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1 Introduction

In recent years, biological mathematics has developed to be one of the most active re-
search directions in the field of applied mathematics. The study of biological mathematics
usually includes two aspects. One is to understand and predict the mechanism of biologi-
cal processes by establishing and analyzing mathematical models. The other is to discover
new mathematical problems, explore new mathematical research directions, and develop
new mathematical methods via these models.

One important problem in spatial ecology is the effect of spatially inhomogeneous en-
vironment on the invasion of species. Spatially inhomogeneous environment refers to the
heterogeneous distribution of various environmental conditions in space. For example,
phytoplankton in an ocean or lake require light whose intensity in the vertical direction
depends on depth. In heterogeneous environments, the movement of species also involves
advection, besides random diffusion. Belgacem and Cosner [2] proposed a classical dis-
persal strategy by considering an advection term into a single population model with a
spatially heterogeneous environment to describe that a population moves towards a more

favorable environment,

W = V[dVu —auVm] + ulmx) —u), (&%) € (0,+00) x €,

-
(dVu—auVm)-n=0, t>0,x €08, (L.1)
u(O,x) = uO(x)x x e,

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-020-01481-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-020-01481-7&domain=pdf
http://orcid.org/0000-0002-6081-9435
mailto:huiyuanxian1983@126.com

Liu and Hui Boundary Value Problems (2021) 2021:3 Page 2 of 20

where the flux of the population density u(t,x) consists of two components: dVu and
auVm. The second one represents the movement upward along the gradient of the re-
source function, @ > 0 describes the advection speed/rate. 7 denotes the unit outward
normal on the 9€2. The result of Belgacem and Cosner [2] shows that, for an individual
species, the movement upward along the gradient of the resource function will generally
contribute to the survival of the species.

Since the movement of species may not perfectly track resource gradients in reality,
Cantrell, Cosner and Lou [6] considered the biased movement strategy for the species

%—’Z =V[dVu - auVP] + u(lm(x) —u), (t,x)e (0,+00) X ,

(dVu—-auVP) -n=0, t>0,x €08, (1.2)

u(O,x) = MO(x)’ x € Q.

Here, the flux of the population density of species can be described by -dVu + auVP,
where P(x) describes the movement tendency of the species.

The ideal free distribution (IFD), introduced in [13], describes how populations dis-
tribute themselves if they move freely to optimize their fitness. From the viewpoint of
the evolution of dispersal, an ideal free strategy refers to the idea that such a distribution
would be expected if individuals have complete knowledge of their environment and are
free to locate themselves wherever they want, specifically under the assumption that the
presence of other individuals influences fitness; see [1, 4, 5, 7, 8, 12, 21] and the references
therein. Motivated by [1], we say that P is an ideal free strategy if P can be found as follows.

To discuss the ideal free strategy, we require that m(x) > 0 in 2, then (1.2) has a unique
positive steady state # satisfying

V[dVi - auVP] +u(m(x) —%) =0, in$,
(dVi-auVP)-n=0, on 9.

Integrating (1.3) and applying the divergence theorem, we obtain

/ VAVl - BV P] + i(mlx) - T7) = / i(mlx) ~77) = 0.
Q Q

Since #, m(x) > 0 in ©, either % = m(x) or % — m(x) changes sign in Q. Clearly, if % = m(x),
then we have

V. [dVi-auVP] =0, in,
which holds if

P=Inm4 +C for some constant C. (1.4)

The delay reaction—diffusion equation, which reflects the interaction between delay
feedback of system and space migration impacts on the state of the system, is a kind of
new and important mathematical model. During the past 30 years, it has appeared widely
in many fields such as population biology, chemistry, physics, communication, and com-
puter. In the real world, the phenomena of time delay and spatial diffusion are widespread.
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For example, in a population model, time delay usually indicates resources regeneration
time, mature period, or lactation time, etc., and in the infectious disease model, time de-
lay usually indicates the incubation period, etc. Meanwhile, like cells, bacteria, chemicals,
animals, each individual usually moves randomly, and their distribution is not uniform in
space, which leads to the spread of the population in space.

Under homogeneous Neumann boundary conditions, the unique positive steady state
is a constant and the stable bifurcating periodic orbit is spatially homogeneous. But for
models with the homogeneous Dirichlet boundary conditions, the positive equilibrium is
always spatially nonhomogeneous. Busenberg and Huang [3] first studied the Hopf bifur-
cation of the diffusive logistic equation with a delay effect and Dirichlet boundary condi-

tion,
3 = Aty + ku(1 - u(t - 1)), (£,%) € (0,+00) x (0,7), (15)
u=0, t>0,x=0,m. .
They have shown that:

1. Ifk <1, then system (1.5) does not have a positive equilibrium and the zero
solution is a global attractor of all non-negative solutions.

2. If k> 1, then the zero solution of system (1.5) is unstable and there is a unique
nonhomogeneous positive equilibrium .

3. Uy is locally asymptotically stable if (k) - maxye(o,) {Uk(*)} < 5.

One can give an estimate for Uy (x) by using the implicit function theorem for
ke [1,k*].

