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1 Introduction

Monge—Ampére equation is a class of fully nonlinear partial differential equations. The
Dirichlet problem of elliptic Monge—Ampere equations on exterior domains is closely re-
lated to a celebrated result of Jorgens (n = 2 [1]), Calabi (n < 5 [2]), and Pogorelov (n > 2
[3]). It asserts that any classical convex solution of elliptic Monge—Ampeére equation

detD’u=1 inR”

must be a quadratic polynomial. A simpler and more analytical proof was given by Cheng
and Yau [4]. Caffarelli [5] proved that this result holds true for viscosity solutions. Then the
result was extended to the Dirichlet problem of elliptic Monge—Ampeére equation on exte-
rior domains by Caffarelli and Li in [6] where the existence and uniqueness of the viscosity
solutions were proved by the Perron method. Other results for elliptic Monge—Ampére
equations on exterior domains can be referred to [7—11] and the references therein. The
blow-up solutions to the Monge—Ampére equation and convex solutions of the Monge—
Ampére systems can be referred to [12, 13].
The Jorgens—Calabi—Pogorelov theorem for parabolic Monge—Ampére equation

—u,detD*u=1 inR”" x (~00,0] (1.1)

was established by Gutiérrez and Huang [14]. It is stated that if u € C*2(R" x (-00,0])
is a parabolically convex solution of (1.1) such that, for some positive constants dy, ds,
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—di < us(x, t) < —dy, (x,t) € R” x (—00,0], then # must be the form u(x, t) = Ct + P(x) with
C < 0 and P being a convex quadratic polynomial. Then the Jérgens—Calabi—Pogorelov
parabolic theorem was generalized to the equation u; = p(logdet D*u) with p = p(z) €
C%(R) by Xiong and Bao [15], the equation u; — logdet D*u = f by Wang and Bao [16],
and the equation —u; det D?u = f by Zhang, Bao, and Wang [17]. In [18], the author, using
the Perron method, studied the first initial-boundary value problem for parabolic Monge—

Ampeére equation outside a cylinder

—u;detD’u=g in (R”\ﬁ) x (0, T, (1.2)
u=¢t) ondQxI[0,T], (1.3)
u=yx) in(R"\Q)x {r=0}, (1.4)

where u = u(x,t), x € R", t € R, u; = du/dt, D?u is the Hessian matrix of z with respect to
the spatial variables x, 7' > 0 and 2 is a smooth, bounded, and strictly convex open subset
inR”, g =g(x,£) =1+ O(|x|™*), |¥| = oo with & > 2, ¢(x,¢) and ¥ (x) are given continuous
functions satisfying the compatibility condition. The existence and uniqueness of viscosity
solutions with asymptotic behavior at infinity to (1.2)—(1.4) were obtained. The first initial-
boundary value problems of parabolic Monge—Ampeére equations u; = p(logdet D*u) and
u, —logdet D?u = f on exterior domains were also studied in [19-21]. Recently, the author
and Bao [22] obtained the existence of entire solutions of the Cauchy problem for parabolic
Monge—Ampére equations —u, det D*u = g with g = go(|x|) + O(|x|™®) at infinity.

This kind of first initial-boundary value problem (1.2)—(1.4) on exterior domains is mo-

tivated by the interior problem of parabolic Monge—Ampére equations [23, 24]

—uydetD*u =g(x,t) inQ x (0,T),
u=¢xt) on(dQ x[0,T])U (L x {t=0)}).

In this paper, we study the parabolic Monge—Ampére equations —u; det D*u = g(x, t) with
g =go(|x]) + O(|x|~®) (see the following details for gy and ) outside a bowl-shaped domain.
Let D C R be a bounded domain and ¢ € R, define

D(t) = {x ((x, 1) € D},
Set ty = inf{t : D(£) # #}. The parabolic boundary of D is defined by

3,D = (D(to) x {to}) U|J(8D(2) x {£}),

teR

where D denotes the closure of D and dD(t) denotes the boundary of D(t). The side bound-
ary of D is defined by SD = |,z (dD(¢) x {t}). The set D C R"*! is called a bowl-shaped
domain if for each ¢, D(¢) is convex and for t; < ty, D(t1) C D(t;). One can also refer to
[14].

