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1 Introduction

In this study, our problem is homogenization of elliptic equations of the form

D(A(x)Djuc(x)) = Dfi(®) in 2,
u.(x)=0 on 92

(1.1)

for 1 <i,j <nwithn> 2, and 0 < € < 1. The given nonhomogeneous term is a vector-
valued function f = {f;} and the unknown is ..  is a bounded open set in R” and the
matrix of the coefficientsis A = {A;}, A; : R” — R. To consider homogenization, we define
A = {47} foreach 0 <€ <1 by

Ay =Al) and Aij(x)=Ai;<i—c) (x e RY).

As usual, we assume that the coefficients are uniformly elliptic and uniformly bounded,

that is, there exist positive constants A and A such that

MEP <A;)EE and  ||Alle < A (1.2)
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for every & € R” and almost every x € R”. Additionally, we consider periodic homogeniza-
tion with the periodicity condition on A:

Ax+2)=A(x) (xeR",zeZ").

Under these settings, our goal is to show uniform Calder6n—Zygmund estimates for the
weak solutions u, with respect to the given nonhomogeneous term f from various spaces,
weighted Lebesgue spaces, Orlicz spaces, and weighted Orlicz spaces. Here, uniform esti-
mates mean that the estimates derived from our argument are independent of ¢,0 < € < 1.
In addition, we study (1.1) with rapidly oscillating coefficients with discontinuity in nons-
mooth domains. In fact, even though our method in this research is applicable to elliptic
systems, see [4], and conormal derivative problems, which are a generalization of Neu-
mann problems in nonsmooth domains, see [6], we here consider elliptic equations for
simplicity in order to focus on various types of Calder6n—-Zygmund estimates.

Before starting our argument, we introduce some notations and definitions that are used
throughout this paper.

Notations 1.1
(1) The open ball in R” with center y and radius p > 0 is denoted by

B,(y) = {xeR”:lx—y| <,o}.

If the center is the origin, we denote B, (0) by B,.
(2) The integral average of g € L}(U) over the bounded domain U in R” is denoted by

©)u = ][ug(") dx- L /u e dx.

||

3) B, =B,N{x,>0}, B;(y) =B, +y, T =B, N{x, =0}, T,(y) = T +.

4) Q,(») =B, N, 2, =2,00),3,2,) =B,(y) NI, 8,2, = 3,2,(0).

5) For aset E C R”, |E| denotes the Lebesgue measure of E.

6) WhP(U) = {g(x) : D"g € LP(U) for each multi-index v with |v| < 1} is the Sobolev
spaces equipped with the norm |Igllw1pqp = Igllze@) + 1Dgllrw)- When p = 2, we
denote H*(U) = W?(U). The closure of the space C5°(U) with respect to the norm
in W7 (1) is denoted by W (U).

—~ o~ o~ o~

The following is the definition of weak solutions to (1.1).

Definition 1.2 Let f € L?(S2). Then u, € H}(<2) is called a weak solution to (1.1) if
/Q ASDu Dyp dx = /Q fDip dx

holds for all ¢ € H} ().

The next definitions cover the regularity requirements on the coefficient A, which al-
lows discontinuity, and on the boundary of the domain €2, which is a natural extension of
Lipschitz domains with small Lipschitz constants, see [33].
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Definition 1.3 We say that A is (5, R)-vanishing if

sup sup][ |A(x) - (A)Bp(y)|2dx <é% (1.3)
0<p<RyeR" Bp(y)

Definition 1.4 We say that Q is (§, R)-Reifenberg flat if, for every x € 92 and every p €
(0, R], there exists a coordinate system {y,...,y,} depending on p and x so that x = 0 in
this coordinate system and

B, N{y,>8p} CB,NQCB,N{y,>-bp}. (1.4)

Remark 1.5 First of all, the number R in the above two definitions can be 1 or any other
constant greater than 1 to be determined by our purpose, since our problems (1.1), (1.3),
and (1.4) have a scaling invariance property. Also, the small constant § to be determined

1

later is scaling invariant. For (1.4), Reifenberg flatness is meaningful when 0 <§ < 7 for

n > 2, see [33]. Even though this condition does not mean any smoothness condition on
the boundary, this implies the following measure density condition:

1B ()l 2 \" [16\"
|B,(y) N Q| 5(1-5) 5(7) (1.5)

for every y € 9Q2 and r € (0, R].

To understand our result in this work intuitively, we introduce a two-scale expansion
method in homogenization, see [2]. For this, we split the variable x into a macroscopic
variable x and a microscopic variable y = Z. Then, according to the two-scale expansion
e (x) = ue(x, 2) = ue(x,y), we see that

Uue(x,y) = to(x,y) + €11 (x,9) + € us(%,) + - - -

= uo(x) + € xi(y) Ditto(x) + O(€?).

Here, uy is independent of y and x = {x;(y)} is called a corrector of (1.1) which is periodic.
In fact, since only with (1.2) the corrector x has nice estimates such as

X llzeooaymy < ¢ or I xllm o <6
we can think that

Ue (%) ~ uy(x).
In addition, ug is a solution to

Di(A}Djuo(x)) = Dfi(x) in £2,

uo(x) =0 on 042,

whose coefficient A° = {Ag.} is a constant matrix, and hence we may expect that integra-
bility of Du, could be improved to the integrability of f independent of €. However, this



Jang Boundary Value Problems (2021) 2021:28 Page 4 of 24

is in a heuristic way but not mathematical, so we need mathematical justification. In fact,
uo is only the weak limit of the weak solutions u, in H}(Q2) as € — 0.