5. There is a 7 > 0 such that the equilibrium Uj(x) is locally stable if 0 < 7 < 7,
unstable if T > 7.

6. There exists a sequence {mx, }/‘?fo such that a Hopf bifurcation arising from U(x) as
the delay T monotonically passes through each 7i;. Moreover, the periodic solution
occurring from the Hopf bifurcation point i, is stable, and those occurring from
the Hopf bifurcation points 7, j > 0, are unstable.

A population may tend to move up or down along the gradient of the habitats because

of the heterogeneity of the environment. Chen, Lou, and Wei [9] considered the following

model:

%—’t‘ =V[dVu - auVm(x)] + u(m(x) — u(t - t,x)), (tx) € (0,+00) x €,
u=0, t>0,x€ 0.

(1.6)

Their results imply that the increase of time delay can make the spatially nonhomoge-
neous positive steady state unstable for (1.6), and the model can exhibit an oscillatory
pattern through Hopf bifurcation. They also considered the effect of advection on Hopf
bifurcation values, and the Hopf bifurcation is more likely to occur with the increase of
advection rate.

We also point out that there are several mathematical models formulated to describe the
effect of time delay on Hopf bifurcation of the spatially nonhomogeneous positive equi-
librium. These models include single population models [18-20, 23], competition diffu-
sion systems [24, 26], predator—prey diffusion models [17, 25] and nonlocal delay models
[10, 11, 14, 15].
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In this paper, we introduce the notion of the IFD into the Hopf bifurcation problems to
understand the Hopf bifurcation and bifurcation direction of the spatially nonhomoge-
neous positive steady state, and consider the following system:

%—’: =V[dVu - auVP] + u(m(x) — u(t —r,x)), (t,x) € (0,+00) x £,
(dVu—-auVP)-n=0, t>0,x €0, (1.7)
u(0,x) = ¢p(0,x), 0,x) € [-1,0] x £,

where u(t, x) represents the population density, d > 0 denotes the random diffusion coeffi-
cient, P(x) € C%(Q) describes the movement tendency of the species, which is referred as
the biased movement strategy for the species, m(x) € C?() is the intrinsic growth rate,
a > 0 measures the rate of population movement upward along the gradient of the func-
tion P(x), and delay r > 0 denotes the maturation time. Throughout this paper, we assume
that the function P(x) and the resource function m(x) have the relationship described as
(1.4).

Letting v(¢,x) = e /"W y(t,x), ¥ (6,x) = e @DPX (9, ), ¥(E,x) = v(t,x), t =t/d and de-
noting A = 1/d, t = dr, then dropping the tilde sign, system (1.7) can be transformed as
follows:

g—‘t’ = e "IV [ea?DVy] + Av(m(x) — ed" vt - 7,%)), (&%) € (0,+00) X £,
Vv-n=0, t>0,x€0%, (1.8)
V(Q)x) = I/f(e,x), (efx) € [—T,O] X Q,

or

= L ymx)Vv] + am(x)v(l - e%cv(t —-1,%), (t,x) € (0,4+00) x £,

at m(x)
Vv-i=0, t>0,x€0Q, (1.9)
V(le) = '(//(9,96), (@,x) (S [—T,O] x Q.

For the convenience of calculation in the following sections, we only focus on (1.8). More-
over, it is easy to see that system (1.8) or (1.9) has a unique positive equilibrium e~ al @ (x)
ore d,

The organization of the paper is as follows. In the next section, we study the stability
and Hopf bifurcation of the spatially nonhomogeneous positive steady state for system
(1.8). In Sect. 3, we investigate the bifurcation direction of Hopf bifurcating period orbits
by using the normal form theory and the center manifold reduction. Finally, we give some

numerical simulations and a brief discussion in Sect. 4.

2 Stability and Hopf bifurcation

As in [9], throughout the paper, we denote the spaces X = H*(Q) N H3(Q), Y = L*(Q). We
also denote the complexification of the linear space X, :=X @ iX ={a +ib | a,b € X}, the
domain of a linear operator L by ©(L), the kernel of L by 9(L), and the range of L by R(L).
Moreover, we take (u,v) = fQ u(x)v(x) dx as the inner product of Hilbert space Y.. The
Banach space of continuous and differentiable mappings from [-7,0] into Y is denoted by
C = C([-7,0],Y) and C! = C}([-7,0],Y), respectively.
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For the following analysis, we decompose the spaces X and Y as follows:
XZI(@Xl, Y:1<®Y1)

where
K = span{1}, Xlz{yex‘/y(x)dx:()}, le{er‘/y(x)dx:O}.
Q Q
The linearization of (1.8) at e a*®m(x) is given by

b _ e iPOV POV ] — amx)w(t—1), (%) € (0, +00) X 2, @.1)
Vo-7i=0, t>0,x €09 '

It follows that the solution semigroup of the problem (2.1) has the infinitesimal generator
satisfying

A (Mg =9,
with
D(A,(0) = {p € C.NCL: 9(0) = e d"WV[ea"DV(0)] - am(x)p(-1)},
where C! = C!([-7,0],Y,). Then the spectrum of A, (}) is
o(A:(0) ={n€C,A(r 1, T)p =0, for some ¢ € X, \ {0}}
with
A, 1, T)p = e_%P(")V[e%P(x)Vgo] — am(x)pe™ — we. (2.2)

Lemma 2.1 For any > 0, the steady state e~ a"®m(x) of (1.8) is locally asymptotically
stable when t = 0. Moreover, 0 is not the spectrum of A, (), for any t > 0.

