Gao and Yin Boundary Value Problems (2020) 2020:169 @ BOU nda ry Va I ue PrOblem S
https://doi.org/10.1186/513661-020-01466-6 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Construction of invariant solutions and
conservation laws to the (2 + 1)-dimensional
integrable coupling of the KdV equation

Ben Gao'" and Qinglian Yin'

“Correspondence:
benzi0116@163.com Abstract

'College of Mathematics, Taiyuan . . . . . . . . . .
Umvef;ty of Technology, Taizuan Under investigation in this paper is the (2 + 1)-dimensional integrable coupling of the

030024, PR. China KdV equation which has applications in wave propagation on the surface of shallow
water. Firstly, based on the Lie symmetry method, infinitesimal generators and an
optimal system of the obtained symmetries are presented. At the same time, new
analytical exact solutions are computed through the tanh method. In addition, based
on Ibragimov’s approach, conservation laws are established. In the end, the objective
figures of the solutions of the coupling of the KdV equation are performed.

Keywords: The (2 + 1)-dimensional integrable coupling of the KdV equation; Lie
group of symmetry; Optimal system; Tanh method; Conservation laws

1 Introduction

It is well known that the Korteweg—de Vries (KdV) equation describes the propagation
of long waves on the surface of water with a small amplitude and is widely used to ex-
plain many complex science phenomena [1, 2]. Various forms of the expansion for the
KdV equation have been proposed because of its importance, such as the KdV-Burgers
equation [3], the KdV-BBM equation [4], the Rosenau—-KdV equation [5], the modified
KdV equation [6], KdV-hierarchy [7], and the (2 + 1)-dimensional KdV equation [8]. In
this research article, we consider the following (2 + 1)-dimensional integrable coupling
of the KdV equation which has the bi-Hamiltonian structure for the (2 + 1)-dimensional
perturbation equations of the KdV hierarchy [9]:

Us = Uy + OULL, 1)

Vi = Vaux + BUany + 6(uV), + 6111y,

where u = u(x,y,t), v = v(x,y, t) are the unknown real functions, the subscripts denote the
partial derivatives, and the variable y is called a slow variable. Equation (1) plays an im-
portant role in many analyses of physical phenomena such as stratified internal waves and
lattice dynamics [10, 11], and it has aroused worldwide interest. The (2 + 1)-dimensional
hereditary recursion operators were examined in [12], its integrability was verified by
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using Painlevé in [13], some traveling wave solutions were established in [14], the auto-
Bécklund transformation, doubly periodic solutions and new non-traveling wave solutions
were analyzed in [15].

As is well known, some methods have been used to explore exact solutions for models
of nonlinear partial differential equations (PDEs) [16—18], the Lie group method is con-
sidered to be one of the most important methods to study the properties of solutions of
PDEs [19, 20]. The main idea of the symmetry method is to construct an invariance con-
dition and obtain reductions to differential equations [21-23]. Once reduction equations
have been given, one can get a large number of corresponding exact solutions. In order
to obtain the classification of all reduction equations, we require an optimal system of the
one-dimensional subalgebra of the Lie algebra constructed by the Lie group method [19].
Using a symmetry analysis, we will get an optimal system of (1), from which the fasci-
nating special solutions are inferred. Another important area is the conservation laws of
PDEs which have an important impact on constructing solutions of PDEs [24—26]. We will
obtain conservation laws of Eq. (1) by using Ibragimov’s approach [27].

The rest of this paper is organized as follows. In Sect. 2, symmetries of the (2 + 1)-
dimensional integrable coupling of the KdV equation are discussed; Sect. 3 considers the
reduced equations by means of similar variables; in Sect. 4, some new explicit solutions are
presented with the help of the tanh method, and some objective features of the solutions
are presented; in Sect. 5, the nonlinearly self-adjointness of Eq. (1) is proved and its con-
servation laws are established by using Ibragimov’s method. Finally, concluding remarks
are given at the end of the paper.

