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1 Introduction and main results

Schrodinger lattice systems are a class of very important discrete models, ranging from
biology and condensed matter physics to solid state physics [8, 10, 11]. In fact, most re-
sults are about the periodic Schrodinger lattice systems, such as [2, 4, 12-14, 18, 19, 24].
However, there are only few results about the nonperiodic Schrodinger lattice systems
(5,9, 15, 16, 22, 23]. In particular, in [3, 6, 7] the authors recently obtained the existence
and multiplicity of homoclinic solutions for a class of Schrodinger lattice systems with
perturbed terms.

In this paper, we investigate the nonperiodic Schrodinger lattice system

—(AW)y + Vylhy = W xultin* 21y, nelZ,

(1.1)
limy 00 4y = 0,
where u € (1,2),
(AM),, = Uyl + Upo1 — 2Uy, (12)

{u,}, {vs}, and {x,} are real-valued sequences, and the discrete potential V' = {v, },cz and
{x»} are nonperiodic. A solution u« = {u,},cz is said to be nontrivial if i, % 0. Problem

(1.1) appears when we look for standing wave (or breather) solutions of the Schrodinger
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lattice system

i’;yn = _(Aw)n +T/lnw;q - ManlﬁnW_ZWm n ez, (1.3)

where {1} is a real-valued sequence. Standing waves (or breathers) are the solutions for
(1.3) of the form v, = u,e”™*, where w € R is the temporal frequency, and u, satisfies
limy,| 00 4 = 0. By the standing wave ansatz ¥, = u,e”** we get that (1.3) reduces to (1.1)
with v, =7, — w. Therefore we only need to study the existence of solutions of (1.1).

Let

nez

+00 liq
||u||lq:=<2|un|q>, lullpe = sup lunl, w0 = {tn}nez,

n=—00

be the norms of the real sequence spaces /7 := [9(Z) (g € [1,00)). The following embedding
between such spaces is well known:

ncr, lully < llullm, 1<q=<p=ooc.

We study solutions of (1.1) in /* since any u = {u, },cz € [* satisfies lim, 4, = 0.

Note that the domain of (1.1) is Z, and thus, to overcome the loss of compactness caused
by the unboundedness of the domain Z, we need the following condition:

(V1) limyyj- 400 Vi = +00.

Then (V}) implies that (see [21]) the spectrum o (-A + V) is discrete and consists of
simple eigenvalues accumulating to +oo, that is, we can assume that

)“1<)“2<"'<)"k<"'—)+00
are all eigenvalues of —A + V, where ((—A + V)u), := —(Au), + vyu, for u = {u,} € 2

Theorem 1.1 System (1.1) has infinitely many nontrivial solutions if (V1), and the follow-
ing conditions hold:

(W1) 0¢o(-A+V).

(SG1) X i= (xn > Oz € 177, € (1,2).

Clearly, condition (W}) implies that we have the following two cases:
(W) 0 € (Agy Ary+1) for some ko > 1 (the indefinite case);
(W) 0< 2y (the positive definite case).

Remark 1.1 To the best of our knowledge, there is no result published concerning the
multiplicity of nontrivial solutions for (1.1) with sublinear nonlinearities at both zero and
infinity. For the nonperiodic system (1.1), the main differences between our and known
results [5, 9, 15, 16, 22, 23] are as follows:

gn(s)

(1) The nonlinearities g,(s) in [5, 15, 16, 22, 23] are superlinear as |s| — 0 (limjs o =~ =

0, Vn € Z), and the nonlinearities g,(s) in [9] are superlinear or asymptotically lin-
gn(s)

ear (limy o === = [, € (0,+00), Vn € Z) as [s| — 0. However, our nonlinearities g (s) =

2n(s)

WXnltin|* 21, are sublinear as |s| — 0 (limysjo 2= = +00, Vn € Z).
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(2) The nonlinearities g,(s) in [5, 9, 15, 22, 23] are superlinear as |s| — oo (limys—, oo g”s(s) =

+00, Yn € Z), and the nonlinearities g,(s) in [16] are asymptotically linear as |s| — oo
(limyg) oo gnS(S)
are sublinear as |s| — 0o (limjs— g”s(s) =0,YneZ).

(3) Our method is based on the variant fountain theorem in [25], which is different from

= ¢, € (0,+00), Vu € 7). However, our nonlinearities g,(s) = ux,|u,|* 2u,

the methods used in the papers mentioned.