Proof When t =0, the spectrum of A, (1) becomes
A(A, 1, 0)p = e_%P(")V[e%PWV(p] —Am(x)p — we. (2.3)
This, in turn, leads to the study of the linear eigenvalue problem

e dPOV[edPDV ] — Amx)p = np, x€ L,

(2.4)
Vo -i=0, x€0Q.
Moreover, 141 has the following variational characterization:
% P(x) 2 2
—Joed [(Ve)* + Am(x)p*] dx
M1 = max [ fQ T , (2.5)
PeXe, 070 fQ ed"Woldx

Page 5 of 20
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which yields 1 < —A minycq m(x) < 0. Thus we conclude that the steady state e P @ m(x)
of (1.8) is locally asymptotically stable when 7 = 0.
Similarly, we can prove 0 ¢ o (A, (1)) for any 7 > 0. O

Next, we will show that the eigenvalues of A; (1) could pass through the imaginary axis
for some 7 > 0. And, this is a necessary condition for hopf bifurcation to occur. Actually,

A (1) has a purely imaginary eigenvalue p = iw (@ > 0) for some t > 0, if and only if
e 1"V [ea?M V] - Am(x)pe™ — iwp = 0 (2.6)

is solvable for some value of w > 0,0 € [0,27), wt =60, p € X, ¢ #O0.
First, we give the following lemmas.

Lemma 2.2 For some 1* > 0, when A € (0,A*), if there exist some (w;,6,, ;) € R* x R x
X \{0} solving system (2.6), then %~ is uniformly bounded.

Proof Substituting (w;, 65, ;) into system (2.6) and multiplying ea’™g,, integrating the
result over €2, then we get

(0r, V[ed™ Ve ]) -4 f e m(x)ple " ~ ia, / ed"g? = 0. (27)
Q Q
Separating the real and imaginary parts of the above equality, one can get
Asin@x/ e%P(x)m(x)(pf =wA/ e%P(")w%.
Q Q

Thus,

» Joe™ e}

Lemma 2.3 LetL:= V[ed"™V]. IfveX, and (v,1) =0, then

w; sm@,\ Joe edPt m(x)gok
=P <ms221xm(x). 0

[(Lv,v)| = wallviig,,

where vy, is the second eigenvalue of operator —L.

Proof Tt is well known that the operator —L on the domain 2 with zero-Neumann bound-
ary conditions has a sequence of eigenvalues {y, 52, satisfying
O=yi<yp=<pys=<---, lim y, =00
n—0oQ
and the corresponding eigenfunctions {¢,}5,, construct an orthogonal basis of Y., more-
over ¢; = 1.In particular, for each v € X, satisfying that (v, 1) = 0, there is a sequence of real

numbers {c,}%, such that v =) "2, c,¢, and therefore Lv = >, c,Lep, = Y oo CuVuPu-
It follows from the above equality that

oo o0
(Lo, ) =7 Y caligulle = 12 Y chligull}. = vallvl,.. .

n=2 n=2
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For A € (0,1%), if (w,0, ¢) satisfies system (2.6), then, ignoring a scalar factor, we have
¢ =B +Av,with B >0and |l¢|ly, = |2|. Letting w = Ak, and substituting these into Eq. (2.6),
we obtain

£, B,6,h,1) = V[ed"DVv] — ed"Dm(x)(B + Av)e
— ihed®™ (B + Av) =0, (2.8)
frv, B,0,h,1) := (B> = 1] + A*||v]ly, = 0.

Define F = (f1,f2) from (X;). x R* — Y, x R. The following lemma confirms that
F(v,B,0,h,1) =0 is uniquely solvable when 1 — 0.

Lemma 2.4 Counsider the following equation:

F(v,B,0,h,0)=0,
veX, B=>0, 0 €0, 3], h>0.

(2.9)

Equation (2.9) has a unique solution (vo, Bo, 6o, ho) as . — 0. Here By =1, 6y = %, ho =

fQ m2(x) d . h ll . . .
Jym) » 414 Vo satisfies the following equation:
V[ed" Vo] + e m(x) — ied"ho = 0. (2.10)

Proof From the second equation of (2.8), we see that f2(v, 8,0, 4,0) if and only if By = 1.
Substituting By = 1 into the first equation of (2.8), we can see v, satisfies

V[ed"® Vo] - m(x)ea"@e 0 _ jea@p, = 0. (2.11)

Next, integrating Eq. (2.11) over 2, and separating the real and imaginary parts, we
obtain

o aC
cosbp [, ed"™@p(x) = cosOpe d Jom*(x) =0,

. aC «C (2.12)
sinfoe d [, m*(x) = hoe & [, m(x).
2
By the periodicity of 6, we can set 6y = 7. Then we have 4o = % O

We next prove that there exists a A, > 0 such that we can solve F(v, 8,60,h,1) = 0 for
A€ (0, 1y).