2 Lie point symmetry
In this section, we apply Lie’s theory of symmetries for Eq. (1), and get its infinitesimal
generators, commutator of Lie algebra.
First, let us consider a Lie algebra of infinitesimal symmetries of Eq. (1) of the form
X = Yy, b, u,v)0y + EX(x, 3, t, 14, V)dy + £3(x,y,t, u,v),
+ oy, 6 u,v)0, + X, y,t,u,v)0,. (2)

According to the invariance conditions for Eq. (1) with respect to the transformation
(2), we have [19, 28]

pr® X(AD)[a20=0,  pr® X(Ag)[a,—0 =0,

where pr® X is the third-order prolongation of X [19, 28] and A = ut; — thyy — 6Usy, Ag =
Vi — Vaax — BlUaxy — 6(uv), — 6uny, on this condition,

0] ad ad a ]
3y = 1 (oY) (1) (3) 3)
X =x+o®- L o0 T g0 T Lp@ T
P O Oty & ou, o duy P O lhrx Peo Oty
0 a ad
1) (1) (3)
+o— g — + ,
& vy v vy ‘p"xxavm

where

OV = Dy — uyDyE" — uyDyE? — D,
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¢;1) =Dy¢ - Mny"El - uyDygz - ”tDygS’
i = Dugp — u.DyE" - uyDig” - w, D&,
@) = Dy — viDE" —v,D,E” — v, D,E7,
‘PEI) =Dy - vuDiE" = vyDE* — v, D&,
B2 = D3 — "1y — 620y — E3Uz) + § U + E Uiy + € U
Pray = DDy (¢ = 1 = E211y = E2010) + 8 sy + E gy + 6 syt

(pa(ci)x = Di(w - SIVX - Ezvy - ngt) + Slexxx + gzvxxxy + Sngxxt;
and Dy, D,, D; stand for the operators of the total differentiation, for instance,

0] d ad a a a ad
Dt = —tU— +tVi— YUy — + Ve —— + Uy —

VT
Jat ou av 0y Iy ouy vy

Next, we get a system of over-determined linear equations of &1, £2, &3, ¢ and ¢,

1
=38, &=8=E=5=0
E1=8 =8=8/=0,

gjzgf:glf:gj:o, £ =0,
2 1
¢:——u§t3, (p:——v(ét3+3§‘y2).
3 3
Solving these equations, one can get

1
$1=§clx+63, E2=F(y), & =cat+o,

¢ 2 1( 3F,)
=—-—C1l, =—=v(c1 + s
31 @ 3 1 y

where ¢y, ¢;, ¢3 are real constants, F(y) is an arbitrary function. To obtain physically crucial
solutions, we take F;(z) = ¢4y + ¢5, then on substituting the above obtaining

11 2 3
& =§clx+03, E% =y +cs, E% =it + ¢y,

¢ 2 1( 3ca)
=——qu, =——v(c1 + 3¢q).
31 @ 3 1 4

Therefore, the Lie algebra Ls of the transformations of Eq. (1) is spanned by the following

generators:

1 2 1
X1 = §x8x + t0y — guau - §V8‘,, X5 =0y

Xg = E)x, X4 = yay - vBV, X5 = ay.

In order to classify all the group-invariant solutions, we need an optimal system of
one-dimensional subalgebras. In this section, the optimal system of subgroups for Eq. (1)
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Table 1 Table of Lie brackets

X 0 X, -3 0 0
X2 X2 0 0 0 0
X3 X5 0 0 0 0
X 0 0 0 0 =X
Xs 0 0 0 Xs 0

is constructed by only using the commutator table [29]. First, using the commutator
X0, X,] = X, X, — X,,X,,,, we attained the commutation relations of Xi, X5, X3, X4, X5
listed in Table 1.

An arbitrary operator X € Ls is given as

X= 11X1 + lzXz + ngg + 14X4 + 15X5.
To establish the linear transformations of the vector [ = (I1,1,, I3, 14, 5), we denote
Ei=cildy, i=1,23,4,5 3)

where cg is constructed by the formula [X;, X;] = c{;Xk. Based on Eq. (3) and Table 1, Ej,

E,, E3, E4, E5 can be written as

1
Ei =-l0p, - §l3313,

E; =110y,
1

E; = 511313,

E4 = —I50y;,

Es = L.

For E;, E;, E3, Eu, E5, the Lie equations with parameters a;, a3, as, a4, as and the initial

condition Zlqizo =1,i=1,2,3,4,5 are given as

di, di, - diy 1- di, dis
_:O; _:_l, - = — 33 _:0, _:0)
da; da, da, 3° da, da,
di; di, - dis di, dis

— =0, — =1, — =0, — =0, = -0,
dﬂz d&lz ! dﬂz d&lz dﬂz

dl di, disy 1- dl, dis

— =0, —= =0, 5 2o, 25 o,
das das das 3 ! das das

dl di, dls dl, dis -
_:O; . 0, _:0’ _:O) _:_l;
d(l4 dﬂ4 d(l4 dd4 d&l4 >
dh o dbh_ db_ dly dis _;
dﬂ5 o d&l5 ’ dﬂg o dﬂ5 o dﬂ5 T

