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1 Introduction
This paper deals with the following second-order stochastic delay lattice sine-Gordon

equation:

Ui + ot + (Au); + Au; + Bsinu; = fi(uy) + gi + €w;, >0, (L1)
ujo = ui(t), o = ui(t), T el[-h,0],

where i € Z¥ with Z being the set of integers and k € N a fixed positive integer, u;; = u; (1) =
u;(t + 1) is the delay term with the interval of delay time [/, 0], and u;p = u;(t), #t;0 = h:(7)
is the initial data, A is a linear operator defined by (3.1), u = (u;),c ¢, g = (€);czx € 1%, o, B,
h are positive constants, € = (€;),.;x € [, f; is a smooth function satisfying some dissipative
conditions (see the hypotheses H;—Hj3 in Sect. 3), {w;(¢) : i € Z} is independent two-sided
real valued standard Wiener processes.

Lattice dynamical systems, whose the spatial structure has a discrete character, arise
from a variety of applications such as electrical engineering [1], biology [2, 3], chemical
reaction [4], and pattern formation [5]. As a matter of fact, systems in the process of evo-
lution are always influenced by the external environment, those influence may be random
or the time delay. If the system add the random or the time delay terms, it makes up for
the defects of some deterministic systems, and explains new evolutionary rules. Many
researchers have discussed broadly the deterministic models in [6—8]. Stochastic lattice
equations, driven by additive independent white noise, were discussed for the first time in
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[9], and then intensive researched in [10-20]. Furthermore, a kind of stochastic delay lat-
tice systems were considered in [21-24], and these interesting results have attracted wide
attention of scholars.

However, to the best of our knowledge, there is little literature about the existence of
random attractors for a second-order stochastic delay lattice sine-Gordon equation on
7K. To this end, this paper is devoted to study this problem. The main ideas and methods
used in the proofs are motivated by [21, 22, 24-27].

This paper is organized as follows. In Sect. 2, we introduce some basic concepts and
propositions. In Sect. 3, we present some sufficient conditions for the existence of con-
tinuous stochastic dynamical systems. Section 4 is devoted to proving the existence of a
random D-attractor for a stochastic lattice sine-Gordon equation. In Sect. 5, we study the

upper bound of the Kolmogorov ¢-entropy for the random D-attractor.

2 Preliminaries
In this section, we recall some basic concepts and propositions related to random attrac-
tors for stochastic dynamical systems (SDS), more details can be found in the literature
[9, 28, 29].

Let (X, || - |lx) be a separable Hilbert space, and (£2, F, P) a probability space.

Definition 2.1 Let D be a collection of random subsets of X, stochastic process
S{(¢, w)}t>0we @ continuous random dynamical system and {Bo(w)}ncqo € D. Then
{Bo(w)}weq is said to be a random absorbing set for S in D if for every B € D for P-a.e.

w € , there exists some £3(w) > 0 such that
S(t,0_,w)B(0_;w) C Bo(w), Vt=> tg(w).

Definition 2.2 Let D be a collection of random subsets of X. Then a random set
{A(®)}weq in X is said to be a D-random attractor for S, if the following conditions are
satisfied, for P-a.e. w € Q:

(1) {A(w)} is compact, and w — d(x, A(w)) is measurable for every x € X;

(2) {A(w)} is invariant;

(3) {A(w)} attracts every set in D, i.e., for all B = {B(w)}wea € D,

tl_iglo d(S(t,0_,0)B(0_0), A(w)) =0,

where d denotes the Hausdorff semi-metric.

Definition 2.3 Let B(w) C X be a random set. For any ¢ > 0, w € €, let N ,(B(w), X) =
N;.»(B(w)) be the minimal number of deterministic open balls in X with radii ¢ that is
necessary to cover B(w). The number K. (B(w)) = K (B(w), X) = In N, ,,(B(w)) is called the

Kolmogorov e-entropy of B(w) in X.

Proposition 2.1 (See [30]) Letn € Nand Y = {x = (x)jj<n: % € R, |x:| <1} CR**! bea
regular polyhedron. Then Y can be covered by N.(Y) = ([2r - %«/ 2n + 1] + 1)¥* balls in
R**! with radii §, where [-] denotes the integer-valued function.
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Proposition 2.2 (See [29]) If r(w) > 0 is tempered and r(6,w) is continuous in t for P-a.e.
w € R, then
(1) forany t € R, r(6;w) is tempered. Moreover, for any h > 0, max,e[_n0) r(0:w) is also
tempered;
(2) forany B >0and P-ae we Q, R(w) = f_ooo ePr(O,w) ds < oo is tempered, and R(,w)
is also continuous in t.

Proposition 2.3 (See [9]) Suppose that Bo(w) € D(X) is a closed random absorbing
set for the continuous SDS{S(t,®)};>0wcq, and, for a.e. w € Q, each sequence x, €
S(t, 01, w)Bo (01, ) with t, — 00 has a convergent subsequence in X. Then the
SDS{S(t, w)}t>0.weq has a unique D-random attractor A(w), which is given by

A) = (St 0-:0)Bo(6-10).