Lemma 2.5 There exists a A, >0 and a unique continuously differentiable mapping ) —
(s Brs 0, 1) from (0, 1,) to (X1) x R? such that F(vy, By, 05, h, A) = 0.

Proof We define T = (T1, T») (X1). x R> — Y, x R be the Fréchet derivative of F with
respect to (v, 8,6, h) at the point (v, Bo, 60, 4g). Therefore, we have

T1(Ve, Bes Ocs he) = V[e%P(x)VVe] + ie%P(x)(m - fﬂlg\(x))ﬂe

+ed®D ()0, — ied"@p,, (2.13)

TZ(Ve; ,357 95; he) = 2,36
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One can easily check that T is bijective from (X)), x R3 to Y, x R. Thus by the implicit
function theorem, there exists a A, > 0 and a continuously differentiable mapping A —
(v, Brr 65, 1) from (0, 1) to (X;). x R3 such that F(vy, By, 605, 1, 1) = 0.

We next claim that the uniqueness, by virtue of the uniqueness of the implicit func-
tion theorem, it is sufficient to show that, if v* € (Xy)., B*, #* > 0, #* € [0,27), and
F(v*, B*,6*, 1", 1) = 0, then (v, B*,6* 1) — (vo, Bo,00, o) as A — 0 in the norm of
(X;). x R3. First, the boundedness of the sequences {8}, {#*} and {/*} can be easily ob-
tained from the definition, hypothesis and Lemma 2.2, respectively. By Lemma 2.3, and
the first equation of Eq. (2.8), we obtain

1

A2
2, =L

|(LUA, UA)| = ),i“(m(x)e"pA + ih*)(ﬂ'\ + Av’\), v'\)|.
p)
The boundedness of m(x) and {#*} implies that there exists a constant M; such that
! —i0* g
—Hm(x)e +ih ||0o <M.
V2

Hence, we obtain ||U)‘||%{C < MBIV Iy, + AM;|[v* ||%(C. Accordingly, if A, is sufficiently

< 2M;|B*|Iv*|ly,. As a result, {v*} is bounded
in Y, for A € (0, 1,.). Since the operator L™! is bounded, we see that {v*} is bounded in X,
which implies that (v*, 8*,6%, h*) is precompact in Y, x R3 for A € (0, A..). Therefore, there

is a subsequence (v*i, 8, 0%, I*i) such that

small, then we have 1M < 1, and [[v*|y,

(v, B, 0%, 1) — (v°%,a%0%K°) inY.xR*%;— 0, asi— oo.
Taking the limit of the equation L™1f; (v, 8, 6%, k*, ;) = 0 as i — oo, we see that
(v, B, 0%, 1) — (v°,a%0%K°)  inXcxR*A;— 0, asi — oo.

Moreover, F(v,,0,h,0) = 0 has a unique solution, which implies that (v°, 8°,6°,4°) =
(vo, Bo» o, ho). This completes the proof. O

Remark 2.1 From Lemma 2.5, we derive that, for each A € (0, A,.), the eigenvalue problem
A i, T)p=0,0>0, 7 >0, p(#0) € X,, has a solution (w, 7, ¢) if and only if

65 + 2nm
w=w), =Ahy, @ =cp,, and ‘L’=‘L’,,=AT, n=0,1,2,...,
A

where ¢; = 5 + Av;.

In the following section, we will always assume A € (0, A,) for convenience. Actually, the
interval of A might be smaller, since further perturbation arguments are used.

Lemma 2.6 Assume that 0 < A < A,. Then

S,(\) = /9 e%f’<x><p§[(1 — T hm(x)e )] #0.
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Proof Since

L +2nm) [, m(x
imb =",  lmg<l,  limig < 2 ) Jo )
A—0 2 A—0 r—0 fQ m2(x)
we have
. aC V&
limS,(A)=ed <1+l<— +2nn>)/m(x)7/0. N
=0 2 Q

Theorem 2.1 For \ € (0, 1.), there is a neighborhood of (v, iw,, ;) such that A,,(A) has a
simple eigenvalue 1u(t,) = a(ty,) + ib(t,). Moreover, a(t,) = 0, and b(t,) = w;.