The solutions of the above equations are associated with the transformations

Tlt l~1 = 11,

lz =¥ 12,

~ 1
13 =e Eallg,

EL=14)

53:15)

Page 4 of 20
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Ty: [1 =1, [2 =agli + 1y, [3 =13, [4 =1y, Is =15,

Ts: h=0h, h=h, z;=§a3h+zs, L=l, I5=Is

Ty h=1l, h=10, Iy = I3, Iy = ls, Iy =15,
Ts: h=h, h=b, b=k L=l =asl+l
The establishment of the optimal system requires a simplification of the vector

= (11112,13;14:15)) (4')

by applying the transformations T7—T5. Our task is to construct a simplest representative
of each class of similar vectors (4). Two cases will be considered separately.

Case2.1.1; #0

By making a, = —f—f and a3 = —% in Ty and T3, we enable l~2, l~3 = 0. The vector (4) be-
comes

(11,0,0) 14) 15)' (5)

2.1.1.14#0
By making as = —g—i in T5, we can enable l~5 = 0. The vector (5) is equivalent to

(Zl, 0) 0) 147 0)'
We get the following representatives:
X1 £ X, (6)

212.10,=0
The vector (5) is equivalent to

(11,01 O; 0’ lS)~ (7)
We get the following representatives:
X1, X1 £ Xs. (8)

Case22.1;=0
The vector (4) becomes

(Or 12?13114!15)‘ (9)
22.1.1,#0
By making as = —5—2 in Ts, we can enable /5 = 0. The vector (9) is equivalent to

(Or 12! l3¢ 147 0)
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Making all the possible combinations, we get the following representatives:
Xa, Xy £ Xa, X3 £ Xa, Xy £ X5 £ X4 (10)

222.1,=0
The vector (9) becomes

(0,1,15,0,15).
We get the following representatives:
X, X3, X, X5 £+ X3, X5 £+ X5, X3+ X5, Xo £ X3+ X5 (11)
Finally, by gathering the operators (6, 8, 10 and 11), we obtain the following theorem.
Theorem 2.1 An optimal system of {X1, X5, X3, X4, X5} is generated by
Xy £ Xa, X1, X; £ X5, X4, X5+ Xa,

X3+ Xy, Xo £ X3+ Xy, Xo, X3, Xs,

Xy £ X3, Xy £ X5, X3 £ X5, Xo £ X3 £ Xs.

3 Similarity reductions of the (2 + 1)-dimensional integrable coupling of the
KdV equation
In this section, based on Theorem 2.1, we will find some reduced equations of Eq. (1) by
using similarity variables.
Case 3.1. Reduction by X; + Xj.
Integrating the characteristic equation for X, + X, we get the invariance

X=X, y=t-Iny, u=u, v=vy,
and the invariant solution takes the form i = f(%, %), V = g(%, ), that is, u = f(%,5), v = g(§'~),
Eq. (1) can be reduced to
fi = fizz + 6ff 12)
& = Gxx — iy + 6fig + 6fgx — 6ff.
Case 3.2. Reduction by Xj.
Similarly, we have X = x, y = y, u = f(%,%), v = g(X, ). Equation (1) is reduced to
iz + 6 = 0,
0 (13)

Giax + 3fizy + 6fzg + 6fgx + 6ff; = 0.

Case 3.3. For the generator X, + X3, wehave y = y, £ =x—t, u = f(3,£), v = g(3, £). Equation
(1) is reduced to

i = fa + 6l
—g = gz + 3y + 6fig + 6/fg; + 6ff;-

(14)
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Case 3.4. For the generator X, + X5, we have ¥ = x,5 = y—t, u = f(X,5), v = g(%, 7). Equation

(1) can be reduced to

—ﬁ, ?ﬁ?iw'c + 6%,
8y = & + sy + 0fig + 6/ + 6ff;-

(15)

Case 3.5. For the generator X, + X3 + X5, wehavex =x—y, t = x —t, u = f(%, 1), v = g(%, 7).

Equation (1) becomes

—f; = faax + 6ffxs
—g; = gwix — Sfswx + 6fig + 6fg: — 6ff:.

(16)

Case 3.6. For the generator X, wehave X =x, f = t, u = f(%,1), v = 5@ Equation (1) can

be reduced to

fi = fizz + 6ffss
8 = G + 62 + 6fig.

