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China neutral Liénard equation with a singularity of attractive type
" , at)
(xX(6) = ex(t=0))" + F(x(0)X'(6) = p(txH(6) + o e(t),

where f: (0,+00) — R, ¢(t) > 0 and «(t) > 0 are continuous functions with
T-periodicity in the t variable, ¢, y are constants with |c| < 1, ¥ > 1. Many authors
obtained the existence of periodic solutions under the condition 0 < . < 1, and we
extend the result to o > 1 by using Mawhin's continuation theorem as well as the
techniques of a priori estimates. At last, an example is given to show applications of
the theorem.
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1 Introduction

The second order differential equations with singularities have a wide range of applications
in many subjects, such as physics, engineering, mechanics, and so on (see [1-5]). After the
pioneering paper [6] came out, many scholars put their attention to the periodic problems
of second order singular differential equations without friction term (see [7-13] and the
references therein). Beginning with the paper of Habets—Sanchez in [14], the interest in the
problem of periodic solution for second order singular differential equations with friction
term has increased [15-21]. Hakl, Torres, and Zamora considered the periodic problem
for the singular equation of attractive type

&1 _
xr ()

&' (t) +f (x(2))x () — ()2 (2) + (1.1)

where p € (0,1] is a constant, ¢ is a T-periodic function with ¢ € L([0, T],R), f €
C((0, +00), R). By using Schauder’s fixed point theorem, as well as upper and lower func-
tions method, they obtained the following result (Theorem 3.16, [22]).
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Theorem 1.1 Let pu =1 and g, >O0. IffOTgo(s) ds >0 and

T T T T T
% fo 0.(5)ds fo o_(s)ds < fo 04(5)ds - fo o_(5)ds (12)

where ¢, (t) = max{p(t),0} and ¢_(t) = min{p(t), 0}, then there exists at least one positive
periodic solution to Eq. (1.1). However, the study of periodic solutions for delay functional
differential equation with a singularity is relatively infrequent [23-25). For example, Wang
in [23] studied the problem of periodic solutions for the singular delay Liénard equation of
repulsive type

&' (t) +f (x(2))x (8) + ()" (t — 7) — ﬁ =e(2), (1.3)

and the periodic problem for neutral Liénard equation of repulsive type

a(t)
W ()

(%(8) — ex(t - a)) +f (%(6))x'(£) + o h(t) (1.4)
has been investigated in [24] and [25], where ¢(t) and e(t) are T-periodic with ¢,e €
L0, T], y and j are positive constants. We notice that the degree associated with the term

@(t)xt is required o € (0,1).

Motivated by these, in this paper, we continue to study the periodic problem for neutral

Liénard equation with a singularity of attractive type

a(t)

(x(0) = ex(t = 0))" +f (x(D)a' (1) — () (1) + ¥ (2)

=e(t), (1.5)

where f, ¢ are the same as the ones of Eq. (1.4). e is a T-periodic function with e €
LY([0, T],R) and fo s)ds = 0. By means of a continuation theorem of the coincidence
degree principle developed by Manasevich and Mawhin, as well as the techniques of a
priori estimates, some new results on the existence of positive periodic solutions are ob-
tained. The interesting point in this paper is that the constant u is allowed u € (0,2]. It
is easy to see that if i € (1,2], the restoring force term ¢(¢)x* is super-linear with respect
to x.

The rest of this paper is organized as follows. In Sect. 2, we state some necessary defini-
tions and lemmas. In Sect. 3, we prove the main result. At last, we give an example of an

application in Sect. 4.

2 Essential definitions and lemmas

In this section, we define X = C}. = {x € CY(R,R) : x(t + T') = x(¢), V¢ € [0, T]} with the norm
||x||C1T = max{[|x|loos | |loc} and Y = C7 = {x € C(R,R) : x(¢ + T') = x(t), V¢t € [0, T]} with the
norm [|%||oc = maxeepo,7] [#(¢)|. For y € Cr, y,,, is denoted by minse[o,) ¥(¢). Clearly, Cr and
C7. are Banach spaces. Denote the operator L as follows:

Lx=(Ax)",  L:=D(L)C Ck— Cr,
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where A : Cr — Cr, (Ax)(£) = (¢) — cx(¢ — o), and D(L) = {x € C}. : Ax € C*(R,R)}, and

(%) () + £ (x(D)x (6) - (6" (1) + ;(3) _e(t),
(2.1)
(Nx)(£) = f (x(£) %' (2) + @ ()" (£) - % +e(t), N:A—Cr,

where A = {x € CL: x(¢) >0,V € [0, T]}. Then Eq. (1.5) (or Eq. (2.1)) can be rewritten as
Lx = Nx.