§>0 t=s
3 Second-order stochastic delay lattice sine-Gordon equation
Denote P (p > 1) defined by
= {u‘u = (Ui)jegh i = (l1,01,...,0k) € 7K, u; € R,Z lu; [P < +oo},
iezk

with the norm

laalt? = sl

ieZk
In particular, /2 is a Hilbert space with the inner product (-,-) and norm || - || given by
) =Y wvi,  ul®= |l
iezk iezk

for any u = (u;);cz, v = (Vi);epx € 1.
Define a linear operator in the following way:

(Asti)iczk = 2KUh(iy i i) = W1 =ipit) =+ Wi Loit) =" = Wit ijnii=1)
(3.1)
T Ui+ i) T T Wit i) T T Wiy +1))
(Bith)i = Uiy, it1,i) — Wi poiioosi (BFth), = iy, i) = Ui sosiy—L,mi
)i (15wt L) (i1 5ewsijpsii)? i %) (81 yeerbjpeenife) (i15ermj=Lyesi)?

Then B; is the adjoint operator of B;, and
A=A1+A2+"'+Ak; Aj=BjB;(=B;<Bj, forj:l,Z,...,k.

By using the above equalities, we have

k

k
(Au,v) =) _(Biu,B) =) _(Bfu, Bjv).

j=1 j=1
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For any u = (4;);czx, V = (v;);czx € 2, we define a new inner product and norm on /2 by

k k
(V). = Y B, Bw) + M), lull} = (), = Y I1Bjuel|® + Al .
j=1 j=1

It is obvious that
IBjul|* < 4llul, Mull® < llull} < 4k + 1) ul>.
Denote
2= (2l ), G = (G 0 lI)-

Then the norms || - || and || - ||, are equivalent.

Let H = I2 x I? be endowed with the inner product and norm

W ¥ = (@, u®), + (VO,02), g =l + VI,
for y; = (v = (!, V)T € H,j=1,2,9 = ()" = (u,v)))L 4 € H. In addition,

the space Hy = C([-/,0], H) is endowed with |||, = maxeep_po1 1V (7)1
In the following, we consider the probability space (€2, F, P), where

Q= {we C(R,):w(0) =0},

F is the Borel o-algebra induced by the compact-open topology of €2, and P the corre-
sponding Wiener measure on (€2, F). We will identify o with

o) =w(), teR.
Define the time shift by
Oiw(-) =w(-+t) —w(t), we,teR.
Then (2, F, P, (6:):cr) is @ metric dynamical system with the filtration

F=\/F, teR

s<t

where F! = o{w(tz) - w(t1) : s < t; <ty < ¢t} is the smallest o -algebra generated by w(z,) —
w(ty) foralls<t; <t <t.

For convenience, we rewrite Eq. (1.1) as

+au+Au+riu+ Bsinu=f(u)+g+w, t>0, (32)

ug = u(t), g = u(t), 1 e€[-h0]

Page 4 of 21
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where u = (4;);czx, # = (Ui);ezr, i = () eprs o = (Uoi)iezk, o = (o) iezks Au = (Al);czk,
A= (M) jeqh, Bsinu = B(sinu;);cpn, f () = (fi(@ir))jepir € = (€0);epk and w = (€;W;);czx - Let
v =1 + 8u, where § is a positive constant and satisfies

28 4B

+— —2a <0, (3.3)
A AS

46 +

then Eq. (3.2) can be rewritten as

@(t) + Do(t) = F(p(2)) + G(2), t>0,

(3.4)
@0 = (10, %0)" = (u(), it(z) + $u(1))", 7 €[-h,0],

where ¢ = (u, )T, ¢; = (us, V)T, F(o(2)) = (0,f (us) + g — Bsinu)T, G = (0,w)T and

Su—-v
De(t) = (Au +Au+ (8 —oa)(du— 1'/)) '

Also, we make the following assumptions:

(H1) fi: C([-h,0; R) — R is continuous and f;(0) = 0;

(Ha) [fi(§)] < Mo + My, max,c[-pn0) |E()| for all & € C([-h,0];R), where M,; > 0,
(Mi)iezr € Py M7 = 3 icpn Mf,i (r=0,1);

(H3) for any bounded set Y C %, there exists a constant Ly > 0, such that

lf)-f0)| < Lellu=vl, Vuvey.
Lemma 3.1 Suppose (H,)—(Hs) hold. For any T > 0 and an initial data ¢y € Hy, there
exists a unique solution ¢; € L*(2, C([0, T1); H) of Eq. (3.4) with ¢;(-, ) € Hy for t € [0, T
and @o(-, o) = @o. Moreover, ¢,(-, o) depends continuously on the initial data ¢, for each

w € Q.

Proof Rewriting (3.4) as

@) =¢(0) + /0 (=Dg(s) + F(¢(s)) + G(s)) ds, t>0.