In the previous research [4], we proved that under suitable assumptions related to (1.3)
and (1.4)

fel’(Q) = DucclIP(Q) withtheestimate ||Ducl|r) <clfllir@)

for 2 < p < 0o, where the constant ¢ is independent of €. In a bounded domain f € L?(2) for
2 < p < oo implies f € L*(R), so the Lax—Milgram lemma shows existence and uniqueness
of the solutions u, € H}(R2) with the estimate

IDucll2) < cllf 2@

for some constant ¢ independent of €. Then, by using perturbation method, we can im-
prove integrability of Du,. from L2(Q2) to L?(2). In this sense, our goal is to prove that if
feX(Q)cL¥Q), then

feX(Q) = Du.ecX() withtheestimate ||Duclxq) <clflxe

for some constant ¢ independent of €. In particular, X(2) will be weighted Lebesgue
spaces, Orlicz spaces, or weighted Orlicz spaces defined on €2 which are generalizations
of the Lebesgue space L”(£2).

For a single equation, which means € = 1, the Calder6n-Zygmund theory for the data
from generalized Lebesgue spaces is widely and extensively studied even for nonlinear
equations, higher-order equations, etc. We refer to [3, 7-12, 15, 16, 19, 20, 25, 27, 30, 32,
34, 35] and the references therein for related results. Based on these results, in this article
we want to extend uniform L? regularity results studied in [1, 4, 14, 31] to generalized
spaces. The main difference which arises in the proof is that to obtain uniform estimates
in the perturbation method we cannot compare our equation (1.1) to the equation whose
coefficient is given by a constant matrix, such as the average value of A, as the proofs
in the single equation cases. For this reason, different from the single equation case, in
the perturbation argument we have to compare (1.1) with (3.6) whose weak solution does
not have uniform W regularity. Instead, we can derive our desired regularity results
from uniform W4 (2 < g < 00) estimates for weak solutions to (3.6), see Lemma 3.3. In
addition, through this procedure we apply their own properties of generalized Lebesgue
spaces more delicate than single equation cases.

This paper is organized as follows. In Sect. 2, we introduce some useful results in
weighted Lebesgue spaces, and in Sect. 3 we prove uniform Calderén—Zygmund estimates
in weighted Lebesgue spaces. In the way to prove, we introduce an explicit and quantita-
tive study in the approximation procedure. Orlicz spaces are considered in Sect. 4. Finally,
in Sect. 5, we obtain the estimate in weighted Orlicz spaces.

2 Auxiliary results in weighted Lebesgue spaces
To begin with, we introduce the Hardy—Littlewood maximal function which is used in our
approach. The Hardy-Littlewood maximal function is given by

(Mg)(x) = sup

p>

1
da
Byl Ly SO
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for any locally integrable function g on R”. If g is defined only on a bounded subset of R”,
then we define

Mg = Mg,

where g is the zero extension of g from the bounded set to R”, and we define the restricted

maximal function

Mllg = M(g]]_u),
where 1 is the characteristic function of &/ C R”. The main properties of this maximal
function used in our argument are weak 1-1 estimate and strong p-p estimate.

Now we introduce weighted Lebesgue spaces with respect to the measure wdx. Espe-
cially, we consider the weight w is in the Muckenhoupt class A; with 1 < s < 00, see [26].

Definition 2.1 We say that w is a weight in A, (or an A, weight) for 1 <s<ooif wisa

nonnegative and locally integrable function in R” satisfying

L s-1
[w]s = sup sup <][ w(x) dx) (][ wi(x) 5T dx) < 00. (2.1)
J/ER" p>0 Bp()’) B/J(y)

A typical example of w € Ay is
wx) = x|T-n<qg<n(s-1).

For this weight w, the weighted Lebesgue measure with respect to w is defined by

W(E):/w(x) dx
E

for measurable sets E € R” and the weighted Lebesgue space L (U]) is defined by the set
of all measurable functions g on U satisfying

/ lg(x)| w(x) da < oo.
u

Note that L (1) is a Banach space equipped with the norm

gl zs, ) = (/u]g(x)]sw(x) dx) "

The next lemma is a relation between integration and summation, which comes from

the classical measure theory.

Lemma 2.2 ([13]) Assume that g is a nonnegative, measurable function defined on a
bounded domain Q CR”. Let 0 > 0 and p > 1 be constants. Then, for 0 < q < 0o, we have

geli(Q) — S:Zuqk|{x69:g(x)>9,uk}|<oo
k>1
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and
! q
ZS = ”g”Lq(Q) = C(|Q| + S);
where the constant ¢ depends only on 0, i, and q.
Lemma 2.2 for the weighted Lebesgue spaces is the following.

Lemma 2.3 ([25]) Assume that g is a nonnegative, measurable function defined on a
bounded domain Q CR”. Let 0 > 0 and p > 1 be constants. Then, for 0 < q < 0o, we have

geli(Q) S=Zuqkw({er:g(x)>9uk})<c>o
k>1

and
1S < gl < c(w(Q) + S)
¢> = Wle = ’
where the constant ¢ depends only on 6, |1, q, and w.