Lemma 2.1 ([27]) If|c| < 1, then A has continuous inverse on Cy and

(1) |4 % |00 < |”1x_”|‘§| forallx € Cr;

@) i 1A N@) de < 2 [ 1)l dt for allf € Crs
(3) fy (A NPOIdt < s [ (@) dt for all f € Cr.

Lemma 2.2 ([23]) Let x(t) be a continuously differentiable T-periodic function. Then there
isapoint & €[0,T]

T 3 T% T 3
2 /2
(/0 x”(t) dt) < 7(/0 x'“(t) dt) +x(&). (2.2)

Lemma 2.3 ([22]) Letu(t): [0,w] — R be an arbitrary absolutely continuous function with
u(0) = u(w). Then the inequality

(max u(t) — min u(t))2 < %fw|u’(s)|2ds
4

tel0,w] te(0,w]

holds.

Lemma 2.4 ([26]) Let X and Y be two real Banach spaces, let Q be an open and bounded
set of X, and let L: D(L) C X — Y be a Fredholm operator of index zero, and the operator
N:Q C X — Y is said to be L-compact in Q. In addition, if the following conditions hold:

(1) Lx # ANx for all (x,1) € 32 x (0,1);

(2) QNx #0 for all x € ker L) 9%2;

(3) deg{JQON, 2 (kerL,0}, where J : Im Q — ker L is a homeomorphism.

Then Lx = Nx has at least one solution in D(L) () Q.

Remark 2.5 If ¢ > 0, e = 0, then there are constants C; and C; with 0 < C; < C; such that
_ 1
ox—— >0, Vxe(0,C),
xY
and
_ 1
pxt — — <0, Vxe (Cy,+00).
xY

Now, we list the following assumptions, which will be used in Sect. 3 for investigating
the existence of positive T-periodic solution to Eq. (2.1):
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(H1) 1-c| >0,
1
Tg(—L)+7
(H2) 1 - —VZNZ > 0, where N, = %.

3 Main results
Now, we embed Eq. (1.3) into the following equations family with a parameter X € (0, 1]:

alt)

(5(6) = ex(t = )" + Af (x(0)' (£ = Mo (O (0) + 2 o5 = hel0). (3.1)

Let
D={xeCp:Lx=2ANx 1€ (0,11} (3.2)

Theorem 3.1 Assume @ >0, a(t) >0, and e = 0, then there are two constants ty, t; € [0, T
for each u € D such that

u(tg) < max{ 1, (%) ' } :=Ag (3.3)

and

u(ty) > min{l, (%) " } =A;. (3.4)

Proof Let u € D, then

ra(t)
w(t)

(Auw)"(t) + )»f(u(t))u/(t) —Ap(B)ut(t) + Ae(t). (3.5)

Integrating both sides of Eq. (3.5) over the interval [0, T'], we obtain that

T ~ T Ol(t)
/0 (p(t)u”(t)dt—/(; 70 dt. (3.6)

If u(¢) > 1, combine with the mean value theorem of integrals and ¢(¢) > 0, then

T
u"(r)T@:/o e(t)ut(t)dt = ufg) <T,

which yields
1

u(t) < (z) E.
@

So there exists a point 7j € [0, 7] such that

u(ty) < max{ 1, (%) " } :=Ap. (3.7)

Page 4 of 10
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On the other hand, when ¢(¢) > 0 for every u € D, there always exists a point 7; € [0, T]
such that

u(ty) zmin{1,<%>ﬁ} =A. (3.8)

Theorem 3.2 Suppose that assumptions of [H1] and [H;] hold, and ¢ > 0, e = 0, then
Eq. (2.1) has at least one positive T-periodic solution.

