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We study positive solutions to steady-state reaction—diffusion models of the form

where A > 0'is a positive parameter, 2 is a bounded domain in RN (N > 1) with
smooth boundary 0€2, or 2 =(0,1), g—f, is the outward normal derivative of z. We
assume that f and g are continuous increasing functions such that f(0) = 0 = g(0) and
liMs_s o0 w =0 forall M > 0. In particular, we extend the results for the single
equation case discussed in (Fonseka et al. in J. Math. Anal. Appl. 476(2):480-494, 2019)
to the above system.

MSC: 35J15; 35J25; 35J60

1 Introduction
In [7] the authors analyzed and established several results for positive solutions for

reaction—diffusion models of the form

-Au =2 (u); <,
‘g—’; +uMu=0; 9%,

where f € C%([0,00)), and u € C([0, 00)) is strictly increasing such that £(0) > 0. In recent
history, there has been a lot of interests in models where the parameter influences the

equation and boundary conditions (see [5-7], and [8]). In this paper, we are interested in
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extending the results in [7] to systems of the form

-Au=A(); 9
—Av=2xg(u); <,
3—7’; +/Au=0; 0%,
g—f] +V/av=0; 9%,

where A > 0 is a positive parameter, 2 is a bounded domain in RY (N > 1) with smooth
boundary 92, or 2 = (0, 1), g—; is the outward normal derivative of z, and f, g satisfy the
following conditions:
(H)) f.g € C[0,00), increasing, (0) = 0 = g(0), and lim,_, oo L) = 0 for all M > 0 (com-
bined sublinear effect at infinity). Further, there exists @ > 0 such that f,g € C'[0, )
and f7(0), g’(0) > 0.
Without loss of generality, we assume that f'(0) > g’(0) throughout the paper. We first

recall recent results for the eigenvalue problem

-Av=Ev; &,

, (1.2)
T yvEv=0; 9%,

where y > 0. Namely, let E;(y) be its principal eigenvalue (see [8]), and let v be the corre-
sponding normalized positive eigenfunction of (1.2). Now consider the eigenvalue prob-

lem

-A¢p =Eg(0)p; <,

_ (1.3)
% +VEp=0; Q.

Noting that the substitution E = Eg’(0) reduces (1.3) to (1.2), we easily see that the principal

; o E1(r) o __1
eigenvalue of (1.3) is 70 with y = o Define
E
Ay = ﬁ(”). (1.4)
g'0)
Next, for a given X, we recall the for the eigenvalue problem
~Av=(c+Nv; K,
(1.5)

g—; +y\/iv:0; 082.

Denoting by o5 (%, ) its principal eigenvalue and by ¢; > 0 the corresponding eigenfunc-
tion of (1.5) such that ||¢; || = 1, the following results were established in [8]:

03 >0; A <Ei(y),
0;=0; A=Ei(y) (1.6)

035 <0;
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Hence, by the substitution Ag'(0) = A, denoting by o, the principal eigenvalue of

-Ap=(0+2¢'(0)p; R,

9, Jrp=0; 0Q (7
ar] - ) b
we deduce the following:
0,>0; A<Ay,
o), 20; )\ZAI, (1'8)
0, <0, A>A;.
Next, for 0 < a < b, define
a a
:=miny —, — 1.9
QM)Imqﬂ@ng (1.9)
and
b b
b):= —_—,— . 1.10
@0 max{f(b) 0 } (110
Further, let
N RN—l
Cr=inf 50—, (1.11)

where R is the radius of the largest inscribed ball in Q2. Let w be the unique solution of

-Aw=1; Q,
, (1.12)
Mrw=0; Q.

n

Then we first establish the following:

Theorem 1.1 Let (H1) hold. Then (1.1) has a positive solution (u;,v;) for A > A1 such that
15 \loos IValloo = 00 as A — oo. Further, if there exists 0 < a < b such that % > C1W]loo

and Q1 > max{Aj, 1}||w| c, then (1.1) has at least three positive solutions for

max{A;,C1Qq, 1} < X < (see Fig. 1).

lIwlloo

Next we establish the following:

Theorem 1.2 Ifthere exists r > 0 such that f,g € C*([0, 7)), f(0) = 0 = g(0), f'(0) = g'(0) > 0,
and f"(s), g"(s) < 0 for all s € [0, r), then (1.1) has a positive solution (u,,v,) for .. > Ay and
AR Ay such that ||uy ]l oos 1Valloe — 0 as A — A7 (see Fig. 2).
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Figure 1 Bifurcation diagram for positive solutions when the 1@ )]l
hypothesis of Theorem 1.1 holds
Ay i
Figure 2 Bifurcation diagram for positive solutions when the 169l
hypotheses of Theorems 1.1 and 1.2 hold
A 2

Remark 1.1 Note that if both 75 and Z5 are strictly increasing for s > 0, then the multi-
plicity of positive solutions for A > A; is not possible (see Appendix).