In Sect. 2, we give some lemmas and the proofs of our main result. In Appendix, we give
the proofs of the conditions in the critical point theorem used in this paper.

2 Proof of the main result

The corresponding action functional ® of (1.1) is defined as follows:
1 +00

5L u)p = D Xulwal", wek,

n=-00

D(u) =

where (-, )2 is the inner product in /2, L := —A + V, E := D(|L|*?) is the form domain of L
(the domain of |L|*/2). Since the operator —A is bounded in /2, we easily see that

E={uel:|V|"uel?}
with the inner product and norm
(u,v) := (|L|1/2u, |L|1/2V)l2 = (-Au,v)p + (|V|1/2u,|\/|1/2v)12, Nl o= (u, ) V%

E is a Hilbert space, where | V|'2u is defined by (|V'|*2u),, := |v,|?u, (n € Z). By (W;). We
have the orthogonal decomposition

E=E ®FE"
with respect to both inner products (-,-) and (-, -);2, where E* := EN (12)%, and (?)* is the

positive (negative) eigenspace of L.
Then the functional ® can be rewritten as

1 9 1 ) +00
I 2 _ u
CD(M) - 2 ||M ” 2 ||I/i || W;OXVI'un' , u GE,

whereu=u*+u~ € E=E*®E .LetI(u):= > ;> _ xnltts|*. Under our assumptions, I, ® €
CY(E,R) with derivatives

(CD’(u), v) = (u*,v+) —(w,v7) - (1/(14), v),

+00
(I'w),v) = Z WXl 2tuyv,, w,veE,
n=—00

where u =u* +u~,v=v"+v~ € E=E* @ E". The standard argument shows that nonzero
critical points of ® are nontrivial solutions of (1.1). We will use the following critical point
theorem.
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Lemma 2.1 ([25]) Let E be a Banach space with norm || - || and suppose E = 63]0:1 X; with
dimX; < oo, j € N. Set Y = @IILIX,« and Zy = @5 X;. Assume that the functional ®; =
A(u) = AB(u) (&), € C1, @, : E — R, A € [1,2]) satisfies
(F1) @, maps bounded sets to bounded sets uniformly for 1 € [1,2], and ©;(—u) = &, (u)
forall (A, u) €[1,2] x E;
(Fy) B(u) >0, Vu € E; and B(u) — o0 as ||u|| — oo on any finite-dimensional subspace
of E.

(F3) There exist py > ry > 0 such that

ar(A):=  inf  ®3(u) >0>Br(A):= max D;(u), VAe[l,2],
ueZy,\|ull=px u€ Yy, lull=rx
and
E(X) = inf  ®,(u) >0 ask— oouniformly for » € [1,2].
u€Zp,lull <px

Then there exist Aj — 1 and uh e Y; such that
CD;j|1/j(ukj) =0, @, (") = mi € [&(2), Be(1)]  asj— oo.

Particularly, if (4"} has a convergent subsequence for every k, then 1 has infinitely many
nontrivial critical points {u*} C E \ {0} satisfying ®,(u*) — 0~ as k — oc.

From (V1), (W1), and [21] we have that the eigenvalues of L are as follows:
A <Ag < <Ay <O < Agger < -+ = +00.

Let {e,«};(f1 and {e; ;?:koﬂ be the orthonormal bases of E~ and E*, respectively (E~ = {0} if
0 < A1). Then {ej}jen is an orthonormal basis of E. Let X; := span{e;} for j € N. Then Z; and

Y) can be defined as in Lemma 2.1. Let

AW =5 ||

1 +00
2’ B(L{) = EHM_HZ"' Z Xn|un|ur
n=—00

and

n=-00

®, (1) = A() — AB(u) = %||u*||2—)»<%||u‘“2+ > xnmw)

forallu=u* +u",v=v*+v € E=E* ®E™ and A € [1,2]. Obviously, &, € C'(E,R) for all
re(l,2].