Proof We know that N[A,, (1) — iw,] = Span[e*?¢;], where 6 € [-7,,0]. If ¢ €
NTA,, (L) - iw;]?, then

N[Ar, () —iw; ]¢1 € N[Aqr, (1) — i ] = Span[e“*? ¢, ].
Therefore, there exists a constant a such that

/\/'[Arn (A) - iwl]qbl = ae %, .
Hence,

$1(0) = i $1(0) + ae*’ g, 0 € [-7,,0],

. o w (2.14)
$1(0) = de” "DV [edPV 1 (0)] — Am ()1 (—T,).
The first equation of Eq. (2.14) yields
$1(0) = $1(0) + abe*? ¢, (2.15)
$1(0) = iw;$1(0) + ag;.
From Egs. (2.14) and (2.15), we have
ed™ A iy, 10)1(0) = V[2" V1 (0)] - 1ed " m(x)p (0)e
— ied™™ g, ¢1(0) (2.16)
= aed’® ((pk — T, hm(x)e” go)\).
Hence
/ $1(0)[ed™P A, iy, T)9:] = / @ [ed™P A, iy, )1 (0)]
@ ¢ (2.17)

= a/ ed"2[ (1 - t,am(x)e )] = 0,
Q

which implies that a = 0. And it leads to that u = iw, is a simple eigenvalue of A, (}). It
follows from the implicit function theorem that there is a neighborhood of (z,, iw;, ¢;)
such that A; (1) has a simple eigenvalue (7) = a(t) + ib(t), for A € (0, A,). (I
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Theorem 2.2 Assume that A € (0, A,.), we have Re%’:’\) > 0.
Proof Since

e%P(’“)A(k, u(t), r)(p(r) = V[e%P(x)Vgo(t)] - ke%P(")m(x)(p(r)e_“(f)T ( )
2.18
- w(r)ea™@g(z) = 0.

Differentiating above equation with respect to 7 at t = 7, yields

eap

ed"IA @, lwx,rn)dw(T") DilT) e D (Atum(x)pre™ - @1

dr  dr (2.19)

+ iwy Am(x)ed™™ g, e~ = 0.

Then, multiplying the above equation by ¢, and integrating the result over 2, we have

ap

du(t,) Jo ia),\)\m(x) 2P0 2 g=i0)

dr ed P(" — T, m(x)e
f (x)e)] (2.20)
fQ ka)»m(x)edp(x) ’“qf\f edp(xgo —iw) ‘c,,(fQ (x)ed"® %)2
S, ()12 .
Since limy_,¢sinfy =1,
du(t,)) Asinf x)ed edP® 2
Re ulTid) J Lo Jo )ei ™y ifoc™y; >0 for A e (0,A). (2.21)
dT |S}’l( )l D

From the above lemmas and theorems, we immediately have the following result.

Theorem 2.3 For X € (0, A.), the infinitesimal generator A, (1) has exactly 2(n + 1) eigen-

values with positive real parts when t € (v, Ty11), where n=0,1,2,....

Moreover, by virtue of [22], we have the local Hopf bifurcation theorem for partial func-

tional differential equations as follows.

Theorem 2.4 For each fixed ) € (0, \,), the positive steady state e~ al m(x) of (1.8) is lo-
cally asymptotically stable when t € [0, ), and is unstable when t € [19, 00). Furthermore,
in system (1.8) there occurs a Hopf bifurcation at the positive steady state e~ "D (x), when
t=1,(n=0,1,2,...).

3 The direction of the Hopf bifurcation
Taking advantage of the previous section, we find that a periodic solution bifurcates from
the spatially nonhomogeneous steady-state solution e ™ m(x) as the delay 7 passes
through the critical value 7, (n=0,1,2,...).

In this section, by applying the normal form theory and the center manifold reduction
we analyze the direction of Hopf bifurcation occurring around the positive steady-state

solution with t as a bifurcation parameter.
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We first transform the steady state e P ®im(x) of system (1.8) and the critical value 7,

to the origin via the translations
V() =v(tx) —e Pmx), t=tht=1,+ 0,

then, dropping the tilde sign, system (1.8) can be transformed as follows:

d‘;—it) = 1,6” "V [ed"IVV(t)] - ramx) V(E- 1) + F(V,, 0), (3.1)

where

F(V,,0) = 0e” "9V [ed" IV V(8)] - 0am(@)V(t - 1) - (1, + 0)red™ V() V(£ - 1).

Similar to Sect. 2, we define A,,(A) to be the infinitesimal generator of the linearized

equation (3.1), then
Arn ()L)‘p = ¢,

with

where C! = C([-1,0],Y,).
Define

0, 0 €[-1,0),
F(‘/tr Q)7 0= 0:

F(Vi,0)(0) =

then (3.1) can be rewritten as

dv,

— = AV + F(V,,0)(0). (3.2)
It follows from the previous section that A, has only one pair of purely imaginary eigen-
values +iw, 7,, which are simple. The eigenfunction associated with iw; 7, (respectively,
—iw,T,) is y(0) = @5+ ™ (respectively, 7(0) = @,e” ™) for € [-1,0], where g, is de-
fined as in Remark 2.1.

Following [9], we introduce a bilinear inner product as follows:

0
(@, ®) = (®(0), ®(0)), - AT, / 1<<1>(s + 1), m(x) ®(s)), ds

for ® € C,and ® € C*.
Here (u,v)1 = [,, ed" ™ a(x)v(x) dx.

