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Abstract

A priori bounds were derived for the flow in a bounded domain for the
viscous-porous interfacing fluids. We assumed that the viscous fluid was slow in €21,
which was governed by the Boussinesq equations. For a porous medium in €2,, we
supposed that the flow satisfied the Darcy equations. With the aid of these a priori
bounds we were able to demonstrate the result of the continuous dependence type
for the Boussinesq coefficient A. Following the method of a first-order differential
inequality, we can further obtain the result that the solution depends continuously on
the interface boundary coefficient a.. These results showed that the structural stability
is valid for the interfacing problem.
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1 Introduction

Recently, people have become interested in obtaining stability results of solutions for phys-
ical problems of partial differential equations with changes in coefficients. Sometimes the
equations themselves are changed. This stability was called the structural stability in or-
der to distinguish it from the traditional stability on initial data and boundary data. These
problems were widely studied in many papers by many authors. For the problems of con-
tinuum mechanics, it is important for the authors to establish the structural stability of the
model. This importance is discussed by Hirsch and Smale [1] in the form of a differential
equation. This stability estimation is basic. We want to know whether a slight change in
the coefficients in the equations or boundary data, or even the equation itself, will lead to
drastic changes in the solution. For a review of the nature of the structural stability, refer
to the books written by Ames and Straughan [2] and Straughan [3].

There are many papers studying the structural stability on the coefficients in fluids
equations in porous media. Representative is the work of Ames et al. [4, 5], Franchi and
Straughan [6], Hoang and Ibragimov [7], Lin and Payne [8—10], Liu [11, 12], Liu et al.
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[13-15], Scott [16], Scott and Straughan [17], Payne et al. [18—-21] and some related pa-
pers [22—24]. The previous publications of structural stability usually study one fluid in
a bounded domain. Usually, there exists more than one fluid in a domain. These fluids
have some interactions. It is desirable to see what effect they can have on each other. So
the study of two interfacing fluids may be interesting and meaningful. In [19], the authors
studied the structural stability for a flow interfacing with a porous solid. They proved that
the solution depends continuously on the coefficient of the interface boundary condition.

In this paper, we want to study the continuous dependence type results on the interface
boundary coefficient and the Boussinesq coefficient for the solution of the Boussinesq—
Darcy problem in R3. The Boussinesq equations interface with the Darcy equations
through the mutual boundary. Thus, we suggest an appropriate part of the planez = x; =0
is the mutual boundary for a porous fluid in a bounded region €2, in and a nonlinear vis-
cous fluid in € in R®. We denote the interface by L. The remaining part of 9Q; is denoted
by I';, and the remaining part of 92, is denoted by I';. We also denote 9€2; =I"; UL and
9, =T UL.

Let (u;, T,p) and (v;,0,q) denote the velocity, temperature and pressure in ©; and Q,

respectively. Then the Boussinesq flow equations are (see [25-27])

314,‘ .

T wAu; + duju;j—gT +p; =0, inQ x[0,7],

oT

¥+M1T,i=k1AT, in Ql X [0,7,'], (1)

Uj; = 0, in Ql X [0, ‘L'],

where g; is the gravity force function; X is the Boussinesq coefficient. The coefficients p
and k; are kinematic viscosity and thermal conductivity, respectively. From [28, 29]), we
can see that the Boussinesq equations are useful in studying fluid and geophysical fluid
dynamics.

The Darcy equations can be written as (see Nield and Bejan [30])

0
vi—gf + >4 =0, in, x[0,71],
8x,-
00 06
— +v;i— =k A9, in Qy x [0,1], (2)
ot ox;

8vi .
— =0, inQy x[0,7],
axi

where ©; and €2, are all bounded domains. They are all simply connected and star-shaped.
The boundaries 9€2; and 92, are their boundaries, respectively. T is a positive constant

which satisfies 0 < T < 0o. The following boundary conditions are satisfied:

u; =0 T =G(x,t), onTyx][0,1],

vin; = 0, 0= é(xr t)) on FZ X [Or T], (3)
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for prescribed functions G(x, £) and é(x, t) and ngl), ngz) denote the unit outward normals

of 1, Q, respectively. Obviously, ng) = —n(32) = —1. The initial conditions are written as

u;(x,0) = fi(x), T(x,0) = To(x), in Qq,
0(x,0) = Gp(x), in Q,, (4)

for prescribed functions f;, Ty and 6. The interface L conditions are

uz=v3 <0, T=6, kiTs = ko603,

a
q=p—2uuzs, Ugs +Uspg = ﬁuﬁ, (5)
1

where « is a positive coefficient and the value of & can be defined by experiment. It is
determined by the given fluid and porous solid. The boundary conditions (5) were given
by Nield and Bejan in [30]. In [31], Jones deduced the last condition in (5).