Let D be a bowl-shaped domain and T = sup{¢ : D(¢) # @}, R%! = R” x (¢, T]. Then
SD = 3D(¢) x [to, T]. In the following, we shall abuse the notations SD and dD(¢) x [to, T].
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We shall consider the first initial-boundary value problem of parabolic Monge—Ampeére

equations
—u,detD*u = g(x,t) inREM\D, (1.5)
u=¢xt) ondD(t) x [ty, T1, (1.6)
u=yx) in (R"\D(t)) x {t = to}. (1.7)

Let D c R", if for (x,t) € D a function u is 2kth continuous differentiable with spatial
variables x € R” and kth continuous differentiable with time variable ¢, we say that u €
C?%(D). Let USC(D) and LSC(D) be the sets of upper and lower semicontinuous real-
valued functions on D, respectively. We say that a function u € USC(D) (or LSC(D)) is
parabolically convex if u is convex in x and nonincreasing in ¢. The following definition of
viscosity solutions is referred to [25].

Definition 1.1 Suppose that u € USC(R%1\D) (LSC(R%1\D)) is locally parabolically
convex. We say that u is a viscosity subsolution (supersolution) of (1.5) if for any func-
tion ¢ € C*(N,(#,7)) (with some N, (%,7) := {(x,8) : |x = X| <1, —r? <t <t} C R%\D,
whenever

ux,t) = o(x,t) < (=) u(x,t) - ¢(x,¢) forany (x,t) € N (%, ),
we must have
~pu(%,7) det D*(%,7) > (<) f (%, D).
For the supersolution, we also need that D?¢(¥, ) > 0 in the matrix sense.

u € CO(R%M\D) is a viscosity solution of (1.5) if it is both a viscosity subsolution and
supersolution of (1.5).

Definition 1.2 We say that u € USC(R’}*I\D) (LSC(R'}“\D)) is a viscosity subsolution
(supersolution) of problem (1.5)—(1.7) if u is a viscosity subsolution (supersolution) of
(1.5), u < (=) ¢(x,£) on 0D(t) x [to, T], and u < (>) ¥ (x) for (x,£) € (R"\D(t)) x {£ = to}.

Then u € CO(R’{J\D) is a viscosity solution of (1.5)—(1.7) if it is a viscosity solution of
(1.5), u = ¢p(x,t) on dD(t) x [to, T], and u = Y (x) for (x,t) € (R"\D(ty)) x {t = to}.

We assume that g and  satisfy the following assumptions:
(G) g € C°(R" x [ty, T) is a positive function satisfying

O0< inf g< sup g<oo

R”x[to,T] R"x [to,T)

and for the constant o > 0,
glx,t) =g0(|x|) + O(|x|’“), uniformly for ¢, |x| — oo,
where gy € C°([0, +00)) is positive,

g(r) = O(r‘s), r— +00,
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and B is a constant, 8 > —a,

“nlminten) =2) (18)
n-1

(W) Assume that there exists a constant y > 0 such that ¥ € CO(R"\D(¢,)) satisfies in the
viscosity sense

detD?y = €200, D2y 5 0 in R™\D(to),
¥ =dx, o) ondD(ty),

and for some b € R” and some constant c, 1 (x) satisfies

lim sup |x|mi"{°""}’2+‘3’g ’w(x) - (u0(|x|) +b-x+ c)‘ <oo, ifa+#n, (1.9)
|x|— 00
lim sup |x|”’2+’3_g (ln |x|)71|w(x) - (u0(|x|) +b-x+ c)’ <oo, ifa=mn, (1.10)
|%|— 00
where

5 oplel g ops i
u0(|x|):<§) /(; (/0 z”_lgo(z)dz) ds (1.11)

is the solution of elliptic Monge—Ampére equations

go(lx)

det D?uy =

with #4(0) = 0, u;(0) = 0.
Our main result is as follows.

Theorem 1.1 Let D be a bowl-shaped domain in R, n > 3, and SD be smooth and strictly
convex. Assume that g and s satisfy (G) and (V) respectively and ¢ € C*'(D), ¢ is decreas-
ing in t. Then, for the b € R" and the constant c in (1.9) and (1.10), there exists a unique
viscosity solution u € CO(R’}”\D) of (1.5), (1.6), and (1.7) satisfying, for t € [ty, T],

lim sup Ix|mi“{""”}_2+5_é |u(x, t)— (—y(t — ) + uo(|x|) +b-x+ c)|

Ix]— o0
<oo, ifa#n, (1.12)
and
lTr‘n sup |x|”+‘3_2_g (ln |x|)_1 ’u(x, t)— (—y(t — o) + u0(|x|) +b-x+ c)‘
x| 00
<00, ifa=n. (1.13)