Recalling Definition 1.4, we now introduce the Vitali type covering lemma for weighted
Lebesgue spaces with weight w € A;.

Lemma 2.4 ([9]) Let w € A, for some 1 < s < 0o. Assume that Q2 is (5,1)-Reifenberg flat,
and let C and D be measurable sets with C C D C Q2. We further assume that there exists
small n >0 with

1. foreachx e Q,
w(B1(x) N C) < nw(Bi(x));
2. foreachx € Q and p € (0,1] with w(C N B, (x)) > nw(B,(x)), we have
B,(x)NQ CD.
Then
w(C) < c.nw(D)
for some constant c, = c.(n,s,w).

Remark 2.5 In Lemma 2.4, we note that the constant c, depends on ﬁ According to [33],

d is smaller than 2,,% For this reason, we assume throughout this paper that § < -1 < 1.In

on+l — 8°
this sense, we can take the constant c, independent of §, which means that c, is a universal

constant.

We will use some properties of the weighted Lebesgue measure with weight w € A;. The

following lemma says that there is a relation between w(x) dx and dx, the usual Lebesgue
measure.
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Lemma 2.6 ([25]) Assume w € A for some 1 < s < 00, and let E be a measurable subset of
a ball B C R". Then, there exist positive constants o and t € (0, 1), both depending on n, s,
and w, such that

1 (IEI\® w(E) IEI\"
[w]s(ﬁ) =B f“(ﬁ) ' (22)

We note that, for the case w = 1, the second part of (2.2) holds forany« >1and0<t <1

but it is natural to consider this inequality as an equality with & = 1 and 7 = 1. Also, there
is a fundamental property of the Hardy—Littlewood maximal function in the weighted
Lebesgue spaces.

Lemma 2.7 ([26]) Assume w € A for some 1 < s < co. Then there is a constant c =
c(n, s, [w]s) > 0 such that

¢ HMigllzs @ < IMgllzs,@n < cligls, @
forall g € L (R").

3 Uniform estimates in weighted Lebesgue spaces
Our main theorem in this section is the following.

Theorem 3.1 Letw € A;% with 2 < p < 00 and assume f € L4(2). Then there exists a small
positive constant 8§ = §(\, A, n, p, w) such that if A = {A} is (8, 96)-vanishing and Q is (8, 96)-
Reifenberg flat, then the weak solution u. € H}(Q2) to (1.1) satisfies

Du, € I (Q)

with the estimate

|1 Due ”Lﬁ,(g) = C”f”Lﬁ/(Q) (3.1)
for some constant c = c(diam(S2), A, A, n, p, w, w(S2)) which is independent of €.

Our method is based on localization and perturbation argument. To do this, we first
consider the localized version of (1.1)

Dj(Aj(x)Djue (%)) = Difi(x)  in $2,

(3.2)
ue(x) =0 on 9,,82.
In (3.2), according to the Reifenberg flatness condition (1.4) we assume that
B! C Q6 C Bg N {x, > —125} (3.3)
and a weak solution . to (3.2) satisfies
|Duc|*dx < 1. (3.4)

1Bs| Joy
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We next let w, be a weak solution to

Di(Afj(x)D/we(x)) =0 in §2s, 35)
We(x) = ue(x) on 082s.

Then, from (3.4), as we can see in the following lemma, we have a higher integrability
result for w,. In fact, since in the original version of the following lemma the authors con-
sidered very rough domains so that our domain, an intersection of a ball and a Reifenberg
flat domain, which satisfies measure density condition (1.5) in Remark 1.5, is in the case
of the original one, see [21]. More precisely, even though in (3.3) Qg itself may not be a
Reifenberg flat domain, under the definition of Reifenberg domains in every scale, we have
to approximate our domain in the same way as (3.3) and eventually it describes the bound-
ary of Reifenberg domains from every scale with the measure density condition (1.5). In
addition, under our L? approach in this paper, (1.5) implies the p-capacity condition with
p =2, see [24, Sect. 2.2.3], we can apply [21] to our problem.

Lemma 3.2 ([21]) Assume (3.3) and let u. be a weak solution to (3.2) satisfying (3.4), and
let w. be a weak solution to (3.5). Then there exist positive constants oy < 1 and ¢, which
depend only on A, A, and n such that

”DWG ||L2+r71 (4) <ec.
Then we consider the following equation up to the flat boundaries:

D;(A§(x)Djve(x)) =0  in By,

Vex) =0 on Ty.
According to the previous works [4, 5, 18, 31], we have the following lemma.

Lemma 3.3 Let v. be a weak solution to (3.6) and 2 < q < co. Then there exists § =
8(\, A, n,q) such that if A is (8, 6)-vanishing, then we have

Dv, € LY(Bj)

with the estimate

1 1
7 2
(][ |Dv,|? dx) ! < c<][ |Dv|? a’x) (3.7)
B3 B

for some constant c = c(A, A, n,q) independent of €.

We here point out that estimate (3.7) is a uniform one for each given 2 < g < cc. In fact,
Lemma 3.3 is very important in our method since all the € independent uniform estimates
in this paper, (3.1), (4.4), and (5.1), come from this lemma whose proof can be found in [6,
31]. To complete our perturbation argument, we have to choose a weak solution v, to (3.6)
suitably with respect to w,, which is a weak solution to (3.5). For this, in the previous work
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[4] we used a compactness argument which is an indirect one, but we here find an explicit
approximate solution v, to (3.6) with respect to w, based on the method in [22]. This is
not only a direct method but also a quantitative study for the approximation procedure in

Reifenberg domains.