As in [9], we have the following lemma to compute the formal adjoint operator of A,

satisfy the above bilinear inner product.
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Lemma 3.1 Let

d(s), s€(0,1],

A* ®(s) = ; R R
1,6 POV [ei?PVD(0)] - Ar,m(x)D(1), s=0,

for ®c Cr N CH, where C! = C([0,1],Y,). Then A, and A} satisfy
(@A, @) = (A D, ).

Proof For ® € D(A,,) and e D(A} ), we have

0
(@, Ag, @) = (B(0), Ay, ®(0)) - A1, / (®(s + 1), m(x) A, D(s)) ds

-1

= (®(0), 7, "IV [d?PVD(0)] - ATm(x)D(-1))

0 -~ .
— ATy O(s + 1), m(x)D(s))ds
/| )

o~

= <<I>(0), rne_%P(")V[e%P(x)VCD(O)D - ATy [(6(5 +1), m(x)dD(s))]

0,
+{®(0), ~ATm(x) (1)) + A1, / (®(s + 1), m(x) D (s)) ds
-1

0
= <(A:ﬂ 6)(0), ®(0)) - Aty / <—$(s +1), m(x)®(s)) ds

-1

= (a;,9,).

Similarly, we know that A} has only one pair of purely imaginary eigenvalues +iw; 7,
which are simple. The eigenfunction associated with iw; 7, (respectively, —iw; ) is 7(s) =

=

@, e~ (respectively, y(s) = ¢,e+™) for s € [0, 1], where @; is defined as in Remark 2.1.
The center subspace of (3.2) is P = span{y(0),7(0)}. Moreover, the basis of eigenfunc-
tion space of the adjoint operator A} associated with the eigenvalues +iw, 1, is P*
span{y(s), (s)}. And the formal adjoint subspace of P is P*. As usual, C, can be decom-

posed as C, =P @ Q, where Q = {yr € C, | <<1’ﬂ\,1ﬁ>> =0, forall ¢ € P*}. Let

®, = (y(0),79)), foroe[-1,0],

(76 76)
vy = (Sn()\), Sn()\)) fors € [0,1],

and one can easily check that (®,, W) = I, where I is the identity matrix in R**2. Since
the formulas to be developed for the bifurcation direction and stability are all relative to

o =0 only, we set ¢ = 0 in system (3.2) and define

[P
0 = 555 (7 Vi)

Let

_ 22 _ 72
W (z2) = Wao(0) 7 + Wia(0)2Z + Wor(0) 7 + O(|zI*)

Page 12 of 20



Liu and Hui Boundary Value Problems (2021) 2021:3

be the center manifold with the range in Q, and then the flow of Eq. (3.2) on the center
manifold can be written as

V=@, - (2(6),20))" + W(2(0), 2(8)).

Since g = 0, we have

1 d{y, Vi)

2(t) = S0 - i, T,z (t) + g (2(2), 2(2)),
where
g(Z(t), E(t)) = Sn()‘-) (y(o)’F(Vt: 0)>1
-5 (A)(y(o),F(¢y (20,20)" + W (2(2),2(0)),0)),
2 _ Z2 7’z
—gzog + 41122 +g023 +g217 t-,

and obviously an easy calculation implies that

2)\.‘[;«1 iw / 2ﬁp -
- eormn | o P 2 dx, 3.4
802 S,00) o DL, (3.4)
20T, 2 AT, 2
1=y (An)/ et Wi (-1 dx - 2 (Z)/ ed " g, | Wao(-1) dx
n Q n Q
2)»1.’,, ion T / 2—“P(x) 2 )\Tn i / 2a p,
— atn | e'd Wi1(0)dx — —2er™ | a7 PD| g, 12 W (0) di.
S0 ; o Wh1(0) 5,00 A @2 ]” Wao(0)

To determine the bifurcation direction and stability of bifurcating periodic orbits, we
need to compute the following quantities:

i 2
C1(0) = Yot (gngzo -2|gi1]* - |g032| > + %,
= Re{C1(0)}
2= "5 7
Re{w (1)}

B2 = 2Re{C1(0)},
~ _Im{C1(0)} + o Zm{p (T,)}

2 = .
Tn

Inspired by [16] and [22], we have the following results.

Lemma 3.2 For A € (0, Ay), in Eq. (1.8) there occurs a Hopf bifurcation at the positive steady

_a
state e’ (")m(x), moreover,

Page 13 of 20
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(i) po determines the direction of the Hopf bifurcation: if 15 > 0 (o < 0), then the
bifurcating periodic solutions exist for T > v, (t < v,), and the bifurcation is called
forward (backward);
(i) By determines the stability of bifurcating periodic solutions: the bifurcating periodic
solutions are orbitally asymptotically stable (unstable) if B, < 0 (B2 > 0);
(iii) T, determines the period of the bifurcating periodic solutions: the period increases
(decreases) if Ty > 0 (T < 0).