So we extend the previous results [18-20] from g=1or g =1+ O(|x| ™) to g = go(|x|) +
O(]x|~). Moreover, in the Dirichlet problem of elliptic Monge—Ampére equations on ex-
terior domains, an important lemma (Lemma 5.1 [6]) is used to construct the viscosity
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subsolutions with asymptotic behavior. Similarly, for the parabolic Monge—Ampére equa-
tions, a viscosity subsolution with asymptotic behavior is needed to be constructed by an
important lemma (Lemma 2.1 [19]) on a cylinder Q = 2 x (0, T] c R™!. To construct
the viscosity subsolutions of parabolic Monge—Ampere equations applying the lemma, we
added the strong condition ¢, ;(x,£) =0 forany x € 9,0 <t < T [18-20], which is not
natural. In this paper, we establish alemma on a bowl-shaped domain and then we use this
lemma to construct the viscosity subsolutions without the strong condition ¢, ,(x,t) = 0.

This paper is arranged as follows. In Sect. 2, we give the important lemma on a bowl-
shaped domain with which the viscosity subsolution is constructed. Theorem 1.1 is proved

in Sect. 3.

2 Animportant lemma
Lemma 2.1 Let D be a bowl-shaped domain in R"*'. Suppose that SD is smooth and strictly
convex and ®(x,t) € C*(D). Then there exists some constant Cy, depending only on n, ®,
D, such that, for any (€,)) € SD, £ € R", A € R, there exists x(£, A, t) € R™! satisfying
%€, 2, 8)] < Co
and
Ve, (%, 0) < D(x,8) on SD\{(&,1)}, (2.1)
where, for (x,t) € R" x [ty, T,

Vé,k(xrt) = q’(é»t) + %(|(9€, t) _‘7_6(%‘1)" t)|2 - |(€’)") _‘7_6(%_’)‘7 t)|2)’

and c, is any bounded positive constant.
In addition, for some positive constant ¢y and some bounded domain D1 C R" x [ty, T,

we have
—=<—¢y inD;. (2.2)
Proof Let (§,1) € SD, and ® locally has the expansion

1
w0 = BE, 1)+ (1-8) Deb(E,0) + 5 (- ) DPB(E, Dl - &)
= cD(é!t)+(x_‘§)'Dch(§7t)_6|x_‘§|27
where D, ® is the gradient of ® in x, D*® is the Hessian matrix of ® in x, (£,£) € D, and

C = 3 maxp |D*®|.

Let

FE 1) = (Buy (6, 1), ., By (6,2),0) + 20(E,2) + (6,),
C.

*
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where v(§, 1) is the unit internal normal vector of SD at (£, 1) and ¢ is sufficiently large but
bounded positive constant to be determined. Then

Cx -
vea(w 1) = (6,0 + (| o) = |6 1[) — culr =0 1) -3, 1,0)
= 0, )+ Slr -7+ St )
+(x—&)-Dy®(§,8) —cuclx—&,£— L) - V(E,A). (2.3)

So

(Ve — D), t)

< Cla— 6P+ Sl 4 S(E =) - c.bla— 6,6 2) - V(EA).

By a translation, without loss of generality, we can assume that £ =0, A = 0. Then

Ve, (%, t) i= V(x, t)

c c n
= ®(0,1) + E*Iad2 + E*t2 +x-Dy®(0,2) — c.clx, t) - v(0,0)

and
(7 — ®)(x,2) < Clx* + %*mz N %*tz — e,8(x8) - v(0,0).

We again rotate the coordinates to have v(0,0) as one of the axes. That is, let M be an
orthogonal matrix such that Me,,; = v(0,0). Set M(y, y) = (x, ), then

(V- @)%, 1) := (V= D), y) < Cily* + Coy® - cily (2.4)
and

v(x,t) = V(y,y) < C3 — culy, (2.5)
where C;, C; are bounded and depend on C, ¢, and M, Cs is bounded and depends on
¢, | @l c21(p), M and diamD. Since SD is strictly convex, then SD can be locally represented
by

y =p) =0(Iy)%). (2.6)
Thus, by (2.4),

(7= @), 2) = (V= @)y, y) < Cilyl* + Cop*(9) = Ccup ().