In this paper, we want to obtain the continuous dependence on the Boussinesq coef-
ficient A and the interface boundary coefficient « for the Boussinesq—Darcy interfacing
problems in a bounded domain. However, there are only a few papers studying this inter-
facing problem in a bounded domain (see Payne and Straughan [19] and Liu et al. [13]). For
the unbounded domain, refer to Liu et al. [32]. However, compared with the above litera-
ture, in this paper, there is a nonlinear term u;u;;. In particular, the bound of [, u;ju;;dx
is needed in this paper. But the methods proposed in [13, 19, 32] cannot be used directly.
Second, some well-known Sobolev inequalities cannot be held for the interfacing prob-
lem. Our biggest innovation is to overcome these difficulties. We are sure that we can
obtain some new and interesting results. We will derive some useful a priori bounds by
using different inequalities. With the aid of these a priori bounds, we derive the continuous
dependence on the Boussinesq coefficient and the interface boundary coefficient.

In the following discussions, we use the comma to denote partial differentiation. We
also use u; to denote the partial differentiation with respect to the direction x;. This is to
say U = 37“; We also use the usual summation convection with repeated Latin subscripts
summed from 1 to 3, and the Greek subscripts summed from 1 to 2. Therefore, u;; =

3 duiN2 _ N2 (dugyo
Zm(a—ﬁﬁj) » UB,B —Zﬁ=1(@) .

2 A priori bounds
In this section, we want to drive bounds for various norms of u; in terms of known data
which will be used in the next sections.

Lemma 2.1 If Ty, 6o, G, G € L. Then the temperatures satisfy

SUP | T [loos sup [|01loc < Nas, (6)
[0.7] [0,

where N = max{|| Tyl oo, Supjo,.) 1Glloo, 160 lloos SUP[o,¢) 1Glloc}-

Proof First, welet Ty 5; denotes the maximum of the temperature on the interface L. Payne,
Rodrigues and Straughan [33] have derived

Sup [T oo = max | | TolloesSUp Goe: Tt}
[0,7] [0,7]



Li et al. Boundary Value Problems (2021) 2021:27 Page 4 of 19

and

5up 61 < max{ 16 cs 5up Gy T .
[0,7] [0,7]

However, in the area 2; U Q2; x [0, t], the maximum of the temperature cannot be reached
on the interface L. Therefore, we have the result (6). O

Lemma 2.2 If Ty, 0, G, Gel® and Q1, Q9 are bounded regions. Then

luldx <e | |f*dx+g* Ny (1] + [R])(e" - 1) = A;. (7)
Q1 Q1

Proof Multiplying (1); by u;, integrating over €2; and using (6), we obtain

1d

d
2 dt |"| *

=M (lxll',j + u/,i),jui dx — )»/

Q Q

uju,»,juidx+/ giTuidx—/ p,iuidx
1 Q1 Q1

1
= (u” +u”)u,,dx+u/(u,33 +u3ﬂ)uﬂn3)dA— —A% uguiuin(;) dA
Q 2 Joe,

1
2/ lul®dx + gsz,[|Ql|—/(p Qs z)uin) dA
Q1

lul®dx + gzNM|§21|+qul 2 dA.
Q1

By the divergence theorem and (2) and the conditions in the interface, we have

1d
Zdt |u| dx<—u/91(u,-,j+uj,,-)u,»,jdx
1 272
lu? dx + gN || + V,r(gie—vi)dx
2 &
1 2
<= |uPdx+ gNM|Q1|+ gNMIQzI,
2 Ja,
or
d 2 2872 272
o lu>dx < |u| dx + g"Ny |11 + g°Ny Q0| (8)
Q)

From (8) it follows that

d
d_<e—t / |u|2dx) < (N1 + N2 Ral)e™
t o)

Upon integration, we can arrive at Lemma 2.2. O

Now we define

t
Fi0) - / wlds,  Fo)- / v dxdn,
Q1 0 JQ
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F(t) = / u;j(uij + uy,;) dx.
Q