To compute g1, we need to figure out W1;(6) and Wy(0). Note that W (z, z) satisfies

. Z2 Z2
WZAIMW+H205 +H11Z2+H025+"', (35)

and WH(Q), Wzo(@), H11(9) and H20(9) satisfy

—A,, W1(6) = Hi1(9),
(26037, — As,) Wao(6) = Hyo(0),
Hy1(0) = —(gu1y(0) + 2117 (6)), 0 €[-1,0), (3.6)
Hy0(0) = —(g20v (0) + 2027 (6)), 6 €[-1,0),
Hy1(0) = ~(g11y (0) + §117(0) - Azsea??(eirtn 4 emiin) |2,
H0(0) = ~(ga0¥ (0) + 8277 (0)) — 2474 "W e ieitng?,
Then from Eq. (3.6), we have
Woo(0) = 28201, (9) + 22_7(9) + Eeiertnt,
20(6) “.’””)/( ) BTy y(0) (3.7)
Wi (9) = %)’(9) + %77(9) +F.

In what follows, we shall solve E and F. From Egs. (3.6) and (3.7), the definition of A, , we
see that £ and F satisfy

A, 2iw,, T,)E = Zke%P(x)e_iw“”QDQ,
A(%,0,7,)F = rea?® (elormn 4 emionmn)| |2,

(3.8)
Note that 2iw, is not the eigenvalue of A, for A € (0,1*), and hence
E = 20A (M, 2iw;, T,) tedPWeiontn 2,
Similarly, we obtain
F=AA,0,7,) LedP® (eorm 4 o) |2,

Lemma 3.3 Assume that E and F satisfy system (3.8). Then

E= c,\e’%P(")m(x) + 1, F=90,,

Page 14 of 20
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where ¥, and % satisfy
(e—%P<x>m(x), ;) =0, lim || ]ly, =0, lim ||, ||y, =0.
A—>0 A—0

Moreover, the constant c, satisfies lim,_q ¢, = %

o

e d (i-1)

Proof We just give the estimate for E, and that for F can be obtained similarly.
Substituting E = cke_%P @im(x) + 9, into the first equation of system (3.8), one can easily

have

e’%P(")V[e%P(x)V(c,\e_%P(x)m(x) + 191)] - Am(x)(c,\e_%P(x)m(x) + ﬁx)e’zi’””

—2iw;, (c)‘e_%P(x)m(x) + 19%) — 2)»6%1)(36)6_@””('02,

Since e "W (x) is a positive steady state of system (1.8) which satisfies

(3.9)
Vv-n=0, x €0,
we obtain
V[e%P(")V(ﬁ,\)] — redPPp(x) (cke‘%P(x)m(x) + z?x)e_Zi“)*T”
(3.10)

a a 20 :
—2ied™® g, (c,\e’ﬁp(")m(x) +1,) = 2xhe'd W gmiontn 2
Multiplying the above equation by e 2" pm(x),and integrating the result over €2, we obtain

Acxe_z““’””/ e_%P(x)mg(x)dx+2iwxc,\/ e "D (x) dx
Q Q

= —\e orTn / e’%P(")mz(x)lh dx — 2iw;, / e_%P(x)m(x)zh dx (3.11)
Q Q

— 2 e it / (pze%P(")m(x) dx.

Q
Multiplying (3.10) by %, and integrating the result over 2, we have
<19;\, dv [e%P(")Vz?,\]) — hg e HienTn / m? (%)%, dx — 2iw;.c;, / m(x)0; dx
Q Q
= Ae2irtn / edPD (%) |9, * dx + 2icw;, / e P99, 2 dx (3.12)
Q Q

+ 20" inn / e%P(’“)g)z&,\ dx.

Q
Combining the above lemma leads easily to
Wy,

0 —1, — — hy, W Ty — T +2nm,
A 2



Liu and Hui Boundary Value Problems (2021) 2021:3 Page 16 of 20

Hence, it follows from Eq. (3.11) that there exist constants 2 >0 and Moy, M; > 0 such
that, for any A € (0,2),

leal < Mol P lly, + M;. (3.13)

Furthermore, from Egs. (3.12) and (3.13) and combining with Lemma 2.3, we find that
there exist constants M,, M3 > 0 such that, for any A € (0,2),

Vo 104113, < AM:II95 113, + AMs|194 v, (3.14)

So, we have lim; _.¢ |9, ||y, = 0. This, together with Eq. (3.11), implies

. 2i
lim C) = TR
A=0 e d (2i—1)

where C is a constant determined by P(x) = In ma +C. O
By similar arguments to [10] and [9], one can easily have the following result.

Theorem 3.1 For A € (0,Ay), in Eq. (1.8) there occurs a Hopf bifurcation at the positive
steady state e al @ m(x), near t, (n € NU{0}). Moreover, the direction of the Hopf bifurca-
tion at T = 1, is forward and the bifurcating periodic solution at t = vy is orbitally asymp-
totically stable.