Lemma 3.4 Assume (3.3). Let u. be a weak solution to (3.2) satisfying (3.4) and w, be the
weak solution to (3.5). Then, for any fixed k > 0, there exists small § = 5(k, A, A,n) >0 in
(3.3) such that there exists a weak solution v, to (3.6) with

ﬁ |Dv|?dx < c
4l JB?

for some positive constant ¢ = c(A, A, n) and

1
|D Vg)izdxflcz.

|Bsl
Proof Firstly, we note that, according to (3.4),

1

m |IDwe|*dx <c (3.8)
5

for some constant ¢ = c(A, A, n) by the standard L? energy estimate for (3.5).

Next, we let ¢ be a smooth function that satisfies
c
0<¢p=<1, ¢=1 onf{x,>668} ¢=0 onf{x, <0} and |D¢>|§§.

Then we consider that

Di(Afj(x)DjvE) =0 inBj,

(3.9)
Ve = W, on dBj.
According to [22], since w, = 0 on 9,825,
w. |2
/ |l dx<c / |Dw,|* dx. (3.10)
Q4N{x, <63} 8 QaN{x, <68}

Applying the L? estimate to (3.9) with (3.8) and (3.10), we have

— |Dv|dx<— D(¢pwe)| dx < — |Dw|2dx§c
| B ‘ | Bal | o |B| ‘

for some constant ¢ = c(A, A, n).
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Since ve = 0 on T}, we denote V. to be the zero extension of V. from B} to B,. By the
uniform ellipticity (1.2),

1 i _
@ D(ve ¢We)| dx < — \Ba] / AZ’Di(VG _¢W6)Dj(Vs —pw)dx
¢ A Di(Ve — wDy (v — pw) dx (3.11)
|B4|

c
NS f ASDi(w, — WDy, — $we) dx
|Bal Jo,
for some constant ¢ = ¢(A). Since w, and v, are solutions to (3.5) and (3.9), respectively, by
a direct computation, we see from (3.10) and (3.11) that

1

2
|B4| |D ¢w€)’ dx

|B |/ |D(W6_¢We ||D(VE ¢W6)|dx

= o [ (@ =) 196~ pwo

c (1IDwe| + | D(gwe)|) |D@e - pwe)| dox
|B4| QuN{xn<65)

c : 2 :
(/ |Dw€|2dx> </ |D(ve — pwe)| dx>
|B4| QuN{n<68) Bl

for some constant ¢ = ¢(A, A, n). Therefore,

1

DWe — pwe)| dx < — |Dw, | dx,
Bl | Ui |B4| Qunlnz6s)
and hence
1 2
— (Ve — We ‘ dx < — |D(v€ owe) ‘ + !D(qbwg —wg)| dx
|Bal IB |

(3.12)

< |Dw,|? dx.
[Bal Jounix,<6s)

Finally, applying the higher integrability result in Lemma 3.2, Holder’s inequality and (3.8)
to (3.12), we have

1 oL

|D we)izdxgcézﬂ’l

Bl

for some constant ¢ = ¢(A, A,n). Then we can choose a small constant § satisfying
o1

c871 < k2, This completes the proof. d

Remark 3.5 We note that in the proof of Lemma 3.4, we did not use Lemma 3.3. In addi-
tion, we do not need any regularization on the coefficients in the proof of Lemma 3.4. In
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particular, the higher integrability result in Lemma 3.2 holds for the general cases not only
for the homogenization problems. In this sense, we can see that Lemma 3.4 holds for the

general cases that the coefficients only satisfy (1.2).

The next lemma is the main lemma in our argument. This verifies the second condition
of Lemma 2.4 in the procedure to prove Theorem 3.1. In the following lemma, we let c,

be the constant in Lemma 2.4 with respect to w € A;.

Lemma 3.6 Let w € A for some 1 < s < 00, and let u be the weak solution to (1.1). Then
there exists a constant n = n(A, A, n,p, s, w) so that one can select small § = §(A, A, n, p,s,w) >
0 such that if A is (8,96)-vanishing, if Q is (8,96)-Reifenberg flat, and if for all y € Q and
forevery 0 < p <1, B,(y) satisfies

w({x € Q: M(IDuc?) > N*} N B, () > nw(B,(»)), (3.13)
where

e NP =t (3.14)

N T 5 .

then there holds
QNB,») C {xeQ: M(IDuc|*) > 1} U {x € Q: M(|f?) > 8°}. (3.15)

Proof We prove it by contradiction. Assume that B, (y) satisfies (3.13), but (3.15) is false.
Then there is a point y; € Q N B,(y) such that

1 1
— |Duc|?dx <1 and —/ [2dx < 82 (3.16)
1B, (y1)I /Qr(yl) 1Byl Ja,m) U

for all » > 0.

We split our problem into two cases: the interior case Bg,(y) C €2 and the boundary case
Bg,(y) ¢ Q2. We here only consider the boundary case because the proof for the interior
case is a simple modification of the proof for the boundary case.