By (H:1) and (Hs), we know that

|E(p@) |5, = [fue) + g = Bsinul|® < 3211 + 3llgI> + 382 |
312 + 382
<~ lgell3, + 3lel”

and

1De@)|2, = 150 = PI12 + |Au + Aae + (5 - ) (Su— )|

<282

|ull + 207113 + Bl Aull® + 3A% |ull* + 35 — @)*|6u - V)|

54k?* 65%(8 — a)?
< (252 + 430+ %) lull} + (6(8 — o) + 2(4k + 1)) |7]|>

<di|e@)|;, < dllecl,
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where d; = max{262 + % 4 33 + M 6(8 — a)? + 2(4k + 1)}. Thus, F and D map the
bounded sets into bounded sets. In thls way, by the standard theory of differential equa-
tions, we find that there exists a unique local solution. Then calculations in blow shows
that this local solution is actually global. Indeed, suppose the solutions ¢ (t), ¢ (t) of
Eq. (3.4) with the initial data <p(()l), (p(()z) € Hy, respectively, we have

d
i ORIl

=-2(D(e(®) - @), 0V () - (1)),
2(F(eM(@®) - F(e® (), M (8) - 02 (1)),
= [D(e®®) - 6@ ®) [, + 2P @ - PO, + |F(" ) - F(e® @) [,

< (d +2)eV@) - 9?02, + |F(e™©®) - F(0? @) | 7,0

which implies that

[ @ - 0]},

< |00~ PO + (s +2) /0 [P - o2 )|
' @ ) 2
v [ 1E600) - Fe o)} ds
2 2 t
<[00 - 20+ (4225 [0 - 020
0
202 ot
v [t - g
2hL} 24212
== )lle ¢! Ho 1+ + W(s) - )]},
(1S ) 160670l + (v 20 L) [le6 -0

Applying the Gronwall inequality, we have

2> 2624212
”(p(l)(t) —o® ”H < (1 + )\f) (d+2+— f):||(p(1)(0)_(p(z)(0) ”]2{0 vt e [0, T,

from which we get

2412 2824212
2 f 2
sup ||(p (£) - (p (t)HH < (1 + _f>e(d1+2+ - )T||‘p(1)(0)_‘/’(2)(0)||110'
tel0,T] A
The proof is complete. O

Lemma 3.2 Suppose (H,)—(H3) hold, Eq. (3.4) generates a continuous random dynamical
system @, over (2, F, P, (0¢)tcr)-

Proof The proof is similar to that of Theorem 3.2 in [9], so here it is omitted. a
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4 Existence of random attractor

This section will be devoted to prove the existence of a D-random attractor for
{S(t, )}s>00eq in Hp. Firstly, we introduce an Ornstein—Uhlenbeck process in /2 on the
metric dynamical system (2, F, P, (6):cr) given by the Wiener process:

0
z(6,w) = —a / e*0,w(s) ds,

(o]

where « > 0, the above integral solves the following Itd equation:
dz + azdt =dw.

In fact, there exists a 6;-invariant set Q' C  such that
(i) the mapping t — z(6;w) is continuous for P-a.s. w € Q';
(ii) the random variable ||z(6;w)|| is tempered.
Denote

V() = (w6 v(0)" = () - (0,2(00))",

where ¢(¢) is the solution of Eq. (3.4). Then v (¢) satisfies

V() + DY (t) = C(Y(t),t,w), t>0,

(4.1)
Vo = ¢o — (0,2(6_w))7,

where z(0,_) = z(0;,,w), T € [~h,0], for any ¢ > 0, ¥, = ¢; — (0,z(6,_w))T, C(¥(t),t,w) =
(z(0sw), f(us) + g — Bsinu + 8z(6;w))T, and

Dy - Su—v
T NAu+ru+ (S—-a)Su-v))’

Lemma4.1 Suppose (H,)—(H3) hold, and § > ZM\};M , Then there exists a random absorbing
set Bo(w) € D(Hy) for {S(t, w)}r=0,0e0-

Proof Taking the inner product (-, )y on both sides of (4.1) with ¥ (¢), we get

d

VOl 209 0,90),, =2Cv ), 4.2)
Now, we estimate the terms of (4.2) one by one. We have

2(Dy(2), ¥ (0)),, = 2(8N1ull} + (e = &) VI = 8(e = 8)(u, v))

Sa
> 2<3||u||§ + (e = 8)IvlI* - WIIMIIAIIVH)

8 280
> 28|ul} +2(c - 8)|IvI* - 5||u||i - T”V”2

3z s 2ams— 2 2
=—ul; +2la-8-——||v
g A A
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and

2(Cy ),
2(u z(6;w) ) + Z(f uy), ) +2(g,v) - 2(Bsinu,v) + 2(8z(8ta)) )
é
< el + ||z(9tw)||i+46Hz(9tw>uz+1||v||2+22|g,»||v,»|
iezk