(17)

Case 3.7. For the generator X3 + X5, wehavex =x—y,t = t,u = f(%, 1), v = g(%, ). Equation

(1) becomes

Ji = fazz + 6ff,
8 = Giax + 6fgx + 6fig.

(18)

{ (;’Z) V= g(f/c,i). Equation (1) can

Case 3.8. For the generator X;, we have y =y, f= 5, u =

be reduced to

fi = =24f - 1861f; — 1628%f;; — 278 fr5; — 12f* — 18iff;, 19)
gi = —6g — 114g; — 1351%gy; — 278°gy; + 18f; + 84if;;.

4 The exact solutions of reduced equations
In the previous section, we have dealt with the similarity reductions and derived the cor-
responding reduced equations. In this section, we use the tanh method on reduced equa-
tions, obtaining some exact solutions of Eq. (1). With the help of exact solutions, we can
understand some motion rules of waves of the (2 + 1)-dimensional integrable coupling of
KdV equation.

The main steps of the tanh method [24, 25] are expressed as follows:

1. Consider the following nonlinear differential equations:

F}(u, Vs Uy Vs Uexes Viexes ++ uy’ Vyx e U Vs e
(20)
Fo(th, V, Usgy Vies Uiy Vi o+ o5 Uys Vs ooy Uy Vs o

where Fj, F, are polynomials of the u, v and their derivatives.
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2. By using the wave transformations

M(x7y7 t) = (D(E)r

(21)
v, y,t) = W (§),

where & =[x+ ky +ct, and [, k, c are unknown constants, and substituting (21) into Eq. (20),
we obtain the following nonlinear ordinary differential equations:

F((®, W, 10, 1V, 2O", PU", ... kd kY, ...,cd,c¥,...) = 0, )
Fo(®, W, 10, 1V, 2®", PV, k' kY, ...,cd,c¥,..)=0.
3. Next, we introduce the independent variable
Y = tanh(§), (23)
which leads to the following changes:
d d
1-v?
L-0-m2
d? d?
— =(1-Y?) 2Y— (1-v? ,
dg? [ + )dﬂ]
@ (1-1%)|(6Y*-2) - —6Y(1 Yz)d—2 +(1-7?)° @
ds?’ ay? dy3

4. We assume that the solution of Eq. (22) is written as the following form:

= Xn:aiyi, W(Y)= i b;Y', (24)
i=0 i=0

where n, m are positive integers, which are decided by balancing the highest order nonlin-
ear terms with the derivative terms in the resulting equations. After deciding n, m, taking
(23) and (24) into (22), we obtain a polynomial concerning Y’ (i = 0,1,2,...). Then we
gather all terms of Y? (i = 0,1,2,...) and make all them equal to zero. Solving these alge-
braic equations, we get the values of the unknown numbers 4;, b; (i=0,1,...), , k and c.
Then, putting these values into the equations, we get exact solutions of equations.

Case 4.1. For Eq. (12), substituting Eq. (21) into (12), we get the following equations:

kd' = PoB +6ldD,
(25)
kW' = Pw® _32kd® 4 610" + 6]V — 6kDD'.
Concerning (25), balancing ®® with ®®’, we have
2x34+n-3=n+2x1+n-1 = n=2,

balancing ®©® with ®'W, we have

2x34+4n-3=2x1+n-1+m — m=2.

Page 8 of 20
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Hence, according to Eq. (24), the solution of Eq. (12) is assumed to be

dD(Y) =ap + ﬂ1Y + dy Y2, (26)
WU(Y)=by+b1Y + b Y2

Then, substituting Eq. (23) and Eq. (26) into Eq. (25), we collect all terms of Y* and obtain
the algebraic equations including unknown numbers a;, b; (i = 0,1,2), [ and k. By solving

these equations, we have the following solutions:

8 +k
I=l, k=k  a= 6; . @=0,  ay=-2P
k(-168 + k) @7
- +
bp=——>—=, b1 =0, by=4lk
0 612 ! 2
Putting (27) into Eq. (12), we obtain the exact solution as follows:
u(x,y,1) = L2k _ 22 tanh(x + k(¢ — Iny)),
k(_lﬁ+l;+k) +4lk tanh? (Ix+k(t=In y)) (28)

v(x,y, ) =

’

y

where [ #0, k are arbitrary constants.

Figures 1 and 2 depict the exact solution of Eq. (12), which is obtained by taking / = 1,
k=latt=1.