We present some preliminaries in Sect. 2. We provide proofs of Theorems 1.1 and 1.2 in
Sect. 3. In Sect. 4, we discuss an example. We state and prove Lemma 5.1 in Appendix to
justify Remark 1.1. Our existence and multiplicity results are established via the method
of sub- and supersolutions. We conclude this Introduction by citing two additional related
references [3] and [9].

2 Preliminaries
In this section, we introduce definitions of a subsolution and a supersolution of (1.1), and
state sub-supersolution theorems which are used to prove the existence and multiplicity

for positive solutions. By a subsolution of (1.1) we mean (Y, ¥,) € C*() N C}(Q) that
satisfies

-AY =M (Y2); @
—Ayry < Ag(yn); R,
GV <0 09
% +VAY <0, 9,

and by a supersolution of (1.1) we mean (Z,Z,) € C*(2) N C}(Q) that satisfies

-AZy > M(Zy);, L,
-AZy > Ag(Zy);
A+ VAZ =0 0%,
Y2+ V12,20, 0Q.

Now we state two results (see [2, 10], and [11]) we will use later.
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Lemma 2.1 Let (Y1, Y2) and (Z1,Z,) be a subsolution and a supersolution of (1.1), respec-
tively, such that (Y1, ) < (Z1,2,). Then (1.1) has a solution (u,v) € C*(2) N CY(Q) such
thélt (M, V) € [(Wb 1pZ)r (er ZZ)]

Lemma 2.2 Let f and g be nonnegative and increasing, and suppose there exist a sub-
solution (Yr1,V,), a strict supersolution (¢, $,), a strict subsolution (Y2, V,), and a su-
persolution ¢1»¢1 JSor (1.1) such that (WI:Wl) (Y2, Iﬁz) = (¢1¢¢1) (%,%) = (¢2:$2) =
(p1,01), and (Vra, V) % (¢2, ¢5). Then (1.1) has at least three positive solutions (u;,v;),i =
1,2,3, such that (u1,v1) € [(Y1, V1), (@2, D), (2, v2) € (Y2, Vo), (D1, 1)), and (usz,vs) €
(W1, 1), (61, )N, 1), (62,61 U (¥, ¥12), (61, 61D

3 Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1 First, we show the existence of positive solutions for A > A;. Let
(Y1, ¥r2) = (mepy, me,.), where ¢; is the normalized positive eigenfunction of (1.7). Define
H(s) = (03 + 1g'(0))s — Af(s). Then H(0) = 0, H'(0) = o5 + A(g’(0) — f'(0)) < 0 (by (1.8)). This
implies that H(s) < 0 for s = 0. Thus (o, + Ag'(0))me; — Af (m¢,) < 0 for m ~ 0. Hence
—AY < Af(Y3) for m =~ 0. Analyzing H(s) = (03, + Ag'(0))s — Ag(s), by a similar argument
we obtain —Av; < Ag(y;). Further, on the boundary, we have ‘Wl + /Ay =0 and ‘)‘”2
/Ay = 0. Thus (1, ¥2) is a subsolution of (1.1) for m 2 0.
Now let e, be a positive solution of

-Ae=1; £,
(3.1)
g—; ++/he=0; 9%.
We consider three different cases. If both f and g are bounded, then let (Z;,7,) =
(MM, —2— HEAH JAM;, —2— Hexll ) and choose M; large such that ”yﬁ > M( ”t{ﬂf; ). This implies
—AZy — M (Z,) = 0 for M, > 1, and by a similar argument we see that —AZ; — Ag(Z;) > 0
for M, > 1. Also, on the boundary, we have % + +/AZ; = 0 and % +/AZy =0
Hence (Z;,2,) is a supersolution for M; > 1. If g(x) - oo as x — oo, let (Z1,2;) =