Again by the fact that SD is strictly convex, there exists a constant § > 0 depending only
on D such that

p(») =8Iy, Viyl<8. (2.7)
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So

(V- ®)x,0) = (7- D), ¥)

< Cily* + Cp*(9) — Eedlyl, VIl <8
Clearly, by (2.6), for sufficiently large but bounded constant ¢,
(V- ®)(x,t) <0, V0<|y|<5:)/=,0(y)r

where ¢ depends only on §, || | c21(p), €+, and M.
On the other hand, by (2.7), we have

y =8% Y,y) € SD\{(5p(9)) : Iyl <8}
Then, for any (y,y) € SD\{(5, p(¥)) : ly| < §}, by (2.5),
V(x,t) =9y, y) < C3 — 83,

Choosing ¢ large enough (depending only on ¢, §, diamD, || ®|| 215, M) but still bounded,

we get

V(x,t) — Px,£) <0, VY(y,y)e€ SD\{(y,p(y)) Hyl < 8}.

From (2.3), we know that

3
% = B,(5,8) + cult = 1) + (x— £) - Dy ®(E, ) — Culvpar (£, 1),
where
D, B 1) = 9P 3P\’
TS dwat’ T x,0t )

Therefore, for some positive constant ¢y and some bounded domain D; C R” x [ty, T,
similar to the above arguments, by translation and rotation of the coordinates, we can

choose ¢ sufficiently large but bounded such that (2.2) holds. The lemma is proved. O

Remark 2.1 By (2.2), it is easy to see that even if @, ,(x,£) # 0, (x,£) € SD, we still have
—(ve,n)e det D?vg 3 > g(x, t) in some bounded domain D;. Then we avoid the bad condition
., . (x,£) = 0 for any (x,£) € SD in [18-20].

3 Proof of Theorem 1.1
For the reader’s convenience, we first give the following lemmas whose proof can be found
in [18, 26].

Lemma 3.1 ([18]) Let Q C Q2 be two open strictly convex subsets with smooth boundaries
inR" and Q = Q x (to, T], Q1 = Q1 X (to, T). Suppose that v e C°(Q) and u € C°(Q,) are
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parabolically convex and satisfy respectively

—v,det D*v >f inQ

and

—u,det D*u >f inQ.
Furthermore,

u<v inQ, u=v ondQ x [ty, T].
Let

W t) = vix,t), (%8 eqQ,

M(x! t)! (x¢ t) € Ql-
Then w e C°(Q1) is parabolically convex and satisfies, in the viscosity sense,
—w,detD*w >f onQ.

Lemma 3.2 ([26]) Let 2, be an open strictly convex subsets with smooth boundary in R",
Q1 = Q1 x (to, T], and f € C°(Q,) be nonnegative. Suppose that Sy is a nonempty family of
subsolutions to the equation

—U; det(Dzu) =f inQy, (3.1)
and

u(x, t) = sup{a)(x, t)we So}, (x, 1) € Qq,
then u is a viscosity subsolution of (3.1).

Proof of Theorem 1.1 Through an affine transformation in the x-space and by subtracting
a linear function to u#, we may assume that b = 0. The proof is divided into six steps.

Step 1. Construct a viscosity subsolution of (1.5), (1.6), (1.7).

Let R > 0, Bg(0) = {x € R” : |x| < R}. Without loss of generality, we may assume that
B,(0) CC D(ty). Let Ry = diam(D(T)), then D(T) CC Bg,(0), choose Ry > 2R;. Then
B,(0) CC D(ty) CC D(T) CC Bg,(0) CC Bg,(0). By Lemma 2.1, for any (£,1) € dD(t) x
[to, T, there exists %(£, A, t) € R™1, |%(£, A, t)| < 0o such that

verlx,t) <o, t),  (x,8) € (0D(2) x [to, TI\{(&, 1)},
where

VE,)\. (xr t)

S0 + %*H(x,t) —xEMLD| - |EA) -FEMD], w8 R x [k, T].
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Then, by (2.2), we can choose c, large enough but bounded such that

—(ve): detDzvm > max g>gx,t), (x,t) €Bg,(0) x (t, T,

(5,)<Br, 0)x[t0,T)

det D*vz 5 (%, o) > g(x,t0)/y, & € Bg,(0).
Set

vix, t) = sup vea(x£),  (x,8) e R" x [, T1.
(&,1)€dD(t)x [to,T]

Then, by (2.1),
v(x, t) = ¢p(x,t), (x,£) € 0D(t) x [to, T,
and by [27] and Lemma 3.2,

—Vt detDZV = g(xy t): (x) t) € BRz(O) X (tO) T];

det D*v(x, 1)) > g(x,t0)/y, € Br,(0).