Lemma 2.3 If Ty, 0, G, Gel®and Q1, Qg are bounded regions, then

1
F3(t) < —Fi(t) + ay,
2u

where a; = 1A1+ 2N1%4|521|+ 2N | Q).
Proof Using the divergence theorem, we have
,u/ wij(uij + uj;) dx
Q1
1) (1)
—,u/u,g(uﬁ,g +uzg)ny dA +2,u/ ususshy dA
L 21
- / ui[ui,t + AujuiJ —gl'T +P,,'] dx
2
<u / ug(ugs + ug,ﬁ)ng) dA — /(p - 2/1,1433)”371;’1) dA
L L
2 1 2 1 (1) 1 2772
+ |ul“dx + = lug|“dx — =\ usuuing dA + —g"Ny ||
Q 2 Jo, 2 Jooy 2
< f u,gu,gn3 JdA - /qu»ngz) dA
2 1 2 L IPINE
+ |u|“dx + = lug|“dx + —g" Ny 124
Q 2 Jo, 2

In the light of the condition on L, we compute
1
/ qusn dA = / qvidA= | (g6 —vi)vidA < ~g*N2||.
L Q Q) 4

Combining (11) and (12), we have Lemma 2.3.

Lemma 2.4 If Ty, 6o, G, Ge L™ and Q1, Q9 are bounded regions. Then
/ [Vu|? dx < Aq(2),
Q2

where A4(t) is a positive function which will be defined later.

Proof We firstly compute

1d
——Fi(t) V-/ i (Ui + ;) je dx—/ UitDit dx—k/ Wit Ui jhj; AX

—)\/ ui,tui,/tu/dx+/ ui‘tgirtdx
Q1 Q1

1
- / i je(Uijs + Ujip) dx — / s, (py — 2puuzz)ny) dA
Q1 L

)

(10)

(11)

(12)

(13)

Page 5 of 19
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o f )
+ ugugns dA
vk Jr

-X / Wi g U A% = f Wi Ui juthj X + / Uiogi T dx
Q1 Q1

Q2

L Q2

(2)
—/L/ ui,jt(ui,jt+uj,it)dx+/u3,tq,tn3 dA — A Wi Uil AX
Q

— A/ Uit Uiji U dx + / I/t,"tgiT,; dx
Q1 Q1

—1 / wije(Uije + Ujip) dx + / Vit(gi0s — Vig) dx — A / Uil jljs Ax
Q Qo Q

1

1
_—A/ ui,tui,tugn(sl)dx+/ uigiT,dx
2 Q1 Q1

1
2
<-u / i je(Uije + Ujip) dx — Vel“dx— A | wisuijus dx
Q1 2 Qo Q1

1 1
+ = |ut|2dx+—g2(f 0%dx+/ T?dx). (14)
2 Ja, 2 Q o

We find that the result given in Appendix B of Lin and Payne [10] for ||u|3

4d71 2d 2dz Vzdz,k.
(/Ql|u| x) §<[</m|u| x)+</;21|u| x) (/521| u| x)] >0. (15)

So, we have for an arbitrary constant &; > 0

—/ ui,tui,juj,tdx
Q
1 1
2 2
5(/ |Vu|2dx) (/ |ut|4dx)
Q1 Q1
1 1 3
2 4 4
§k</ |Vu|2dx) [(/ |ut|2dx)+</ |ut|2dx) (/ |Vut|2dx>]
Q1 Q @ 1
%
§k< |Vu|2dx> (f |ut|2dx)
Q1 Q1
1 1 3
2 4 4
+k(/ |Vu|2dx> (/ |ut|2dx> ( |Vut|2dx)
Q1 Q1 Q1
3
§k< |Vu|2dx) (/ |ut|2dx)
Ql Ql
1 2 3
+—k4sl3</ |Vu|2dx) (/ |ut|2dx)+—81</ |Vut|2dx). (16)
4 Q1 Q1 4 Q1

We notice that one has obtained the following results [13]:

y/ |u|2dx§/ wij(uij + uj;) dx 17)
Q1 Q1
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and

|VU|2 dx < C/ ui,j(”i,j + I/lj,l') dx, (18)

Q1 Q1

where y and C are positive constants which have been defined in [13]. Following the meth-

ods in [13], we can derive a similar result,

|Vut|2dx < C/ ui,/t(ui,jt + u/',it) dx. (19)