We now assume Bg,(y) ¢ 2. Since our problem is invariant under rotation and transla-

tion, without loss of generality we can assume that
Bg,(y) N Q2 C Bigp N2

and
B, C Q96p C Bosp N {x,, > —1926}.

Then from (3.16) we can see that

1 \Du, |2 dx < [Biogp(y1)| 1
€ —

|Duc|?dx < 2"
1Bosp| J g, [Bosp|  1B192] J195,0)
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and similarly

1

IfI>dx <2782
1Bosp | s,

since B%p C Blgzp()/l).
Now we consider the following rescaled maps:

u(160z)

16p/27"

S(16p2)
16p/2"

f2) = and  Af(z) = Aj(16p2) (3.17)

.(2) = :

for z € Q¢ = ﬁﬁ%p. Then i, is a weak solution to

Dy(AG(2)Djite(2)) = Daf(2) in s,

~ (3.18)
i:(z) =0 on 0,826,
satisfying
B} C Q6 C Bg N {z, > -128},
1 .
— |Ditc|?dz<1 and — IfI* dz < 82
1Bs | J 1Bs| Jaxg
Next, we let w, be the weak solution to
Di(A%(2)Djwe(2)) =0 in s,
(A5 (2D (2)) 5 519
We(2) = te(2) on 9$2s.
Comparing (3.19) with (3.18), the standard L? estimate yields
1 ~ ~ 12 c 72 2
— | Dt -DwPdz< — | |flPdz<cs (3.20)
1Bs| J&, IBs| J&,

for some constant ¢ = ¢(A, A, n).
Now, we apply Lemma 3.4 to (3.19). Then, for any fixed « > 0, there exists small § =
8(k, A, A, n) >0 such that we can find a weak solution v, to

Di(A5(2)Dj7c(2)) =0 in B},

(3.21)
Ve(2) =0 on Ty,
satisfying
— | DV Pdz<c (3.22)
1Bl Ji;
for some positive constant ¢ = ¢(A, A, n) and
1 ~ ~ 2 2
— | |DGe - ¥e)|"dz < k> (3.23)
1Bal Js:
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Note that according to the scaling in (3.17) A is (8,6)-vanishing, so we can apply
Lemma 3.3 to (3.21) with g = ‘%, where T = t(n,s,w) is a constant in Lemma 2.6. Then

there is a small § = (A, A, n, p,s, w) such that

. pit #
(][ |Dv5|rdz> §c<][
B} B

for some positive constant ¢ = ¢(A, A, 1, p, s, w).
We now claim that if N7 > 2", then

1
2
|DV, |2dz> <c (3.24)

+
4

{z € Q1 : M(IDiac|?) > N7} € {z € Q1 : M, (IDizc|”) > N7} (3.25)
To show this, we denote z; = 1y6—1p and let zy be a point in {z € Q; : M, (|Dii.[*) < N}}. If

r < 2, we have B,(z9) C Bs and

1
|Br|

[ 1D dz < Ma, (D5 ) o) < N2
Qr(z0)

For r>2,as z; € $,(z9) C By,(21), we obtain from (3.16)

1 Byl 1
/ Dt 2dz < B2l L \Diic|?dz < 2" < N2.
IBrl Ja, ) |Br| [Bar| Sy (z1)

Thus, M(|Dii|*)(zo) < N7, and hence the claim is proved.

To complete our argument, we denote i to be the zero extension of 7. from B} to Bs,
and let N2 = N122” for large N7 > 2” to be determined later in the proof.

Using claim (3.25) and (3.17), we compute

%er Q: M(|Ducl?) > N*} N B,(y)|
)

6" « 3
B |{z € @1 : M(|Ditc)?) > N7 }|

n

|B1]

n

|B1l

=

=

|{z € Q1 : Mg, (IDite|*) > N7}

=

~ N?
{z € Q1 : Mg, (IDize — Dive|*) > é”

n

+
|B1]

n

|B1]

- - N?
{ze &y : Ma, (1Div, — DV, %) > KIH

+

2
{ze Q1 : Mg, 1DV ) > %H

c . I c - = 5 c . it
§A?/~3|DMG—DWE| dz+]\?/s;3 |[Dwe — DV |“ dz + —5+ |DVe| © dz

el = Jag

=2]1 +12 +13,

where the constant ¢ = ¢(A, A, n, p,s, w).
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From (3.20)

c
I < F«SZ. (3.26)

For I, we use Lemma 3.2 and (3.23) for given « > 0, then we obtain

c 1 - - 1 -
L < —2(— \Di — DV |* dz + — IDweIZdZ)
N2\ |Bi| Jpy 1B1] Jas\8;
2 o
c ) .Y 2+01 2+01
<= (K + (/ |Dw,|“" dz) (/ dz) ) (3.27)
N o Q3\B}
c o
S ]\?(K2 +52+01).