(M.es, 2g(M; |les|loo)es). Then by choosing M, large we obtain

L fOlellocg@llell))
Mlerlloo ™ M llexlloo

’

which implies that M; — Af (Ag(M, |le;|ls0)ex) = 0. Hence —AZ; — Af(Z;) > 0. We also have
Ag(M; |lexlloo) —Ag(M; ;) > 0. This implies that —AZy —Ag(Z;) > 0. Further, on the bound-
ary, we have aZl +/AZ; = BZZ ++/AZy = 0. Hence (Z1,2,) is a supersolution of (1.1) for
M, > 1. Flnally, we con51der the case where f(x) — 0o as x — oo and g(x) is bounded. In
this case, let (Z1, Z3) = (Af (M, |lex ||l oo)es, Mes). Then Af (M |les |loo) — Af (Me;) > 0, which
implies that —AZ; — Af(Z,) > 0. Also, we have M; > Ag(Af (M, |lexlloo)es) for M; > 1.
This implies that —AZ, — Ag(Z;) > 0. Further, on the boundary, we have 821 +/AZ) =
% ++/AZ, = 0. Hence (Z1,Z,) isa supersolution of (1.1) for M; > 1. Now we can choose
M, large enough such that (1, ) < (Z;1,Z). Hence by Lemma (2.1), (1.1) has a positive
solution for A > Aj.

Next, we show that there exists a positive solution (u;,v;) for A > 1 such that
14301005 1V2lo — 00 as A — oo. Define & € C2([0, 00)) such that /(0) < 0, k(s) < f(s), and
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h(s) < g(s) for s € (0, 00) and lim,_, o /(s) > 0. Then the Dirichlet boundary value problem

—Aw= )xh(w); Q!
w=0; 0%,

has a positive solution w; for A > 1 such that |w; || — 00 as A — oo (see [4]).

It is easy to show that (w;, w;) is a subsolution of (1.1) for A > 1 since h <f,h < g, and
g—f < 0;09. We can also choose M; > 1 such that (Z1,2,) > (w,,w,), where (Z1,2,) is
a supersolution of (1.1) as constructed before. By Lemma 2.1, (1.1) has a positive solu-
tion (u;,v;) € (Wi, Wh), (Z1,25)] for A > 1. Clearly, |#; ||oo, [|Vi]lco = 00 as A — o0 since
[[W]| oo = 00 as A — oo.

Next, we establish our multiplicity result We first construct a positive strict superso-

lution (zl,zz) for (1.1) when 1 < A < , where w is the solution of (1.12). Let (z1,%;) =

HWII
) Then m > A\ gives us

a
—2— > Af(a). Since f is increasing, we have

HWﬁ > f (a T ), which implies that —Az; > Af (z2) in Q. Slmllarly, we can show that
—AZzp; > Ag(z;) in Q. On the boundary, we have a_rzl +/0Z = ”W‘ﬁ + Vaw] > ”W‘ﬁ
w] = 0 since A > 1. Similarly, we have ‘;inz + /A%y > 0. Thus (21,22) is a strict supersolutlon
of (1.1).

Now we construct a strict subsolution (@1, 1/;2) of (1.1) for A > C1Q, = C; max{ﬁ,}%}.
Note that in [1] the authors showed that the boundary value problem

(a—2—

-Au=A(); 9
—Av=2rg(u); <,
u=0; 0%,
v=0;, 0%,

has a strict subsolution (i, Vo) for A > C; max{g(ib),%} such that ||%g||s = b and || Vg0 =
b. Let (W1, V) be the first iteration of (%o, Vo), that is, the solution to the problem

AV =M (o) @
N )»g(ﬁo)‘ Q,
3‘”1 +VA =0; 9%,
a‘/’z + A =0 IR

Then by comparison principle (&1, 1&2) > (Uo, Vo); 2. Hence (1}1, 1}2) is a strict subsolution
of (1.1) such that |¥1]lec = & > a and ||[¥2]lec = b > a. Thus we have (Y1, V) £ (21,2,).
Further, for A > A;, we can construct the subsolution (1, V) as before for m =~ 0,
and for any A > 0, we can construct the supersolution (Z;,Z,) as before for M; > 1.
Also, for m ~ 0 and M, > 1, we obtain (Y1, ¥2) < (U1, V) < (Z1,2,) and (Y1, V) <
(z1,22) < (Z1,25). Hence by Lemma (2.2), (1.1) has at least three positive solutions for
A € (max{A,, C1Qy, 1}, ~4— HWII —=<L). g

Proof of Theorem 1.2 Let (Y1, V2) = (m¢;, me;,) be as in the proof of Theorem 1.1. Then
(Y1, ¥2) is a subsolution of (1.1) for m = 0. Since f”(s) < 0 and g”(s) < 0 for s = 0, there