Q1 Q1

Combining (14), (16)—(19) and using (7), we obtain

%[Fl(t) +Ex(8)] < Fu(e) + 2k\/EF3% (t)F1(2) + %k“cze;SF;f(t)Fl(t) (20)

+gz(/ ejdm/ Tidx), (21)
Q9 Q1

where we have chosen ¢; = ;LTI;'
We now use (1); and (2); with the boundary conditions (3) and (5) and the divergence

theorem to obtain

d
—(/ thdx+/ 9t2dx>
dt Q1 Q)

= 2/ Tt [—um T,l’ - I/liT’l't + klAT] dx + 2/ 9[ [—Vi,té?,,» - v,@,ﬂ + /Q A@] dx
Q1 Qo

=2k VT, dx — 2ky |V9t|2dx+2/

TT,l'tu,',t dx + 2/ 99,#1/,',; dx
o3} 2 !

Q)

_ Ni 1 )
= (klza() o fow dx). (22)

By integration of (24) we thus obtain

/dex+/ 67 dx
Q1 Q>

N2

== (kl,/ F1(77)dn+/—F2(t)> Ql(To’t)2dx+ (60, d. 023

Qo

Inserting (25) into (20) and setting

A k2 1 1
a = ! 4A‘fkszaf, as =2kvC, as = —k4CzsI3,
) 15 2
kZ . N2 g2 N2 g2
as=—+A,C3, as=——kB8A1;3C3, ag= M= a; = M
e Y 57 gt T4 °7 ok 77 2k,

a - / (Too)? da + / (60, dx, (24)
o Q
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we have

d 1 3
E[Fl(t) + Fz(t)] < a1 Fi(t) + ayF (t)F(t) + asF3(t)Fy(¢) + asFy (£)F; (¢)

t
+ a5F1(t)F§(t) + ag f Fi(n)dn + a;F>(t) + ag. (25)
0
Then, using Lemma 2.3 and the Holder inequality in (27), we get
d
pr [F1(t) + F2(8)] < biF{(t) + boF}(2) + bsF7(t) + baFi (£)
t
rbsvas [ Findn+asF), (26)
0

for some computable positive constants b; (i = 1,2, 3,4,5). Now, we define

F(t) = Fl(t) + Fz(t) +MOL Fl(n)dn, M() > 0. (27)
We have from (32)
%F(t) < biF*(t) + byF3(t) + b3F2(t) + b F(t) + bs, (28)

where bg = max{1 } Obviously, we have from (34)

b +M0 ’ b4+M0 (b4+M0

d
ZEO <bi(FQ) +b7)", (29)

where

[bs [ be /bg
br = . 30
7 = max 4b1 6b,"\| 4b;’ bl (30)

Therefore, we can get the result

t t
|ug|? dx + / lv:|? dxdn +M0/ lu, |2 dxdn < A, (2), (31)
Q 0 JQy 0 J
where
Ay(t) = ! FO)= [ |f|>dx (32)
(F(0) + b7)=3 = 3b,¢’ o

In view of (9), Lemma 3 and (18), we also have
f wij(uij + uj;) dx < As(t) (33)
Q2

and

|Vul*dx < Au(2), (34)
Q1
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where
1
As(t) = ﬂAz(t) +ag,  Aqlt) = CA5(2). (35)
Combining (13), (15) and (34), we may get the following lemma. O

Lemma 2.5 If Ty, 0, G, Ge L™ and Q1, Qg are bounded regions. Then

1

(/ |u|4dx)2 < k[A: +A1%A§(t)] = As(t). (36)
Q1

3 Continuous dependence on A

In this section, we want to establish the continuous dependence on g;. Let (i;, T, p) and
(vi,8,q) be solutions of (1)—(5) with A = A1), and (uf, T*,p*) and (v{, 6%, %) be solutions of
(1)—(5) with & = ,®), respectively.

We define
Wi = u; - uy, S=T-T"%, T =p-p *=20_@ (37)
and
wit =v; =V}, S"=0-0% " =q-q". (38)

Then (w;, T, ) satisfy the following equations:

ow; ~

;;l — WAW; + Auiju; + k(2)ujwi,,- + A(Z)uzjw,» -gS+m;=0, in; x[0,7],

aS . ,

e +w,T;+u;S;=kiAS, inQ; x [0,7], (39)

wi; =0, inQ x[0,7],
and (w/", $™, w'™) satisfy the equations

w' —gS" +n =0, inQy x[0,7],

m

s +w/0; +viST =k AS™, in Q3 x [0, 7], (40)

w” =0, inQy x[0,1].

ii

The boundary conditions are

w; = 0; §=0, onIj;x][0,1],
w'n; =0, §"=0, onTyx][0,1]. (41)

12

The initial conditions can be written as

w;(x,0) =0, S(x,0)=0, inQq, S"(x,0)=0, in,. (42)

Page 9 of 19
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The interface L conditions are

W3 = W3m, S= Sm, le,g, = szgl,

7" =mw -2uwss, Wg3 +W3g=——Wg. (43)

We first give some useful lemmas.