So
det D*v(x, ty) > det D*yr(x), «x € Bg,(0)\D(to).

Choose two positive continuous functions g(|x|), g(|x|) such that

v&(1xl) = gx, £) = yg(Ixl)

and
ye(Ixl) = go(Ixl) — 1™, Jxl = oo,
vg(I1xl) = go(Ix1) + calx™*, || —> o0,

where ¢; and ¢, are positive constants. For a > 0, we define functions

ui(x,t)=—-y(t—t))+ inf v
Bg, x[to,T]

Wl s ps i
+ / (/ nz”_lg(z) dz + a) ds, (x,t) e R"” x [to, T,
2 1

Ry

uy(x,t) =—y({t—tog)+ sup v
Bp, x[to,T]

%l /s 3
+/ (f nz"g(z)dz + a) ds, (x,t) e R" x [ty, T].
2 1 =
Then u;, u, are parabolically convex. Moreover,

—(u1), det D*uy = yg (1) = glx, 1), (x,2) € (R"\{0}) x (to, T1,

Page 9 of 17

(3.3)
(3.4)

(3.5)
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—(ug); det D*uy = yg(1x) < glx,2),  (x,2) € (R"\{0}) x (to, T1,
det D?us (v, £) = g(Ixl) = glx, t)/y, xeR"\{0}Lto <t <T,

det D?us (x, t) =g(lxl) <glx, )y, xeR"\{0},to<t<T.

For |x| <Ry, tp <t <T,

Ry s %
ur(x, £) =—y(t—to)+ inf v+ / (/ nz"'g(z)dz + a> ds
2 1

Bpy x[t0,T] &

< inf v<v(x,0).
BRI X [to,T]

(3.9)

We can choose ag > 0 such that, for a > a4y, the following three inequalities hold simulta-

neously:

Ry s %
ui(x,t)=-y({t—ty)+ inf v+ / </ nz"'g(z)dz + a> ds
2 1

Bp, x[t0,T] Ry

> V(x) t)r fOl" |x| = R2;t0 =< t =< Tr

Ry s a

ur(x,t)=-y({t—ty)+ sup v+ / (/ nz"f(z) dz + a> ds
BR1 X [t0,T] 2 1 -

> V(x’ t)’ fOI' |x| = RZ:tO <t=< T,

uy(x, ) > Plx,£), (x,t) € dD(t) x [to, T1.
In addition, for (x,£) € R” x [ty, T], we have

ui(x,t) = =y (t — to) + uo(|x[) + vi(a)

1

L) ([ o)

where the function u(|x|) is (1.11), and

- * ) n-1- %_ sﬁ n-1 %
Ul(a)_/;Rl[<-/l nz g(z)dz+a) </0 yZ go(z)dz) }ds

—up(2Ry) + inf .
Bg, x[to,T]

Then vy (a) is strictly increasing in (0, +00) and

lim vy(a) = +oo.

a—+00

(3.10)

(3.11)

(3.12)

Page 10 of 17
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Furthermore, by (1.8), we have 8 + n > 0. Since g(z) = gOT(Z) + Cy—zz“", 20(2) = 0(z%), z — oo,

we know that, as s = +00,

(/Snznlg(Z) dz + a) " (fs ﬁz"71g<)(z) dz)
1 oV

= Qs+ fmmintenl) if oy s,

X

and

1

(]lsnz’“g(z) dz + zz) i (/OS gz”’lgo(z) dz) ’

= O(sl_f“é_” lns), ifa =n.

As aresult, as |x| — oo,

/*00|:(/S nz"'g(z) dz + a>ﬁ - (/S ﬁZn_lgo(Z)alz)z] ds
|| 1 oV

° i
=f O(Sl—ﬁ+z—min{a,n}) ds
Jac]
= O P iminteny - if gy o/,

and

/00|:(/s nz"'g(z) dz + u>z - (/S ﬁZn_lgo(Z)dz)z] ds
|| 1 oV

O(|x|2”3+g’” Injxl), ifa=n,
where 2 — 8 + /n — min{, n} < 0 by (1.8). Thus, as |x| — oo,
w(x,8) = —y (£ = to) + uo(|x) + v1(a) + O(|x|2_ﬁ+%_min{“"’}), ifa #n,
and
ui(x,t) = -yt —ty) + u0(|x|) +vi(a) + O(|x|2’ﬁ+§’" In |x|), ifa =n.
Similarly, we can obtain that

uy(x,t) = =y (t — to) + uo(|x[) + va(a)

