr

Suppose that T* < oo is the maximal existence time of solutions to problem (1.5). If

| ()] -2y e <o 63

we acquire that ||n(7*) ||B§” is bounded in view of (3.2). The proof of Theorem 1.2 is com-

pleted.

3.2 Proof of Theorem 1.3
We illustrate the proof with density argument in the case s = 3. Due to problem (1.5), we

acquire the identity

1d
- — / ndx = / [(n + 6wy — 3w)n? + 2w + wy)?n — (Bny + An)n] dx. (3.4)
2 dt R R
That is,
1d 1d
3 %”n”i[l =3 E(Ilnlliz + 1mel122)

/ [(n + 6w, — 3w + 2w + wy)?n — (Bny + An)n] dx
R
+ / [5(2wx +n— w)ni + 4(w — 2wx)nnx] dx

R

- / 8[(w +w)n—(w+ uwx)nz] dx + / [—(ﬁnxx + )Lnx)nx] dx
R R

S i+ 6wy = 3wl oo [11l]2 + lw + WallFos Il 1
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2
+ 12wy + 11— wl|roc (17|72 + |w = 2wx| oo |7 oo || 7| 1
2 2 a2
+lw+ wellzos l|7ll 1+ [|w+ Wl 7]l 72 = Al

S (Il = 2) Il (3.5)
Eventually, we deduce
[10) 1 S ol o Va2, (3.6)
which yields a contradiction.

3.3 Proof of Theorem 1.4
Lemma 3.2 ([4]) Let T >0,w e CY([0, T); H3(R)) and n = (1 - 0>)w. Then, forall t € [0, T),
there exists one point &(t) € R such that

n1(t) = supn(t,x) = n(t,’;‘(t)) (3.7)

xeR

and

()= ma(b£0)

where n1(¢) is absolutely continuous on (0, T).
Counsider the problem

2 p(t,x) = (2w, — 4w)(t, p(t, %)) + B,
p(0,x) = x.

(3.8)

Lemma 3.3 ([3]) Let w € C([0, T; H*(R)) N CL ([0, T]; H* Y (R))(s > 3), n = W — Wy,. Then
problem (3.8) admits a unique solution p(t,x) € C*([0, T] x R,R). Moreover, the map p(t, -)
is an increasing diffeomorphism of R for all t € [0, T) and p(t, x) satisfies the equality

px(t: x) — efot(2w—2n—4wx)(t,p(r,x))dr. (39)
Lemma 3.4 Let wy € H*(R)(s > 3), ng = wo — Wy (£,%) € [0, T] X R. Then
n(t,p(t, x))pi(t, x) > no(x)efoz(*ZVI(fsP(T,x))f?»)df' (3.10)

Proof of Lemma 3.4 Utilizing (3.8) and Lemma 3.3 gives rise to

d
o [n(t,p(t,0)p2(t, )] = (ne + map)P2 + 21Papas
= pfc [2(w +w)? - 2n2] - )\npfc

> (=21 - \)np2.

Making use of the Gronwall inequality, we complete the proof of Lemma 3.4. d
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Proof of Theorem 1.4 We present the proof by using Lemmas 3.2—3.4 with density argu-
ment in the case s = 3. Taking advantage of the assumption ry(x) > 0 and Lemma 3.4 yields
n(t,x) > 0. In view of w(t,x) = g x n and g(x) = %e“"‘, it satisfies

w(t, x) = %/};{e"x’“n(t,é)dé > 0.