Lemma 3.1 Let (u;, T,p) and (v;,0,q) be the classical solutions to the initial-boundary
value problem (1)—(5) corresponding to A\\V, and (uf, T, p*) and (v}, 0%, q*) also be the clas-
sical solutions to the initial-boundary value problem (1)-(5) but corresponding to \?. Then
for any t > 0 the differences of velocities satisfy

d
— |w|2dx+/ |w’”|2dx
dt ol Q

< (t) \w|? dx + 2g> |:/ S?dx + / (S'”)2 dx] + 2(X)ZkA4(t)A5(t),
Q1 Q9

Y1

where ci(t) is a positive function which depends on t.

Proof We begin with the identity

ow; ~
/ |: Btl — WAW; + Aujju; + k(z)ujw,»,j + M”u}fjwj -gS+ rr,i:| w;idx = 0. (44)
Q1

From (44) it follows that

1d ~
- |W|2 dx = 1 (Ww’ + W/’,i),jwi dx — }\,/ Ujjuiw; dx — }xa) / Ujwi;jwi dx
2 dt Q Q 1931 Q1
e / uf;wiw; dx — / W, dx — / giSw;dx
Q1 Q1 Q1
sh+hL+L+1+ 15+ 1. (45)

We now deal with I; and I5. Using the divergence theorem, we have
1
11 + 15 = —-u (Wi,]‘ + Wi,i)wl'yi dx + ,bL/ (Wﬁyg + Wg,/s)Wﬂl’l(g ) dA
Q1 Q)

- (r - 2,uu3,3)win§1) dx
Q

o
= —M/ (wij +wi)w;jdx + —M/wﬂw,gn(sl) dA+/nmw:”n§2) dA
Q vk Ji L

<-n | (wij+w)wdx+ / (—w" +gi0 +gi(2)S’”)wf” dx
Q1 Q)

1
<-u | (wij+wp)wjdx— 3 / \W”’|2 dx +g2/ (Sm)zdx. (46)
Q1 Q) 2
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Using the Holder inequality, (15), Lemma 2.4, Lemma 2.5 and the Young inequality with
81 >0, we have

- 3 i i
125|x|</ |Vu|2dx) (/ |u|4dx) (/ |w|4dx)
Q1 Q1 Q1

([ ) ([ o 4) (o) |

~ 1 3
< (A)2kAL(t)As(8) + [1 + —513] wildx+ =8 | |Vw|*dx. (47)
4 a 4 Jg,

Following a similar procedure to deriving I3, we obtain

1 1 1
2 4 1
135,\(”( |Vw|2dx>< |u|4dx>( |w|4dx)
1931 Q1 Q1
<@ kAs(t){</ |w|2dx)</ |VW|2dx)
Q1 Q1
1 7.1
4 4 2
+</ |w|2dx> (/ |Vw|2dx) }
Q1 Q1
3 3
<@ /cAs(t){</ |w|2dx) </ |Vw|2dx>
Q1 Q1
1 7
8 8
+<f |w|2dx) (f |Vw|2dx> }
Q1 Q1

)"(2) 2 )\’(2) 8
< () kAs(t)+( )
28, 857

(kAs(t))‘*} ) w|? dx

1 7
+| =8, + =85 |Vw|? dx, (48)
2278%) Jq,

where 8, 83 are positive constants to be determined later. Similarly, we have

, \? 3
149(2)(] |Vur| dx) (f |w|4dx)
(931 Q1
i i
<@ A4(t)[<f |w|2dx)+(/ |w|2dx> </ |Vw|2dx)]
Q1 1931 Q1

1 3
< |:)\(2)\/A4(t) + —(MZ))"Ai(t)]( |w|2dx> +=8, | |Vw|?dx. (49)
484 Q1 4 Q1
We note that I; can be bounded,
2 2 1 2

Ip<g S“dx + - |w|* dx. (50)