Proof of Theorem 1.1 Under our assumptions, the definition of @, implies that ®; maps
bounded sets to bounded sets uniformly for A € [1,2]. Evidently, ®; (-u) = ®; (1) for all
(A, u) € [1,2] x E, and thus (F;) of Lemma 2.1 holds. Besides, Ax 3.1 and Ax 3.2 in the Ap-
pendix show that (F;) and (F3) of Lemma 2.1 hold for all k > k;. Therefore by Lemma 2.1,
for each k > ki, there exist A; — 1 and uhi e Y; such that

<I>;1,|Y].(u*f) =0, @y, () = nr € [&(2), Br(1)] asj— oo (2.1)
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Let
Wi=uY, VjeN.
By (2.1), (§G1), and the definition of d;
. 1 , . . .
=, () = (@}, Iy (), ) - @, ()

+00
lj/ .
=k ) (1 - E)Xn|”’n|” (2.2)
n=—00

+00
zx,(1—%)9 Sl vieN.

n=-00

Relations (2.1), (2.2), and p < 2 imply that ||| = (3127 i, |V < 0. Tt follows from
the equivalence of any two norms on finite-dimensional space E~ and the Holder inequal-
ity that

1) 2 = (@) ) < o] - 1G4)|

for some C; > 0, where p' satisfies 1/u + 1/’ = 1. Consequently, we have ||(#/)" |2 < Cj,

w =Gl (@) |

Vj € N. In view of the equivalence of norms || - ||2 and || - || on E~ again, there exists C, >0
such that
|(#)"| <Cs VjeN. (2.3)

Obviously, the definition of ® A implies

+00
[G) " = 205, () + 1 ) 17+ 20 37 sl "

n=-00

It follows from ||/||% = ||(¢/)*]|® + ||(/)~||? that

+00

[ = 205, () + Oy + DI @) " + 25 37 sl

n=-00

I
’

which, together with (2.1), (2.3), (SG;), and the fact E is compactly embedded into /2 (see
[21]), implies that

| |* < Cs +4lixll
l (L

2
2-

ol
< Cy+ Gy ul]”

for some Cs, Cy > 0. This implies that {z/} is bounded in E since u < 2.
Thus, without loss of generality, we can assume that

W—u asj— oo (2.4)

Page 5 of 11
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for some u € E. By the Riesz representation theorem, ¢3leyi :Y;— Y andI':E— E* can
be viewed as <I>;/_|y/. 1Y, — Yjand I' : E — E, respectively, where YI* and E* are the dual

spaces of ¥; and E, respectively. Note that (2.1) implies that
0=, ()ly, =o/ -LPI' (W), VjeN,
where P; : E — Y] is the orthogonal projection for all j € N, that is,
W =PI (W), VjieN (2.5)

By the standard argument (see [1, 17]) we know that I’ : E — E* is compact. Therefore
I' . E — E is also compact. It follows from (2.4) that the right-hand side of (2.5) converges
strongly in E, and hence &/ — u in E.

Therefore {#"/} has a convergent subsequence in E for every k > k;, and then Lemma 2.1

implies that ® has infinitely many nontrivial solutions. O

3 Conclusion
We obtain infinitely many nontrivial solutions for a class of non-periodic Schrédinger

lattice systems with nonlinearities sublinear at both zero and infinity.
Appendix
Ax 3.1 B(u) > 0,Vu € E, Blu) — o0 as || u|| = oo on any finite-dimensional subspace of E.

Proof Obviously, B(u) > 0 for all u € E by (SG;) and the definition of B(x).
We claim that for any finite-dimensional subspace H C E, there exists a constant € > 0
such that

t((n€Z: yulun® = elul*}) =1, VueH\{0), (A1)

where 8({n € Z: x,|u,|" > €||u||"}) denotes the number of integers # such that y,|u,|* >
€||lu||*. If not, then for any j € N, there exists 2/ € H\{0} such that

t({neZ: yu|u,|" = |« |"/j}) =0.

Let v/ := ”“71” € H. Then ||V = 1, and

t({neZ: x.[Vy|" = 1/j}) =0, VjeN. (A.2)

Since {V/} is bounded, passing to a subsequence if necessary, we may assume that v — v
in E for some v € H (H is finite dimensional). Evidently, ||v| = 1. Since any two norms on

H are equivalent, we have

1
2

||1/—V||12:<Z|V{1—Vn|2> —0 asj— oo.
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It follows by the Holder inequality and x €/ e (see (SG1)) that

+00
Z x,,‘ﬂ},—v,,|“§||x||lﬁ HV—V”Z—)O asj — oo. (A.3)
n=—00

In fact, since ||v|| = 1, there is a constant &y > 0 such that
t({n €Z: xulval* = 80}) = 1. (A.4)
If not, then

t({n€Z: xulval* = 1/j}) =0, VjeN.

It implies that
. +2 +2 ||V||122 .
0< D> xulwal?= > vl < —E -0 asj— oo,
n=—00 ne{nel:xnlvu|*<1/j} J

which, together with (SG;), implies that v = 0. It is a contradiction to ||v|| = 1. Thus (A.4)
holds. For any j € N, let

Aj:= {n € ZanM,’M < 1//'} and  Aj:i=Z\A;j= {n € Z:Xy,yv’;l”l > l/j}.