It follows that
w(t,x) = %e”‘ fx ent,&)de + %exf+m e*n(t &) de (3.11)
and
1 B X 1 +00 N
wy(t,x) = —Ee x/ e nlt, €)de + Eex/ en(t,€)dk. (3.12)

Thus we conclude |w,| < w and
1y + 2wy — 4w + B, > n® — An — 18||w0||i11, (3.13)

where we have used Remark 2.2 and
1 2
(4w, — 2w)* < 36w* < 36(EIIWIIH1) < 18|lwoll2,:-

Set n;(£) = sup,r[n(tx)]. Applying Lemma 3.2, we deduce that there exists £(¢),t €
[0, T') such that

ny(t) = supn(t,x) = n(t,&(t))‘
xeR
Thus, we come to n,(t,&(£)) = 0.
We recall that p(¢, -) : R — R is a diffeomorphism for all £ € [0, T). There exists x; (t) € R
such that p(t, x;(¢)) = £(¢). From (3.13), we acquire

d
Enl(t) >nt—ny - 18||w0||12ql. (3.14)

Setting

A A2
o (t) = —[nl(t) - 5} and K = =+ 18woll?1, (3.15)

we have

d

E[Vlz(t)] =< —[712(15)]2 + K. (3.16)

Then n,(¢) is strictly decreasing on [0, T).

Recalling the condition n(xo) > % + /K with xo defined by n(xg) = sup,cg 1o(x) in
Theorem 1.4 and letting £(0) = x9, we deduce #,(0) = —(n;(0) — %) = —(ny(£(0)) — % =
—(no(xg) — %) < —+/K. We choose § € (0,1) to satisfy —V8n5(0) = VK.
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Utilizing (3.16), we observe

d/ 1 1 dmt)
— = - 1-34. 3.17
dt<n2(t)) 20 di - (3.17)

That is,

1 1

< —(1-8)t. (3.18)

“ma(t) T ma(0)

Bearing in mind n,(¢) <0, ¢ € [0, T], we come to the estimate T < W}iz(o) < 00, where
12(0) = —(n0(xg) — %) < 0. It turns out that
A Ho(xg) — 2
_|:n(t,$(t)) - —i| < ol®o) — 5 —~ — —00
2] 7 ~1+4(1-8)(no(xo) - 5)
1
t— —. (3.19)
(1 =38)(no(x0) - 5)
The proof of Theorem 1.4 is finished. d
3.4 Proof of Theorem 1.5
Differentiating the first equation in (1.4) with x, we acquire
0wy + 2wy — 4w + B) Wiy = 2w,26 —6w?+ Py (D)[w,zc]
+ PZ(D)[wac + 6w2] — AWy, (3.20)
Making use of Remark 2.2 leads to
d
Ew(t,p(t,x)) = |we + Qwy — 4w + B)wy|
S lIwollgn + lwollzn (3:21)
and
d
‘wa(t,p(t,x))‘ = |2w,26 —6w?+ Py (D)[wﬁ] + PZ(D)[Zwi + 6w2] - wa|
S lwoll 7 + lwoll. (3.22)
Eventually, we come to the identity
d
En(t,p(t, x)) =201 + 2wy — w)* + 2(w + wy)” — 22wy — w)* — An. (3.23)
That is,

2
%[n +2w, —w— %](t,p(t,x)) > 2[14 +2w, —w— %] (6:p(t,x))

2
= [CallwollZ, + Cslwollzn + Ce),
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where we use the inequality

1
‘—2(w + W) + 202w, — w)? — 24wy + Aw + gkz

< CallwollZ + Csllwollzn + Ce. (3.24)

Setting

ns(t,x) = —[2(11 +2w, —w— %) (t,p(t,x))],

(3.25)
Ky =2(Callwolln + Csliwolln + Cs)
gives rise to
dns(t
’st( ) <20+ K. (3.26)

Let ¢ € (0, %). Similar to the proof of Theorem 1.4, we choose certain ¢, € (0, T) to satisfy

n3(ty) < — /Ky + £L. Utilizing (3.26) gives rise to

/ K K
n3(t) < — Kl+—1<— =1
& 3

We check

1—8<i( 1 )<1+s (3.27)
“dt\nst)) ~ ’ ’

Applying lim;_, 7- n3(£) = —00, [wx| < |W| < |lvollg1 and (3.24), we conclude

lim [sup(2wx - w)(T - t)] =0.

t=>T"LycRr

Thus, we have

=T | xeR

A 1

lim [sup(n(t,x) - —)(T— t):| =, (3.28)
4 2

which finishes the proof of Theorem 1.5.