2 4 Jo,

Similar to (19), we also have
|VW|2dx < k5/ wi,j(ui,j + Wj,i) dx. (51)

(931 1951

Page 11 0of 19
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We define the functions F(¢) and F,(t) by
¢ 2
F@®)=[ |wdx Fy(t) = / \w” | dxdn. (52)
0 JQy

Q

Inserting (45)—(51) into (44) and using (52), we have

d 3 1 7
E[Fl(t) +F(1)] < —2|:M - 1(51 +84)ks — <§52 + gfss)ks] /;zl(wi,j + W)W dx

(2) (2)
2[1813+()\2)2/<A ()+()\2)8

kAs@®))* + 29 VALt
2, s 857 (kAs())" + 4(2)

1
+46 (»2) Ai(t)+—]/ |w| dx+2g/ S%dx
Q1

+2¢° / (5™) dax + 2(0)*kA4(DA5 (D). (53)
Qo
We choose 81, 83, 83 and 8,4 small enough such that

3 1 7
Z((Sl + (34)/(5 + (582 + §83>k5 =M

Letting
1 _3 ( )2 ()"(2))8 4 2 1 N4 (2 5
a()=2[=67%+ KAs(®) + —=—(kAs(@®)" + A@VAL0) + — (A2) A0 + =,
4 28, 3 48, 4

we can get Lemma 3.1. g
Lemma 3.2 Let (u;, T,p) and (v;,0,q) be the classical solutions to the initial-boundary
value problem (1)—(5) corresponding to AV, and (uf, T*,p*) and (v}, 0%, g*) also be the clas-

sical solutions to the initial-boundary value problem (1)—(5) but corresponding to \'?. Then

forany t >0 we have
2 )2 L o ' Lo
Sdx+ | (") dx<—Ny; [ Fi(n)dn+ —N3F>(0).
o3} Q 2k, 0 2k,
Proof We multiply (39), and (40), by S and §”, respectively, and integrate by parts to find

;Zf[/ Szdx+/92(5m)2dxi|

=_1<1/ |VS|2dx—k2/ Vs | dx
Ql Qz

+/ wiTS,idx+/ w08 dx
@ Q0 ’

1
_—NZ/ lw]| dx+—N2/ w”|* dx. (54)
4k;

Page 12 of 19
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Integrating (54) from 0 to ¢ one may deduce

/S2dx+/ (Sm)zdx
Q1 Q9

1 t 1 t 2
§—N2/ \w|?dxdn + —N? f/ w"”|" dxdn. (55)
2/(1 M 0o Jou 7 2/(2 M 0 Qz| { 7

Combining (52) and (55), we may obtain Lemma 3.2. O

Now, we use Lemmas 3.1 and 3.2 to obtain

d 2N2 t
IEW® + BO)] < aOF @) + S8 f Fun)dn
dt ki Jo
&Ny T2
T Fo(t) + 2(1)“kA4()As (). (56)
2
Setting
ky (1
F3(t) = F1(2) + Fa() + T Fi(n)dn, (57)
1 Jo
we obtain
d T2
230 = aOF(0) + 20)°kAu(1)As5(2), (58)
where
2N2
ex(6) = max] ey () + X2, E N | (59)
ki ko
Thus after integration we may derive from (58) the estimate
~ ¢ t
F3(£) <2(0)°k / As()As(m)els 20 ds, (60)
0

Combining (57), Lemma 3.2 and (60), we have the following theorem.

Theorem 3.1 Let (u;, T, p) and (v;,0,q) be the classical solutions to the initial-boundary
value problem (1)-(5) corresponding to AV, and (u}, T*,p*) and (v},0%,q*) also be the clas-
sical solutions to the initial-boundary value problem (1)—(5) but corresponding to \?. Then
forany t >0 we have

(uir T’P) - (uif¢ T*,p*); (Vi) 91 Q) - (V;‘k; 9*1 q*)x (61)

as AV — 1@ The differences of velocities satisfy
2 ' m|2 k[ 2
\w|*dx + \w”|“dxdn+ = \w|* dxdn
Q1 0 JQy k1 0 J
t
<2()*k / As()As()els 0 gs, (62)
0

where w, w", S, S, ¢ have been defined in (37) and (38).
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Furthermore, there are two positive ¢y, c3(t), such that

o N2 t
/ Stdx + / (S'")def(k)zkk—’:’ / Ag(m)As(n)els 20 gs, (63)
Q1 Qo 0

Inequalities (62) and (63) demonstrate the continuous dependence on A in the indicated

measure.