Case 4.2. For Eq. (13), similarly, substituting Eq. (21) into (13), we have the following
ordinary differential equations:

Bo® 4 6ldd =0,

(29)
Bw® 1 32kd0) + 6]’V + 6DV + 6kDD’ = 0.

Then, balancing ®® and ®®’, ®©® and &'V’ for (29), we have 1 = m = 2.

Figure 1 u(x,y,t)for/=1k=1att=1

Page 9 of 20
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Figure 2 v(x,y,t)for/=1,k=1att=1

1015

101+

104

10"

Therefore, on the basis of Eq. (24), the solution of Eq. (13) can be assumed to be

(Y)=ap+m Y +aY?,

(30)
U(Y)=by+b1Y + by Y2
Next, substituting Eq. (23) and Eq. (30) into Eq. (29), we make all coefficients of Y vanish
and obtain the algebraic equations including the unknown numbers a;, b; (i = 0,1,2), [
and k. Solving these equations, we have the following solutions:

42
=1, k=k, aoz?, a; =0, a, = =21,
8lk (51)
by = 5 b =0, by = —4lk.
So, the exact solution of Eq. (13) is
u(x,y,t) = % — 212 tanh®(Ix + ky), 32)

v(x,y,t) = 8% — alk tanh®(Ix + ky),

where [, k are arbitrary constants. This solution is a static solution of Eq. (1).
When we take [ = 1, k = 1, the values of u, v are illustrated in Figs. 3 and 4.
Case 4.3. For Eq. (14), equally, substituting Eq. (21) into (14), we get the following ordi-

nary differential equations:

- =20 + 60D,

(33)
—cW' =AU 1 3k2 DB 4 6¢D'W + 6cDW + 6kDD'.
Furthermore, balancing ®® and ®®’, ®® and &'V’ for (33), we have n = m = 2.
Therefore, based on Eq. (24), the solution of Eq. (14) can be assumed to be
DY) =ag+ar1Y +a,Y?,
(Y)=ao+a; 2 (34)

lIJ(Y) = bo + b1Y+ szZ.
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Figure 3 u(x,y,t)for/=1k=1att=1

1.2

=
08
().(y'-
04

0.2

-0.2-

-0.4-

Figure4 v(x,y,t)for/=1k=1att=1

Next, substituting Eq. (23) and Eq. (34) into Eq. (33), we make all coefficients of Y vanish
and obtain the algebraic equations including unknown numbers a;, b; (i = 0,1,2), k and c.

Solving these equations, we have the following solutions:

8 -1

k=k, c=c ap = c a; =0, a =-2¢%,
k(16¢* +1) %)
bo= = T pi20, by =4k
6¢
So, the exact solution of Eq. (14) is
2
u(x,y,t) = =1 _ 2c% tanh?(ky + c(x — 1)),
(%, p,8) = > (ky +c(x 1)) (36)

E2
v(x,9, ) = w — 4kctanh?(ky + c(x — 1)),
where ¢ # 0 and k are arbitrary constants.

Figures 5 and 6 portray the solution of Eq. (14), which is obtained by taking k = -1,c =1
att=1.

Page 11 of 20
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Figure 5 u(x,y,t) fork=-1,c=1att=1

Figure 6 v(x,y,t)fork=-1,c=1att=1

Case 4.4. For Eq. (15), in the same way, substituting Eq. (21) into (15), we have the fol-
lowing ordinary differential equations:

—k®' = PO +6lOD,

(37)
—kW' = PU® 1 32kd0) 1 6/D'W + 61OV + 6kDD'.
Then, balancing ®® and ®®’, ®©® and &'V’ for (33), we have 1 = m = 2.
Therefore, based on Eq. (24), the solution of Eq. (15) can be assumed to be
d(Y)=ag+ar1Y +a,Y?,
(Y)=ao+a; 2 (38)

U(Y)=by+b1Y + by Y2

Next, substituting Eq. (23) and Eq. (38) into Eq. (37), we make all coefficients of Y vanish

and obtain the algebraic equations including unknown numbers a;, b; (i = 0,1,2), [ and k.
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Figure 7 u(x,y,t)for/=1k=-1att=0

Figure 8 v(x,y,t)for/=1k=-1att=0

Solving these equations, we have the following solutions:

81 —k
l=l, k=k, ap = 6l ) ﬂ1=0, (12=—2l2,
k(1613 + k) (39)
+
by = ST b, =0, by = —4lk.
So, the exact solution of Eq. (15) is
3k
u(x,y, t) = 8% — 202 tanh®(Ix + k(y — 1)), (40)

v(x, y,t) = %z)'k) — 4lk tanh®(Ix + k(y — 1)),

where [ #0, k are arbitrary constants.
When we take [ = 1, k = -1 at ¢t = 0, the values of i, v are illustrated in Figs. 7 and 8.
Case 4.5. For Eq. (16), likewise, substituting Eq. (21) into (16), we get the following or-

dinary differential equations:

—c®' = PO 4 6lDD,

(41)
-V = PwB _ 3800 1 6]d'V + 6]OV — 6]/DD’,
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Figure 9 u(x,y,t)for/=1,c=1att=0

Then, balancing ®® and ®®’, ®©® and &'V’ for (41), we have 1 = m = 2.
Therefore, based on Eq. (24), the solution of Eq. (16) can be assumed to be

DY) =ap+ar1Y +a,Y?,
(Y)=ao+a; 2 (42)

\I’(Y) = bo + bly + b2Y2.
Next, substituting Eq. (23) and Eq. (42) into Eq. (41), we make all coefficients of Y’ vanish
and obtain the algebraic equations including unknown numbers 4;, b; (i =0,1,2), [ and c.

Solving these equations, we have the following solutions:

83
=1 c=g¢ ap = ol C, a =0, a = =202,
. (43)
16/° + ¢
bo = - ,  bi=0,  by=4
0 ol 1 2
So, the exact solution of Eq. (16) is
%,9,t) = 352¢ _ 22 tanh®(I(x — y) + c(x — t)),
u(x,y,t) = =g (lx=y) +clx—1)) (44)

v(x,3,1) = —2805¢ L 412 tanh®(U(x — y) + c(x — 1)),

where [ #0, ¢ are arbitrary constants.
Figures 9 and 10 depict the exact solution of Eq. (16), which is obtained by taking / =1,
c=latt=0.

5 Construction of conservation laws
In this section, we chiefly construct conservation laws of Eq. (1) using Ibragimov’s method

[27, 30]. First, we prove that Eq. (1) is nonlinear self-adjoint.

5.1 Proof of nonlinear self-adjointness

With regard to Eq. (1), conservation laws multipliers have the following form:

A1 = Ai(x,y,tu,v), Ay = No(x, 9,8 u,v).
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Figure 10 v(x,y,t)for/=1,c=1att=0

Moreover,

E, [Al(ut — Uxxx — 6uux) + AZ(Vt — Vxx — 3uxxy - 6(L£V)x - 61’”4)/)] =0,

(45)
E [A1(ty — Uy — 6Uthy) + Ao (Vi — Vi — 3uxxy - 6(uv), - 6uuy)] =0,
where the Euler operators E,, E, are expressed as
_ 2 P p) 3 2 0
Eu =% —Dxm —Dym —Dta—m +Dx3uxx ey,
p) P P P 2 (46)
EV = I —Dxm —Dym _Dfa_w +Dx3vxx B

Substituting (46) into (45), we obtain the following system which only has the unknown

variables A, Aj:

A1y =0, A1y =0, A1y =0,
Aoy =0, Asy =0,
=Ny +6UN1 + 6VAG + 6UNgy + Aigax + 3A2xxy = 0,
—Agt + 6MA2x + Alxxx =0.
Solving this system, we have A = 6tuFy, + (6tu + x)Fy(y) + uF3(y) + Fa(y), Ay = F1(p),

where Fi(y), F2(y), F3(y) and F4(y) are arbitrary functions.
Consider a PDE system of order s,

R u,...,up)=0, a=1,...,m, (47)
where x = (¥, 4%,...,%"), u = (u',u?,...,u™) and uq), u@), ..., g represent the set of all
first, second,..., kth-order derivatives of u in regard to x.

The adjoint equations of Eq. (47) are written as

(R"‘)*(x, UV, Ui, Vi) =0, a=1,...,m,v=v(x).
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Besides,

_L

R (e, 10, v, ..., ur), Vi) = )
(R*)( (Vi) = 52

where L is a formal Lagrangian of the following form:
L=vV"RP(x,u,...,.up), B=12,...,m,
and the Euler—Lagrange operator is expressed as

d

.
j o
8”:’1»»4‘;

8 9 i( 1YD;, ---D
—_ = + — R
Su® — !

3 1 , a=12,...,m.