+ ZZ(Mol +My; max Iultl)lvll +2B8 ) |sinu]|vi (4-4)

iezk iezk

b) 16k + 4 38 482
< Sl + ( 5 +45)||z(0tw)||2+(Z+g>nvn2

2M,
M+ + |l
+—( lgll®) 7 el

°'=I>-I>

By (4.2)—(4.4) and (3.3), we have

d
Vol +slvl;

28 4p* 16k + 41
< (454 202 oz e (RO g |260)|
PR 5

2M 4 (*5)
fl el + 5 (M5 + gll®)

< 16k + 4A
= )

)||z<etw>|| . fuwtho L2+ 1gl),

which gives

d k
%(eatnlﬁ(t)”i) S<16 8+ 4 +48)e‘3t||2(9ta))||2

(4.6)
2M165t 4e St ) )
7 el + (Mo +llgll?).

One deduces by integrating the above inequality on [0,t] that

l t
ol < vl + (5 va0) [l as
(4.7)
f/ “nvfanodH—(M2+||g||2).

For fixed © € [-/,0], we have, for all £ > 0,

t+T
BMHI/I(t+‘L’)”2 < ||W(0)||Z +eaf(16k8+ 40 +48)/ eaS”z(st)szs
0

~ 2M1 t+t ~ 4eB(t+r)
+e &W sl ds + e 6f6—2(Mg +lgll?) (4.8)
0

Page 8 of 21
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t
<y + eah(m%“ R 45> / & 2(6,0) | ds

St

4e
f f “nwanOdH—(M2+||g||2).

This implies that

t
Y, <o) ||f10 + e‘3h<16lif+4A + 45) / & ||2(6,0) | ds
0

(4.9)
f f Pl ds + L 02 + lgl?).

Let us introduce the following notations:

16k + 4 2M; e
clzesh<T+ +48), 1¢ .

4
= 5—2(M§ +1gl?), ¢

Thus, the inequality (4.9) can be rewritten as

t t
el < || (0) ||i[0 +a / e ”z(@sw)”2 ds + ¢y’ + c3 / Yl ds. (4.10)
0 0

Applying the Gronwall inequality to the above inequality yields

t
' lvell7, <€ ||y (0) ”1—10 +c / & ||2(6,0) | ds + cae
0

t
+03/ (€5h||lﬁ(0)”i10+61/ ||z(9 a))|| dv + cpé® >e 30-9) g (4.11)
0 0

oY) Lo
<& |y(0) ||iloec3t *3 _2 - el + clemfo 7| z(6,00) szs,

and hence

|9 (0 W0(@) [, < ¥ )5, e "

63 (4.12)

5—63

t

+c1 / =00 | Z(0,0) | ds.
0

Replacing @ by 6_,w in (4.12), we have

|| wt(': 0_sw, %(9%“))) ||]2r{0

< (00 e 4 / I o ds gy

< [o(6_c) HIZ_IOe_(S_C?’)t gld-ca)s | 2(65) ” ds.

Page 9 of 21
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Since @, (-, w, po(w)) = Y (-, w, 0o(w) — (0,2(6p_))T) + (0,2(8,_w))7, it follows from (4.13)
that

” §0t(', 0w, ¢0(9—tw)) ”ZO
= |9, 0000, 90(0-100) - (0,2(0-1)) ") + (0,2(60_)) " [,

=< 2[00, 90(0-1) = (0,2(0-)) ") [, + 2] (0. 200_)) " [, w1

2C25
+ —_—

~ 4 (” (po(gitw)”f{() + max |20+ ) ;»z)e«m)t o

0
+2¢1 / -3 Hz(@sa)) ||2 ds + 2 max ||z(@,a)) ||2
—o0 €[-h,0]

By assumption, B(w) € D(H,) is tempered. On the other hand, by Proposition 2.2, we

know that max, e[ 12(0: @)|I2, maxee(no) 12(0-1:@)|%, and [°_ -5 |z(0,0)|> ds are
also tempered. Thus, if o (6_;w) € B(6_,w), then there exists some Tg(w) > 0 such that, for

all £ > Tp(w),

@2 (- 00, 0 (6-,)) Hi{o

ders 0 i ) (4.15)
< +2c1/ 35| 2(0,w) | " ds + 2 max [z(6;0)||” = R:(w),
—C3 —00 T€[-h,0]

thatis, Bo(w) = {£ € Hy : |6 ]|, < Ro(w)} is a random absorbing set for {S(t, w)}>0,weq- The
proof is complete. d

For convenience, we denote ||/ |17, = 3"z« |¥ilf;, where [¥ilF; = Z’];l(Bju)? v
for any ¥ = (V) ;czx = (("‘i’vi))iTeZk'