- /j[(flsnz"lg(z)dz+a) T (/OS gz”*lgo(z) dz)n] ds,
vy(a) = /200[(/; nz”_lg(z) dz+a>n - (/OS gzn_lgo(z)dz>n:| ds

—up(2)+ sup .
Bp, x[to,T]
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It is clear that v,(a) is also strictly increasing in (0, +o0) and

lim vy(a) = +oo.
a—+00

Then, as |x| — 00, we have

a3, ) = — (£ — to) + to([x]) + va(@) + O(Jx2- P+ -minlely if oy £,

a3, ) = — (£ — to) + to([x]) + va(@) + O(x> P+ 5" In |af), ifer =1,

For the sufficiently large constant ¢ in (1.9) and (1.10), there exist a;(c) and a,(c) such

that vi(a1(c)) = va(az(c)) = c. Thus, as |x| — 0o, we have

B _mi .
ur(x,) = =y (t = to) + uo(lx]) + ¢ + Ol Fru—mnter)if o

(%, 8) = —y (£ — to) + uo(lx]) + ¢ + O(x[2#* 5" In |x]), ife =1,

and
(%, = =y (£~ to) + o(]) + ¢ + O(J P -mintes), i cr o/,
Uy (x, £) = =y (¢ — to) + up(|x]) + ¢ + O(|x|2‘5*§‘” In|x]), ifa=n. (313
So
|xlli_l)noo(ul(x, t) — uy(x, t)) =0, to<t<T. (3.14)
By (3.7), (3.8), (3.14) and the comparison principle, we obtain
ur(x, to) < ua(x,t9), x € R"\By(0). (3.15)
By (3.5), (3.6), (3.14), (3.15) and the comparison principle, we obtain
w (x%,1) Sus(x,8),  (x,8) € (R"\B2(0)) x [to, T]. (3.16)

For a > ag, define

max{v(x, t)» Ml(x, t)}r |9C| S RZ) t() S t S T:
Ea(xr t) =
u1 (%, t), || > Ro,to <t <T.

By (3.10), we know that u, € C°(R" x [to, T]). By Lemma 3.1, u,, satisfies in the viscosity

sense
—(u,)e detngﬂ >g(x 1), xt)e (R”\{O}) X (to, T']
and

detD*u,(x,t)) > g(x,to)/y = detD*¥r(x), x € R"\D(to).
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As |x| — oo,

(6,8) = =y (¢ — t0) + uo([x]) + ¢ + O(x2F+i=minleon) if g o/, (3.17)
(

u,
u,(x,t) =~y (t—to) + uo(lx]) + ¢ + O(|x|2‘ﬂ*§‘” Inlx]), ifa=n.

So

im (s, 00) = ¥ () =0.
In addition, we have, by (3.9) and (3.2),
u,(x,to) = v(x, to) = d(x, t0) = Y (x), x € ID(to).
Thus, from the comparison principle, we know that
u,(x,to) <¥(x), xe€R"\D().
Moreover, thanks to (3.9) and (3.2),

u,(x,t) =vix,t) =, t), (x,t) €dD() x [ty, T]. (3.18)

Then u, is a viscosity subsolution of (1.5), (1.6), and (1.7).
By (3.4), (3.8), (3.11), (3.12) and the comparison principle,

v(x, ty) < us(x, to), x€ m. (3.19)
Then, by (3.3), (3.6), (3.11), (3.12), (3.19) and the comparison principle,
v, 0) < us(,0),  (x,2) € (Br, x [to, T))\D.
So, combining with (3.16), we have
u,(x,8) Sup(,t), (%) € REFI\D.
Step 2. Define the Perron solution of (1.5), (1.6), and (1.7). L
Let S denote the set of locally parabolically convex functions w € CO(R%\ D) which are
viscosity subsolutions of (1.5), (1.6), and (1.7) satisfying
w(x,t) < uy(x, t).
Thenu, € S.So S # 9. Define
ulx,t) = suplo(x,):w e S}, (1) e REF\D.