Set Ag:={ne€Z: xulval* > 8o}. Then for j large enough, by (A.2), (A.4), and the definitions
of Ag and Af we have

(AN Ag) = #(Ag) —£(Af) > 1-0=1.

It follows from (SG1) and the definitions of A; and A, that for j large enough,

+00

S alVi-val = Yl - vl

n=—00 neAjNAg

=Y (%xnlvnl“ - on”)

neA;NAg

)
> #(A; N Ao)<2—2 - 1/i>

o

>
- 2M.+1

> 0.

This is a contradiction to (A.3). Therefore (A.1) holds.
For € given in (A.1), let

Ay = {n €L xulua* = e||u||“}, Yu € H\{0}.

It follows from (SG1), (A.1), and the definition of A, that

+00
B) = Y xulwal® = D xulual” = ellull - 8(AL) = €llull”,  Vu € H\{0}.

n=—00 nely

Page 7 of 11
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This implies that B(u) — oo as ||u|| — oo on any finite-dimensional subspace H C E. The

proof is finished. O

Ax 3.2 There exist a positive integer ki and two sequences 0 < ry < px — 0 as k — oo such

that
ar(A):= inf  ®u(u)>0, Vk=>ky, (A.5)
u€Zp, |lull=pk
E(A) = Ziﬁlfn D, (u) > 0 as k — oo uniformly for A € [1,2], (A.6)
ueli,||\ull<pk
and
Bir(A):= max @&,(u)<0, VkeN, (A7)
u€Yj,llull=rg

where Yy = @fnzl X = spanfey, ..., ex} and Zy = @, X,n = span{ey, ...} for k € N.

Proof (a) First, we show that (A.5) holds.

Note first that Z; C E* for all k > k; := ko + 1, where kj is the integer defined in the
paragraph just before the proof of Theorem 1.1. Thus by the definition of ®; and and the
Holder inequality we have

1 +00
()2 Jlull® =2 3 Kl
=00 (A.8)

1
= Sl =200 2wl ¥0uu) € [1,2] x Z,
12-1

for any k > k;. Let

[l 2

I(k) := Vk e N. (A9)

uezp\(oy lull

From [20] and the fact that E is compactly embedded into [ (see [21]) we get
I(k) >0 ask— oo. (A.10)

By (A.8) and (A.9) we have

1
() = ~llul® =20 x| 2 P R)ul®, Y u) € [1,2] x Z, (A.11)
2 121
for any k > k;. Let
1
Ok = (8||X||123_M l"(k)) 2= VYkeN. (A.12)

By (A.10) and the fact that 1 < u < 2 we have

or— 0 ask— oo. (A.13)
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Therefore by (A.11) and (A.12) we have

ar(A):=  inf  Oy(u) > p,f/4 >0, Vk=>k.
ueZ, | ull=pk

(b) Second, we show that (A.6) holds.
By (A.11) we have

() z =20l RNl = =20 2 1R)pf, Vae [1,2),

2-

for all k > k; and u € Z; with ||u|| < pk. Therefore we get

“20xll 2 F()pf < inf @) <0, VAe€([L2],Vk k.
121 u€Zy,l|lull <pk

It follows from (A.10) and (A.13) that

E(X) = inf  ®,(u) >0 ask— oo uniformly for A € [1,2].
u€Zp,|ull <p

(¢) Finally, we show that (A.7) holds.
Note that Yy is finite dimensional, and thus (A.1) implies that for any k € N, there exists
a constant €; > 0 such that

t({n e Z: xulun" = exllul"}) =1, Vu e Y;\{0}. (A.14)

1

For any k € N and u € Y} with |lu| < ekz'“ , by the definition of ®; and (A.14) we have

1 +00
;. (u) < 5”’[r ”2_ Z Xl "

n=—00

1 2
— _ M
< 5 lul > alu

ne{nelxnlun|*>ex |lull*}

< —lull® - ellull” - 2({n € Z: xulual" = ellull"})

N~ N -

=

1
||u||2—6kllull“S—Ellullz, vae[1,2]. (A.15)

Now for any k € N, if we choose

1

0<ri< min{pk,ekz?‘ },

then (A.15) implies that

Bir(A):= max D,(u) < —r,%/Z <0, VkeN.
ueYy,llull=r

Therefore the proof is finished by (a), (), and (c). O
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