Lemma 4.2 Suppose the conditions of Lemma 4.1 hold, and ¢o(w) € Bo(w). Then, for any
& >0, thereexist M(e,w) € N and T (¢, w) > 0 such that the solution (¢, w, po(w)) of Eq. (3.4)

satisfies

2

max i(E+7,0_0,00(0_ <g, Vt=T(ew),

max 3 [t w00 > T(e,w)
léll>M (e, w)

where i € ZF and ||i|| = max;<j< |-

Proof Define a smooth increasing function n(x) € C(R,,[0,1]) () C*(R,, R,) such that
0, 0<x<
nx) = (4.16)
1 2

and |n(x)'| < no (constant) for all x € R,. Set & = (&), = (p,q)T with & = (p;,q)7 =
(n(%)ui, n(%)vi)T, where M is a fixed positive integer. Taking the inner product (-, )y
of Eq. (4.1) with &, we have

W, &)n + (DY, )y = (C(, £, ), §),,. (4.17)

Page 10 of 21
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Next, we estimate the terms of (4.17) one by one. Firstly,

k
&)=Y Y Bi)iBp)i+ Y hitpi+ Yy vidi

iezk j=1 ic7k iezk

ZZ (Bjit)i [ (Hl”>( u)i + (Bp)i — ﬂ(%)(Bju)z}

iezk j=1

+ D Mupi+ ) Vi (4.18)
iezk iezk

= %%EZ (”l”)|:Z(Bu + AU+ V2 ]

+ ZZ (Bjix); [(B,p (”’”)(3 ),-]

iezk =1

and

ZXk:(Bji‘)i[(BiP)t - (” ”)(B u)]

iczk j=1 (4.19)

2kno
== =@+ 0l + VI + |260)]),

by (4.18) and (4.19) we have
1 d 2k
o= 5 5 Yon( it = 2 el i + 0. 420

iezk
Secondly,
(DY, &)y = 8(u, p)i, — (v, p)i. + (A, q) + Au, q) + (8 — )8(u, q) + (o — 8)(v, q)

k

k k
=8 (Bju,Bip) + x8(u,p)~ > (Bv,Bp) + Y _(Bju, Biq) (4.21)

j=1 j=1 j=1
+ (6 —a)d(u,q) + (@ —8)(v,q)

and

k
8ZBuB,p ‘SZZB” Bp); >522 (||l||>B w? - 2/(8?70” 2, (4.22)
j=1

j=1 iezZk j=1 iezZk

k k
Ao 1 2 _ kno
;(Bu, i) — /X;(B Vs ,p)>— <\/_II [1? +ﬁIIVI| )Z M (4.23)
SA(u,p) =81 1 (” ") 2, (4.24)
ie7k
(@=8)v,q)=(@-8)) n(%”)vf, (4.25)

iezk
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(5 - )8(ug) = (3-8 Y n<%”>um

iezk
AS il 5 o? }E: Iy >
> —— — \u; — — — |v>.
- 4 n(M ! A 7 M)

iezk iezk

By (4.21)—(4.26) we obtain

4k 2k
2(Dw,s)szazz< )Bu)? ’7°|| I” - f’“ 1117

iezk j=1
+250.3 (' ) +2@-5) 1 (”l”)
iezZk iczk
A8 il , 2% il
-5 U(M u; - 3 Z’? M Vi
iezk iezk
ll2]| 4ksn
=28) 1 ( Wil — = el o
iezk f
AS iy 20%8 [l
_ = vy, 2 _48 — il
5 7]( ) +| 200 — 46 . Z N
ieZk iezZk

Thirdly,

(C(‘ﬁ, L a))’S)H = (er)A + (f(ut)’ 4) + (g7 Q) + (_IB sinu, q) +(dz, q)

and
k
= Z(sz,ij) + Az, p)
j=1
ll2]] kﬁ I} kno
<23 ( Z(B < 2\ p )+ (el + 41zP)
iezk LEZk
2k + 21 )
+ Z 2,
lill=M-1
ll4]] ) iy o 36 Ny
8 1 ll_ s i ~ I i
(z,q) = 82 ( > 3 n(M)vl+2Zn v, z;
iczZk iezk ieZk
(-Bsinu,q) = —,BZ ( )smuv,
iezk
% iy o, 287 Il »
< — -— p ML, — :
= SZ”(M Mt s M o )
iezZk iezk

(g,q)=2( )zz__z (”l”> 235 n(%”)gf,

iezk iezk iezk

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)
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(f(ut) q

(2021) 2021:14

iezk

iezk

<> n

iezk

(Illll)/( v

Il
= Z ﬂ(ﬁ Mo,lvil +

LEZk

iezk

3M2 +6 > +[\/I1
= 4+ =12 -
28 0,i 6 ! J—

Combining (4.28)—(4.33), we have

2(C(y, tw), &),

<3Z

ieZk

kno 2 2
+ — + 4
o (el + 4z1)

42
+ —_—
A8

iezk

(””')(Z(B )2> 28

| Y4 Y 2emY (IILII)

zeZk ieZk

llil=M-1 iezk

iy . 3 Iy 5
()73 2 )

iezk

_Z (”L”)Mgl 2M12 (””')I%IHO

By (4.17), (4.20), (4.27) and (4.34), we get

d

(g Yt eo a5 Y
iezk iezk

dt
1S

k 3 ‘
< S0 (6 + 8ol + bl +81a1%) 3 ()

!