Step 3. We prove that u has the asymptotic behavior at infinity.
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On the one hand, by the definition of u, we get
u(x, t) < us(x, t).
Secondly, since u, € S, we get
U, t) > u, (3, 1),
By (3.13) and (3.17), we have

lim sup |x|mi“{°"”]+’3_€_2|u(x, t)— (—y(t —t) + u0(|x|) + c)| <oo, ifa#n,
|x|— 00

and

lim sup |x|”+ﬁ_%_2(ln |x|)71 |u(x, t) — (—y(t —tg) + u0(|x|) + c)| <00, ifa=n.
|%|— 00

Step 4. We prove that u(x, t) = ¢(x,t), (x,£) € ID(t) x [to, T], and u(x, ty) = ¥(x), x €
R™\D(t).

We first prove that u(x, t) = ¥ (x), x € R"\D(ty). Since ¢ € C>'(D), there exist some
positive constants g, > ¢; such that —g, < ¢,(x,t) < —q; on D. Choose positive constants

plva;
plfmin{l,l}, pgzmax{l,l}
q1 q2
such that

g o)y <gxt),  papg(xto)ly > gxt), (xt) € RE\D.
Let

Ux,t) = —pagalt —to) + ¥ (x), (x,2) € REN\D,

U(x) t) =-—P1q1 (t - t()) + 1//(9(3), (xr t) € R?+1\D'
Then, in the viscosity sense,

—U,detD*U = pyq> det D*Yr = pagog(x,to)ly > g(x,t),  (x,£) e RFN\D,
_Et detDZU =P1q1 detDzlﬁ = Pléhg(x: tO)/V = g(x’ t)’ (xx t) € Rg“+l\5

In addition, on dD(¢t) x [ty, T,

Ux,t) = —paqa(t — to) + ¥ (x)
=—paga(t — to) + P(x, Lo)
< -t —to) + d(x, to)

<o),
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U(x,t) = —p1qa(t — to) + ¥ (x)
=-—p1q1(t — to) + P(x, Lo)
> —q1(t —to) + d(x, to)

> ¢(x,1).

As |x] — oo,

lim (Q(x, t) — u(x, t)) <0

|x|— 00

and

| llim (U(x, t) — u(x, t)) > 0.

Obviously, for x € R"\D(%),
U(x,to) = U(x, ) = ¥ (x).

Then U(x,t) and U(x,t) are viscosity subsolution and supersolution of (1.5), (1.6), and
(1.7) respectively. So, U € S. Moreover, for any @ € S, we obtain w(x, ) < U(x,t). Thus

Ux,t) <ulx,t) <Ux 1), (x,t) € REN\D.

Therefore, u(x, ty) = ¥ (x), x € R"\D(¢).
Now we prove that u(x, £) = ¢(x,t), (x,£) € dD(t) x [to, T]. Forany & € dD(t), to <y < T,
on the one hand, since u, € S, then by (3.18),

liminf u(x,£) > lim u, (xt)= (&, 7).
(=€) (xt)—> (&)

On the other hand, we have

limsup u(x,t) < (7).
(x0)—(E,7)

Indeed, for every w € S, we have
—wr+ Aw >0, (x,t) € (Br, x (o, T])\B,

w=<¢, (x1t)edD(t)x [ty, T],
w<U, (x¢)e((Br \D(t)) x {t=to}) U (dBg, x [to, T]).

Let v* satisfy

—vi+Av' =0, (x,8) € (Bg, x (%o, T)\D,
vi=¢, (xt)e€dD(t) x [ty, T],
vt =U, (x,t) € ((Br,\D(to)) x {t =to}) U(0Bg, x [to, T]).

Page 15 of 17



Dai and Cheng Boundary Value Problems (2021) 2021:29 Page 16 of 17

By the comparison principle, v < v*, (x,£) € (Bg, X [to, T)\D. So u < v*, (x,t) €
(Br, % [to, T\D and

limsup u(x,t) < lim  v'(x,t) = (€, 7).
@0~ &) @t~ (Ep)

Step 5. We prove that u is a viscosity solution of (1.5).

As the proof of Theorem 1.4 in [21], we can prove that « is a viscosity solution of (1.5).
Step 6. We prove the uniqueness.

Suppose that u and v all satisfy (1.5), (1.6), (1.7), and (1.12) or (1.13). Then

xllngo(u(x, t) —v(x, t)) =0.

By the comparison principle, u = v, (x,¢t) € R’%’rl\ D.
Theorem 1.1 is proved. 0
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