4 Continuous dependence on the interface coefficient

In this section, we want to establish the continuous dependence on the interface coeffi-
cient a. Let (u;, T, p) and (v;,6, q) be solutions of (1)—(5) with « = &y, and (], T*, p*) and
(vi,0%,q*) be solutions of (1)—(5) with o = ay, respectively.

We define
Wi =u; —uj, S=T-T7 T =p-p* o =) —ay, (64)
and
wi =v; — Vi, §"=0-6% " =q-q". (65)

Then (w;, S, ) satisfy the following equation:

8W,‘ % .

9 WAW; + Witki; + u;wi; - &S +m,; =0, in €2 x [0, 7],

aS N .

e +w; T; +u;S;=kAS, in€; x[0,7], (66)

Wii = 0, in Ql X [01 t];
and (w",§™, ™) satisfy equations

w —gS" +m =0, inQy x[0,7],

98" m * oM m .
T + w0, +ViST = ko AS™, inQy x[0,7], (67)

W;Wf =0, inQ, x[0,7].

The boundary conditions are

w; =0; §=0, onl;x][0,1],
wi'n; =0, §"=0, onI,x][0,1]. (68)
The initial conditions can be written as

w;(x,0) =0, S(x,0)=0, inQq, S™(x,0) =0, in Q,. (69)

The interface L conditions are

w3 = ng, S= Sm, /(15'3 = sz,}g,

Page 14 of 19
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a” =7 -2uw Wg3 + W g ug + O[zw (70)
=7 — 3,3 8,3 3,6 = —=Ugp T ——=Wg.
vk TV
We give some useful lemmas.
Lemma 4.1 If Ty, 0, G, Gel®and Q1, Qg are bounded regions, then
fu,guﬁ dA < A6(t),
L
where Ag(t) is a positive function which depends on t.
Proof We use Egs. (1), (2) to derive
f Uilkiy dx = /L/ (wij + uy) jui dx —f Wil jU; A% + f g Tu;dx —f p.iu;dx
Q1 (941 Q1 Q Q1
=—U (I/tl"]‘ + uj,i)ui,,' dx + 12 /(Mﬁyg + ugv,g)u,gn(gl) dA
@ L
- /(p - 2/1,1/!3’3)1/[,'1’151) dA — / ujnjju; dx + / giTMi dx. (71)
L Q1 Q1
Using the interface conditions, we obtain from (71)
Mmoo
—— | ugugdA = — u~+u~u~dx—/ Uil dx
\/E | pUp MLI( ij ],l) ij o iUit
+ / qvl-nfz) dA - / ujn; ju; dx + / giTu;dx
L @ @
= —/ Uilhit dx + / v,»(gl@ - Vi) dx
951 Q9
—/ I/ljbti,jl/ti dx + / gl'Tlxll' dx. (72)
Q Q

By using the Holder inequality, the AG mean inequality, (31), (34), Lemma 2.2 and
Lemma 2.5, we have from (72)

no
—— | ugugdA
NG
1 1
2 21
5<f |u|2dx> </ Iutlzdx> + —g" Ny ||
Q1 Q1 4
1 1 1 1
2 2 2 2
+(/ |u|4dx) (/ |Vu|2dx) +(/ gigiTzdx) ( |u|2dx)
Q1 Q1 Q Q1
1
< VAIA () + Zgzwfwmﬂ +As(0)V/As(t) + 1/ g2N3 Q1A (73)

Therefore

/uﬂuﬁ dA < Ag(t), (74)
L
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where

k
Ag(2) = ﬂ {\/AIAZ(t) + }ngNj%AQﬂ +As(t)y/Aa(t) + \/g2N1%4|91|A1}o (75)

nay 0

Lemma 4.2 Let (u;, T,p) and (v;,0,q) be the classical solutions to the initial-boundary
value problem (1)—(5) corresponding to A\\V, and (uf, T, p*) and (v}, 0%, q*) also be the clas-
sical solutions to the initial-boundary value problem (1)—(5) but corresponding to \\?. Then
for any t >0 we have

t t
/ |W|2dx+/ / |W'”|2dxdn+&/ \w|?dxdn
1931 0 JQy kl 0 JQ;