_Z <|l||> A 2MIZ (“”)I%IHO jlino

4k + 4L

4 2
+38> Z zf+(%+48+

It follows from (3.3) that

d

iczk
_ ko
M

(5

iezk

llill=M-1

n(%)|wi|%,+62n('lwi”)|wi|z

iezk

2 ((5-+ 8)|ull> + 41v]> + 8z11) + Z’Zn(%”)(gf

4k + 4r

iezk

) Y2 ZMIZ (”’”)mmo

lill=M-1

Lr() ()

)

iezk

111

+ M(%i)

2kno

N

il
( (Mo + M max. fus] )1
r€[-h0]
§ ” ” My, maX |uzt||Vz|
M tel-h

=) n(”’”)h/m,{o
iezk

%

v 1I7;

(4.33)

(4.34)

(4.35)

(4.36)
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8kno 3 Il
=il + ==l + <30 n(M (&7 + M)

iezk

Y 2 2MIZ (””')h/fﬂ,{o,

lill=M-1

where 4, = k”O max{ 8, 4} + 2k'7° yhy = 4"*“ + 38. One deduces by integrating the above

inequality on [0,t] that

oY (”’")wH

iezk
ll2]] 8kno [
< Zn( >|wl(0>|H h1/ e ||yl|% ds + 70 ¢”||z|* ds
iezZk 0
© i (4.37)
i
822 ( ) +M(2)l +h2/ Z z; 2 ds
iezk lill>M-1
2M s (il
lf Z ’ ( )wﬂo
Note that || (t)lz < 1Yol x, for fixed T € [-,0], hence we get, for all £ > 0,
st ||l|| 2
€ Z ‘Wz T)‘H
iezk
t 8k t
SaPN (”"')|x/flo|H+h1e [ et s e e [ etarp
S
(4.38)
+ hye / Z z; ds+—e“”/ Z 3s <” ”> ¢Zt|H0ds
lélI=M-1
3 llé]]
+ 5_26&2’7(M>(M(2)z gl)’
iezk

from which we get

&t Z <”l”)|1/’zt|1-10

iezk

l ! '
563142,7(“ ”)Wlomo /qukz/ e55||1p||i,ds+k3/ ¢”||z||? ds (4.39)

iezk 0 0

/ 3 Pdstes / Z o ('l”)llpanods,

lill=M-1
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where k; = 5% Y ik n(%)(Mgi +82), ky = e ks = m;wﬂeah, kq = hye?. Using the Gronwall
inequality yields

N, (”’")wf,AHO

iezk

llZll kié s
<"y n( Wioli, e Hr et 1 ket [ O3y |2, ds (4.40)
- 0

iezk

t t
+ k3e63t/ €= 12|12 ds + kyet / el-asrs Z zds.
0 0

lill=M-1

This implies that

5 (”’”)W,AHO

Y/

Il k16 (56— s
=< e Z 7]( |1/sz|H0 ~G-e3)t . p + ke (G-c3)t el C3)S||1//||?_1 ds (4.41)
—C3 0

ieZk

t t
+k3e‘(5‘c3)t/ 6(8“3)S||z||2ds+k4e‘(5‘c3)tf gld-cas Z Z}ds.
0

0 llil=M-1

Replacing w with 6_,w, we have

Zﬂ(lllll)} Va8, 0,

iezk
<88h2n(“l”)\w R
= et oo
Z (4.42)
¢
e [ i
0

0 0
+ks / 5| Z(0,0) | > ds + ky / e N Z(Ow)ds.

o il >M-1

Next, we estimate the terms of (4.42). Note that ||¢o(6_,»)||?, max;c[_0] [|2(0_¢s- )]|* are
tempered, we find that, for every ¢ > 0, there exists some T(¢,w) > 0 such that, for all
L= Tl (8,0)),

e“’z??(”l”)“ﬂzo ‘HO —(8—c3)t

iczZk

< HI/fo(@-tw) ”H —(8—c3)t (4.43)

<2¢é (||<p0(9_tw)||H0 + max ||z(9_t+,w)n ) ~(8-c3)t <Z

Since My, g € 2, there exists M; (e, w) > 0 such that

kyo
Y 8 WM = My ). (4.44)
8- C3 4
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In the light of f =35 z(A,w) ||* ds < oo and the Lebesgue theorem of dominated con-
vergence, there exists some Mj(g, w) > 0 such that, for all M > M, (¢, w),