Definition 5.1 ([31]) The system (47) is said to be nonlinearly self-adjoint if the adjoint
system is satisfied for all the solutions u of system (47) upon a substitution v = ¢(x, &) such

that ¢(x, u) # 0. Particularly, the system

(Ra)*(x, U, @y UG i) =0, a=1,...,m,
is identical to the system

MR, uu,... upy, up) =0, B=1,...,m,
that is,

(R) Nvegio = MERP,  B=1,...,m,
where £ is a certain function.

Theorem 5.1 ([32]) The determining system of the multiplier A (x, u) of system (47) is iden-

tical to the system of nonlinearly self-adjoint substitution.

If the formal Lagrangian of Eq. (1) is given as

L=¢ (xJ’; 1, V) (U — Uy — 6ULL)

+@a(x, 9, t,u,v) (Vt — Vaxx — SUxy — 6(uv)x — 6””}/);

based on Theorem 5.1, we can get

o1, 9, 5w, v) = A1 (%, 9, £, u,v) = 6tuFy, + (6tu + X)Fo(y) + uFs3(y) + Fa(y),
(02(95;% t,u, V) = AZ(x;y; t,u, V) = Fl 0’)

(48)

Therefore, Eq. (1) is nonlinearly self-adjoint with substitution (48).
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5.2 Construction of conservation laws
Theorem 5.2 ([31]) The system of differential Eq. (47) is nonlinearly self-adjoint. Then
every Lie point, the Lie—Bdcklund, nonlocal symmetry

0

. d
X =& u,uqy,...)— + 0%, u, Uy, ... ,
&'( ) )axl n“( ) )aua

admitted by the system of Eq. (47), gives rise to a conservation law, where the components
C! of the conserved vector C = (C',...,C") are determined by

) oL oL oL
C'=w* D\ — | +DiDi| =— ) -
ouf ng 8u§?;k

NE): oL N
+D/(W )[@—Dk<ﬁzk) +] +D1Dk(W )I:augk _]>

and W =n* - &/ uj'. The formal Lagrangian L should be written in the symmetric form

concerning all mixed derivatives ug, ug,

The Lagrangian £ of Eq. (1) is given as follows:
L= A1 (ths — thyyy — 6ULLy,) + Az(vt — Vaxx — Sy — 6(1uV) — 6uuy).
For the generator X = £'9, + §%0, + £30; + ¢0, + ¢0,, in line with the Theorem 5.2, we

obtain W' = ¢ — &'u, — £%u, — &3, W? = ¢ — &1v, — €%y, — €3, so the components of the

conservation vector have the following form:

cx:W1[£ +ch< oL )+Dny( oL )}
3Mx auxxx auxxy
() ()
auxxx auxxy
0L +D,D,(W") oL +Wz[E +ch( oL )}
Olrx 0lhixy vy 0V

+Dx(W2)[—Dx( oL )} D2 (w2) L

+DZ(W1)

7
OVixx 0Vixx

cyzwl[ﬁ +ch( L >]+Dx(W1)[—Dx<88£ >:|+D§(W1) L

ou, 0ty Usxy 0ty ’
C= WI% + Wzﬁ.
aut th

By substituting the Lagrangian £ into above components of the conservation vector, C¥,
(7, C* are simplified as
C* = =W [6(uA1 +VA3) + D2(A1) +3D:Dy(A)]
+ D (W) [Da(A1) + 3Dy (A2)] = DLW A1 = 3D Dy (W) Ay
— W2[6uls + DA(A3)] + Du(W?)Di(A2) - D2(W?) Ay, (49)

C’ = -W'[6ul, +3D2(As)] + 3Dx(W')Dy(As) - 3D2(W') A, (50)

Page 17 of 20
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Cl= WA + W2A,. (51)
For the generator X1 = $x0, + £d; — 2ud, — $v0,, we have W' = —2u — Lxu, — tu,, W? =
—%v - %xvx — tv;. According to Egs. (49)—(51), the components of the conserved vector of

generator X; have the following form:

2

Ci= <§u + %xux + tut) {6[u(6tu(F1)y + (6tu + x)Fo(y) + uFs(y) + F4(y)) + vFl(y)]

+ Una[6L(FY)y + 6tF5(y) + F3(9)]}

_ (ux + %xum + tuxt> {Fg(y) + ux[6t(F1)y + 6tF,(y) + Fg(y)]

+ 3(F1)y} + (;—Luxx + %xuxm + tum> [6tu(F1)y + (6tu + x)F5(y) + uFs(y) + F4(y)]

+ (Bthuy + Xlhny + Sty )F1(y) + (2v + 2%V, + 6tV )uFy (y)
1
t | Vax + ngxxx + tVixt Fl()’):

C) = (4u + 2xuy + 6tu)uFy (y) + (Ahyy + Xlhry + Stihger)F1(y),

Ci = <—§u - %xux - tut) [6tu(F1)y + (6tu + x)Fy(y) + uFs(y) + F4(y)]

1 1
— <§V + ngx - tvt)Fl(y).