Proof Since

(5 +2n7) [, m(x)

%ii%sn()») — e (1 + (% + 2n7r>i) me(x), PE})Mn ) Jom? ) ’

we have
. 20T, 2 i(m + 4nm)
lim g2 = — =25 / e’ dy = ————— ’ (3.15)
p Q e 4 (1+i(5 +2nm))

limgu — _[ﬂ(eiwrn + e—iwﬂn)] / e%P(x)(/J|(p|2 dx =0, (3.16)

2—0 Sn()") Q

. 20T, N —i(w + 4n)

}ln})gm = _S_):’ezthn / edP(x)|g0|2(0 dx = —C : . (3.17)
- n(X) Q e d (1+i(Z +2nm))

The conclusions in front yield

i£20 igo2

Wao(0) = y(0) + 7(0) + Ee¥™°,
w) Ty 3(,())\1',,
. - (3.18)
W) = 5Ly (6) + L 5(9) + F,
W) Ty W) Ty,
where
y(g) — q)eiwﬂne, )7(9) — gbefiwlfn@'
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tau=0

Figure 1 Numerical solutions of system (1.8). Parameters were chosen as: m(x) = sin(x) + 2, ¢ =1,d =2,
T=0<79~07C=0
Hence
,r g2 _ _a By
hm Woo(-1) = (pe ot g—(pe“"”” + (c,\e D (x) + m)e i Tn
w) Ty 36())[[,1
(3.19)

. iF . 4
lim T Wi (0) = 22 peinn . 82 Gpiwntn | (cre” ™ m(x) + 9;)er™,
)

2. Tn W) Ty
where
0820 —iwy Ty _ : 180wty _ (7 +4nm ) +i2
lim, e \x —lim, e'er — s
=0 o1, (4 = =0 4,1, % = —aC ’
e d (1+%+2nm)
goz iw) Ty _ (7 +4nm)—i2
limj ¢ 35 @™ = —je————,

3¢ d (1+%+2nm)

Ca
. _a 9 —de'd _d'
llm)\ao(cxe dP(x)m(x) + ﬁk)e 2iwy Ty _ —4e ;2e z
Ca Ca
. _g i ide d d
limy_ o(cre” a"@m(x) + 9y )elortn = e d +2e d 5*26 .

Then
limg21
r—0
. 2T, 2a p AT, 20
= lim( - 4 P@D 2w (-1) dx — / 4 7@ 012 Wy (-1) d.
)\1—>0< S, (0 Qe " Wn(-1)dx S, 00 Qe l|* Wao(—1) dx
B 20T, iyt

(3.20)

j 2 p(y) 2 ATw iy / 2 p(x), 12
=" a W1(0) dx — —=— '®* ra Wo0(0) d.
S, /Qe e dr g Gyen J et Ier WO

. ATy 2 py), 12 M i 2 p
= —_ d _ A Tn d (x) 2
}m(l)( 0 Le l@]* Wao(=1) dx Sn(k)e Qe |@]* Wao(0) dux

a)k Tn

A o 2, o .
=1im[— et / m(x )(‘g” e + (ce 4P m(x) + 9, ) 2

(3.21)

Page 17 of 20
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Figure 2 Numerical solutions of system (1.8). Parameters were chosen as: m(x) = sin(x) + 2, ¢ =1,d =2,
T=05<19~07,C=0

Figure 3 Numerical solutions of system (1.8). Parameters were chosen as: m(x) = sin(x) + 2, ¢ =1,d =2,
7T=07<19~08,C=0

+ (cke‘%P(x)m(x) + z?k)e_iw””>]

Ca Ca Ca Ca
AT,  2Ca ) 2w +8nm)ed —ided —4ded +2edi
=|- ed m*(x) = +

Su(A) 3(1+ 7 +2nm) 5

.. Ca Ca
ided +2ed )i|
+4

5
5 +2nw 2 Q2 +8nm)—i4 i6-2
+
) 3(1+ 7 +2nm) 5

T 1+i(Z +2nm
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t 2 0

Figure 4 Numerical solutions of system (1.8). Parameters were chosen as: m(x) = sin(x) + 2, ¢ =1,d =2,
T=1>1~07C=0

Then we can compute that lim,_,0g»; < 0, which implies that lim,_,¢C;(0) < 0. From
Lemma 3.2, the proof of this theorem is finished. O

4 The numerical simulations and conclusions

This article is concerned with a delayed reaction—diffusion equation with ideal free disper-
sal. The local asymptotic stability of positive equilibrium solutions e d"@m(x) is studied
by analyzing the associated eigenvalue problem. Moreover, it is demonstrated that the
positive equilibrium solutions e PV (x) is asymptotically stable when there is no de-
lay (see Fig. 1) or the delay is less than a certain critical value 7, (see Figs. 2 and 3), and
unstable when the delay is greater than this critical value 7o (see Fig. 4). Besides, it is also
found that the system under consideration can undergo a Hopf bifurcation when the delay

crosses through a sequence of critical values t,,.
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