Acharya et al. Boundary Value Problems (2021) 2021:15 Page 7 of 8

exists A > 0 such that f”(s) < -A and g"(s) < —A for s ~ 0. Let (¢1, ¢2) = (8205, 81¢5.), where
8 = —M]:i#. Note that 6, > 0 and §, — 0 as A — Aj since 0, — 0 and ming ¢, - 0
as A — A7 (see [8]). Clearly, |[¢1]lcc = 0 and [|¢2]loo —> O as A — Aj. Then by Taylor’s
theorem we have f(¢2) =f(0) + f'(0)¢ + iG] (E 5 = ¢ + L ¢% for some & € [0, ¢,]. Then

we have

)
2

A1 = Af(¢2) = 8 (02 + 1g(0)) s, — }\|:5K¢Af,(0) + (8A¢7>\)2i|

LA .
> 8¢r| 0y + —8, ming, | =
2 Q

by our choice of §;. A similar argument shows that —A¢, — Ag(¢1) > 0. Further, on the
boundary, we have < 8¢1 + \/_¢>1 = 3‘” + «/—qbg = 0. Thus (¢1, @) is a supersolution of (1.1).
Choosing m ~ 0, we also have (wl, Y2) < (¢1,¢2). By Lemma 2.1 there exists a positive
solution (u;,v1) € [(¥1, ¥2), (1, ¢2)] for A > A and A = Aj such that || ||cc — O, [[Valloo —
Oas A — Aj. d

4 Example

For an example to illustrate Theorems 1.1-1.2, consider f = f, x and g = gx as follows:

s

el —1; s<k,

Sl =0

k
[ears —ea+k] + [etsT —1]; s>k,

2(1+s)%—2; s<k,

g=gls) =y | L
A+ -1 +04+[20+k)z2-2]; s>k

where k > 0 is a constant, and oz > 0 is a parameter. Note that though g is superlinear at
infinity, since f is bounded, '%¢%) _, 0 ag s — oo for all M > 0. Choose @ = k, b = , and

o > k. Then we note that Ql(k) = mln{f k)} — 00 as k — 00 since — 00

_k
f(k) g

as k — 0o and Qg(a)—max{f() g(a)}—>0asa—>oosmcef() — 0asa —

o
V2
o0. Hence we can choose k = ko such that Q;(kg) > max{A;,1}||w| and choose @ > 1
such that Ql( > C1|lw]l . Hence Qloo >max{Ay, C;1Qy, 1} for k = ky and o > 1. It is also

lwll

clear that f and g satisfy (H;). This implies that (1.1) has at least one positive solution
for A > A; and at least three positive solutions for A € (max{A;, C;1Qy,1}, lle —L) for k = ko
and « > 1. Thus Theorem 1.1 holds in this example for k = ky and « >> 1. Further, since
f'(0) = g'(0) and f,g € C?([0,k)) and f” < 0, g” < 0 for all s € [0,k), Theorem 1.2 holds.
Hence the bifurcation diagram for positive solutions is as shown in Fig. 2.

Appendix
Lemma 5.1 Let (H;) hold, and let f(s and 5 be strictly increasing for s > 0. Then (1.1)
has a unique positive solution for . > A;.

Proof: The existence for A > A; is clear from Theorem 1.1. Let (u;,v;),i = 1,2, be two
distinct positive solutions for A > A;. Since (me;, m@,) is a subsolution for m ~ 0, there

exists a minimal positive solution, and hence without loss of generality, we can assume
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that (u1,v1) > (12, v2), by which we mean that u; > u,,v1 > v5. Now

_ u _ Uy V1 _ Vo
L‘/Q{g(”l)g‘””[g(ul) g(uz):|+f (”)f(”)[/(vl) f(m)“d"

- /Q (g2t — glaan)iey +f(va)vs —F(v)va] dx

= / {[uzAvl — U1 Ay + [VaAuq — VlAuz]} dx
Q

/ {[ 8v1 8V2:| [ 3”1 8u2“

= Up— —U1— |+ |Vo— —vi— | dx

aQ an an an an

= / [~V Auav1 + VAurvy — N Avauy + N aviup] dx = 0.
a0

This is clearly a contradiction when f(is) and ﬁ are strictly increasing and (uq, v1), (2, v2)
are distinct. Thus (1.1) has a unique positive solution for A > A;.
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