For the generator X = 9;, we have W' = —u,, W? = —v,. According to Egs. (49)—(51), the
components of the conserved vector of generator X, can be expressed as follows:
Cs = ut{6[u(6tu(F1)y + (6tu + x)F,(y) + uFs(y) + F4(y)) +vF; (y)]
+ U [ 68(F1)y + 6LF(y) + F5(9)]}
— x| F2(y) + u[6L(F1), + 6¢F>(y) + F3(y)] + 3(F1)y }
+ uxxt[6tu(F1)y + (6tu + x)Fo(y) + uFs(y) + F4(y)]
+ 3ty F1(¥) + 6uv F1(¥) + Vit F1 (),
C% = 6uuF1(y) + 3t F1(9),
Ch = —u,[6tu(Fy), + (611 + X)F>(y) + uF3(y) + F4(9)] — viF1 ().
For the generator X3 = d,, we have W' = —u,, W? = —v,. According to Eqgs. (49)—(51), the
components of the conserved vector of generator X3 can be written the following form:
C; = ux{6[u(6tu(F1)y + (6tu + x)Fo(y) + uFs3(y) + F4(y)) + VFl(y)]
6L(F1)y + 6tFy(y) + Fg(y)]}
F)(y) + ux[6t(F1)y + 6tF,(y) + Fg(y)] + 3(F1)y}
+ Uy [6tu(F1)y + (6tu + x)Fy(y) + uFs(y) + F4(y)]

+ 3Mmcyl:'l O/) +6uv,F (y) + Vi F1 (y),

+ Uy

—_——

— Uxx

Page 18 of 20
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C%I = 6uu,F; (y) + BthrnF 0’),

CL = —u[6tu(Fy), + (6tu + x)F>(y) + uF3(y) + Fa()] - viF1(9).

For the generator X3 = yd, — vd,, we have W' = —yu,, W? = —v — yv,. According to

Egs. (49)—(51), the components of the conserved vector of generator X, are given as

Cy = yuy{6[u(6tu(Fy), + (6tu + x)F>(y) + uF3(y) + F4(y)) + vF1(y)]
+ Unx[6E(FY)y + 6LF5(y) + F5()]}
— ity F2(9) + us[6(F1), + 6tF>(y) + F3(9)] + 3(F1), }
+ Yitany[6U(F1)y + (6t + X)Fo(y) + uF3(y) + F4()] + 3(thay + Yiknyy)F1(y)
+6u(v+yv))F1(y) + (Vax + YVary)F1(9),
Ci = 6yuu, Fr(9) + 3yity 1 (9),

Ch = —yuy[6tu(Fy)y + (6tu + X)F>(y) + uF3(y) + Fa(y) ] = (v + yv,)F1(9).

For the generator X5 = d,, we have Wt=—u, w? = —y. According to Egs. (49)—(51), the

components of the conserved vector of the generator X5 can be expressed as

CZ = uy{6[u(6tu(F), + (6tu + x)F2(y) + uFs(y) + F4(y)) + vE1(y)]
+ s [6L(F1)y + 6tF>(y) + F3() ]}
— Uy [ F2 () + [ 6£(F1)y + 6tF>(y) + F3(y)] + 3(F1)y }
+ Uy [6t(F1), + (6t + %)F>(y) + uF3(y) + F4(y)] + 31ty F1(y)
+6uvyF1(y) + VayF1(9),
Cl = 6uuyFy(y) + Sty F1 (9),

CE = —uy[6tu(F))y + (6tu + x)F2(y) + uF5(y) + Fa(y)| - vyF1(9).

6 Conclusions

In this paper, Lie group analysis is applied to the (2 + 1)-dimensional integrable coupling
of the KdV equation. The optimal system of the obtained symmetries and reduced equa-
tions are obtained based on symmetry method. Moreover, explicit solutions of the reduced
equations are constructed by using the tanh method. Through the figures related to so-
lutions, we can show the rules of the wave propagation corresponding to Eq. (1). Finally,
nonlinearly self-adjointness of Eq. (1) is manifested and its conservation laws are derived

by using Ibragimov’s method.
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