Finally, by (3.22) and (3.24),

P+t
2T
135%( |D17€|2dz) <— (3.28)
N B} N

T T

Therefore, we have from (3.14), (3.26), (3.27), and (3.28) that

c o c
11+12+135m(x2+52+52+61)+7¥
2, . pit

=cn? (kK* + 8%+ 8771 ) +en rF (3.29)

w (en? ™ (k2482 + 57 + )

for some constant ¢ = ¢(A, A, 1, p,s, w).
To derive a contradiction, we now use the relation between the weighted Lebesgue mea-

sure and the usual Lebesgue measure in (2.2) in the following way:

w(fx € @: M(IDu) > N*) N B, () _ a(ux € Q: M(|Du|*) > N?) me(yn)f
w(B, (7)) - 1B, '

According to (3.29), we see that

w({x € Q: M(|Duc|*) > N>} N B, ()
w(B,(»))

<a(n%(cn%’%(/c2 +8%+ 82(:_‘1’1) +cn171’))T

2_1 1 1
= r;(a(cnﬁ_? (K2 +82 + 871 ) + cnﬂ)r).
We first take n = n(X, A, n, p,s, w) so that
0<enp < (3.30)
<c — .
= 3Ta
Then we can select N from (3.14). From this 1, we next choose « = (A, A, n, p,s,w) such

that

2t
P |
O<cen? k¥ <

~ 3ta’

(3.31)
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Finally, we can find the corresponding § = §(A, A, n, p, s, w) for « selected as (3.31) that

1

O<cns (52 +6%01) < —. (3.32)
3T«
Consequently, from (3.14), (3.30), (3.31), and (3.32), we have, for such N, n, and §,
w({x € Q: M(1Ducl)* > N>} N B,(5)) < nw(B,),
which is a contradiction to (3.13). This completes the proof. O

We are going to prove Theorem 3.1. For this, we now fix any p € (2,00) and let n and N
be constants given by Lemma 3.6 with respect to s = £, and we denote by ¢ the constants
that can be explicitly computed in terms of the known data such as 2, A, A, n, p, and w.

Proof of Theorem 3.1 Firstly, we can assume that |[f|;» o) <6 for f € LL,(Q2) with w € A;%
since our problem (1.1) is invariant under normalization. Then it suffices to show that

[ Du. ||L{4’/(Q) =c

Now, we note that

/szdxg(/g [flpwdx>%(/ﬂwl’22 dx>%2. (3.33)

Moreover, we let d = diam(S2), then Q C B,(xo) for any x¢ € 2, and hence from the defini-
tion of the weight function w € Azjz in (2.1)

p2 L1 2
=FA Zae) )
(L) =((f,»*a) )
-1 1%
5<<][ wdx) [w]g|Bd|’%1> (3.34)
By(x0)
_ ([W]gIBdlg)x%
~ \ w(Bulw)) )

From (3.33) and (3.34), we see from w(£2) < w(B,(xg)) that

2 n [W]% [% 2 2
fQ 1Pdx<d |Bl|<w(9)) F12, g < 8. (3.35)

In order to apply Lemma 2.3 and Lemma 2.4, we denote
C = {x e Q: M(|Duc|?) > N*}
and

D={xeQ: M(IDu*) > 1} U {x € Q: M(|f?) > 8}
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Using (2.2), we know that, for any y € ,

Bi(y)nC Bi(y)NCI\*
w(B1(y) N C) §a(| 1(9) |> ' (3.36)
w(Bi1(y)) [Bi(»)|
Then by the weak 1-1 estimate, the L2-estimate and (3.35) yield
c c
|Bi(y)NC| < e /Q |Duc|” dx < e /Q f* dx < c8°|B1(%)|. (3.37)

Then we can take small § > 0 satisfying from (3.36) and (3.37) that
w(B1(y) NC) < ¢8> < qw(Bi1(y)).

This shows that the first condition in Lemma 2.4 is satisfied with respect to 7. Also,

Lemma 3.6 verifies the other condition of Lemma 2.4. Therefore,
w(C) < mw(D),
where 7, = c,n, and hence we obtain

w({x eQ: M(|Du6|2) >N2}) (3.38)
< mw({x eQ: M(|Du€|2) > 1}) + mw({x eQ: M(Lf|2) > 52}).

In addition, after iterating (3.38), we have

w({x € Q: M(|Duc|?) > N*"})

<nw({xe Q: M(1Duc?) > 1))
+ Yl 22 M) > N0},

i=1

Now we apply Lemma 2.3 to
g:M(|Du€|2), H’:Nzr Q:l, and q:%)'

By a direct computation we find that

]

[ M(1DucP)[ %

2 (Q)

~

< C<W(Q) + S NS w(fx e Q: M(1Duc?) > N””}))

m=>1

< c+cZN’"pn;"w({xe Q:M(|Du€|2) > 1})

m=>1
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+ CZN"”’ Zn‘lw({x eQ: ./\/l([flz) > 82N2(m_i)})
m=>1 i=1
NI 0,

=c+cw(Q)ZN’”pn§”+CZ(Npﬂ1) 52

m>1 i>1

Therefore

IMODaPfy  =ef1+ (o)) =

L m>1

T

since
1
NPy =c NP =—.
2
Then Lemma 2.7 shows that
|1 Due ||le/(g2) <c
This completes the proof. d

Remark 3.7 Our argument is based on the L* theory. In this sense, the condition w € Ap

is natural, see (3.33). In fact, since

120 = ( /Q lfl”wdx>; - ( /Q (m‘z’)2wdx)'2’ el g,

it makes sense. Moreover, for the next two sections, we interpret Theorem 3.1 in the fol-

(S

lowing way:
weA, and [f*€If(Q) withl<p<oco = |Duc|*€I’()
with the estimate

|||D”€|2”Lfv(9) < c||lf|2||L5’V(sz)'

4 Estimates in Orlicz spaces

In this section, we are going to derive uniform Calderén—Zygmund estimates with respect
to a given data f from Orlicz spaces. Orlicz spaces are another natural generalization of
the usual Lebesgue spaces, see [28, 29], but they are different from weighted Lebesgue
spaces. For this reason, in order to focus on the estimates in Orlicz spaces, throughout
this section, we let w = 1 for wdkx, that is, w(E) = |E| for any measurable set E C R”, and
we use Lemma 2.6 with « = 1 and 7 = 1. In these settings, we apply lemmas in Sect. 3 to

this section for our purpose. To describe Orlicz spaces, we start with some definitions.