Proof Suppose u € D, then Eq. (3.5) holds. By multiplying both sides of Eq. (3.5) by u(t)
and integrating it over the interval [0, T], we get

Lo T T u()alt) T
/0 (Au) (t)u(t)dt-k/o (,o(t)u”(t)u(t)dt—)»/0 D) dt+k/0 e(t)u(t) dt

Since

T T T
/ (Au)’ (O)u(t)dt = —/ \u'(t)!2 dt + c/ u'(t)u/(t-o)dt,
0 0 0

it is easy to verify that

T T
/|u’(t)|2dt:c/ W (O (t - o) dt
0 0
A / T( ot (t)u“(t))u(t)dt—k / " ) dt
o \w ¥ o '

Let Ay = (%2)77 and As = (1%)77 . Set Ey = (¢ € [0,T]: 0 < u(t) < A}, Ey = {t €
[0,T]: Ay < u(t) < As}, Es = {t € [0, T] : u(t) > As}, and E; | JE; | JE5 = [0, T]. We can
obtain

/ |/ t)] dt = c/ O G)dHA/El(;V((tt)) _(p(t)u#(t))u(t)dt
a(t) alt)
)L/Ez(uy(t) —w(t)u“(t)>u(t)dt+A/E3<uy(t)

T
- </7(t)14”(t))u(t) dt - )»/ e(t)u(t) dt

( ((t)) w(t)u“(t))u(t)dt‘

<|c|/ |u(t)| dt +

a(t) B
£, (uy(t) - w(t)w(t)) u(t)‘ dt + T||u|| oce_.

It follows that

T
(l—lcl)/0 Iu/(t)lzdtsAZ/E (;V((tt)) ¢ (t))dt

+A3No + T || ul|ce-, (3.9)
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where Ny = T maxa, <xcas tefo,17{] % — @(t)x*|}. On the other hand,

U L LG

ol (p(t)u“(t)) dt) = 0.

Combining it with Eq. (3.9) we get that
g 2
(1- |c|)/ 4G
0

a () § a(t)
<~ A (o 0) - I, (v 0) )

+ AsNp + Tl
a(t) a(t)

-

dt+ A H(t) d

Le Z/EBso(t)u (t)dt

<A +A2

uY (t)
+ A3No + Tlull ot

< AN A/ o (0
+
=< ANy 2 e w (©)

+A3Np + T||u| ol

Ay Ta
< (A2 +A3)No + —
3

+ A Tollulll, + Tllulle-. (3.10)

From the condition, we see that

Ay Ta —
fT|u/(t)|2d L[+ 49INo + TH7] AsTglullls | Tlulloce-
~ el Ilel 1=l

AyTa

‘Ao +A2)Np+222%

[(A2+A3)No+ 5 ~]
1-|c|

Let Ny = , Ny = and N3 = 1= \cl , we have

\d’
T 2

/ WO dt < Ny + Nollull®, + N llusloo- (3.11)
0

By using Lemma 2.2, we obtain that

T 4
||u||oosAo+g(/o |u’(t)|2)

JT 1
<Ap+ —(N1 + No el + N3l o) 2

VT 3 VT VT

1
<Ao+—N2 —N2|| ||oo+TN2|| Ul (3.12)

Now, we begin to estimate a priori upper bounds of u(t). In order to do this, we divide the
estimation into two cases.

Case 1: 0 < u < 2. From Eq. (3.12), it is easy to see that there exists a constant M; >0
such that

ll#]loo < M.

Page 6 of 10



Zhu Boundary Value Problems (2020) 2020:164 Page 7 of 10

Case 2: u = 2. For this case, Eq. (3.12) can be rewritten as

I—Tsz ||M||oo<Ao+—N TNZH ||oc’

( JT ) JT 4 T
which together with assumption [H>] yields that there exists a constant M, > 0 such that
l#lloo < Ma.
Thus, in either case 1 or case 2, we have
[|]| oo < max{M;y, My} := Ms. (3.13)
Substituting Eq. (3.13) into Eq. (3.11), we have that there exists a constant M, > 0 such
that fo |u/(¢)|> dt < My. Since Au € CL, there is to € [0, T] such that (Au)'(ty) = 0. From

Eq. (3.5), we get

a(t)
u (t)

T T
< [ o)l [ oo o]d

+/T a(t)

|(Auy (0)] = 1

f [—f (u(t))ud (¢) + @(e)u™(£) -

to

+ e(t)] dt‘

T
10 ’ dt+/0 |e(t)| dt

T 3
1 2 J— _
< flms T2 </ | (2)| ) +2T|p|ME + Tle|
0

= flm, T3 (My)? + 2T || MY + Tle| := Ms,

where |f|1, := MaXo<y<pm; |f(%)]. By using Lemma 2.1, we get the inequality

A M
| < |AAd| < < Al M i= M. (3.14)
T 1| T =1 le|
In what follows, we will show the estimation
mln] u(t) > yo, uniformly for all u € D, (3.15)

tel0,T

where y; > 0 is a constant, D is determined in Eq. (3.2).
Let 7; be determined in Eq. (3.8). Multiplying both sides of Eq. (3.5) by #/(¢) and inte-
grating it over the interval [¢, 7;], we obtain that