4 Proof of Theorem 1.6
Setting M = sup,c(o 77 [V(®)ll1s > 0, s > %, we acquire ||V, (¢)]|roo < ||V(¢)||gs < M. The func-
tion

1, x <0,
en(x) = 1€, x€(O,N),

N, x>N
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satisfies 0 < (pn(x))x < on(x), where N € N*, 6 € (0,1). There exists a constant My =
My(0) > 0 such that

1
) / L <
N R on(®) 4 0

The first equation in (1.1) is written as

Wy + (—4w + B)Wy = 0ug x [202 + 6w + 3, (W) ] — Aw. (4.1)

Then we acquire
1 d o
— Zw ;
o 7 1enliz

= 4-/ |W(/3N|2”Wx dx — ﬂ / [ax(W(pN) — W(¢N)x] (W(pN)Zn—l dx
R R

+ / (won)*" L ond.g * [2wi +ouw?+ Bx(wfc)] dx — A / (won) " dx
R R

2 2 2
< 4wl lwen 2 + Bllwen 2, — Miwen 15

+ [ onoag  [2w5 + 6w + 9, (w2) ]| 2u I weon 175, (4.2)

Utilizing the Gronwall inequality and sending # — oo in (4.2), we obtain

[wonllze <e Iwoen|lzoe

(4M+ﬁ—x)t|:
t
o [ loningee[20 67 4 (02| df]. (43)
0
Direct computation gives rise to
t
wen e < e<4M+ﬁ-W[||wO<pN||Loo +6MoM / (Ilwen llree + wepn <) dr]- (4.4)
0
We arrive at
t
wepnllree < e<6M+f’-W[||wO,x<pN||Loo + (4M + 6MoM) f Iwen |z dt
0
5 t
- 2 Mo / Iwson i dr] (4.5)
0
and
t
[Wargnllzoe < e<16M+”f[||wO,x¢N||Loo +3MoM f wen |l dt
0

t
+ (12M + MOM)/ [wan Lo dT
0

t
+ MOM/ IWxxon |l oo df]. (4.6)
0
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Combining (4.4), (4.5) with (4.6), we achieve
Ilwonlizee + [wxpnllLoe + [[Wax@n l|Loo
< Ca(llwoen iz + Iwoxenllzoe + Woxxenlzoe)

t
+ C4/ (Ilwen iz + wsenllze + lIWsen o) dt, (4.7)
0

which leads to the estimate

‘ eQx

sup ([l w] e + [l ] oo + " wie )

te[0,T]

S e woll oo + €™ wox | e + € Woze |-

Thus, we acquire

[w|, |0,w|, 3fw| ~ O(e‘gx) asx — 00
uniformly on [0, T].

5 Proof of Theorem 1.7
Let s > 0. We give a scale of Banach spaces

s 05wl 2
Es = {W € C*(R) | lIwlls = sup i

keN* k'(k + 1)’2 < +OO}.

Here, we denote || - [[g, by |l - llIs for simplicity. E; is continuously embedded in Ey with
0<s <sand [|[w|ly < [Iwlls- A function w in E; is a real analytic function on R.

We present several related lemmas.

Lemma 5.1 ([12]) Assume s > 0. Then, for all u,v € E;, it holds that

llzvils < Cllullslivils,

where C > 0 is independent of s.

Lemma 5.2 ([12]) There exists a positive constant C, for all 0 <s' <s <1, such that

N3zl <

| |

Lemma 5.3 ([12]) Let {X;}o<s<1 be a scale of decreasing Banach spaces. X; — Xy for all

Ml

[Py Dyl < laeller || P2(D)

o = llellls.

s'<s. T, R, and C are positive constants. Consider the Cauchy problem

du

i F(t,u(t)), u(0)=0. (5.1)

F(t, u) satisfies the following conditions:
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(1) Let 0 < s' < s < 1. u(t) is holomorphic for |t| < T and continuous on |t| < T with values
in X;. u(t) satisfies supy, .z lu(£)lls < R. Then t — F(t,u(t)) is holomorphic on |t| < T with
values in Xy .