< o’ fteﬂtc4(”)d"/u ugdAds. (76)
~ 2V Jo P

Proof We begin with the identity

w:
f [ 814; — WAW; + Awju;j + kufwi,j -gS+ nyi] w;dx =0. 77)
Q1

From (77) it follows that

d
—_ |W|2dx = 2#/ (W,'J‘ + w,»,i),jw,' dx — 2/
Q Q

T Wi dx -2\ / wjui,/wi dx
dt Jo,

1 Q1

—ZA/Q ujwi,jwidx+2/ giSw; dx. (78)
1

Q1

Integrating by parts as in Sect. 3 now leads to
ZM/ (W,’)j + Wj,,'),le‘ dx — 2/ T Wi dx
Q1 2
= —2,11/ (Wij + wi)wijdx + 2u/ (wps + w&ﬂ)wﬂn(;) dA
Q1 Q2

- 2/ (r - Z/Lug,g)w,’ngl) dx
Q2

20[1/L/ (1)
wgwghs’ dA
\/k—l L ﬁ ﬁ 3

20
o u,gw,gn(gl) dA +2fnmw;”n§2) dA

it
Vi Ji L

< —ZM/Q (wij +wi)w;jdx + 2/Q (—w;” +giS”’)w§” dx
1 2

= —Z,LL/ (W,‘J’ + Wj,i)wi,j dx +
Q)

2001 |4 2

oK o
ugwgns ' dA
Vki Ji \/k_l-/Lﬂﬂs

5—2/L/Q (W,',,»+1/v,»,,')w,<,,'dx—/Q ’W”’|2dx+2g2/Q (S”‘)zdx
1 2 2

az,u/‘
+ —— | ugugdA. (79)
2% ), et

+

Wpwg ni) dA +
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Inserting (79), (48), (49), and (50) into (78) and using (51) and (52), we have

%[a(r) +B0)]

1
[%zkAs(t) 857(/“45(t)) +a A4(t)+EA4AZ(t) 4] /Q 1|w|2(;1x

+2 2/ S?dx+2 2/ s” 2dx+ﬂ/u ug dA.
€ o € 92( ) 2Vki Ji e
Choosing 85, 83, 84 such that
3 1 7
— 84k Z8y + =83 ks = 1,
445+(22+83> 5=M
and using Lemma 7 in (80), we have

d 2
E[Pl(t)+1f2(t)]<c3(t) Ql|w| dx+—N / /91 \w|*dxdn

N w dxdr]+ ugug dA,
k2 M QZ| | \/_ U

where

)\2
cs(t) = 2|:2_82kA5(t) 8] (

1
kA5(t)) + A/ Aa(t) + —A4Ai(t) 4]
In view of (52), we have from (81)

%[Fl(tﬂFz(t)]Sc?,(t)Fl()+‘lg<—1N2 / Fy(n)dn

2
& N2E(0) +

Exgre T [
ky 2Vki Ji

M,sbt,gdA.
Defining F3(t) as in (59), we have from (83)

L L) < caOFs(0) + "2”/ dA

— ——— [ ugu ,

30 =albs i ), BUB

where

k2 g2N2 }

C4(t) max{C3(t) + — k1 /(2

Thus after integration we may derive Lemma 4.2.

Combining Lemma 8 and Lemma 9, we have the following theorem.

(80)

(81)

(82)

(83)

(84)

(85)
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Theorem 4.1 Let (u;, T,p) and (v;,0,q) be the classical solutions to the initial-boundary
value problem (1)—(5) corresponding to o = oy, and (u}, T*, p*) and (v},0%,q*) also be the
classical solutions to the initial-boundary value problem (1)—(5) but corresponding to « =
ay. Then for any t > 0 we have

(i, T, p) —> (uf, T, p*), vi,0,q) — (vi,0%,q%), (86)

as a1 — ay. The differences of velocities satisfy

t k t
/ |w|2dx+/ / |w’”|2dxdn+—2/ / \w|? dxdn
Q1 0 Q9 kl 0 Q1

o’u [* [ eatn)d
s calman g4 ds, 87
2\//71/0 ¢ &) ds 7

=

where w, w", S, 8™, o have been defined in (64) and (65), and cs, cg are positive constants
which will be defined later.
Moreover, the differences of the temperatures satisfy

2N2 t
/ S2dx + / (57)? dx < ZME [ 4 (5)el cstmn gg, (88)
Q1 [92) 4k2\/k_1 0

Inequalities (87) and (88) are a priori bounds demonstrating the continuous dependence
of the solution on the interface coefficient o.
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