0 0
k3 / Ooe(5-C3)5||z(95w)||2ds+k4 / DY z?(@sw)ds<2. (4.45)

o0 llill>M-1

Moreover, it follows from (4.13) that

t
kpe (-3t / el0-c3)s || W (s, 0_;w, wo(G_ta))) Hf{ ds
0

t
§k2e’(5’”3)‘/ (6-c)s ( oh || Yo (0 ta))H ~(0-ca)s €29 >ds
0

S — C3
t . (4.46)
+ kze_(a_q)t‘/. el0-e3ksc, / gld-cav |2(6u) ||2 dvds
0 —00
0
sh e, C2kad aiky (6-c3)v 2
< kye ||1,00 0_iw) ||H 34 ©_co)? + s _Ooe 3 ||z(9ua)) || dv,
which shows that there exist T5(¢, ) > 0 and M3(g, ) > 0 such that
t
kye 0-c3)t / el0-es)s ” W(s, 0_;w, wo(e_tw)) Hf_[ ds < i,
0 4 (4.47)
vVt > Tz(&,a)),M > Mg(é‘,a)).
We set
T(Sr Cl)) = maX{ Tl(g’ (,()), T2(8$ a))}v
(4.48)

Ma(e, w) = max{M, (¢, 0), Ma (¢, »), M3(e, w) },

we have

S (”’”)lwn( 0010y, <o VEZTE0LMz M) (249)

iezk

from which we get

2
Tg[li)'(()] lliHXzz:K|(pi(t +17,0_0, (po(e_ta))) ’H

<2 max (lll|)|¢l(t+r 00, Yro(0_)) |,

re[-h0] M
iezk

+2 max L] |zi(6: 0 )|

t€[-h,0] M (4.50)
ieZk
llZll 2
=2 § < |1ﬁzt @, wo(&tw)ﬂ,{o
iezk

ll2]]
+2 ma 0
reloh] (M [zl <
iezk
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where M(g, w) = max{My(e, ), Ms5(¢,w)}, and Ms(e,w) € N leads to

max n(—”l” ) |z,»(6’,w)|2 <&, M>Ms(e,w). (4.51)
t€[-10] M
iezZk
The proof is complete. O

Theorem 4.1 Suppose that Lemma 4.1 holds, then the SDS{S(t,w)};>0weq oOver
(2, F, P, (6)ccr) defined by Eq. (3.4) has a unique D-random attractor A(w).

Proof In thelight of Proposition 2.3 and Lemma 4.1, it suffices to prove that, fora.e.w € Q,
each sequence ¢y, (-, 0_4,®, Po(0_1,®)) = S(t4,0—¢,w)po(0-1,w) has a convergent subsequence
in Hy as t, — oo and @o(0_;,®) € Bo(6_;, ). By (4.14) we have

lo(tn + 7,6-4,0,00(6-4,0)) | ;; < || 02, (- 6-t,0 90 (6, ®) ||, < C, VT € [-h,0],

where C > 0 is a given constant. For a fixed t € [-/, 0], we can find a subsequence {¢(t, +
7,0_,0,90(0_1,))} and w(t) € H such that

@(tn + 7,6-4,0,00(0_1,w)) — pu(r) weakly in H,as n — oco.

Next, we prove the above convergence is also strong. We know, for any ¢ > 0, there exist
N(e,w) and M(g, w) such that

37 |eiltn + 1.0-0,0,00(0-,0)) 5, < &, Y @)y, <e (4.52)

111> (e.0) lll1>(e.,0)
and for n > N(g,w) we have
2
3 @it + 7,6-0,0,00(0-,0)) - wir)|;, < & (4.53)
llill <M (e,0)

By (4.52) and (4.53), we have

(8 +7,6-0,0,00(0-,) - (D),

< Y |@iltn + 7,0-,0,00(0-,0)) — D))},
llill>M(e,0) (4.54)

Y @it + T,0-,0,00(0-,0)) - )]}, < e
llill <M (e.c0)

This shows that, for any t € [-4,0], ¢(¢, + 7,0_, 0, po(0-,w)) — w(z) is strong in H as
n — oo. In addition, making use of the integral representation of solutions, we obtain for
any 11,7y € [-4,0]

oo ( + 71,04, 0, 0(0-4,®)) = @(tn + T2, 0_4,0, 0(6-1,)) |,
<[ ¥ (8 + 71, 0-6,0, 00(0-1,®)) = ¥ (b + T2, 04,0, 90(61,)) |,
+ || 2(6r, @) - 2(6r,0) (4.55)
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71
< / (| DY (8 + 7,64, 9001, ) | 1, + | CV (8 + 7,61, 00(0-1, ) | ;,) s

2

+ || 2(07, ) — 2(6r, ) |-

It is obvious that D is a linear operator from H into itself and the operator C is bounded.
Hence we have

71

mlir?\l»o (”Dt/f (t,, +7,0-,0, gao(H_tnw)) HH + H Cyr (t,, +7,0_4,0, goo(G_tna))) HH) ds
5]
-0 (4.56)
and
lim ||Z(9T1 w) — 2(07,w) || =0. (4.57)
|71-12|—0
Hence
Jim (8 + 71,6-4,0, 90(6-4,0)) = @t + 72,6-1,0,90(0-1,0)) |, = 0, (4.58)

which is the required equicontinuity. In view of the Ascoli—Arzeld theorem, we conclude
that there exists a subsequence {‘Ptnk (- 9—tnk , Qo (G_tnk ))} of {@r, (-, 01,0, po(6_,w))} such
that