/Tl |:(Au)”(s)u/(s) + Af(u(s)) |u/(s) |2 — 2o(s)u™(s)u'(s) + M} ds

u (s)
= A /rl e(s)u/(s) ds.
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Because of ftn u”isy)g)(s) ds = tfl oz(;)yd(t:)(s) _ f:((;l) a(jz/dv’

Eq. (3.14) that

“) g (s) dv
N / (s)
ul(e) 124
71
t

5/ 1|(Au)”(s)||u/(s)|azs+x/ If (us)) || (s)|* ds

we can get from Eq. (3.13) and

+A/ 1|(p(s)||u“(s)||u/(s)|ds+A/ 1|e(s)||u/(s)|ds
T T
! 4 /2
< |u |°°/o |(Au) (5)|ds+)»|u|oo‘/0 [f(u(s))|ds
T T
/ i /
+)L|u |oo|u|00/0 |<p(s)|ds+k|u |Oo/0 |e(s)|ds
T
< Mg / |(Aw)"(s)| ds + AMZ|f |ats + AMeMS T| + AMg T el. (3.16)
0

Furthermore, integrating Eq. (3.5) over the interval [0, T,

ie.,

T T T
/ (Au)"(t) dt = —k/ S (@) (t)dt + )L/ )ut(¢)dt
0 0 0

T Ol(t) T
—A/O uV(t)dt“L/(; e(t) dt,

it is clear that
T T T
f [(Aw)" ()| dt < A/ If (u(®))d (t)| dt + A/ lo(6)||u*(2)| dt
0 0 0
T

A d

+ /0 |e(t)} t
< A([fImsMs + 2T T@IME + 2TTe]). (3.17)

Now, substituting Eq. (3.17) into Eq. (3.16), we have

“t) o (s) dv — —
f < Mo[|flais Mo + 2TTpIMY +27Tel]
u(t) 124
+ M2|f| a1, + MMy Tlg] + Mg Tle] := My,
and so
“T) o (s) dv
f YOVt veeln,n+Tl. (3.18)
vy
u(t)
On the other hand, when y > 1, we have f(;ql s dv = +00, then there exists yp € (0,4,)
such that
A1 dv
/ “'”y > M, Ve e (0,0 (3.19)
v
€
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And if £* € [11, 71 + T] such that u(¢*) < yy, from Eq. (3.19) we see that

/‘”(’1) a(s)dv
u(t*) 124

which contradicts Eq. (3.18). This contradiction verifies Eq. (3.15). From Eq. (3.13),
Eq. (3.14), and Eq. (3.15), as well as the inequality in Remark 2.5, we can verify all the

Ay
5 f I (3.20)
ul

conditions of Lemma 2.4. Thus, by using Lemma 2.4, we see that Eq. (3.5) has at least one
positive T-periodic solution. O

4 Example
In this section, we present an example to demonstrate the main results.

Example 4.1 Consider the following equation:

" 1
(u(®) - 0.1u(t — o))" +f (u(t))u () — a(1 + cos Hu? (£) + — =sint. (4.1)
uz
Corresponding to Eq. (3.5),in (4.1), ¢ = 0.1, ¢(¢) = a(1+cost),a > 0, e(t) = sint,and T = 2.

1.1
(35)32ma
1-0.1

Obviously, ¢ =a and e = 0 for all £ € [0, T'] with |¢|e = 2a, Ay = (ﬁ)%, and N, =
2

L ora3

37509 . Since (4.1) satisfies (H2)
ie.,
J_ %L[ZN&I% 1
TN 2 (2 3
1—\/—2 2:1— (209 ) >0, (4'2)
M «/5(0.9)%

we get that a < (7?39) . Thus, by using Theorem 3.1 and Theorem 3.2, when a <

73 7

Eq. (4.1) has at least one positive 27 -periodic solution.

Remark 4.2 From the above example, we see that the degree u associated with the restor-
ing force term @(¢£)x* is u = %, which is different from the corresponding ones of € (0, 1]
in [23-25]. Furthermore, since the degree w1 in (1.1) is required u € (0, 1], even if ¢ = 0, the
results of the present paper are different from Theorem 1.1.
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