(2) For 0<s' <s <1 and u,v € X, with ||ulls < R and ||v||s < R, it holds that

o<

sup [[| £ (¢, u) - F(¢,v) e = vils.
|t|I<T

s—s

(3) Let Ty € (0, T). There exists M > 0, for all 0 < s < 1, such that

M
F(t,0 —
sup £, 00, < 7=

Then problem (5.1) admits a unique solution u(t) which is holomorphic for |t| < (1 —s)Ty
with values in X; for all s € (0, 1).

Let uy = w, uy = wy. The pair (4, uy) satisfies the problem

uy = 4uruy — ub + Fi(uy, un),
Uy = 40, (ur1t2) — 05(u3) + Fa(u1, u2), (5.2)
u1(0,%) = u10(x) = wo(x),

u3(0,%) = g0 (%) = wo (%),

where

Fy(u1,u3) = Py(D)[2u3 + 6u7 | + Po(D)[u3] — Auy — Bua,
Fy(u1, ) = 9, P1(D)[2045 + 617 ] + 0, Po (D) [145] = 10 (1) — B ().
Proof of Theorem 1.7 We acquire that F (11, u3) and F»(u1, u3) do not depend on ¢ explic-

itly. We only need to verify conditions (1) and (2) in Lemma 5.3 for F; (u1, u3) and F>(u1, uy).
Making use of Lemmas 5.1 and 5.2 gives rise to

C
2 2 2
| FrGur,w) ||, < Cllaallslasalls + M2 I + P (2l + 6llzaa I7)
+ Mllealls + Bllaealllss (5.3)
2
| Falur, wa) ||, < —= Maaa llslasalls + — lasa 2
§—3S §—S8
C
2 2
+ = 2lwall; + 6l ) + —— Al llls + — Bllwa s, (5.4)
§—S8 §—S §—3S8

where C is a positive constant. Then condition (1) in Lemma 5.3 holds.

In order to verify condition (2) in Lemma 5.3, we obtain

|||F1(M1, I/lz) - Fl(l:ll, I:lz)

s

< |||F1 (w1, u2) = Fi (g, 1)

o+ 1Fr(n, up) = Fy (i, a)

(5.5)

s

Page 19 of 22
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| E2 (1, ) = Fo (i, )|

= |||F2(M1, uy) — (s, M2)||

s

(5.6)

o+ |2, ws) = Fa iy, i) |

s

Taking advantage of Lemmas 5.1, 5.2 and the assumptions [|u; |5 < [lz10]s + R and [z |||s <
llzeollls + R yields

| F1 (a1, 12) — Fi (a1, o) |

s

: € e :
< Cllur = s llsllize2llls + pP— (e = @3 |||, + Alloer — |l

< Cllluollls + Rty — s lls + Clllseaollls + R + A) oty — s llss (5.7)

| F1 (@1, u2) — Fi (i, i) |

s

_ _ _ C _ _
< e lsloes = ol + [|oas — a3 + P 3 = @3, + Blllas = s ls

= Clluollls + Ry — wallls + Clllluollls + R + B) sy — s s, (5.8)

| E2 (1, 42) = F (a1, )|

s

<

_ C _ C _
P lzex — 2ex s lllze2lls + amuf - uf|||s + aklllul — |5

< Clluaollls + R)lllzer — u1lls + Clllzerollls + R + M) llzex — w15 (5.9)

| F2(it1, u2) = Fo(ita, 1)

s

- -~ c 2 =2
< o lmlllliz = alls + — [l - @3],
C e -2 C _
+ ——||u; —u + ——Buy — 2
— et =l + = Blluz = 2l
< Clllmolls + Rlluz — ol + (lasaolls + R + B)llitz = ol (5.10)

From (5.5)—(5.10), we check that condition (2) in Lemma 5.3 holds. Replacing s’ with s
and s with 1 and applying condition (2) in Lemma 5.3 give rise to that condition (3) in
Lemma 5.3 holds. This finishes the proof of Theorem 1.7. d
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