Py (- 01, @, <,00(9—t,,kw)) — u(-) strongly in Hy.
The proof is complete. d
5 An upper bound of the Kolmogorov ¢-entropy
In this section, we study the upper bound of the Kolmogorov -entropy of the global ran-
dom D-attractor A(w) given by Theorem 4.1.
Theorem 5.1 Under the same conditions of Theorem 4.1, for a.e. w € Q,

K (A@)) < (2801(e,) + 1) m([Rj/(;’) . 4"; b2, 0) + 1} + 1)

4k + A

(5.1)

+ (ZM(s,a)) + 1) 1n(|:R0(a)) . 2M(s, w) + l] + 1),

where M(s, w) = M(* %ﬁe, w, By) is the minimal positive integer such that

<——¢. 52
Vak + A 6.2

sup
(9it) ;e gk =¢r€Bo

( > |¢it|?—1>% = Vikh -2

llill>M(e,0)

Proof By Lemma 4.1, we obtain A(w) = ¢;(t,0_,0)A(0_,w) C Bo(w) for t > T(w, A). Thus,
for any € > 0 and @; = (@i) ;e = (Ui, Vit)iezk)T = @(t, 0_;w) o (0_sw) € A, where gp(w) €
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A(w) C By(w), and by Lemma 4.2 there exists some M(s,w) = M(i%ﬁs,wﬁo) eN

such that (5.2) holds. Next, we decompose ¢ into two parts as
1 2 1 2
oo=9 +ol” = ( Et))ieZk + (wft))iezk’ (5.3)
where

g il < M(e, 0);
o) = i) =1 X (5.4)
0, il > M(e, w);

and

0, |lill <Ml(e,w);
0 = (i i) = o= (5.5)
Dit» ”l” >M(€,L{)).

By (5.2)—(5.5) we get

”(p(Z)H _( Z B |2)2<\/4k+k—\/§8
- t — - —— 7
£ = o Vak + A
llll>M(e,00)
5 k
2
le1= >0 o= Do (Z(B,g)% + g2 +u,%> < llg:l%, < R3(w),
llill <M (e,0) lill <M (e,w) \J=1
this implies that
Ro(w)

il < Row),  VIlill < Mle, o).

it] = )
|Gicl NG
Consider the regular polyhedron

Ry(w) e
Ty = {gt = (S‘it)u,‘”g\”/[(&w) i € R, Jgi| < E/X } C R2Mew)+1

by Lemma 2.1 we see that Y; can be covered by

2M(e,w)+1
aern = ([0 202 e 1] 1)

balls in R2M«)+1 with radii - Next, we study the other regular polyhedron

Ty = {Mt = (Mit)\li\\fM(s,w) i € R [py| < RO(CU)} C RZM(E’(U)H,

it can be covered by

(2) _ ) 4k + A . ~ } )ZM(S,w)+1
N = ([rtor % o, 1] 41
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balls in R2¥(@)+1 with radii 7t Therefore, the polyhedron

Ro(w)
1 0
T="T1xTy= {@ = (Sies 1t oy, 171 <Aten) * 1Sit] < 7 | peie] < Ro(w)}

C RZM(s,w)+1 x R2M(s,a))+l

can be covered by

Ne(1) = NELOM) X NE)(T)

2M(e,w)+1
- ([Rj/(;)) : 4k8+ 2, w) + 1] + 1)

4k + A - 2M(e,w)+1
X <[R0(a))~ . -\ 2M(e, w) + 1] + 1)

R2M(E0)+1 o R2ME0I ywith radii z;/{%\ Let the centers of those balls be

balls in

* _ * * 2M(s,w)+1 2M(s,w)+1
@ie = (Siier i) i<t © B xR

’

where 1 = 1,2,..., M, »(T). We choose

o, max{[[ill, I} < M(e, w);

P = ((pali]'t)i,jezk = R ~
0,  max{li], [Iljl} > M(e, w).

Then there exists some ¢ (1 <t <N, ,(Y)) such that

”9";1) - 95””11 < Viak+ ’\“ (‘/’l’t)||tugz\71(s,w) -9 HR'zM(s.wMXRzM(s,mn

V2 V2
<4k + A - = .
- * 4/<+A£ 4/4k+)L€

Thus, for any ¢ € A(w) C By(w), there exists some ¢ (1 <t < N ,(Y)) such that

e = Geller = 0 + 02 = el < |02 ], + 0t = @,

- V2 ot x/4k+)»—\/§8_£
= Vak A NZV WY ’

which means that the global random D-attractor A(w) C H can be covered by N, ,(T)
balls centered at @y, t = 1,2,...,N; ,(Y), with radii . The proof is complete. O
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