Definition 4.1 Let ® be a real-valued function defined on [0, 00).
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(1) We call ® a Young function if it is a nondecreasing and convex function which

satisfies

®(0) =0, lim ®(p) = oo,
p—>00

O O
lim ﬂ =0, and lim ﬂ =00
p—0+ o p—oo P

(2) A Young function & satisfies A,-condition, denoted by ® € A,, if there is a constant
¢; such that, for all p >0,

@(2p) < c1P(p).

(3) A Young function ® satisfies V,-condition, denoted by ® € V5, if there is a constant
¢y such that, for all p >0,

®(c2p)

o <
(p) < 2,

(4) Given a Young function ® € A; NV, and a bounded domain U € R”, the Orlicz
space L®(U) is defined by the set of all measurable functions g : U — R satisfying

/ud>(|g|)dx< 00

equipped with the Luxemburg norm

lellon =inf{p >o: ¢<@> dx < 1}.
u P

Based on Definition 4.1, we can see that a Young function ® € A, N V; has growth
conditions neither too slow nor too fast. In fact, ®(p) = e’ ¢ A, and ®©(p) = plog(1+p) ¢
V,. A typical example of ® € Ay, NV, is ®(p) = p? for 1 < p < oo that coincides with L?
spaces, and hence the usual Lebesgue spaces are special cases of the Orlicz spaces. In
addition, for ® € A, N V,, there exist constants ¢; and g, with 1 < ¢q; < g, < 0o such that,
for any p; and p, with 0 < p; <1 < p; < 00,

D(p1p) <cpi'®@(p) and D(p2p) <cp3*®(p) forall p>0 (4.1)

for some constant ¢ independent of p, p1, and p,. In other words, for any />0 and p > 0,

1min{l‘“,l‘”} <d(lp) < cmax{l’“,l‘”}
c

for some constant ¢ independent of / and p. Then, from the definition of ||g| ¢ (g, for a

bounded domain €2, we see that

L2(Q) c L*(Q) c L1 (Q) C LY() (4.2)

Page 18 of 24
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and g € L?(RQ) implies g € L}(2) with the estimate

/Q|g|dxsc<(/ﬂd>(lg|)dx)%+(/Qd>(|g|)dx)$>, (4.3)

see [3, 30].
Similar to the weighted Lebesgue spaces, there is a fundamental property of the Hardy—

Littlewood maximal function in the Orlicz spaces.

Lemma 4.2 ([23]) Let & be a Young function satisfying ® € Ay NV, and Q be a bounded
domain. Then there is a constant c = c¢(n, ®) > 0 such that

cgllzo@) < IMglio@) < cligllzoq)
forall g € L*(Q).
Additionally, Lemma 2.2 for Orlicz spaces is the following.
Lemma 4.3 ([23]) Assume that g is a nonnegative, measurable function defined on a

bounded domain Q@ C R". Let 6 > 0 and |1 > 1 be constants. Then, for any Young function
® € Ay N Vy, we have

gel®(Q) S=Z<I>(uk)|{xe§2:g(x)>9,uk}| <00
k>1

and
%sz ®(Igl) dx < c(I] +S),
Q

where the constant ¢ depends only on 0, i, q, and ®.

The next is our theorem for the Orlicz spaces. In the proof of this, we mainly use prop-
erties (4.1) and (4.2) for the Orlicz space with respect to a Young @ € A, N Vs.

Theorem 4.4 Let ® be a Young function satisfying ® € Ay NV, and assume |f|> € L*(Q).

Then there exists a small positive constant § = 8(A, A, n, p, @) such that if A = {A;} is (8, 96)-
vanishing and S is (8,96)-Reifenberg flat, then the weak solution u. € Hy(Q2) to (1.1) satis-

fies
\Duc|* € L*(Q)
with the estimate

” |D”e|2HL¢(Q) <] lﬂz”m(sz) (4.4)

for some constant c = c(|2|, A, A, n, p, ®) which is independent of €.
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Proof In view of (4.2), according to the proofs in Lemma 3.6 with w = 1 and p = 2¢g,, we
have the following: there exists a constant n = (A, A, n, ®) so that one can select a small
8 =68(X, A, n, @) >0 such that if A is (8, 96)-vanishing, if Q2 is (5, 96)-Reifenberg flat, and if
for all y € Q and for every 0 < p <1, B,(y) satisfies

[{x € Q: M(IDucl?) > N>} N B,(»)]| > n|B, ()|,

where
2 1
¢ N* 2y = —, (4.5)
2
then there holds

QNB,(y) C {xeQ: M(IDuc|*) >1} U {x e Q: M(|f1?) > 8}

Here, c, is the constant in Lemma 2.4 for w = 1.

Similar to the proof of Theorem 3.1, we can assume that
” lfleLq’(Q) = 8
for |[f|?> € L®(R2), and hence it suffices to show that
I |D”6|2“L®(Q) =c
As before, we let
C = {x e Q: M(|Duc|?) > N*}
and
D={xeQ: M(IDuc|*) > 1} U {x € Q: M(|f?) > 8°}.
Using (4.3) with the computation in (3.37), we can choose small § satisfying for any y €
c L 1
|Biy)NC| < m(aﬂn +892) <n|B1(y)|.
Then we can apply Lemma 2.4 for w = 1 to our problem to see that

|{x € @: M(IDuc?) > N*"}|

< n{”|{xe Q:M(|Du€|2) > 1}|

£ 3 | fr e @ M(FP) > 82N

i=1

’
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where 71; = ¢,n. Following from Lemma 4.3, we compute

/QCI)(M(|DME|2))dx

< c(|sz| +Y O(N*)|{x € 2: M(IDuc|?) >N2’”}|)

m>1

<c+c) O(N)ny|{x e 2: M(IDucl?) > 1}

m>1

+ CZ CD(sz) Zn’ll{x € Q:M([f|2) > 82N2('”_i)}|.

m
m=>1 i=1

Due to (4.1), we have ®(N?") < cN?"22d(1), and then we obtain

/ O(M(|Duc ) dx < c +c|Q) Y N2 4 ¢y (N*2ny)'.
Q

m>1 i>1
Since by (4.5)
2 2 1
N2y = c,N"2n = >’

finally we have

fg @(M(|Du€ |2)) dx<c
for some constant ¢ = ¢(A, A, n, @, Q) independent of €. Then Lemma 4.2 shows that
| 1D ? HL“’(Q) =c
This completes the proof. d

5 Estimates in weighted Orlicz spaces

In this section, we consider weighted Orlicz spaces. To do this, we let ® be a Young func-
tion such that ® € A, N V,. As in the previous section, for this ® there exist constants g;
and ¢, satisfying (4.1). We next define i(®) the lower index of a Young function & by
log(ha (1) (lp)

i(®) = 11_1}& logl " where 4 () = s11>1£) o)

Then we can see that the index number i(®) is equal to the supremum value of ¢; satisfying
(4.1). We note that, as we have seen in Remark 3.7, in order to obtain uniform estimates in
weighted Orlicz spaces, it is natural to consider the weight w € A;«¢) for a Young function
® € A, NV, because of relation (4.2).

To apply our argument, we introduce the weighted Orlicz space LE(2) for the weight
w € Aya). The weighted Orlicz space L® (2) is defined by the set of all measurable functions
g: Q2 — Rsatisfying

/Q D(Igl)wdx < 00

Page 21 of 24
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equipped with the Luxemburg norm

lgllzewn = inf{p >0:/ <I><@>wdx§ 1}.
v u p

Similar to (4.3) we see that g € L®(Q) implies g € L'(2) with the estimate

/Q|g|wdx5c((f9d>(|g|)wdx)%+</Q<I>(|g|)wdx)$),

see [30]. In these spaces, there is a fundamental property of the Hardy—Littlewood maxi-
mal function like Lemma 2.7 and Lemma 4.2, that is, there is a constant ¢ = ¢(n, w, ®) such
that

C_1||g||L$(Q) = ||Mg||L$(Q) =< C”g”L$(Q)

forallg € L®(R), see [17, 23]. In addition, we have the following relation between integra-

tion and summation in LE(<2).
Lemma 5.1 Assume that g is a nonnegative, measurable function defined on a bounded

domain Q C R".Let0 > 0and i > 1 be constants. Then, for any Young function ® € A, NV,

and corresponding w € Ay, we have

geLf;(Q) — S:ZQD(Mk)w({xeQ:g(x)>9uk})<oo
k>1

and
1
ZSs/ﬁ@(lg|)wdx§c(w(§2)+S),

where the constant ¢ depends only on 0, u, g, w, and ®.
The main result in this section is the following.
Theorem 5.2 Let ® be a Young function satisfying ® € Ay NV, and let w € Ajo). Assume
[fI?> € LE(2). Then there exists a small positive constant § = §(h, A, n, p,w, ) such that if
A = {Ay} is (8,96)-vanishing and Q is (8,96)-Reifenberg flat, then the weak solution u. €
H}(RQ) to (1.1) satisfies
|Du|* € L3 ()

with the estimate

I |D”€|2”L$(Q) §C||V|2||L$(Q) (5.1)

for some constant c = c(diam(2), 1, A, n, p, w, w(R2), @), which is independent of €.
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Proof The proof of this theorem is a combined one of the proofs in Theorem 3.1 and
Theorem 4.4, so here we explain briefly the procedure of the proof.

After a suitable normalization, as the proof of Theorem 4.4, we can prove Lemma 3.6 for
w € Ay and p = ¢, where ¢, is the constant in (4.1), in the same way. Then we can apply
Lemma 2.4 for w € A;4) to our problem, and hence we finally obtain by using Lemma 5.1
that

‘/;2 <1>(~/\/l(|DI/tE |2))wdx <c+ CZ(quznl)i

i>1

for some constant ¢ = ¢(A, A, n, w, ®) independent of ¢, where
2 2 1
Ny =c,N?p= 7

This completes the proof. d
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